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Abstract. In this paper we characterize essential norm of composition operators on the spaces of Harmonic
Bloch functions. We obtain some upper and lower bounds for the essential norm of composition operators
between Harmonic Bloch function spaces. In some cases we find exact value of the essential norm such
as in Theorems 2.7 and 2.11. These results extends the similar results that were proven for composition
operators on Bloch spaces.

1. Introduction

The essential norm ∥T∥e of a continuous linear operator T between Banach spaces X and Y is defined
as the distance from T to the space of compact operators from X to Y. The essential norm of composition
operators have been studied on analytic function spaces in [5–7, 10, 12–15, 17, 18]. Also, the essential
norm and operator norms of weighted composition operators on analytic function spaces are characterized
in [1, 4, 16]. The essential norm of the difference of composition operators between weighted Bergman
spaces and Bloch-type spaces are investigated in [11]. In this paper we characterize the essential norm of
composition operators on Harmonic Bloch function spaces.

Let D be the open unit disk in the complex plane. Let φ be an analytic self-map of D, i. e., an analytic
function φ in D such that φ(D) ⊂ D. The composition operator Cφ induced by such φ is the linear map on
the spaces of all harmonic functions on the unit disk defined by

Cφ f = f oφ.

The main goal of this paper is to compute the essential norm of Cφ in terms of an asymptotic bound
involving the quantity

(1 − |z|2)α

(1 − |φ(z)|2)α
|φ
′

(z)|.

Further, we obtain an other essential norm formula for composition operators on HB(α) for any 0 < α < ∞
in terms of φn, where, φn means the n-th power of φ.
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Let D be the open unit disk in the complex plane. For a continuously differentiable complex-valued
f (z) = u(z) + iυ(z), z = x + iy,we use the common notation for its formal derivatives:

fz =
1
2

( fx − i fy),

fz̄ =
1
2

( fx + i fy).

A twice continuously differentiable complex-valued function f = u + iυ on D is called a harmonic
function if and only if the real-valued function u and υ satisfy Laplace’s equation ∆u = ∆υ = 0.

A direct calculation shows that the Laplacian of f is

∆ f = 4 fzz̄.

Thus for functions f with continuous second partial derivatives, it is clear that f is harmonic if ana only if
∆ f = 0. We consider complex-valued harmonic function f defined in a simply connected domain D ⊂ C.
The function f has a canonical decomposition f = h + 1̄, where h and 1 are analytic in D [8]. A planar
complex-valued harmonic function f in D is called a harmonic Bloch function if and only if

β f = sup
z,w∈D,z,w

| f (z) − f (w)|
ϱ(z,w)

< ∞.

Here β f is the Lipschitz number of f and

ϱ(z,w) = arctan h|
z − w
1 − z̄w

|,

denotes the hyperbolic distance between z and w in D, where here ρ(z,w) is the pseudo-hyperbolic
distance on D. In [3] Colonna proved that

β f = sup
z∈D

(1 − |z|2)[| fz(z)| + | fz̄(z)|].

Moreover, the set of all harmonic Bloch mappings, denoted by the symbol HB(1) or HB, forms a complex
Banach space with the norm ∥.∥ given by

∥ f ∥HB(1) = | f (0)| + sup
z∈D

(1 − |z|2)[| fz(z)| + | fz̄(z)|].

Now we define the Harmonic α-Bloch space HB(α).

Definition 1.1. For α ∈ (0,∞), the Harmonic α-Bloch space HB(α) consists of complex-valued harmonic function f
defined on D such that

||| f |||HB(α) = sup
z∈D

(1 − |z|2)α[| fz(z)| + | fz̄(z)|] < ∞,

and the harmonic little α-Bloch space HB0(α) consists of all function in HB(α) such that

lim
|z|→1

(1 − |z|2)α[| fz(z)| + | fz̄(z)|] = 0.

Obviously, when α = 1, we have ||| f |||HB(α) = β f . Each HB(α) is a Banach space with the norm given by

∥ f ∥HB(α) = | f (0)| + sup
z∈D

(1 − |z|2)α[| fz(z)| + | fz̄(z)|],

and HB0(α) is a closed subspace of HB(α).
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2. Main results

In this section we characterize essential norm of composition operator Cφ on HB(α).
Here we recall the next lemma from [19] that we need it in the sequel.

Lemma 2.1. [19] If α > 0,n ∈ N, 0 < x < 1 and

Hn,α(x) = xn−1(1 − x2)α,

then Hn,α has the following properties:
a)

max
0≤x≤1

Hn,α(x) =

Hn,α(rn) =
{

1, n=1;
( 2α

n−1+2α )α( n−1
n−1+2α )

(n−1)
2 , n ≥ 2.

In which

rn =

{
0, n=1;
( n−1

n−1+2α )
1
2 , n ≥ 2.

b) For n ≥ 1,Hn,α is increasing on [0, rn] and decreasing on [rn, 1].

c) For n ≥ 1,Hn,α is decreasing on [rn, rn+1], and so

min
x∈[rn,rn+1]

Hn,α(x) = Hn,α(rn+1) = (
2α

n + 2α
)α(

n
n + 2α

)
(n−1)

2 .

Consequently,

lim
n→α

nα min
x∈[rn,rn+1]

Hn,α(x) = (
2α
e

)α.

By using the Lemma 2.1 we can find a lower bound for the essential norm of Cφ : HB(α)→ HB(α).

Theorem 2.2. Let 0 < α < ∞, φ be an analytic self-map of the unit disk D and Cφ be a bounded operator from HB(α)
into HB(α). Then

∥Cφ∥e ≥ lim
s→1

sup
|φ(z)|>s

(1 − |z|2)α

(1 − |φ(z)|2)α
|φ
′

(z)|.

Proof. Let n ∈N and consider the function zn + z̄n. By the Lemma 2.1 we have

∥zn + z̄n
∥HB(α) = max

z∈D
2n|z|n−1(1 − |z|2)α

= 2n(
2α

n − 1 + 2α
)α(

n − 1
n − 1 + 2α

)
(n−1)

2 ,

in which the maximum is attained at any point on the circle with radius rn = ( n−1
n−1+2α )

(n−1)
2 .

Let fn = zn+z̄n

∥zn+z̄n∥HB(α)
. Then fn converges to 0 weakly in HB(α). In particular, if K is any compact operator

on HB(α), then limn→∞ ∥K fn∥HB(α) = 0. For

Dn = {z ∈ D : rn ≤ |φ(z)| ≤ rn+1},

we have

min
z∈Dn

(1 − |z|2)α[|( fn)z(z)| + |( fn)z̄(z)|] = (1 − |rn+1|
2)α[|h′n(z)| + |1′n(z)|]

= (
n − 1 + 2α

n + 2α
)α(

n2(2α − 1)n
n2(2α − 1)n − 2α

).
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It is easy to see that this minimum tends to 1 when n→∞. Also for each n ≥ 2 the minimum is attained at
any point of the circle centered at the origin and of radius rn+1. For any compact operator K on HB(α), we
get that

∥Cφ − K∥ ≥ lim sup
n→∞

∥(Cφ − K) fn∥HB(α)

≥ lim sup
n→∞

(∥(Cφ) fn∥HB(α) − ∥(K fn∥HB(α))

= lim sup
n→∞

∥(Cφ) fn∥HB(α).

Thus we obtain the followings:

∥Cφ∥e = inf
K
∥Cφ − K∥

≥ lim sup
n→∞

∥(Cφ) fn∥HB(α)

= lim sup
n→∞

sup
z∈D

(1 − |z|2)α

(1 − |φ(z)|2)α
|φ
′

(z)|(1 − |φ(z)|2)α[|h
′

n(φ(z))| + |1
′

n(φ(z))|]

≥ lim
n→∞

sup
φ(z)∈Dn

(1 − |z|2)α

(1 − |φ(z)|2)α
|φ
′

(z)| min
φ(z)∈Dn

(1 − |φ(z)|2)α[|h
′

n(φ(z))| + |1
′

n(φ(z))|]

≥ lim
n→∞

sup
φ(z)∈Dn

(1 − |z|2)α

(1 − |φ(z)|2)α
|φ′(z)|min

w∈Dn
(1 − |w|2)α[|h

′

n(w)| + |1
′

n(w)|],

Since
lim sup

n→∞
min
w∈Dn

(1 − |w|2)α[|h
′

n(w)| + |1
′

n(w)|] = 1,

then we conclude that

∥Cφ∥e ≥ lim
n→∞

sup
φ(z)∈Dn

(1 − |z|2)α

(1 − |φ(z)|2)α
|φ
′

(z)|.

We need some Lemmas to obtain some upper bounds for the essential norm of Cφ. For r ∈ (0, 1), let
Kr f (z) = f (rz). Then by Theorems 2. 6 and 2.7 of [9] we get that Kr is a compact operator on the spaces
HB(α) and HB0(α) for any positive number α, with ∥Kr∥ ≤ 1.

Lemma 2.3. For 0 < α < 1, there exists a sequence {rk}, 0 < rk < 1, tending to 1, such that the compact operator
Ln = ( 1

n )
∑n

k=1 Krk on HB0(α) satisfies:
a) For every t ∈ [0, 1) we have

lim
n→∞

sup
∥ f ∥HB(α)≤1

sup
|z|≤t

[|((I − Ln) f )z(z)| + |((I − Ln) f )z̄(z)|] = 0.

b)
lim
n→∞

sup
∥ f ∥HB(α)≤1

sup
z∈D
|(I − Ln) f (z)| = 0.

c)
lim sup

n→∞
∥I − Ln∥ ≤ 1.

Proof. In order to prove the Lemma we need to prove that, for any t, 0 < t < 1, and any ε > 0, there is an
n > 0 such that, for any n > N,

sup
∥ f ∥HB(α)≤1

sup
|z|≤t

[|((I − Ln) f )z(z)| + |((I − Ln) f )z̄(z)|] < ε,
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sup
∥ f ∥HB(α)≤1

sup
z∈D
|(I − Ln) f (z)| < ε,

and
∥I − Ln∥ ≤ 1 + 2ε.

Let SHB0(α) denote the unit ball of HB0(α) and the positive number s1 such that t < s1 < 1. Since SHB0(α) is a
relatively compact subset with respect to the topology τ of the uniform convergence on compact subsets of
the unit disk and (I −Kr) f tends to 0 with respect to τ, then ((I −Kr) f )

′

tends to 0. And so there is 0 < r1 < 1
such that

sup
∥ f ∥HB(α)≤1

sup
|z|≤s1

(1 − |z|2)α[|((I − Kr1 ) f )z(z)| + |((I − Kr1 ) f )z̄(z)|]

< min{ε, ε(1 − |s1|
2)α}.

Since Kr1 is compact, then Kr1 SHB0(α) is relatively compact and we can find s2 > s1 such that

sup
∥ f ∥HB(α)≤1

sup
|z|>s2

(1 − |z|2)α[|(Kr1 f )z(z)| + |(Kr1 f )z̄(z)|] < ε.

And so we get that

sup
∥ f ∥HB(α)≤1

sup
|z|>s2

(1 − |z|2)α[|((I − Kr1 ) f )z(z)| + |((I − Kr1 ) f )z̄(z)|] < 1 + ε.

By repeating this method we can find the sequences {sk} and {rk} satisfying

sup
∥ f ∥HB(α)≤1

sup
|z|≤sk

(1 − |z|2)α[|((I − Krk ) f )z(z)| + |((I − Krk ) f )z̄(z)|]

< min{ε, ε(1 − |s1|
2)α}

and
sup

∥ f ∥HB(α)≤1
sup
|z|>sk+1

(1 − |z|2)α[|((I − Krk ) f )z(z)| + |((I − Krk ) f )z̄(z)|] < 1 + ε.

If we take n > 1
ε and set Ln = ( 1

n )
∑n

k=1 Krk , the by using the fact that (1 − |s1|
2)α} ≤ (1 − |z|2)α for |z| ≤ s1, we

have

sup
∥ f ∥HB(α)≤1

sup
|z|≤t

[|((I − Ln) f )z(z)| + |((I − Ln) f )z̄(z)|]

≤
1
n

n∑
k=1

sup
∥ f ∥HB(α)≤1

sup
|z|≤s1

[|((I − Krk ) f )z(z)| + |((I − Krk ) f )z̄(z)|]

< ε.

This gives (a). Now we prove (c). We know that for n ≥ 1 and 0 < α < 1,

∥I − Ln∥ = sup
∥ f ∥HB(α)≤1

∥(I − Ln) f ∥HB(α)

= sup
∥ f ∥HB(α)≤1

sup
|z|≤t

(1 − |z|2)α[|((I − Ln) f )z(z)| + |((I − Ln) f )z̄(z)|]

+ sup
∥ f ∥HB(α)≤1

sup
|z|>t

(1 − |z|2)α[|((I − Ln) f )z(z)| + |((I − Ln) f )z̄(z)|]

= I1 + I2.

In which
I1 = sup

∥ f ∥HB(α)≤1
sup
|z|≤t

(1 − |z|2)α[|((I − Ln) f )z(z)| + |((I − Ln) f )z̄(z)|] < ε
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and
I2 = sup

∥ f ∥HB(α)≤1
sup

sl<|z|<sl+1,k,l
(1 − |z|2)α[|((I − Ln) f )z(z)| + |((I − Ln) f )z̄(z)|]+

sup
∥ f ∥HB(α)≤1

sup
|z|>sk+1

(1 − |z|2)α[|((I − Ln) f )z(z)| + |((I − Ln) f )z̄(z)|].

For k = l, sl < |z| < sl+1 and ∥ f ∥ ≤ 1, we have

(1 − |z|2)α[|((I − krl ) f )z(z)| + |((I − krl ) f )z̄(z)|] ≤ ∥I − krl∥ ≤ ∥I∥ + ∥krl∥ ≤ 2,

except possibly for k , l. However, in this case we get that

(1 − |z|2)α[|((I − krl ) f )z(z)| + |((I − krl ) f )z̄(z)|] ≤ 1 + ε

and so

(1 − |z|2)α[|((I − Ln) f )z(z)| + |((I − Ln) f )z̄(z)|]

≤
1
n

∑
k,l

(1 − |z|2)α[|((I − krk ) f )z(z)| + |((I − krk ) f )z̄(z)|]

+
1
n

(1 − |z|2)α[|((I − krl ) f )z(z)| + |((I − krl ) f )z̄(z)|]

<
n − 1

n
(1 + ε) +

2
n

< 1 + 2ε.

Therefore we get (c). The proof of the property (b) is exactly as in the proof of the Lemma 1 of [14].

Similar to the Lemma 2.3 for the case α = 1 we have the next Lemma.

Lemma 2.4. There is a sequence {rk}, 0 < rk < 1, tending to 1, such that the compact operator Ln = ( 1
n )
∑n

k=1 Krk on
HB0(α) satisfies:

a) For any t ∈ [0, 1) we have

lim
n→∞

sup
∥ f ∥HB(α)≤1

sup
|z|≤t

[|((I − Ln) f )z(z)| + |((I − Ln) f )z̄(z)|] = 0.

b) limn→∞ sup
∥ f ∥HB(α)≤1 sup

|z|>s |(I − Ln) f (z)|(− log(1 − |z|2))−1
≤ 1 for s sufficiently close to 1 and

lim
n→∞

sup
∥ f ∥HB(α)≤1

sup
|z|≤s
|(I − Ln) f (z)| = 0.

c) lim supn→∞ ∥I − Ln∥ ≤ 1.

Proof. The proof of (a) and (b) is exactly the same as the proof of Lemma 2.3. Also the proof of (b) is given
in given in [12].

Also for the case α > 1, we have the following Lemma.

Lemma 2.5. For α > 1, there is a sequence {rk} with 0 < rk < 1, tending to 1. Also, the compact operator
Ln = ( 1

n )
∑n

k=1 Krk on HB0(α) has the followings properties:
a) For any s ∈ [0, 1),

lim
n→∞

sup
∥ f ∥HB(α)≤1

sup
|z|≤s

[|((I − Ln) f )z(z)| + |((I − Ln) f )z̄(z)|] = 0.

b) For any t ∈ [0, 1),
lim
n→∞

sup
∥ f ∥HB(α)≤1

sup
|z|≤t
|(I − Ln) f (z)| = 0.

c) lim supn→∞ ∥I − Ln∥ ≤ 1.
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Proof. The proof of (a) and (c) is the same as the proof of the Lemma 2.3. Hence we prove (b). For harmonic
function f = h + 1̄we have

|(I − Ln) f (z)| ≤ |(I − Ln)h(z)| + |(I − Ln)1(z)|

≤

∫
D

(1 − |w|2)1+α

|w||1 − z̄w|2+α
[|((I − Ln)h)

′

(z)| + |((I − Ln)1)
′

(z)|]dA(w)

=

∫
D

(1 − |w|2)1+α

|w||1 − z̄w|2+α
[|((I − Ln) f )w(z)| + |((I − Ln) f )w(z)|]dA(w).

For each t ∈ [0, 1) and any ε > 0 we can find s ∈ [0, 1) sufficiently close to 1 such that

1 − s
s(1 − t)2+α < ε.

Hence we get that

I1 = sup
∥ f ∥HB(α)≤1

sup
|z|≤t

∫
D\Ds

(1 − |w|2)1+α

|w||1 − z̄w|2+α
[|((I − Ln) f )w(z)| + |((I − Ln) f )w(z)|]dA(w)

≤ sup
∥ f ∥HB(α)≤1

∥(I − Ln) f ∥HB(α) sup
|z|≤t
|

∫
D\Ds

(1 − |w|2)1+α

|w||1 − z̄w|2+α
dA(w)

≤
1

s(1 − t)2+α (1 − s) < ε,

when s is sufficiently close to 1. By (a) we can find N > 0 such that for all n > N,

sup
∥ f ∥HB(α)≤1

sup
|z|≤s

[|((I − Ln) f )z(z)| + |((I − Ln) f )z̄(z)|] < ε,

and so we conclude that

I2 = sup
∥ f ∥HB(α)≤1

sup
|z|≤t

∫
Ds

(1 − |w|2)1+α

|w||1 − z̄w|2+α
[|((I − Ln) f )w(z)| + |((I − Ln) f )w(z)|]dA(w)

≤
ε

(1 − t)2+α sup
|z|≤t

∫
Ds

(1 − |w|2)1+α

|w|
dA(w) < Cε,

for some C > 0. Therefore by combining the above inequalities, we get that for n > N,

sup
∥ f ∥HB(α)≤1

sup
|z|≤t
|(I − Ln) f (z)|

≤ sup
∥ f ∥HB(α)≤1

sup
|z|≤t

∫
D

(1 − |w|2)1+α

|w||1 − z̄w|2+α
[|((I − Ln) f )w(z)| + |((I − Ln) f )w(z)|]dA(w)

≤ I1 + I2 < (1 + C)ε.

This implies that
lim
n→∞

sup
∥ f ∥HB(α)≤1

sup
|z|≤t
|(I − Ln) f (z)| = 0.

Now we can find an upper bound for the essential norm of Cφ : HB(α)→ HB(α).

Theorem 2.6. Let α > 0 and Cφ : HB(α)→ HB(α) be bounded. Then we have

∥Cφ∥e ≤ lim
s→1

sup
|φ(z)|>s

(1 − |z|2)α

(1 − |φ(z)|2)α
|φ
′

(z)|.
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Proof. Let Ln be a sequence of operators given in Lemma 2.5. Since each Ln is a compact operator from
HB(α) to HB(α), then CφLn is compact and we have

∥Cφ∥e ≤ ∥Cφ − CφLn∥

= ∥Cφ(I − Ln)∥
= sup
∥ f ∥HB(α)≤1

∥Cφ(I − Ln) f ∥HB(α)

≤ sup
∥ f ∥HB(α)≤1

|(I − Ln) f (φ(0))|

+ sup
∥ f ∥HB(α)≤1

sup
z∈D

(1 − |z|2)α|φ
′

(z)|[|((I − Ln) f )z(φ(z))| + [|((I − Ln) f )z̄(φ(z))|].

By the Lemma 2.5 we can suppose the term sup
∥ f ∥HB(α)≤1 |(I − Ln) f (φ(0))| sufficiently small for some large

enough n. Now we need only consider the term

sup
∥ f ∥HB(α)≤1

sup
z∈D

(1 − |z|2)α|φ
′

(z)|[|((I − Ln) f )z(φ(z))| + [|((I − Ln) f )z̄(φ(z))|].

For every 0 < s < 1, we bound this expression from above by

sup
∥ f ∥HB(α)≤1

sup
|φ(z)|≤s

(1 − |z|2)α|φ
′

(z)|[|((I − Ln) f )z(φ(z))| + [|((I − Ln) f )z̄(φ(z))|]

+ sup
∥ f ∥HB(α)≤1

sup
|φ(z)|>s

(1 − |z|2)α|φ
′

(z)|[|((I − Ln) f )z(φ(z))| + [|((I − Ln) f )z̄(φ(z))|].

Since Cφ is bounded from HB(α) into HB(α), then we conclude that

(1 − |z|2)α|φ
′

(z)| ≤ (1 − |φ(z)|2)α sup
z∈D

(1 − |z|2)α|φ
′

(z)| < ∞,

and so
sup
|φ(z)|≤s

(1 − |z|2)α|φ
′

(z)| < ∞.

Hence by the Lemma 2.5 we see that

lim
n→∞

sup
∥ f ∥HB(α)≤1

sup
|φ(z)|≤s

(1 − |z|2)α|φ
′

(z)|[|((I − Ln) f )z(φ(z))| + [|((I − Ln) f )z̄(φ(z))|] = 0.

Easily we find that the term

sup
∥ f ∥HB(α)≤1

sup
|φ(z)|>s

(1 − |z|2)α|φ
′

(z)|
(1 − |φ(z)|2)α

(1 − |φ(z)|2)α[|((I − Ln) f )z(φ(z))| + [|((I − Ln) f )z̄(φ(z))|]

is bounded above by

sup
∥ f ∥HB(α)≤1

∥(I − Ln) f ∥HB(α) sup
|φ(z)|>s

(1 − |z|2)α|φ
′

(z)|
(1 − |φ(z)|2)α

= ∥I − Ln∥ sup
|φ(z)|>s

(1 − |z|2)α

(1 − |φ(z)|2)α
|φ
′

(z)|.

Therefore we have

lim sup
n→∞

sup
∥ f ∥HB(α)≤1

sup
|φ(z)|>s

(1 − |z|2)α|φ
′

(z)|[|((I − Ln) f )z(φ(z))| + [|((I − Ln) f )z̄(φ(z))|]

≤ sup
|φ(z)|>s

(1 − |z|2)α

(1 − |φ(z)|2)α
|φ
′

(z)|,
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and so we get that

∥Cφ∥e ≤ sup
|φ(z)|>s

(1 − |z|2)α

(1 − |φ(z)|2)α
|φ
′

(z)|.

Consequently by taking the limit as s→ 1, we get the result.

We remark that a similar result can be obtained for the essential norm of Cφ acting boundedly on HB0(α),
for α > 0, where in the essential norm formula in the Theorem 2.6 we may replace lims→1 sup

|φ(z)|>s by
lim sup

|z|→1. This equivalence will be shown in the following Theorem:

Theorem 2.7. If α > 0 and Cφ : HB0(α)→ HB0(α) is bounded. Then

∥Cφ∥e = lim sup
|z|→1

(1 − |z|2)α

(1 − |φ(z)|2)α
|φ
′

(z)|.

Proof. By Theorems 2.6, it would be sufficient to prove the equality

lim sup
|z|→1

(1 − |z|2)α

(1 − |φ(z)|2)α
|φ
′

(z)| = lim
s→1

sup
|φ(z)|>s

(1 − |z|2)α

(1 − |φ(z)|2)α
|φ
′

(z)|.

This equivalence can be shown by a similar argument of Theorem 2.2 in [13] and using the characterization
of boundedness of Cφ : HB0(α)→ HB0(α) for α > 0.

Recall that the composition operator Cφ : HB(α)→ HB(α) is said to be bounded below, if there exists ε > 0
such that

|||Cφ f |||HB(α) ≥ ε||| f |||HB(α),

for any f ∈ HB(α). In the next theorem we characterize boundedness of below of Cφ on HB(α).

Theorem 2.8. The composition operator Cφ is bounded below on HB(α) if and only if there exists δ > 0 such that
∥Cφ( f )∥HB(α) ≥ δ∥ f ∥HB(α) for f ∈ HB(α).

Proof. First we assume that Cφ is bounded below on HB(α), so there exists a δ > 0 such that |||1oφ|||HB(α) ≥

δ|||1|||HB(α) for 1 ∈ HB(α). Let 1(z) = f (z) − f (φ(0)) for f ∈ HB(α). Hence 1 ∈ HB(α), 1(φ(0)) = 0, ∥1∥HB(α) =
∥ f ∥HB(α) and ∥1oφ∥HB(α) = ∥ f oφ∥HB(α). Therefore

∥Cφ( f )∥HB(α) = ∥ f oφ∥HB(α)

= |||1oφ|||HB(α)

≥ δ∥1∥HB(α) = δ∥ f ∥HB(α).

Conversely, suppose that there exists δ > 0 such that ∥Cφ( f )∥HB(α) ≥ δ∥ f ∥HB(α for all f ∈ HB(α). Then for
every f ∈ HB(α), we have

| f (0)| ≤ | f (φ(0))| +
∫ φ(0)

o
[|( f )z(z)| + |( f )z̄(z)|]|dz|

= | f (φ(0))| +
∫ φ(0)

o
(1 − |z|2)α[|( f )z(z)| + |( f )z̄(z)|]

|dz|
(1 − |z|2)α

≤ | f (φ(0))| + ∥ f ∥HB(α)

∫ φ(0)

o

|dz|
(1 − |z|2)α

.

If α = 1, then

| f (0)| ≤ | f (φ(0))| +
∥ f ∥HB(α)

2
ln

1 + |φ(0)|
1 − |φ(0)|
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and so

||| f |||HB(α) = | f (0)| + ∥ f ∥HB(α)

≤
||| f oφ|||HB(α)

δ
(1 +

1
2

ln
1 + |φ(0)|
1 − |φ(0)|

).

Since, ∥ f oφ∥HB(α) ≥ δ∥ f ∥HB(α). As the same way if α , 1,

| f (0)| ≤ | f (φ(0))| + ∥ f ∥HB(α)

∫ φ(0)

o

|dz|
(1 − |z|2)α

≤ | f (φ(0))| + ∥ f ∥HB(α)

∫ φ(0)

o

|dz|
(1 − |z|)α

,

so

| f (0)| ≤ | f (φ(0))| +
∥ f ∥HB(α)

−α + 1
[(1 − |φ(0)|)−α+1

− 1]||| f |||HB(α)

≤
||| f oφ|||HB(α)

δ
(1 +

1
−α + 1

[(1 − |φ(0)|)−α+1
− 1]).

By these observations we get that Cφ is bounded below. [5]

Here we give an equivalent condition for boundedness of Cφ : HB(α)→ HB(α).

Theorem 2.9. Let 0 < α < ∞ and φ be an analytic self-map of the unit disk D. Then Cφ : HB(α) → HB(α) is
bounded if and only if

sup
n∈N

nα−1
∥φn + φ̄n

∥HB(α) < ∞.

Proof. Let n ∈ N and zn + z̄n. By Theorem 2.8 we have

∥zn + z̄n
∥HB(α) = max

z∈D
2n|z|n−1(1 − |z|2)α

= 2n(
2α

n − 1 + 2α
)α(

n − 1
n − 1 + 2α

)
(n−1)

2 ,

where the maximum is attained at any point on the circle with radius rn = ( n−1
n−1+2α )

(n−1)
2 . Therefore

lim
n→∞

nα−1
∥zn + z̄n

∥HB(α) = 2(
2α
e

).

And so there exists a constant K > 0, independent ofn, such that ∥zn + z̄n
∥HB(α) ≤ Kn1−α. For fn = zn+z̄n

∥zn+z̄n∥HB(α)

we get that ||| fn|||HB(α) = ∥ fn∥HB(α) = 1. Hence we have

∞ > ∥Cφ∥
≥ ∥Cφ fn∥HB(α)

= ∥ fnoφ∥HB(α)

≥
1
K

nα−1
∥φn + φ̄n

∥HB(α).

Conversely, by the assumption obviously we have ∥φ + φ̄∥HB(α) < ∞. If supz∈D |φ(z)| < 1, then we can find
0 < r < 1 such that supz∈D |φ(z)| < r. In this case easily we get that Cφ : HB(α) → HB(α) is bounded. Now
we assume that supz∈D |φ(z)| = 1 and put for any n ≥ 1

Dn = {z ∈ D : rn ≤ |φ(z)| ≤ rn+1},
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where rn is given as before. Let m be the smallest positive integer such that Dm , ∅. Since supz∈D |φ(z)| = 1,
Dn is not empty for every integer n ≥ m, and D =

⋃
∞

n=m Dn. Then for every n ≥ m we conclude that

min
z∈Dn

2nα|φ(z)|n−1(1 − |φ(z)|2)α ≥ 2nαHn,α(rn+1)

= 2(
2αn

n + 2α
)α(

n
n + 2α

)
(n−1)

2 ,

where Hn,α(x) = xn−1(1 − x2)α. Thus

lim
n→∞

min
z∈Dn

2nα|φ(z)|n−1(1 − |φ(z)|2)α ≥ 2(
2α
e

).

Therefore, there exists δ > 0 such that, for any n ≥ m,

min
z∈Dn

2nα|φ(z)|n−1(1 − |φ(z)|2)α ≥ δ.

Also for every f ∈ HB(α) we have

∥Cφ f ∥HB(α) = sup
z∈D

(1 − |z|2)α|φ
′

(z)|[| fz(z)| + | fz̄(z)|]

= sup
n≥m

sup
z∈Dn

(1 − |z|2)α|φ
′

(z)|[| fz(z)| + | fz̄(z)|]

≤
1
δ

sup
n≥m

sup
z∈Dn

nα−1(1 − |φ(z)|2)α[| fz(z)| + | fz̄(z)|]2|(φn)
′

(z)|(1 − |z|2)α

≤
1
δ
∥ f ∥HB(α) sup

n≥1
nα−1
∥φn + φ̄n

∥HB(α).

This implies that Cφ is bounded on HB(α).

It is well-known that the composition operator Cφ is bounded on the Bloch space HB for any analytic
self-map φ of D. Hence, if we let α = 1 in Theorem 2.9, we get the following corollary.

Corollary 2.10. For any analytic self-map φ of the unit disk D,

sup
n∈N
∥φn + φ̄n

∥HB < ∞.

Theorem 2.11. Let 0 < α < ∞ and φ be an analytic self-map of the unit disk D. Then the essential norm of the
composition operator Cφ : HB(α)→ HB(α) is

∥Cφ∥e =
1
2

(
e

2α
)α lim sup

n→∞
nα−1
∥φn + φ̄n

∥HB(α).

Proof. Let n ∈ N and zn + z̄n. By Theorem 2.9 we have

∥zn + z̄n
∥HB(α) = max

z∈D
2n|z|n−1(1 − |z|2)α

= 2n(
2α

n − 1 + 2α
)α(

n − 1
n − 1 + 2α

)
(n−1)

2 ,

where the maximum is attained at any point on the circle with radius

rn = (
n − 1

n − 1 + 2α
)

(n−1)
2 .

Thus we have
lim
n→∞

nα−1
∥zn + z̄n

∥HB(α) = 2(
2α
e

).
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Let fn = zn+z̄n

∥zn+z̄n∥HB(α)
and so ∥ fn∥HB(α) = 1. Also easily we get that { fn} converges to 0 weakly in HB(α). If K is a

compact operator on HB(α), then limn→∞ ∥K fn∥HB(α) = 0. Therefore

∥Cφ − K∥ ≥ lim sup
n→∞

∥(Cφ − K) fn∥HB(α)

≥ lim sup
n→∞

(∥(Cφ) fn∥HB(α) − ∥(K fn∥HB(α))

= lim sup
n→∞

∥(Cφ) fn∥HB(α).

By taking the inf on both sides of this inequality over all compact operator K, for Cφ : HB(α)→ HB(α), we
obtain the that

∥Cφ∥e = inf
K
∥Cφ − K∥

≥ lim sup
n→∞

∥(Cφ) fn∥HB(α)

=
1
2

(
e

2α
)α lim sup

n→∞
nα−1
∥φn + φ̄n

∥HB(α).

If
lim sup

n→∞
nα−1
∥φn + φ̄n

∥HB(α) = ∞,

then Cφ is not bounded on HB(α). Now suppose that

lim sup
n→∞

nα−1
∥φn + φ̄n

∥HB(α) < ∞.

Hence Cφ is a bounded operator from HB(α) to HB(α) and, clearly, ∥φ + φ̄∥HB(α) < ∞. Notice that if
supZ∈D |φ(z)| < 1, then Cφ is compact and we have the conditions of theorem. Hence, in the sequel we
assume that supZ∈D |φ(z)| = 1. Let Ln be a sequence of operators as we used in the last results. Since each Ln
is compact as an operator on HB(α), so is CφLn. And we have

∥Cφ∥e = inf
CφLniscompact

∥Cφ − CφLn∥

≤ lim sup
n→∞

∥Cφ − CφLn∥

≤ lim sup
n→∞

sup
∥ f ∥HB(α)≤1

|(I − Ln) f (φ(0))|

+ lim sup
n→∞

sup
∥ f ∥HB(α)≤1

sup
z∈D

(1 − |z|2)α|φ
′

(z)|[|((I − Ln) f )z(φ(z))| + [|((I − Ln) f )z̄(φ(z))|].

Consequently, we have
lim sup

n→∞
sup

∥ f ∥HB(α)≤1
|(I − Ln) f (φ(0))| = 0.

Now we need only consider the term

J = sup
∥ f ∥HB(α)≤1

sup
z∈D

(1 − |z|2)α|φ
′

(z)|[|((I − Ln) f )z(φ(z))| + [|((I − Ln) f )z̄(φ(z))|].

For every n ≥ 1 put
Dn = {z ∈ D : rn ≤ |φ(z)| ≤ rn+1},

where rn is as given in the Lemma 2.16. Let m be the smallest positive integer such that Dm , ∅. Since
supz∈D |φ(z)| = 1, Dn is not empty for every integer n ≥ m and D =

⋃
∞

n=m Dn. Now we divide J into two
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parts:

J = sup
∥ f ∥HB(α)≤1

sup
m≤k≤N−1

sup
z∈Dk

(1 − |z|2)α|φ
′

(z)|[|((I − Ln) f )z(φ(z))| + [|((I − Ln) f )z̄(φ(z))|]

+ sup
∥ f ∥HB(α)≤1

sup
k≥N

sup
z∈Dk

(1 − |z|2)α|φ
′

(z)|[|((I − Ln) f )z(φ(z))| + [|((I − Ln) f )z̄(φ(z))|]

= J1 + J2.

For J1 we have

lim sup
n→∞

J1 = lim sup
n→∞

sup
∥ f ∥HB(α)≤1

sup
m≤k≤N−1

sup
z∈Dk

(1 − |z|2)α|φ
′

(z)|[|((I − Ln) f )z(φ(z))|

+ [|((I − Ln) f )z̄(φ(z))|]
= lim sup

n→∞
sup

∥ f ∥HB(α)≤1
sup

rm≤|φ(z)|≤rN−1

[|((I − Ln) f )z(φ(z))| + [|((I − Ln) f )z̄(φ(z))|] = 0.

Write the function under three supremum signs in J2 as

(1 − |z|2)α|φ
′

(z)|[|((I − Ln) f )z(φ(z))| + [|((I − Ln) f )z̄(φ(z))|kα|φ(z)|k−1(1 − |φ(z)|2)α

kα|φ(z)|k−1(1 − |φ(z)|2)α
.

For z ∈ Dk,

2kα|φ(z)|k−1(1 − |φ(z)|2)α ≥ 2(
2αk

k + 2α
)α(

k
k + 2α

)
(k−1)

2 .

It is easy to see that

lim
n→∞

[2(
2αk

k + 2α
)α(

k
k + 2α

)
(k−1)

2 ]−1 =
1
2

(
e

2α
)α.

Hence for every ε > 0, we can choose N > m + 1 large enough such that for any k ≥ N,

[2(
2αk

k + 2α
)α(

k
k + 2α

)
(k−1)

2 ]−1 <
1
2

(
e

2α
)α + ε.

For such N we have

J2 ≤ [
1
2

(
e

2α
)α + ε] sup

∥ f ∥HB(α)≤1
∥(I − Ln) f ∥HB(α) sup

k≥N
sup
z∈Dk

2kα−1
|(φk)

′

(z)|(1 − |z|2)α

≤ [
1
2

(
e

2α
)α + ε]∥I − Ln∥ sup

k≥N
kα−1
∥φk + φ̄k

∥HB(α).

Thus by the Theorem 2.9 we obtain

lim sup
k→∞

J2 ≤ [
1
2

(
e

2α
)α + ε] sup

k≥N
kα−1
∥φk + φ̄k

∥HB(α).

Hence for any N sufficiently large we have

∥Cφ∥e ≤ lim sup
n→∞

J2 ≤ [
1
2

(
e

2α
)α + ε] sup

k≥N
kα−1
∥φk + φ̄k

∥HB(α).

Thus we have
∥Cφ∥e ≤ [

1
2

(
e

2α
)α + ε] lim sup

k→∞
kα−1
∥φk + φ̄k

∥HB(α).

Since ε is an arbitrary positive number, therefore we get

∥Cφ∥e ≤
1
2

(
e

2α
)α lim sup

k→∞
kα−1
∥φk + φ̄k

∥HB(α).

This completes the proof.
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