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Abstract. In this paper, we consider a multiobjective programming problem with inequality and set
constraints. We derive sufficient conditions for the optimality of a feasible point under generalized invexity
assumptions in terms of convexificators. We give an example to illustrate that the concept of invexity in
terms of convexificators is weaker than invexity in terms of other subdifferentials. We formulate Wolfe and
Mond-Weir type duals for the nonsmooth multiobjective programming problem with inequality and set
constraints in terms of convexificators. We establish weak, strong, converse, restricted converse and strict
converse duality results under the assumptions of invexity and strict invexity using convexificators between
the primal and the Wolfe dual. We derive the respective results between the primal and the Mond-Weir dual
under the assumptions of generalized pseudoinvexity, strict pseudoinvexity and quasiinvexity in terms of
convexificators. We also derive the relationship between a weak vector saddle-point and a weakly efficient
solution of the multiobjective programming problem.

1. Introduction

The concepts of Wolfe and Mond-Weir duality given by Wolfe [33] and Mond and Weir [28] respectively
are important tools for the search of efficient or weakly efficient solution of a multiobjective optimization
problem (see, e.g., [1, 18, 25, 26, 30]). On the other hand, the concept of convexificators was introduced
by Demyanov [3] and further studied by Demyanov and Jeyakumar [4] as a convex and compact set to
generalize the notion of upper convex and lower concave approximations. By Jeyakumar and Luc [10], a
closed but not necessarily convex or bounded convexificator was introduced to allow its application for
continuous functions. The idea of convexificators was extended to vector-valued maps by Jeyakumar and
Luc [9] and further studies were made by [11-13]. It was shown by Jeyakumar and Luc [10], that for
a locally Lipschitz real-valued function many known subdifferentials, like the Clarke subdifferential by
Clarke [2], the Michel-Penot subdifferential by Michel and Penot [17], the Mordukhowich subdifferential by
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Mordukhowich and Shao [29] and the Trieman subdifferential by Trieman [31], are convexificators. These
known subdifferentials may strictly contain the convex hull of a convexificator of a locally Lipschitz function
(see e.g., [32]) and hence the optimality conditions, the calculus rules and the characterizations of the
generalized convex functions in terms of convexificators provide sharper results (see, e.g., [5-7, 15, 16]). We
see the used of vector variational inequalities in terms of convexificators for vector optimization problems
given by [14].

In this paper, we extend the concept introduced by Golestani and Nobakhtian [7] to obtain sufficient
optimality and duality results for a multiobjective optimization problem. The outline of this paper is
as follows: in Section 2, we give some preliminary definitions and results which will be used in the
sequel. In Section 3, we derive sufficient optimality conditions and we illustrate the results using an
example for the application of convexificator. In Section 4, we formulate Wolfe type dual to the primal
multiobjective programming problem in terms of convexificators and establish weak, strong, converse,
restricted converse and strict converse duality results under the assumptions of invex and strict invex
functions using convexificators. In Section 5, we present Mond-Weir type dual to the primal multiobjective
programming problem in terms of convexificators and derive weak, strong, converse, restricted converse
and strict converse duality results under the assumptions of generalized pseudoinvex, strict pseudoinvex
and quasiinvex functions using convexificators. In Section 6, we derive saddle-point results for the invex
and pseudoinvex assumptions. In Section 7, we conclude the results of this paper and discuss some future
research possibilities.

2. Preliminaries

Throughout this paper, R¥ is the usual k—dimensional Euclidean space. Let x := (x1,...,x) and y :=
(y1,-- ., yx) be two vectors in R¥. Then,

xSsyex sy Vi=1,...k
x<yeoxsyx+yNi=1,...k
x<yoex<yVi=1,...,k

Let S be a nonempty subset of R¥. The convex hull of S, the closure of S and the convex cone generated
by S containing the origin of R¥ are denoted by coS, cIS and coneS, respectively. The negative polar cone S~
and the strictly negative polar cone S° are defined as follows:

S :=fveR':(x,0)<0,¥x €S},
§*:={veR: (x,v) <0,Yx €S}
The contingent cone T(S, x) and the normal cone N(S, x) at x € clS are respectively given by

T(S, x) := {v eR":3t, | 0 and v, > v such that x + ,0, € S, Vn},

N(S,2) = T(S,2)” = {£ € R*: (&,0) < 0,Yv € T(S,x)}..

We recall the following definitions by Jeyakumar and Luc [10] which will be used in the sequel.
Definition 2.1. Leth: RF — R := R U {+co} be an extended real-valued function, x € R* and let h(x) be finite. The
lower and upper Dini derivatives of h at x in the direction of v € RF are defined, respectively, as follows:

h(x +tv) —h
h-(x,0) = lim inf CF ) — )
tl0 t

and h h
h+(x, v) := lim sup w
£L0 t
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Definition 2.2. Let h : R¥ > R := R U {+oo} be an extended real-valued function, x € R and let h(x) be finite.

(a) The function h is said to have an upper convexificator d*'h(x) C R¥ at x € R¥, iff 9*h(x) is closed and for each
v € R¥, one has
h™(x,v) < sup (&,v).
Eeh(x)
(b) The function h is said to have a lower convexificator d.h(x) C R at x € RX, iff d.h(x) is closed and for each v € R,
one has
h* > inf :
(x,0) 2 o (x)(é, )

(c) The function h is said to have an upper regular convexificator 9*h(x) C RF at x € Rk, iff 9*h(x) is closed and for
each v € RX, one has

h*(x,v) = sup (&,0).
Eedh(x)

(d) The function h is said to have a lower regular convexificator d.h(x) C RF at x € RE, iff d.h(x) is closed and for
each v € Rk, one has

h(x,v) = &19%)@, v).

The following definitions are along the lines by Dutta and Chandra [6] and will be used in the sequel.

Definition 2.3. Let h: RF — R := R U {+0o} be an extended real-valued function, x € RF and let h(x) be finite.

(a) The function h is said to have an upper semi-reqular convexificator dh(x) C R¥ at x € R¥, iff 9*h(x) is closed and
for each v € R¥, one has
h*(x,v) < sup (&,0).
E€dh(x)
(b) The function h is said to have a lower semi-reqular convexificator d,h(x) C RF at x € R¥, iff d.h(x) is closed and
for each v € R¥, one has

_ o _
h™(x,v) > &1&%)(& v)

Remark 2.4. An upper (respectively, lower) regular convexificator of h at a point is an upper (respectively, lower)
semi-reqular convexificator of h at the point and every upper (respectively, lower) semi-reqular convexificator is an
upper (respectively, lower) convexificator.

Mohan and Neogy [27] introduced the concept of invex sets as follows:

Definition 2.5. A subset S of R¥ is said to be invex with respect to a vector-valued function 1 : RF x R — Rk, iff
forany x,y € Sand A € [0, 1], one has
x+ An(y,x) € S.

The concept of invexity which was introduced by Hanson [8] may be extended in terms of convexificators
as follows:

Definition 2.6. Let h : R — R := R U {+oo} be an extended real-valued function such that h has an upper semi-
reqular convexificator at ¥ € K, where K is a nonempty subset of R¥, and let 1 : R* x R¥ — R be a vector-valued
function:

(@) The function h is said to be d*—invex with respect to n at X over K, iff for every x € K, one has
h(x) = h(%) = (&, n(x, X)), Y& € I"h(%);
(b) The function h is said to be J*—pseudoinvex with respect to 1 at X over K, iff for every x € K and x # X, one has

h(x) < h(x) = (&, n(x, X)) <0,V € I"h(X);
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(c) The function h is said to be strict d*—pseudoinvex with respect to n at X over K, iff for every x € K and x # X, one
has

h(x) < h(x) = (&, n(x, X)) < 0,YE € Ih(%);
(d) The function h is said to be d*—quasiinvex with respect to n at X over K, iff for every x € K, one has
h(x) < h(x) = (&, n(x, %)) < 0,VE € Ih(%).
We consider the following multiobjective programming problem:
(P) minf(x) := (fi(x),- ., fu(x))

st g(x) == (g1(x),...,gx(x)) £0,
xeQ,

where f; : RF - R and gj : RF — R are extended real valued functions for all i € I := {1,...,m} and
j€J:={1,...,n}and Q is an invex subset of R* with respect to some 7 : RF x R — R¥.
The following notations will be used in the subsequent analysis.

J@) ={le]:q) =0}
F := U, cod" fi(%);
F = Ujeniycod” fi(X);
G = Usejcod gi(X);
S:={xeRF:g(x)<0,x€ Q).

Recall that a point X € S is said to be a locally efficient solution for (P), iff there exists no x € S near ¥
such that f(x) < f(¥). A point X € S is said to be a globally efficient solution for (P), iff there exists nox € §
such that f(x) < f(X). A point ¥ € S is said to be a locally weakly efficient solution for (P), iff there exists no
x € S near ¥ such that f(x) < f(%). A point ¥ € S is said to be a globally weakly efficient solution for (P), iff
there exists no x € S such that f(x) < f(%).

Consider the following constraint qualification given by Golestani and Nobakhtian [7].

Definition 2.7. (CQ1) The generalized Mangasarian-Fromovitz constraint qualification is said to be satisfied at X,
iff
(FY NG NT(Q; %) # D.

Golestani and Nobakhtian [7] derived the following strong Kuhn-Tucker type necessary conditions for (P) in terms
of upper semi-regular convexificators.

Theorem 2.8. Let X € S be a locally weakly efficient solution for (P). Suppose that f; and g; are locally Lipschitz
functions at X, and admit bounded upper semi-regular convexificators " fi(x) and 0"g;(%) for all i € I and j € . If
(CQ1) holds at %, then there exists (A, u) € R}, X R} such that

(i) 0€) Aicod fi(x) + Y, pjcod g;(%) + N(Q, ),
i=1 =1

() uigix)=0,¥j=1,...,n.
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3. Sufficient Optimality Conditions

In this section, we derive sufficient optimality conditions for (P) under generalized invexity assumptions.

Theorem 3.1. Let X € S and suppose that f; are d*—pseudoinvex with respect to 1) at X over S, for all i € I and g; are
d*—quasiinvex with respect to n at X over S, for all j € J(%). If there exists A > 0 and p = 0 such that

0e le Aicod" fi(%) + Zl‘ pjcod”g;(%) + N(Q, x), and
1= =

y]'gj()_C) =0,Vj=1,...,n,
then % is a globally weakly efficient solution for (P).

Proof. Suppose to the contrary that X is not the globally weakly efficient solution for (P). Then, there exists
a feasible solution x( such that

flxo) < f(%).
Since f; is d*—pseudoinvex with respect to 1 at ¥ over S, for all i € ], it follows that

(&i,1(x0, %)) <0,Y¢&; € J fi(%),Vie L
By the feasibility of xy, one has
1igi(xo) <0 = u;g;(x),¥j € J(%).
By the J"—quasiinvexity of g; with respect to n at X over S, for all j € J(X), it follows that
(Cj,n(xo, X)) < 0,YCj € d"gj(%), V] € J(%).
Therefore, for every &; € cod" fi(%),i € 1, Cj € cod*g;(%), j € ](¥) and v € N(Q, X), one has

0> Y A&, n(xo, B) + Y piCj,n(xo, D))

=1

i=1
> Y A& n(xo, 2+ Y 1(Ci, o, ) + (0, 0o, ).
i=1

j=1
This is a contradiction and the proof is complete. [
Similarly, we give sufficient optimality results to a globally efficient solution for (P).

Theorem 3.2. Let X € S and suppose that f; are strictly d*—pseudoinvex with respect to n at X over S, for all i € I
and g; are d*—quasiinvex with respect to 1 at X over S, for all j € |(X). If there exists A > 0 and p 2 0 such that

m n
Oe Z Aicod” fi(%) + Z ujcod*gi(x) + N(Q,x), and
i=1 p=)
ujgi(x)=0,¥j=1,...,n,
then % is a globally efficient solution for (P).

The following example illustrates that the concept of invexity in terms of convexificators is weaker than
invexity in terms of other subdifferentials.



P. Jaisawal, V. Laha / Filomat 36:9 (2022), 3119-3139 3124

Example 3.3. Consider the following nonsmooth function f(x1, x2) = —|x1| + x3.
It is easy to see that f(x) is not convex at = (0, 0). Now, we have to find out 17 : R> X R> —» R? s.t.

f() = f(®) 2 (&, n(x, X)), V& €I f(%).

The Clarke subdifferential of f at % is given by cof(—1, 0), (1, 0)} = d“f(0, 0), whereas the upper semi-reqular
convexificator of f at % is given by {(—1, 0), (1, 0)} = J*£(0, 0). Since, & £(0, 0) C I°£(0, 0), it is easy to check the
invexity in terms of convexificator than in terms of Clarke subdifferential. Then,

—lx1] + 23 = (=1, 0), (1, M) and — |x1| +x3 > ((1, 0), (1, M2)),

which implies that
1| = x5 <1 < —|xi| + x5

Hence, f is d*-invex at % for any function n := (1, 12) which satisfy the above inequality. Here we may take
m = (=|x1l + x3) or (|x1| — x3), whose images are shown in Figure 1 and Figure 2, respectively and 1 is independent
of the inequality.

4. Wolfe Duality

In this section, following the concept of Wolfe [33], we present the Wolfe dual (WD) to (P) as follows:

(WD) max W(y,u) == (Vi(y, 1), ---, Yuly, w))

st. 0€ Z Aicod” fi(y) + Z pjcod*g;(y) + N(Q, y),
i=1

j=1
N> 0Vi=1,.,m Y Ai=1, 1 20,¥j=1,.,ny€eQ,
i=1
where Wi(y, u) := fi(y) + 2?21 uigi(y) foralli € I. Let

Sw=1{y, A, ) eR*xR"XR":0 € Z Aicod” fi(y) + Z picod gi(y) + N(Q, v),

i=1 j=1

AERL, Y Ai=1, ueRlyeQ)

i=1
be the set of all feasible solutions of the (WD). We denote by
proSw={y € Q: (y, A, ) € Sw}

the projection of the set Sy on Q.
Let J* be the set of indices given by

Jr={je]:u; >0}

We establish the weak, strong, converse, restricted converse and strict converse duality theorems for
(WD) with respect to (P).

Theorem 4.1 (Weak duality). Let x € S be a feasible solution for (P), (y, A, u) € Sw be a feasible solution for (WD)
and Q be an invex set with respect to 1. Suppose that f; and g; are locally Lipschitz functions at y, and admit bounded
upper semi-regular convexificators 9" f(y) and 9" g;(y) for all i € I and j € ]. Moreover, suppose that f; and g; are
d"—invex with respect to n at y on S U proSw for all i € I and j € ], respectively. Then,
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fl) £ W(y, w).
Proof. We proceed by contradiction. Suppose that
f) <¥(y, ),

that is,
) < £+ é W viel,
and
Fi) < fily) + fl 1ig;(y), for at least one i € I.
z

Since }."; A; = 1 and A € R, it follows that
Y Afi@) < Y Af) + Y igiw). M)
i=1 i=1 =1

Since f; and g; are d"—invex with respect to 77 at y on S U proSw, therefore
fl(x) - fz(]/) = <£i/ T](x/ y)>/ vgl € a*fl(y)r Vie I/
9i(x) = gi(y) = (Cj, n(x, y)), ¥C; € I'gi(y), Vi€ J". @)
By the feasibility of x for (P) and the feasibility of (y, A, u) for (WD), one has

m
/\,->O,\7’iel,z/1,-=1, gi(x) <0,u; > 0,¥j € J. 3)
i=1

From (1),(2) and (3), for every &; € cod*fi(y),i € 1,; € cod*gi(y), j € ] and v € N(Q, y), one has

0> Y AdEin(ey) + Y, udCinx v)
i=1

j=1
> Zl', Al () + 21 T, e ) + (@, 1n(x, ).
i= j=

This is a contradiction and the proof is complete. [

Theorem 4.2 (Strong duality). Let X € S be a locally weakly efficient solution for (P). Suppose that f; and g; are
locally Lipschitz functions at X, and admit bounded upper semi-regular convexificaotrs " fi(X) and 0" g;(%) for all i € I
and j € J.If (CQ1) holds at %, then there exists (A, fi) € R™ X IR" such that (X, A, ft) € Sw and fi;q;(X) = 0 forall j € ].

Moreover, if the weak duality between (P) and (WD) in Theorem 4.1 holds, then (%, A, i) is a globally efficient
solution for (WD) and the respective objective values are equal.

Proof. Since x satisfies all the conditions of Theorem 2.8, there exists (A, u) € R, X R’} such that
0 Z Aicod” () + Z 1jc0d"g;(%) + N(Q, %),
i=1 j=1

ujgi(x)=0,¥j=1,...,n,
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which implies that, there exist &; € cod” fi(%),i € I, (; € cod*g;(%), j € | and v € N(Q, X) such that

iAiéi+iijj+v=0.
i=1 j=1

Dividing throughout by }.i; A; and setting

- A 1
Ait= o, Vi€l = VE]andU—( - )U,
YA Hi= Zz 1/\ J Yt i
it follows that . .
Z/_\zéi+ZﬁjCj+U=0,
i=1 j=1

and hence

0 Z‘ Licod” fi(®) + Z; [1jcod"g;(%) + N(Q, %),
i= j=

1> 0,Vi= 1,...,m,22_\,- =1, 1,>20VYj=1,..,1n%€Q,
i=1
which implies that (%, A, fi) is a feasible solution for (WD) and
figj(x)=0,¥j€].
By the weak duality Theorem 4.1, (%, A, i) is a globally efficient solution for (WD). [

Theorem 4.3 (Converse duality). Let (7, A, fi) be a globally weakly efficient (resp. efficient) solution for (WD) and
Q be an invex set with respect to 1. If the hypothesis of Theorem 4.1 holds at i on S U proSw and fi;g;(y) = 0 for all
j € ], then § is a globally weakly efficient (resp. efficient) solution for (P).

Proof. We proceed by contradiction. Suppose that 7 is not a globally weakly efficient (resp. efficient)
solution for (P). Then, there exists a feasible solution ¥ € S such that

f@&@) < f(§)(resp.f(%) < f(F))- (4)
Since f;, i € I are d*—invex with respect to 1 at i/ on S U proSw, one has
EinE 7)) <0,¥E € J fi(iy), Vi€ I (resp.di € I).

By the feasibility of ¥ for (P) and the feasibility of (i, A, fi) for (WD) and the assumption in the theorem, one
has

fgi(®) < 0= p;g;(y),vj €]
By the d"—invexity with respect to n of g, j € J* at 7 on S U proSw, one has
(Cjyn(x, 9)) 0,9 € d'gi(m), Vi€ "
Therefore, for every &; € cod" fi(7),i € I, (; € cod*g(¥), j € ] and v € N(Q, ), one has
m n
0> Y A& n(& 7))+ Y 1 (Cj, (& 7))
i=1

j=1
> ) A& n@E D)+ Y G n(E ) + (0, n(E 7).
i=1 j=1

This is a contradiction and the proof is complete. [
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Theorem 4.4 (Restricted converse duality). Let ¥ be any feasible solution for (P) and (i, A, i) be any feasible
solution for (WD) such that f(%) = \V(§, ft). If the hypothesis of Theorem 4.1 holds at ij on S U proSw, then X is a
globally efficient solution for (P).

Proof. We proceed by contradiction. Suppose that ¥ is not a globally efficient solution for (P). Then, there
exists ¥ € S such that
f®) < f(®).

By the assumption in the theorem, one has

f(&) <¥(y, @)
This is a contradiction to the weak duality between (P) and (WD) and the proof is complete. [

Theorem 4.5 (Strict converse duality). Let X be a locally weakly efficient solution for (P). Suppose that f; and g;
are locally Lipschitz functions at X, and admit bounded upper semi-regular convexificators d" fi(x) and 9"g;(%) for all
i€land j e ] such that (CQ1) is satisfied at % and the strong duality between (P) and (WD) as in Theorem 4.2 holds.
Also, let (7, A, i) be a globally efficient solution for (WD). Suppose that f; and g; are locally Lipschitz functions at
i, and admit bounded upper semi-regular convexificators d" () and 0" g;() for all i € I and j € ]. Moreover, suppose
that f;,i € I are strict d'—invex and gj, j € |* are d"—invex with respect to n at i on S U proSw, respectively. Then,

=7

Proof. We proceed by contradiction. Suppose that ¥ # . Then, by the strong duality theorem, there exists
Lagrange multipliers (A, fi) € R™ x IR" such that (X, A, fi) is a globally efficient solution for (WD) and hence

@) = W, o) = (g, m),
that is,
F@ = £@+ Y B = @)+ Y fgi), Vi€ L 5)
j=1 j=1

By the feasibility of (7, A, i) for (WD), there exists &; € cod” fi(7),i € I,(; € cod*g(i),j € ] and v € N(Q, )
such that

ixigi+ip,-cj+v:0. (6)
i=1 j=1
By the strict d*—invexity with respect to 17 of f;,i € I at 7 on S U prqSw, one has
filx) = fi(@) > i, n(x, 7)), Yx € SUproSw, V& € d* fi(h), Vi € L. (7)
By the J"—invexity of g, j € J* at  on s U prgSw, it follows that
9i(x) = g(§) 2 (Cj,n(x, 7)), ¥x € SUproSw, ¥C; € I'g;(),¥j € J*,

and since fi; > 0,Vj € J*, for every x € S U prgSw, (; € cod*gi(¥), j € ], one has
Y wgi) =Y. wgi@) = Y 5Cin 9)- ®)
j=1 j=1 j=1

By the feasibility of ¥ for (P) and since fi; > 0, j € ], one has

Z ggi(x) < 0. )
=1



P. Jaisawal, V. Laha / Filomat 36:9 (2022), 3119-3139 3128

Combining (5) and (7)-(9), for every &; € cod” fi(7),i € I, (j € cod*g(¥), j € ], one has

@ g+ Y BKCNE ) <O, Vi€l

=1

Using the fact that A; > 0,¥i € [ and }[; A; = 1, the above inequality implies that

0> Z‘ Al n(x, ) + Zl‘ 2,Ci, (%, 7))
i= j=

> Y A& nE D)+ ) BCn(E 7)) + @ 0(E ),

P j=1

for every &; € cod*fi(),i € I,(; € cod'gi(y),j € ] and v € N(Q, 7), a contradiction to (6) and hence the
result. [

5. Mond-Weir Duality

In this section, following the concept of Mond and Weir [28], we present the Mond-Weir dual (MWD)
to (P) as follows:

(MWD) max f(y) := (), -, fu(¥))

st 0¢ Z Aicod" fi(y) + Z wjcod"gi(y) + NQ, v),
=1

=1

N> OVi=1,,m Y Ai=1, 12 0,gi(y) 2 0,¥j=1,...,n, y€ Q.
i=1

Let

Suw = ((y, A, 1) € R* X R" X R : 0 € )" Aicod fiy) + ) 11jc09"gi(y) + N(Q, 1),

im1 j=1
AERL,Y Ai=1, peRLwgiy) 20,j=1,...,n,y € Q)
i=1

be the set of all feasible solutions of the (MWD). We denote by

proSmw =1{y € Q: (y, A, ) € Spw}

the projection of the set Sy on Q.
We establish the weak, strong, converse, restricted converse and strict converse duality theorems for
(MWD) with respect to (P).

Theorem 5.1 (Weak duality). Let xand (y, A, u) € Spyw be any feasible solutions for (P) and (MWD), respectively,
and let Q be an invex set with respect to 1. Suppose that f; and g; are locally Lipschitz functions at y, and admit
bounded upper semi-regular convexificators " fi(y) and dg;(y) for all i € I and j € ], respectively. Moreover, suppose
that one of the following conditions holds:

(@) fi i €1lare d*—pseudoinvex and g;, j € J* are d*—quasiinvex at y with respect to 1 on S U proSyw, respectively.
Then,

f@) £ f(y)-
(b) LiLy Aifi(:) is o' —pseudoinvex and ¥ jcj- pg;() is 9" —quasiinvex with respect to 1 at y on S U proSmw. Then,
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f@) £ f(y)-
Proof. (a) We proceed by contradiction. Suppose that
f@) < fy),
that is,
fix) < fily), Viel (10)

By the feasibility of x for (P) and the feasibility of (y, A, 1) for (MWD), one has

Higi(x) < 1igi(y), Vi € I
Since, uj > 0, forall j € Jand u; > 0 for j € J* then,

gi(x) < giy),VjeJ".

By the d"—pseudoinvexity of f; for all i € I and by the d"—quasiinvexity of g; for all j € J* with respect to 1
at y on S U proSpw, one has

<5i/ T](x, ]/)) < O/ \/51 € a*fl(y)/ Vie I/
(G, ) < 0,9, € gi(y), ¥ € J*.
Therefore, for every &; € cod" fi(y),i € I,; € cod*gi(y), j € ] and v € N(Q, y), one has
0> Y A& nCe, v+ Y 1 Ci, e y)

i=1 j=1
> Y AKE Ny + Y G0 1) + (@, 10 ).
i=1 j=1

This is a contradiction and the proof of part (a) is complete.
(b) We proceed by contradiction. Suppose that

f) < fy),

that is,
filx) < fily), Viel,
fi(x) < fi(y), for atleastonei € I.
By the feasibility of x for (P), the feasibility of (y, A, u) for (MWD), one has

L Aifi) < X Ai)
and
L wigi(x) < X pigi(y)-
ISk ISk

Since f;,i € I and g;,j € J* are locally Lipschitz functions at y and A; > 0,i € I, u; > 0,j € J*, therefore
Yty Aifi() and ¥ jej+ pjg;() are also locally Lipschitz functions at y, and admit bounded upper semi-regular
convexificator },;7; A;0" fi(y) and Y. ;¢ j0°g;(y), respectively. Hence, by d"—pseudoinvexity of ¥.i; Aifi()
and J"— quasiinvexity of Y. ;¢ 1jg;(-) at y on S U proSmw, one has

< i Ao, y)> <OVE €T fly)icl,
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and
< Z] w5 nix, 3/)> <0,¥Cedygiy),je]"
Jjerr

Therefore, for every &; € cod" fi(y),i € I,(; € cod*gj(y), j € ] and v € N(Q, y), one has

0> < Zm: Ai&i + Zn: G, n(x, ]/)>
i=1 j=1
> <i Ai&i+ Z i + o, n(x, y)>-
i=1 j=1

This is a contradiction and the proof is complete. [

Theorem 5.2 (Strong duality). Let x € S be a locally weakly efficient solution for (P). Suppose that f; and g; are
locally Lipschitz functions at X, and admit bounded upper semi-regular convexificaotrs " fi(X) and 0" g;(%) for all i € I
and j € J. If (CQ1) holds at X, then there exists (A, i) € R™ X R" such that (%, A, i) € Spw is a feasible solution for
(MWD,).

Moreover, if the weak duality between (P) and (MWD) in Theorem 5.1 holds, then X is a globally weakly efficient
(resp. efficient) solution for (MWD).

Proof. Since X satisfies all the conditions of Theorem 2.8, there exists (4, fi) € R”, x R" such that
0e Z Aicod” fi(%) + Z fijcod*g;(x) + N(Q, X),
j=1

ﬁ]'g]‘(Q_C) = O,Vj =1,...,n,
which implies that, there exists &; € cod”" fi(X),i € I, {; € cod*g(%),j € ] and v € N(Q, %) such that

Z Ni&i + Z iCj+v=

i=1
Dividing throughout by Y A; and setting

A= /\N,\/zely] MN,Vjejandv—( m1~)v,
YA Yt Ai it Ai

it follows that

Z Ai&i + Z 0;Cj+0=

i=1 :
and hence

0c Z Aicod" f(%) + Z f1jc0d" g;(%) + N(Q, %),
P =1
Li>0Vi=1,... Z)‘\ = 0,8,9/®=0,¥j=1,..,n x€Q,
i=1

which implies that (%, A, i) is a feasible solution for (MWD). By the weak duality Theorem 5.1, it follows
that ¥ is a globally weakly efficient (resp. efficient) solution for (MWD). O



P. Jaisawal, V. Laha / Filomat 36:9 (2022), 3119-3139 3131

Theorem 5.3 (Converse duality). Let (i, A, it) be a globally weakly efficient (resp. efficient) solution for (MWD).
If the hypothesis of Theorem 5.1 holds at §j on S UprqoSmw, then i is a globally weakly efficient (resp. efficient) solution
for (P).

Proof. (a) We proceed by contradiction. Suppose that j is not a globally weakly efficient solution for (P).
Then, there exists a feasible solution ¥ € S such that

f® < f(@). (11)
Since f;,i € I are d*—pseudoinvex with respect to n at § on S U proSyw, one has
<£ir 7](3?, y)> < 0/ vél € a*fl(y)/ Viel.

By the feasibility of ¥ for (P) and the feasibility of (¥, A, i) for MWD) and the assumption in the theorem,
one has

Rigj(¥) < 0= fgi(§),¥j € .
By the d*—quasiinvexity with respect to n of g;, j € J* at  on S U proSyw, one has
(Cjn(%, 7)) <0,¥C; € d'gi(H),VjeT
Therefore, for every &; € cod” fi(¥)),i € I, (; € cod*gj(¥), j € ] and v € N(Q, 7), one has
0> < /_\iéi +
=1

j=1
> < y Ziéi + i i
1 =1

iCj +o,n(x, ?)>-

This is a contradiction and the proof of part (a) is complete.
(b) We proceed by contradiction. Suppose that i is not a globally efficient solution for (P). Then, there exists
a feasible solution ¥ € S such that

f@® < f(®) (12)
By the feasibility of ¥ for (P), the feasibility of (7, A, i) for (MWD), the inequality (12) and the assumptions

in the theorem, one has

Y Af® < Y @)

i=1 i=1
and

Z fijg(x) < Z 7i9,(®)-

ISh IS
Since f;,i € I and g;,j € J* are locally Lipschitz functions at 7 and Ai > 0,i€l, fij > 0,j € J*, therefore
Y Aifi(-) and Y jer+ [1j9;(-) are also a locally Lipschitz functions at 7, and admits bounded upper semi-
regular convexificator Y1, A" fi(§) and Y. ;.- 1jd"g;(}), respectively. Now, by the d"—pseudoinvexity of
Y21 Aifi(-) and 9"—quasiinvexity of Y ¢+ f1;g;(-) at § on S U prgSyw, one has

<Z Ai&i, (%, ?)> <0,V&edfiy)iel,
im1

and

<Z a,Cion(, y)} <0,YC € dgi),j e .
jelr
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Therefore, for every &; € cod" fi(¥7),i € 1,; € cod*gi(), j € ] and v € N(Q, 7/), one has

0> <i Ai&i + Zn: G, (%, ]7)>
i=1 =1

> <i /_\iéz’ + Z PjC]' + 0, 1](55, ]7)>
j=1

i=1
This is a contradiction and the proof of part (b) is complete. [

Theorem 5.4 (Restricted converse duality). Let ¥ be any feasible solution for (P) and (i, A, i) be any feasible
solution for (MWD) such that f(X) = f(3). If the hypothesis of Theorem 5.1 holds at ij on S U proSmw, then % is a
globally weakly efficient (resp. efficient) solution for (P).

Proof. We proceed by contradiction. Suppose that ¥ is not a globally weakly efficient (resp. efficient)
solution for (P). Then, there exists ¥ € S such that

f@) < (5) f(®).

By the assumption in the theorem, one has

f@ < (=) f@).
This is a contradiction to the weak duality between (P) and (MWD) and the proof is complete. [

Theorem 5.5 (Strict converse duality). Let X be a locally weakly efficient solution for (P). Suppose that f; and g;
are locally Lipschitz functions at X, and admit bounded upper semi-regular convexificators " f;(x) and 9" g;(x) for all
i € land j € | such that (CQ1) is satisfied at X and the strong duality between (P) and (MWD) as in Theorem 5.2
holds.

Also, let (i, A, i) be a globally weakly efficient (resp. efficient) solution for (MWD). Suppose that f; and g; are
locally Lipschitz functions at §, and admit bounded upper semi-regular convexificators 9" fi(i) and 0" g;(¥) for all i € I
and j € ]. Moreover, suppose that one of the following conditions holds:

(@) fi,i € I are strict "—pseudoinvex and g;,j € |* are d"—quasiinvex with respect to 1 at § on S U proSmw,
respectively;
(b) Y.Ly Aifi() is strictly o*—pseudoinvex and ¥+ fi;g;() is &' —quasiinvex at § on S U proSmpw-
Then,
=7
Proof. We proceed by contradiction. Suppose that ¥ # 7.
(a) By the strong duality theorem, there exists Lagrange multipliers (A, fi) € R" x R" such that (¥, 1, 1) is a
globally weakly efficient solution for (MWD). Hence,

f® = f®,
that is,
fi®) = fi@), Viel (13)
By the strict J*—pseudoinvexity of f;,i € I at j on S U proSyw, one has
(&nE §) <0,VE € fi(y),Viel
By the feasibility of x for (P) and the (7, A, i) for (MWD), one has

fjgj(x) <0 < figi(y),Yj € J.
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By the d*—quasiinvexity of g, j € J* at  on S U proSmw, if follows that
(Cjn(x, 7)) <0,¥C € dgi(i,Yje]"

Therefore, for every &; € cod" fi(7),i € I, (; € cod*g(¥), j € ] and v € N(Q, ), one has
0> Z A& (@ 7)) + Z A4, 1(%, 7))
i=1
> A& ) + Z G N(E D) + (0, 1(E 7).
=1

i=1

This is a contradiction and the proof is complete.
(b) By the strong duality theorem, there exists Lagrange multipliers (A, fi) € R™ x R" such that (¥, A, {i) is a
globally efficient solution for (MWD). Hence,

f® = f®,
that is,
fi®) = f@,Viel (14)
By the feasibility of X for (P), the feasibility of (7, A, fi) for (MWD) and the equalities (14), one has

iziﬁ@ =Y 16

i=1 i=1

Y g <0< Y aigi).
JjeJ*

jerr

and

By the assumptions in the theorem, Y7y Aifi(") and }. ¢/ f1;g;() are locally Lipschitz functions at §, and
admit bounded upper semi-regular convexificators Y.i; A;d"fi(") and Y. i} [ij0"g;(), respectively. By the
strict d*—pseudoinvexity of }.i"; A;fi(-) and d*~quasiinvexity of Y’ - fi;g;(-) at § on S U proSuw, one has

<Z L& (5 ) <O, ¥E € I fi@ie ],
i=1

and

<ZA”]C]’ Yy > <O,VCedygip,jel”

IS

Therefore, for every &; € cod” fi(¥)),i € I, (; € cod*gi(¥), j € ] and v € N(Q, 7), one has

0> Y e nte ) +Zu;<C,, (%9
i=1

> Y A n@ ) + Z AT, 1E ) + (0,1(% 7).
i=1 j=1

This is a contradiction and the proof is complete. [
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6. Nonsmooth Saddle-Point Analysis

In this section, we derive some nonsmooth weak vector saddle-point theorems for (P) under J*-invexity
and generalized d*-invexity assumptions. The Lagrangian function of (P) is

L(x, @) = f(x) + p' g(x)e,
wherex€ Q, pe R} ande=(1, ..., 1) e R".
Definition 6.1. A point (%, fi) € Q X IR’} is said to be a weak vector saddle-point of (P) if
L(x, o) « L(x, @), Yx€Q,

L(x, p) « L(X, u), YueR].

6.1. Saddle-point analysis under J*-invexity

In this section, we establish the relationship between a weak vector saddle-point and a weakly efficient
solutions of (P) under d*-invexity assumptions.

Theorem 6.2. Let (¥, A, fi) satisfy the Theorem 2.8. Suppose that the objective function f and the constraint g are
d*-invex with respect to n at X € Q over Q. Then (X, f1) is a weak vector saddle-point of (P).

Proof. Since (¥, A, fi) satisfies the condition (i) and (i), then

0e Z Aicod” fi(%) + Z fijcod"gi(x) + N(Q, %), (15)
=1 =1
fjgi(x)=0,Vj=1, ..., n, a6

which implies that, there exists &; € cod*fi(%), i € I, (; € cod*gj(%), j € ] and v € N(Q, %) such that
0= Z /_\,‘E,‘ + Z [:l]‘C]‘ + 0. (17)
i=1 j=1

Since f and g are J*-invex with respect to 17 at X over Q, by Definition 2.6, the inequalities

fi(x) = fi®) (&, n(x, %)), V& €' fi®), Viel, (18)
gi(x) = g;(®) 2(Cj, n(x, %)), V(; € d"g;(%), Vj€ ] (19)

hold. Since A, >0,i=1, ..., m, X", A; =1, gi20,j=1, ..., n, then multiplying fi; in (19) and adding
all of these inequalities, we get

@) = i@+ Y igix) - ) 9,(3)
j=1 j=1

> <g,- + Y B x)>, VG €agi®), je V& €T fi®), Viel 20)

=1
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Now, multiplying A; in (20) and adding all of the inequalities. Therefore, for every &; € cod" fi(%), i € [ and
Cj € cod'gj(%), j € ], one has

(L(fi0) - fi®)) + ii(Zﬁj%(x)— Flfgf(’?))
=1 =1 1 1

= =

1

1

> < A& + Z [-_lej/ n(x, 3_5)>
i=1 j=1

> <Z )_\,-Ei + Z Fl]C] + 0, T](xr JE)>
P [,

=0 (by using equation (17)),

the above inequality imply that,
{ii((mx) — @)+ (Y mgi =Y ﬂm;-(aa))} > 0. (21)
=1 j=1 j=1

Since, A; > 0, not all zero, it follows that

1

flx) + ﬁTg(x)e £ f(@) + [TtTg(a’c)e forany x € Q, (22)

ie,L(x, i) £ L(X, o) for any x € Q.
Since, (%, A, [1)satisfies the Theorem 2.8, then ¥ € Si.e., gj(X) < 0,forall j € J. Then u"g(%)e < 0 for any u €
R”. Now, by (16) aTg(x)e = 0. We get

a'g(x)e — u"g(x)e > 0 for any u € RY.

Thus
@+ g(@e — {f(®) + u"g(R)e} € RY

hence L(%, f1) £ L(X, p) for any u € R} and the proof is complete. [J
Theorem 6.3. If (X, [i) is a weak vector saddle-point of (P), then X is a weakly efficient solution of (P).

Proof. Since (%, 1) is a weak vector saddle-point of (P), by Definition 6.1, the inequality

L(x, @) £ L(%, ), Vx€Q, (23)
Lz, @) £ L(%, p), Yu e R: (24)

satisfied. Then, by the inequality (24)
Li(f/ /J) 2 Li(f, !J)/ VH € ]RZ

for atleastonei=1, 2, ..., m.
Then,

f(®) + @Tg(®)e > fi(®) + u"g(®)e, Yu € R"

for at least one i. Hence,
(4~ E"g(®) <0, Vu e R} (25)

foranyj=1, 2, ..., nsety; = iy, fort=1,2, ..., j=1, j+1, ..., nand y; = fi; + 1. From which, we get

g]'(J_C) <0.
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This process are repeating for j =1, 2, ..., n, we have

g(x) <0.
Which implies that ¥ € S and i € R}, we have
a'g(®) <0
Set u = 01in (25), we get
aTg(®) =0
Thus a’g(x) < 0and g'g(x) > 0 yields
ag(x) = 0. (26)

By the inequality (23)
£ + B g)e £ F(®) + pTg(®)e, Vx € Q.
Then, by the equation (26), we get the inequalities

f) + Z fjgixe £ f(%), Vx € Q, (27)
j=1

if x € S, then 2}11 g]ng(x) < 0. Then, the inequality (27) imply that f(x) £ f(X). Hence, ¥ is a weakly efficient
solution of (P). O

6.2. Saddle-point analysis under generalized J*-invexity

In this section, we derive weak vector saddle-point theorems of (P) under generalized J*-invexity
assumptions.

Theorem 6.4. Let (%, A, ) satisfy the Theorem 2.8 and 0 € cod* (L% Aifi(%) + Ly f1;9;(%)) + N(Q, X). Suppose
that the function Y"1 A fi(-) + Z';:l fiig;() is d*-pseudoinvex with respect to n at X € Q over Q. Then (%, f1) is a weak
vector saddle-point of (P).

Proof. Since (X, A, i) satisfies the condition (i), (if) and 0 € cod* (X1, Aifi(%) + Y 19(%)) + N(Q, %), then
there exist & € cod* (Y1, A fi(%) + Z';zl fijgi(x)) and v € N(Q, %) such that

0=¢&+o. (28)

Since Y1 Aifi() + Xiq f1jg,() is 9"-pseudoinvex with respect to 1 at X over Q, by Definition 2.6, the inequal-
ities

Zm“ i(x) + Z#J%(x) < Z)\f;(x) +Z#191(x)

i=1

\.
,_.

Ms

= (& N, 9) <0, VEe () Lfi® + ) fg;®). (29)

=1

1l
—_

i

Suppose that

-

1l
—_

n

((f0) - £i@)) + Y 7\1*( RS Flfgf(’?)) <0, (30)
P =1
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sinceA; >0,i=1, ..., m, Y"1 A; = 1, then, by (30) we get

(1(fi0 - fi@)) + (Z RS m;-(@) <o. (31)
=1 j=1 j=1

Therefore, for every & € co&*( Y Afi(x) + Z;’zl U ]-g]-(y‘c)), (29) and (31), gives the inequality

(&, nx, x)) <0, VxeQ, ie, &+, nx, X)) <0, Vxe Q.

Then, by (28) we get the contradiction. Hence, our supposition is wrong, i.e.,

(Ai(fi) - f@)) + Y ﬂi( NIIORDY ﬁfﬁf(f)) 20, (32)
=1 1 j=1

i=1 =

1

the above inequality imply that,

f {ii((ﬁ(x) — fi(®) + (i aigix) - Y, Fljgf(f)))} >0, (33)
j=1 j=1

i=1
Since, A; > 0, not all zero, it follows that
fx) + @"g(x)e ¢ f(®) + @' g(®)e forany x € Q, (34)

ie,L(x, i) £ L(x, @) for any x € Q.
Since, (¥, A, [1)satisfies the Theorem 2.8, then € Si.e., gj(x) < 0,forall j € J. Then u” g(x)e < 0 for any u €
R”. Now, by (16) aTg(x)e = 0. We get

i’ g(x)e — uTg(x)e > 0 for any p € RL.

Thus
f@ + @ g®e - {f(®) + " g(x)e} € RY,

hence L(%, f1) £ L(x, p) for any u € R} and the proof is complete. [J

Remark 6.5. For generalized d*-invexity, if (%, [i) is a weak vector saddle-point of (P), then % is a weakly efficient
solution of (P).

7. Conclusions

In this paper, we have formulated Wolfe and Mond-Weir type duals to the primal multiobjective
programming problem using convexificators and established weak, strong, converse, restricted converse
and strict converse duality results under the assumptions of d*—invex, strict 9" —invex, d*—pseudoinvex, strict
d*—pseudoinvex and J*—quasiinvex functions. We have established the saddle-point under d*-invexity and
generalized d*-invexity assumptions. Also, the mixed type dual to the primal multiobjective programming
problem may be formulated in terms of convexificators and various duality results may be derived. The
results of this paper may be extended by using various generalized convexity assumptions (see, e.g.,
[19-24]).
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Figure 1: The function 1y =

; . ; _ 2
Figure 2: The function 1y = |x1] — x5
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