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Weighted Composition Operators and Differences of Composition
Operators Between Weighted Bergman Spaces on the Ball

Junfeng Li?, Cezhong Tong®

Institute of Mathematics, Hebei University of technology

Abstract. In this paper, we estimate essential norms of weighted composition operators and differences of
two composition operators on the weighted Bergman spaces in the unit ball.

1. Introduction

Let B,, denote the unit ball of the n-dimensional complex Euclidean space C" and H(BB,) the space of
functions analytic in B,,. Every analytic self mapping of B, can induce a composition operator C, on H(IB,)
defined by

Cof =fop

for f € H(B,). Furthermore, if u is a function defined on IB,, functions u and ¢ can induce a weighted
composition operator uC, for which
uCpf=u-fop

for f € H(B,).

Much effort has been expended on characterizing those analytic maps which induce bounded or compact
composition operators. Readers interested in this topic can refer to the books [15] by Shapiro, [3] by Cowen
and MacCluer, and [18, 19] by Zhu, which are excellent sources for the development of the theory of
composition operators and function spaces. In series papers [4-6] by Cuckovic and Zhao, the essential
norms of weighted composition operators acting on weighted Bergman spaces have been characterized,
and [4, 5] for the weighted Bergman spaces on the disc and [6] for the unweighted Bergman spaces on the
strictly pseudoconvex domain in C”.

An active topic is to study the compact differences of two non-compact composition operators acting
on a given function space. In 1989, Shapiro and Sundberg [16] characterized the compact differences of
composition operators C, — Cy by the boundary conditions of ¢ and ¢. In 2005, Moorhouse [10] used
pseudo-hyperbolic distance between @(z) and ¢(z) to characterize compact difference for composition
operators acting on A2(ID), A > —1. Later, Kriete and Moorhouse [8] extended their study to general linear
combinations. Recently, Saukko [13, 14] studied the differences of composition operators between weighted
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Bergman spaces in the unit disk. The key method in [13, 14] relies on Carleson measures and interpolation
sequence for the weighted Bergman spaces. Choe, Koo and Park [1, 2] extend the results in [10] to the unit
polydisk and unit ball.

The subject of this paper is the weighted composition operators and differences of composition operators
on the weighted Bergman spaces on the unit ball. We will use Carleson measures to estimate the norm and
essential norm of the differences of composition operators. The motivation of this work is to extend results
in [4-6, 9, 13] to the settings of open unit ball.

The paper is organized as follows: In section 2, some basic notions and tools are introduced including
Bergman kernel functions, involutions, pseudohyperbolic and Bergman metric, Carleson measures and
their norms. In section 3, the essential norms of weighted composition operators on the weighted Bergman
spaces are characterized in terms of Carleson measures and reproducing kernel functions. In section 4, we
discuss the differences of composition operators on the weighted Bergman spaces.

In the following context, we write A < B if there exists an absolute constant C > 0 such that A < C- B,
and A = B represents A < Band B < A.

2. Preliminary

If p is a positive measure on B, and p > 0, we denote L*(u) the Lebesgue space over B, with respect to
the measure . That is, L (1) consists of all functions f defined in B, for which

1/p
Il == [L |f(Z)|ple(Z)] < oo,

Whenp > 1, || - ||y defines a norm and L7 (u) becomes a Banach space.

If t > -1 and dov denotes the normalized Lebesgue volume measure on IB,,, we will define the weighted
volume measure dv; as following:

doi(z) = c(1 = |2I*)' do(z),

where the constant is chosen so that f]B ci(1 — |z7)'do(z) = 1. The Bergman space Af is the subspace of
Lf := LP(dv;) that consists of analytic functions in B,.

We denote by K (z) = (1 — (z,a))""**) the reproducing kernel function of A2. Forp > 0 and t > -1, we
define the normalized Bergman kernel function for A? by

g _ 11— |a|2 (n+1+t)/p
k@)= ((1 - (z,a>)2)

Fix a point a € B, and let P, be the orthogonal projection of C" onto the subspace [a] = {Aa : A € C"}
generated by a. Thus Py(z) = 0 and

P,(z) = zz/ Z;

Let Q,(z) = z — Pa(2) be the projection onto the orthogonal complement of [4], and lets, = (1 - [a]*)!/2. Now

define
a—Py(z) — 5,Qa(2)

1-{(z,a) !
It is well known that @, is a biholomorphic mapping of B, onto itself, also called an involution of B,, with
the following properties (see [12]):

(i)  DPu(0) = a,D,(a) = 0;

(i) Du(Du(2)) = z;

2 2

i 1 - D)
(1 —Aa, @)1 - {(z,w))
(1 =Az,a)(1 ~<a,w))’

a, a+0.

Dy(z) =

a € B,.

(iv) 1- <(Dn(z)rq)a(w)> =
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Recall that the pseudo-hyperbolic metric p : B, X B, — [0, 1) is defined by
p(z, w) = |O(w)]
for z, w € B,,. We denote the pseudohyperbolic ball by
By(a,r) ={z € B, : p(z,a) <r}.

It is also well known that the pseudohyperbolic metric of B, has the following properties (see [7]): for
z,w,a € B, and the unitary matrix U, we have

p(U(z), U(w)) = p(z,w), and
P(D4(z), Po(w)) = p(z,w), and

lp(z,a) — p(a, w)l p(z,a) + pla, w)
1 - p(z,a)p(a, w) = 1+ p(z,a)p(a,w)

We can define the so-called Bergman metric, § on B, by:

plz,w) < 1)

1+ p(z, w)

1
‘B(Z,ZU)= 51 m

Let Bg(z,7) be the ball in the Bergman metric of radius r centered at z. It is well-known that for w €
Bg(z, arctanhr) (equivalently w € B,(z, 7)) there holds:

n+1+t n+1+t
voly(By(z, 1) = |1 = (z,w)" ™ = (1- ) = (1-l?) @

where the constants depend only on r. (See [19].) We will make heavy use of these estimates.
The following class of measures is useful in the study of many different operators. Similar classes have
been defined and studied intensively in various analytic functions spaces.

Definition 2.1. Let p,q > 0 and t > —1. A positive Borel measure i on B, is a (A?,q)-Carleson measure if the
inclusion map
I: Af — LI(u)

is bounded.

We introduce the Carleson measure theorem for A’Z as the following theorem, see Theorem A in [11] and
Theorem 50 in [17].

Theorem 2.2. For a positive Borel measure ppon B,, 0 < p < q < oo, and t > —1, the following quantities are
equivalent:

@ Nl = W,

AV—>L‘7(dy)

.e . w(By(z,1)
() (el Geo = SUP,ep, GTprymTmm forr>0;

(1- \ﬂ\z (n+1+t)/p

eee q .
Gid) |pllgg - = SUpP,cp, fB” i=ers

du(z) = Supllkp I

Li(dy)’

Here, ||ulloper, Il ceo and ||ullrx refer to the operator norm, geometric norm and reproducing kernel norm of u
respectively.
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Carleson measures play an important role in the study of weighted composition operators. Suppose
u : B, — C is a measurable function and ¢ is an analytic self mapping of B,. Define measure y;" ip in B, by

wip®= [ Werdoe

¢ (E)

for all Borel set E C IB,,.
The following result is a direct consequence of Theorem 2.2.

Theorem 2.3. Suppose 0 < p < g <o00,0<r<1lands,t > —1. Letu bea measurable function on B, and ¢ an
analytic self mapping of B,,. Then the following are equivalent:

() The weighted composition operator uC, : A} — LI is bounded.
.o q,5
(i) ““uxﬂ“ncm < o

(i) sup[|uC,k;|I7, < oo,
a€B, s

Furthermore, |luCyl’, _ , and |8]|, o, and the quantity in (ii) are all comparable.
+ ks S

3. Weighted composition operators

In this section, we will discuss the essential norm of weighted composition operators. The results
described are the generalization of those in [9] and [6]. For any bounded linear operator T : X — Y, the
essential norm of T is defined by

ITllx—Ye = inf{|IT = Kl|lx-y : K : X = Y is compact.}.

It is clearly that ||T||x—y. = 0 if and only if T is compact from X to Y.
Let N € IN. Define the partial sum operator Sy : H(B,) — H(B,) by

SN [Z caz“] = Z caz”,

a la|l<N

where f =}, c,z* € H(B,). Define also Ry = I — Sy. It is easy to see that these operators are uniformly
bounded on Af when p > 1. Furthermore, Sy is clearly compact. We denote ps(E) := u((B, \ 6B,) N E) for
0 € (0,1) and positive Borel measure p. It is clear that y; is a Carleson measure if y is a Carleson measure.

Lemma 3.1. Suppose 1 < p < q,t,5 > =1, u € L! and ¢ is an analytic self mapping of B, such that the operator
uCy : A¥ — LT is bounded. Then we have

(i)

lim ||(uC(P)RN||Zp_)Lq < lim sup f [u(z) f(p(2))dvs(2).
N—oo T Nl st o (B,\6By)

(ii) Forevery0 <6 <1,
lim sup f ((uC(P o RNf)(z))q dus(z) = 0.
¢1(6By)

N2 <1
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Proof. Let 0 < 6 < 1be fixed. We assume that f(z) = ¥, c,z* € AY with norm 1. We are going to prove (i).
The proof of (ii) is similar and we omit it.
Using the reproducing property of the Bergman kernel we get

uC, [Z caz”‘] u(z) [ Z ca(p(z)"]

[uCy o Rnf(2)| =

la|>N la|>N
= [u@) (R, Kfp<z>>Lg = [u@(f, RNK(tP(Z)>L[2
< @l [Raki |,
where p’ represents the Holder conjugate of p. Denote [; = % Then for all z € ¢~ (6B,,),
[RvK! @) = | Y ip@, 0] < Y 10,
j=N+1 j=N+1

Thus

-~ q
sup f (&B)l(”CqJORNf)(Z)lqus(Z)5”u”Zq Z ljéf] -0
(0B, :

IIfHA;: <1 * | j=N+1

as N — oo. Therefore we can estimate

1im||(uC(,,)RNIIZ,, o < lim sup f [uCy o Ry f(z)|"dus(z)
N=eo (7 @ 1(B,\B,)

N2l <1

< sup f [uCy f(2)I'dvs(z)
({f] (Bn\(S]Bn)

I, <1

where the last inequality comes from the fact that Ry is uniformly bounded. Finally letting 6 — 1~ yields
the claim. O

We can immediately get the following estimate for the essential norm.
Lemma 3.2. Let the assumptions be as those in the previous lemma. Then

IuCylf, ., < lim sup f(p BCCYCORAC]

~hiflp <1
Proof. Noting that
IuCollar 11, < 1uCp = uCoSnllar 11 = lUCoRNllar 11,

we get the desired estimate by Lemma 3.1.
0

To control the essential norm of weighted composition operators by the pullback measures, we need the
following lemma stated in [19].

Lemma 3.3. Supposer >0, p >0, and t > —1. Then there exists a constant C > 0 such that

P < T fB _ It ®)

P

for f € HIB,) and z € B,,.
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Theorem 3.4. Suppose 1 <p < g <o00,0<r<1landt,s>—1. Letu bea measurable function on B, and ¢ an
analytic self mapping of B, such that the operator uC, : AY — Ll is bounded. Then

[uCyll’,

< lim H( 9.8 ) .
AP Lie ~ 551- Hup ollr,Geo

Proof. Since uC,, is bounded from A to L!, the pullback measure yZ’jp is a Carleson measure, and so is (y'f[;)é
for any 0 € (0,1). Combining this fact with Lemma 3.3 and Fubini’s Theorem, we have

f u(2) f((2)'doy(2)
@ 1(B,\6B,)

pr«p(z),r) |f (w)ltdor(w)

> fﬂ 1(1B,,\5113,,)(Z)|M(Z)|q (1_|(P(Z)|2)”+1+t dUs(Z)

(5 nnBsn,) [H(E)d0s(2)
= f |f ()| (P (5 )(]B |\;]T2;31+1+t doy(w)

q AIJ'H(P p(

) f e [Vol (By(w, 7’))]%j [VOIt(B (w, r))] dvt(w)

t
< (e), MLWWWWMWMWﬂHmm
< ()] 0o, Ay
= (k)] o et

The proof will be completed by following Lemma 3.2. [

In the rest of this section, we are going to characterize the essential norm of weighted composition
operators in terms of reproducing kernels.

Lemma3.5. Let 0 < p < g < coand 0 < § < 1. Suppose that a positive measure y on B, is an (A?,q)-Carleson
measure. Then s is also an (A, q)-Carleson measure. Moreover, for any fixed 0 < € < 1, we have

lolly, s sup [ @[ duce),

weB,\(1—€)5B,

where the constant involved depends on €.

Proof. For z € B, \ 0B,, we have p(z,0) = |z| > 6. For 0 < € < 1 fixed, p(w, z) < €6 implies that

p(w,0) > p(z,0) — p(w,z) > 6(1 - e).
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Keeping this fact in mind, we have that

lelll,, = sup f F@Ndus()
IBYI

Il st
1 q/p
<  su - w)|Pdop(w dus(z
Hf”APF;1 IB,,[VOL(BP(Z’(SG)) Bp(z,ée) |f( )| t( )] lué()
P q/p
= sup f ( fB T, 0 0) [ 2) |f<w>|ﬂdvf<w>) dua(2)
I11,0<1 JB, \JB,
plq q/p
< sup [ f ( f 1 o0 @) [ ) If(w)l"dya(Z)) dvt(w)]
i<t [V, \JB,
<

sup[ sup fB Ikizf(z)ﬂ"dy<z>]-||f||1,;,

I£1l,,p <1 \weB,\(1-€)0B,
t

where the first inequality follows from (3), and the second inequality follows from Minkowski’s inequality
for integrals. That completes the proof. [

The Bergman projection operator P; : L} — Al for t > —1 is defined by

Ptf(z)=j]; (Ldvt(w), feL}.

(1= (w1
By Theorem 2.10 in [19], P; is bounded from Lf into A’: .
Lemma3.6. Let 1 <p < oo. Let f € AV. Thenas 6 — 1,

sup |Pi(f — Lss, f)(w) — 0
Il <1

uniformly on compact subsets of IB,,.

Proof. Using Holder’s inequality for any f € A with ||f]| 4 <1, wehave

f(2)
fIBn\éIB,, det(Z)
1/p »
(f |f(Z)|pd'Ut(Z)) (f 11— (w, z)l—(n+1+t)p,dvt(z))
B, \0B, o,

1/p
( f 11— (w, z)[" " 1+0P dvt(Z)) ,
]Bn\mBn

where p’ represents the Holder conjugate of p. Let E be a compact subset of B,. It is clear that |1 —
(w, z)|" "1+ is uniformly bounded for all w € E and z € B,. Thusas 6 — 17,

IPe(f = Lsp, f)(w)] =

IA

IN

A

1/p’
sup |Pi(f — Lsg, f)w)| < (f 1—(w, z)|‘("+1+f)7"dvt(z))
I£1,p<1 B,\3B,

vol;(IB, \ 6]Bn)1/7"' - 0.

A

That completes the proof. [
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Now we can estimate the essential norm in terms of reproducing kernel.

Theorem 3.7. Let 1 < p < q < oo. Suppose uC, is bounded from AV into LL. Then we have

. it
||Mc<p||Af—>L§’,e ~ lim sup HuC(p(kf )||L‘7
|z|—>1- :

Proof. Tt is well known that k! € Al is unimodular and converges to 0 uniformly on compact subsets of B,
as |z| — 1. For any compact operator K from Af into LI, one has IIWkg’tlng — 0 as |z| — 1. Therefore,

uCp = Kllyyoyy > limsuplC, — KOs

|z|—1

[\

Tim sup ([1(uC )k 2 — TR I2)

|z|—1

lim supl|(uCp)k." |l

|z|—1

Hence ¢
[uColl r 17, = infl[uCyp — Kl 41 = lim supll(uC(P)kZ’ Il
t s K t s |Z‘—>1 's

To prove the contrary inequality, we let
Ti() = uCypP; (i, ) fork=1,2,...

It is easy to verify that the operator (1, ) : Af - Lf (r € (0,1)) is compact. We just note that ||1,p, fj||L§’ -0
as j — oo whenever {f;} is bounded in A! and converges to 0 uniformly on compact subsets of B,. Thus
{T)} are compact operators. For any f € A’f with norm 1, we have

llCp = TAIIY,

fB ‘qu, f(@) = uC, P (e, (@) f(w))’q do.(w)

- fB ” ‘ f(w) = P (e f) (w)’q dply (w)

(jb;Bn ’ jl;n\élsn) |Pt [f - ]lk’Tl]B,zf] (w)|q d‘qup(w)

11 +12

where 0 < 6 < 1. By Lemma 3.6, for any € > 0, there exists a ky > 0 so that for any k > ko,

sup I <e.
Il <1

For I, since (yZ’,fp)b is also an (Af ,q)-Carleson measure, we have
J, Pl = pon @] a(ut;), @

< “(#Z,;’)é“l;pw ’ ‘Pt [f B H%B”f] Z’l’f
(N I (R TSNV AR

AP
q
9.8 ) q
(o

I

IA
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Combining the estimates above, for any fixed 0 < 6 < 1, whenever k > ky, we can get

luCy = Tulll, = sup Il(uCy = TSI,
TR st :

q
9,5 q
<
- €+ H(”M:(P)fi”orjer ”Pt”L’:—n“lf

Since € is arbitrary,

. q,5
ol 1z, < i ICy = Tl s < (15, | WPz

for any 0 < 0 < 1. Letting 6 — 1~ we obtain that

. q,5

To complete the proof, we use Lemma 3.5 to conclude that

. Lt q ,S
14Cyllyy 0, < lim sup fB | @) dul, (w)

|z|—=1-

timsup [ i)l [ pteo)]'do.geo

|z|—=1-

= lim sup ”uC(p(kf’t)”Zg .

lz|—>1

4. Differences of composition operators

In this section, we will estimate the essential norm of differences of composition operators from A} to L!
when 1 < p < g < 0. The following lemma can be verified by calculation directly, and the proof is omitted.

Lemma 4.1. The function h : (=1,1) x (=1,1) — R is defined as

xX+y

h(x,y) :== T+

Then h < 1, h increases strictly in x and y. Moreover
limh(x,y)=1 and limh(x,y)=1.
x—1- y—1-

The following lemma will play a role in the proof of our main result in this section. The statement is
reasonable, but we did not find any proof in detail, hence we include the proof below for integrity.

Lemma4.2. Let0 <p < oo, t>—-1and0 <r < 1. Fixz e B,. Then for all a € B, with p(z,a) < r there are
0 <R <1and C> 0 such that
Jy o0 @)

(1 _ |a|2)n+1+t

If(z) — f@)lF < Cp(z,a)

p .
where f € A} with ||f||A5« <1
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Proof. Let g = f o @,. Hence f = g o ®,. We have

[f(2) = f@)] = 19(Pa(2)) — g(O)] < |Du(2)] sup [Vg(S)l,

[E]<|D,(2)]
where 5 5
Vg(&) = (a—zlg,..., a—zng) ©).

LetRy = % According to Theorem 2.2 in [19],

g(Rin)
R = _ B,.
giRi) fB (= (& gy 2o Vee

Changing variables gives

g(Rin) 2 9(n)
©=| —"—dom =R [ —FT——au).
) L” (1 ~ <R£1,TI>>”+1 on 1 lean (R% — (&, T}))nﬂ o(n

Then we have

J
7l

i
g [ oDy dv(n)‘
RiB, (R% — (&, 77>)

(n+1>(¥)2($)m2 fR oot

C,suplg(n)l.
[nI<Rq

IA

IN

It follows that
IVg(&)FF < nP’2C, sup lg(n)l

[nI<Rq

for every || < r. Hence we have

If(@) = f@PF < Da(2)l | lslup( )llvg(é)l” (4)
E<|D,(z
<> Cl®y(2)l sup lg(n)P = n”*C Do) sup |f ()P (©)
Inl<Rq [P (O)I<Rq

For every C € B, with p(a,0) < Ry = (1+71)/2, weletR = 1+3r According to the strong triangle inequality

2+r412 "
(1), conditions p(C,a) < (1 +r)/2 and p(C, w) < r imply that p(a, ) < 1(1:(?42;/72 = R. By Lemma 3.3 and (2),
we have

1
IfQOF < (1 - |Cpym1+t ],; Corer |f(@)Pdvy(w) o
1
SW L(u,ka [f(@)P dor(@)- )

The inequality we need can be obtained by plugging (6) into (4). O
Now we can prove the upper bound of the essential norm of differences.

Theorem 4.3. Let 0 < p < g < ooandt,s > —1. Suppose ¢ and  are analytic self mappings of B, and o := p(@, )
such that the operators 6Cy, and 6Cy map A? into LY. Then the following holds:
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() The difference operator C,, — Cy, maps AY into AT and

q q: s
||C<P - C‘PHAI?_,AZ N max{“y@‘f’HnGeo’ [Ja,gb r,Geo}
where the involved constant depends only on t,s,p and q.

(i) Ifp > 1, then

r,Geo }

Proof. Similarly to Theorem 3.2 in [13], we just sketch the proof of (ii). Since the partial sum operator Sy is
compact for each N € IN we can estimate

Cy— Cyll? < max {lim”( q’s) lim“( q’s)
I P IPHA;:—M‘\Z/E 6—1 Hogp 5lly,Geo " 551 ‘uU’w 0

ICp = Cyllar a1, < hrf,f:fp H(C@ - Cy) Ry Al—al

Denote E = {z€ B, :0(z) 2r}and E’ = B, \ E. Then for f € Af

q
Zi’ﬁAé’:(fE-i_fp) = (8N+8;\,)q.

We firstly estimate Ey as follows

H(Cqu ~Cy)Ruf

En = fE|(C<p_C¢)ORNf(Z)|qut(Z)
< f (6C,) o Ry f()l1dloy(2) + f (6Cy) 0 R f2)dos(2)

E E

< ICHRMI, ,+G@CHRAL

Af’—»LZ Af—>LZ

whenever ||f||A§7 <1, N € N. Thus by (i) in Lemma 3.1,

r,Geo} ’

To estimate &), we let 0 < 6 < 1 be arbitrary. Suppose z € E’ N ¢~'(6B,). By the strong triangle inequality
(1) of the pseudohyperbolic metric, we can find &’ € (0, 1) such that E’ N ¢~1(6B,) € ¥"1(8'B,). Thus by (ii)
in Lemma 3.1,

limsup sup En < max {hm (yq’s )s lim ”([uq’S )s
N—oo |Ifllp<1 551 ” o ”rrGEO’ o1 1Moy
t

lim sup f (Cpp 0 Rnf)@)| dus(z) = 0
N=eoy g E'ng=1(6B,)

AP<1
and

lim sup f |(Cy o R f)(2)]" dus(z) = 0.
N2y, JE NG0B

LetF=E'nN go’l (B, \ 61B,). Since {Ry} are uniformly bounded with respect to N, we have

limsup sup &y < sup L)(C¢—C¢)f(z))q dos(z).

Noeo flp<1 Il <1
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Following Lemma 4.2 and Fubini’s theorem we have

f |(Cp - Co)f@) dus(2)

q P(<P(Z)w )<R If( w)|pdvt(w)d

) e = |p(z)|?)+1+halp 0s(2)

- lo(z)|7dvs(z)

( & w)<R )NE
< flf( )|P |w|2)(n+1+t)q/p dvt(ZU)

lo(z)|7dvs(z)
(P ( (z w)<R YN(B,\6B,)

< flf( )|p |w|2)(n+1+t)q/p dvt(w)

”f”Ap ” I"l(T(P ||1'Geo .
Letting 6 — 1 and using the above estimates we get

||C CIP”AP_)AL, < limsup sup Ey + limsup sup &}
Noeo flp<1 Noeo fllp <1

r,Geo}

) 05 ) ,
< max{lim sl lim 6755
This proves (ii). [

Next we will prove the lower bound for the essential norm. The following lemma is well known. See
[13].

Lemma 4.4. Let X and Y be Banach spaces and T : X — Y a bounded linear operator. Let {x,} be any sequence in X
such that ||x,||x = 1 for every n and x, — 0 weakly when n — oco. Then

ITllx—y, > limsup [|T(x,)lly -

n—oo
Lemma 4.5. If0 <r <1, then
1-{z,a)
1 ——=% ]S
‘ w3 lalp(z, w)

whenever a,w € B, and p(z,a) < r. The constant involved depends only on r.
Proof. Leta,z € B, such that p(a,z) < r. For every w € B, we have that

Z-wf = |z-(P:w) + Q:(w)) = |z — P(w)l” +Q:(w)l (8)
> |z = Po(w)* + [s:Q:(w)* = |z — Po(w) — 5.Q:(w)[? )

where s, = (1 — |z)"/? < 1. We can obtain

1—-{z,a)

1—<(w,a)

lz—w| |1—-<w,z)
1—{z,w)| |1-(w,a)

= af

-

2 lalp(z, w)
where the last inequality follows from the estimate above and the remark below Lemma 2.27 in [19]. [

Applying Lemma 4.5, we can obtain the following lemma by the same method as Lemma 4.4 in [13].
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Lemma4.6. If0 <r <1,y >0, then

1-laP \' (_1-lP Y
(1=(zmp) \(1-w,a))?

fora,w € By, and p(z,a) < r. The constant involved depends only on v and y.

p(z, w)
(1 —laP)r

2 lal

Theorem 4.7. Let 0 < p < g < ocoand t,s > —1. Suppose ¢ and 1) are holomorphic self mappings of B, such that
Cp — Cy is bounded from A} to Al. Then

() the operators 6C, and oCy map A into L and

95
¢ o

r,Geo }

sup (€, = CoR [, = max{[lufi ],
a€B, ;

(ii)

r,Geo} ’

1iI|?|—S>lllp [, - Cgb)kﬁ't“i;g % max {?E} ||(1u?ffp)5”r,Geo ,lim ||(#Z:i[,)5

The constants involved above depend on r.

Proof. We prove (ii) firstly. It is enough to show that

lim sup ||(Cq; - Clp)kZ’tHZZ 2 }Slirll ||([U7r'jp)o||

r,Geo *
la]—1 ’

By Lemma 4.6, Lemma 4.1 and the definition of geometric norm of pullback measures, we can calculate
that

lim sup [|(C,, - C¢)k§’t||23

la]—1
nlt nl+t |g
= limsu (1——|a|2) b (1_—|’le) ' dos(2)
i1y [\~ (p@),aF (1= (), S
q
2z limsup g (w()ﬂ 7 dvs(w)  (by Lemma 4.6)
a1 (1—la2) 7
¢~ (Bp(ar))
: tao(Bo(a, 7))
= llm Sup (n+1+t)q
a=1 (1)
o (Bo(a, 1))
= lim sup .lla,(p—p(nwl (by Lemma 4.1)
i (1= laP) 7
: Hp(Bp(a,1) N (B, \ 6By))
> lim sup e
0> 1—lap) 7
_ 1 qs
h }3111’11 '<HU’¢)5 1Geo

To prove (i), one can use the same method. The proof is completed. [
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