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Abstract. The distance spectral radius of a connected hypergraph is the largest eigenvalue of its distance
matrix. In this paper we present a new transformation that decreases distance spectral radius. As applica-
tions, if A > V"T“], we determine the unique k-uniform hypertree of fixed m edges and maximum degree A
with the minimum distance spectral radius. And we characterize the k-uniform hypertrees on m edges with

the fourth, fifth, and sixth smallest distance spectral radius. In addition, we obtain the k-uniform hypertree
on m edges with the third largest distance spectral radius.

1. Introduction

A hypergraph G consists of a vertex set V(G) and an edge set E(G), where V(G) is nonempty, and each
edge e € E(G) is a nonempty subset of V(G), see [3]. The size of G is the cardinality of E(G), denoted by
m(G). For an integer k > 2, a hypergraph is k-uniform if all its edges have cardinality k. A (simple) graph
is a 2-uniform hypergraph. For two vertices u# and v of G, if they are contained in some edge of G, then we
say that they are adjacent, or v is a neighbour of u. For u € V(G), let Ng(u) be the set of neighbours of u in G
and E¢(u) be the set of edges containing u in G. The degree of a vertex u in G, denoted by dg(u), is |Eg(u)|.
Anedgee = {wy,..., w} in G is called a pendant edge at wy if dg(w1) > 2, dg(w;) = 1for2 <i <k

Foru,v € V(G), awalk from u to vin G is defined to be a sequence of vertices and edges (v, e1,v1, ..., Up-1,
ey, Up) With vy = u and v, = v such that edge e; contains vertices v; 1 and v;, and v;_1 # v; fori =1,...,p.
The value p is the length of this walk. A path is a walk with all v; are distinct and all ¢; are distinct. A
cycle is a walk containing at least two edges, all ¢; are distinct and all v; are distinct except vy = v,. A
path P = (vo,e1,v1,...,0p-1,€p,0p) in a k-uniform hypergraph G is called a pendant path at vy, if dg(vo) > 2,
dg(vi) =2for1 <i<p-1,dc(v) =1forv € e\{vi-1,v;} with1 <i <p,and dg(vp) = 1. If there is a path from
u to v for any u,v € V(G), then we say that G is connected. A hypertree is a connected hypergraph with no
cycles. Note that a k-uniform hypertree with m edges always has m(k — 1) + 1 vertices.

For a k-uniform hypertree G with V(G) = {v4,...,v,}, if E(G) = {e1,...,eu}, where ¢; = {vi—1yx-1)+1,- - -,
Vi-1)k-1)+k} fori =1,...,m, then G is a k-uniform loose path, denoted by P, .
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For a k-uniform hypertree G of order n, if there is a partition of the vertex set V(G) into {u}jUV;U---UV,,
such that |Vq| = --- = |V = k-1, and E(G) = {{u} U V; : 1 < i < m}, then G is a k-uniform hyperstar
with center u, denoted by S, . In particular, Sy is a hypertree with a single vertex and Sk is a k-uniform
hypertree with a single edge.

Let G be a connected hypergraph on n vertices. For u,v € V(G), the distance between u and v in G,
denoted by dg(u,v), is the length of a shortest path connecting them in G. In particular, dg(u, u) = 0. The
distance matrix of G is defined as D(G) = (dg(u, v))uvev(c). Since D(G) is real and symmetric, its eigenvalues
are all real. The distance spectral radius of G, denoted by p(G), is the largest eigenvalue of D(G). Since D(G)
is irreducible, by Perron-Frobenius theorem, p(G) is simple and there is a unique unit positive eigenvector
corresponding to p(G), which is called the distance Perron vector of G, denoted by x(G).

For X € V(G) with X # 0, let G[X] be the subhypergraph induced by X, i.e., G[X] has vertex set X
and edge set {e € X : e € E(G)}, and let 05(X) be the sum of the entries of the distance Perron vector of G
corresponding to the vertices in X.

The distance matrix is very useful in different fields including the design of communication networks,
graph embedding theory as well as molecular stability. Balaban et al. [2] proposed the use of the distance
spectral radius of ordinary graphs (2-uniform hypergraphs) as a molecular descriptor, and it was success-
fully used to make inferences about the extent of branching and boiling points of alkanes, see [2, 8]. Now
the distance spectral radius of an ordinary graph has been studied extensively, see [5-7] for classical results,
see [4, 9, 14] and survey [1] for recent results. Contrasting the distance spectral properties of graphs, the
distance spectral properties of hypergraphs is still in its infancy. Sivasubramanian [13] gave a formula for
the inverse of a few g-analogs of the distance matrix of a 3-uniform hypertree. Lin and Zhou [10] stud-
ied the distance spectral radius of k-uniform hypergraphs and determined the k-uniform hypertrees with
maximum, second maximum, minimum, and second minimum distance spectral radii, respectively. Lin
and Zhou [11] determined the unique k-uniform unicyclic hypergraphs of size m > 2 with minimum and
second minimum distance spectral radii, and discussed the possible structure of the k-uniform unicyclic
hypergraph(s) of fixed size with maximum distance spectral radius, respectively. Lin et al. [12] studied the
distance spectral radius of some particular k-uniform hypertrees.

This paper is organized as follows: In Section 2, we give some preliminary results and present a new
transformation that decreases distance spectral radius. With the transformation, if A > [%], we determine
the unique k-uniform hypertree of fixed m edges and maximum degree A with the minimum distance
spectral radius. And we characterize the k-uniform hypertrees on m > 17 edges with the fourth, fifth,
and sixth smallest distance spectral radius in Section 3. In addition, we obtain the k-uniform hypertree on
m > 13 edges with the third largest distance spectral radius in Section 4.

2. Preliminaries and a new transformation

Let G be a k-uniform hypergraph with V(G) = {v1,...,v,}. A column vector x = (x,,...,%,,)T € R" can
be considered as a function defined on V(G) which maps vertex v; to x,,, i.e., x(v;) = x,, fori =1,...,n. Then

x'D(G)x = Z 2dc(u, v)x,%y,
{u,0}eV(G)

and p is a distance eigenvalue with corresponding eigenvector x if and only if x # 0 and for each u € V(G),

pPXy = Z dG(u/U)xv-

0eV(G)

The above equation is called the eigenequation of G at u. For a unit column vector x € R" with at least one
nonnegative entry, by Rayleigh’s principle, we have

p(G) > x"D(G)x

with equality if and only if x = x(G).
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Lemma 2.1. ([10]) Let G be a connected hypergraph with 1 being an automorphism of G and x = x(G). Then
n(u) = v implies that x,, = x,.

Let G be a connected k-uniform hypergraph with m(G) > 2, and let e = {w, ..., wi} be a pendant edge
of Gatwy. For1l <i <k—1,let H; be a connected k-uniform hypergraph with v; € V(H;). Suppose that
G, Hi,...,Hy are vertex-disjoint. For 0 < s < k-1, let G,s(Hj,...,H-1) be the k-uniform hypergraph
obtained by identifying w; of G and v; of H; for s + 1 <i < k — 1 and identifying wy of G and v; of H; for all i
with1 <i<s.

Lemma 2.2. ([10]) Suppose that m(H;) > 1 for some j with 1 < j < k—1. Then p(G.o(Hy,...,Hx-1)) >
P(Ge,s(Hl/ e /kal))forj S S S k - 1

Let G be a k-uniform hypergraph with u,v € V(G) and ey, ...,e, € E(G) such that u ¢ ¢; and v € ¢; for
1<i<r Lete = (e\{v}) U{u} for 1 <i < r Suppose that e/ ¢ E(G). Let G’ be the hypergraph with
V(G') = V(G)and E(G’) = (E(G)\{ey, ..., e}) Ue}, ..., e;}. Then we say that G’ is obtained from G by moving
edgesey, ..., e from v to u.

Theorem 2.3. Let G be a k-uniform hypergraph with connected induced subhypergraphs Pyc_1x = (u,e1,w,ez,0),
H,, H, and Hj such that Hy N Py_1x = {u}, Hy N Py_1x = {v}, H3 N Py = {w}, HH N Hy N Hz = 0 and
V(G) = V(Pak-1) U V(H1) U V(H,) U V(H3), where Hy is a k-uniform hyperstar with center u. Suppose that k > 3,
m(Hy) > 1 and m(Hy) > 1. Let G’ be a k-uniform hypergraph from G by moving all edges containing v except the
edge e, from v to u. Then p(G) > p(G’).

Proof. Let x = x(G’). By Lemma 2.1, the entry of x corresponding to each vertex of V(H;)\{u} is the same,
which we denote by g, the entry of x corresponding to each vertex of e;\{u, w} is the same, which we denote
by b, and the entry of x corresponding to each vertex of e;\{w} is the same, which we denote by c.

For G, let v, € V(H1)\{u}, vy € e1\ {1, w}, and v, € e;\{w}. From the eigenequations of G’ at u, vy, v, and
v,, we have

p(G))xy = m(Hy)(k — 1)a + Z der(f, u)xp + (k= 2)b +2(k — 1)c + Z de(g,1)x,,
feV(Hp)\{u} geV(H3)

p(G')b = 2m(Hy)(k — 1)a + Z der(f, op)xs + (k= 3)b +2(k = 1)c + x,, + Z de (g, 00)%,,

feV(Hz)\{u} geV(Hs)
p(Ge=3m(H)(k—Da+ Y| do(f,o)xs +20=2b+(k=2c+2x,+ Y da(g,00%,
feV(Hz)\{u} geV(Hs)

p(Ga =2(m(Hy) — 1)(k — 1)a + (k — 2)a + Z de (f, va)xf +2(k —2)b + 3(k — 1)c
feV(H2)\{u}
+x, + Z dc (g, vc)xg.

geV(Hs)

Note that for f € V(Hy)\{u}, 2dc (f,va) —de (f,vc) > 0, for g € V(H3), 2dc/ (9, v.) — dc(g,vc) > 0. Then we
have

p(G)2a—c) =m(H)(k=Da—2ka+ Y [2dc(f,00) —do(f,00)lxs
feV(H2)\{u}
#2(k=2)b+5ke —4c+ Y| [2dc:(g,00) - dor (9,00,
geV(H3)
>m(H1)(k — 1)a — 2ka + 2(k — 2)b + 5kc — 4c.

Thus
(p(G") + k)(2a — ¢) > m(Hq)(k — 1)a + 2(k — 2)b + 4(k — 1)c,
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which implies (p(G’) + k)(2a — ¢) > 0. So 2a > c.
In addition, note that for f € V(Hx)\{u}, do (f,va) — de/(f,u) > O, for g € V(H3), dc:(9,vs) — dc (g, 1) > 0,
and m(H;) > 1, we have

PG @ —x,) =m(H)(k—Da—ka+ Y [do(f,00) —do(f,w)lxy
feV(H2)\{u}
+(k—=2)b+ (k—1)c+x, + Z [dc(g,v.) —de (g, u)]xg
geV(Hs)
>—a+(k=-2)b+ (k—1)c+x,,

which implies (p(G’) + 1)(a — x,,) > 0. So a > x,,.
Since m(Hy) = 1 and m(H;) > 1,

p(G)@2x, +b—¢)

smH)k-Da+ Y [2d6(f,u) +do(f, v) — do (f, 0y — x,
feV(H)\{u}
+5kc —4c+ (k—3)b + Z [2dc/(g,u) + dc(g,vp) — da (g, vc) x4
geV(Hs)
>m(Hq)(k — 1)a + (k — 3)b + 5kc — 4c — x,
>a+ (k—3)b+ Bk —4)c—x, >0,

which implies p(G")(2x, +b—c) > 0.S02x, +b—c > 0.

As we pass from G to G/, the distance between V(H;)\{v} and V(H;) is decreased by 2, the distance
between V(H,)\{v} and e;\{u, w} is decreased by 1, the distance between V(H;)\{v} and e,\{v, w} is increased
by 1, V(H)\{v} and v is increased by 2, and the distance between any other vertex pair remains unchanged.
Note that k > 3, hence,

2(p(G) - p(G)) 25X (DG) ~ DG

=oc (V(H2)\{uh[20(V(H1)) + o(e1\{u, w}) — a(e2\{v, w}) — 2x,]
=oc (V(H)\{uh)[2m(Hy)(k — 1)a + 2x,, + (k — 2)b — (k — 2)c — 2c]
>0 (V(H)\MuD[(k-=1)2a—c¢)+2x,+b—c] >0,

which implies p(G) > p(G’). [ |
Let D,y ), be the k-uniform hypertree obtained from vertex-disjoint k-uniform hyperstar S,¢_1)+1,4 with
center u and k-uniform hyperstar Sp_1y+1x with center v by adding k — 2 new vertices wy, ..., wy— and a
new edge {u,v,w,..., Wk}, wherem >3,a,b>1landm=a+0b+1.
For convenience, we call the transformation from G,o(Hj, ..., Hi-1) to Ges(Hx, ..., Hy-1) in Lemma 2.2
the a-transformation of G.s(Hi, ..., Hi-1), and the transformation from G to G’ in Theorem 2.3 the g-
transformation of G.

Theorem 2.4. If A > I"”T“'l, then the Dy a—1m-a has the minimum distance spectral radius among k-uniform
hypertrees with m edges and maximum degree A.

Proof. Let T 2 Dy, o-1,m-a be a k-uniform hypertree with m edges and maximum degree A. Since A > [mT”T,
T can be transformed into Dy, o—1,m-a by a and f-transformations. By Lemma 2.2 and Theorem 2.3, we have
P(T) > P(Dm,A—l,m—A)- u

3. The first six smallest distance spectral radii of k-uniform hypertrees

Lin and Zhou [10] and Lin et al. [12] have considered to order k-uniform hypertrees by their distance
spectral radii, and determined the first three k-uniform hypertrees on m edges with small distance spectral
radius.
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Lemma 3.1. ([10, 12]) Let T ¢ {Smk—1)+1,k, Dmm-2,1, Dim—-32} be a k-uniform hypertree with m edges, where m > 5
and k > 2. Then
P(T) > p(Dm,m—3,2) > P(Dm,mfz,l) > P(Sm(k—l)+l,k)-

Lemma 3.2. ([10]) Let a and b be two integers witha > b > 2. Then p(Dyap) > (D a+1,6-1)-

Fork > 2andm > 4, letE,, x be the k-uniform hypertree obtained from Py_1y+1x = (U5, €4, Vs, €3, 01, €1, V2, €2, U3)
by attaching m — 4 pendant edges at vertex v;, where E,, x is depicted in Figure 1.

For k > 3 and m > 4, let F,, x be the k-uniform hypertree obtained from P3y_1)+1x = (o, €1, 01, €2, 02, €3,03)
by attaching m — 3 pendant edges at a vertex v in e;\{v1, v}, where F,, is depicted in Figure 1.

For k > 2 and m > 4, let B, x be the k-uniform hypertree obtained from P3_1)41x = (01, 1,02, €2, U3, €3,04)
by attaching m — 3 pendant edges at vertex vy, where By, x is depicted in Figure 1.

Let T% denote the set of k-uniform hypertrees with m edges and maximum degree A. Obviously,
T:Z = {Sm(k—1)+1,k}/ T;n;l = {Dm,m—Z,l} and T%72 = {Dm,m—S,Zr Bm,k/ Em,k/ Fm,k}'

B D Vs

m,k m,m—4,3

Figure 1: k-uniform hypertrees B,,, i, E;y, , Fyyx and Dy, ;—43

Lemma 3.3. ([12]) For k > 3 and m > 4, p(E,.x) > p(Ep)-
By Lemma 2.2, we have the following result.

Lemma 3.4. Fork >3 andm > 5, p(Eyx) > p(Dym-32).

Theorem 3.5. Let T € TS and T % Dy -3, where m > 7 and A < m — 3. Then p(T) > p(Dmm-43)-

Proof. We distinguish the following two cases.

Case 1. If A > 4, then by a and B-transformation, T can be transformed into D, ;y-a a-1. By Lemma 2.2
and 3.2, Theorem 2.3, we have p(T) > p(Dmm-an-1) > pP(Dym-43)-

Case 2. If A < 3, then by using one or two times a-transformation, T can be transformed into T” with
maximum degree 4 or 5(< m — 3). Thus we have p(T) > p(T") > p(Dy,m-4,3) from Case 1. [ |

Lemma 3.6. If m > 7, then p(Byx) > p(Dym-43)-

Proof. Since D, ;-4 3 can be obtained from B,,; by moving e4 from v; to v; and moving e; from v3 to v,. As
we pass from B, ; to Dy, 43, the distance between e4\{v1} and v; is increased by 1, the distance between
eg\{v1} and E(v1)\{ey, e4} is increased by 1, the distance between e4\{v1} and v, is decreased by 1, the distance
between e;\{v1} and v; is decreased by 1, the distance between e3\{v3} and v; is decreased by 1, the distance
between e3\{vs} and E(v1)\{e1, e4} is decreased by 1, the distance between e3\{v3} and v is increased by 1, the
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distance between e3\{v3} and v, is decreased by 1, and the distance between any other vertex pair remains
unchanged or decreased.

Let x = x(Dy;m-43). By Lemma 2.1, the entry of x corresponding to each vertex of es\{vy}, e3\{v2} and
e2\{v2} is the same, which we denote by 4, the entry of x corresponding to each vertex of E(v;)\{e1} is the
same, which we denote by b. Thus

S (P(B) = pDr5) 25 (DBs) = DDys)x
>(k—Da[-x,, —(m—4)k—1)b+a
+Xp, + (m—4)(k—1)b—a+2x,,] >0,

which implies p(Byx) > p(Dmm-43)- ]
Lemma 3.7. If m > 17, then p(Dym-43) > p(Epi).

Proof. Since E,, x can be obtained from D, ;,—43 by moving e3 from v, to v; and moving e from v, to v4. As
we pass from D, -43 to E; k, the distance between e3\{v,} and v, is decreased by 1, the distance between
e3\{v2} and E(v1)\{e1} is decreased by 1, the distance between e3\{v,} and v, is increased by 1, the distance
between e3\{v,} and e;\{v,} is increased by 1, the distance between es\{v;} and v, is decreased by 1, the
distance between e4\{v,} and e1\{v;, v2} is increased by 1, the distance between e4\{v,} and v; is increased by
2, the distance between e4\{v,} and e,\{v,} is increased by 2, and the distance between any other vertex pair
remains unchanged.

Let x = x(E,,x). By Lemma 2.1, the entry of x corresponding to each vertex of e;\{v4} and e;\{v,} is the
same, which we denote by ¢, the entry of x corresponding to each vertex of e3\{v1, v4} and e;\{vy, v2} is the
same, which we denote by b, the entry of x corresponding to each vertex of E(v1)\{e1, e3} is the same, which
we denote by 4, and x,, = x,.

Let v, € E(v1)\{e1, e3}, vp € e1\{v1, 02}, and v, € e;\{v;}. From the eigenequations of E,, x at v», vp, v, and
v,, we have

P(Emj)xy, = Xy, +2(m — 4)(k — 1)a + 3(k — 2)b + 4(k — 1)c + 2x,,
P(Emj)b = xo, +2(m —4)(k — 1)a + 2(k — 2)b + (k — 3)b + 5(k — 1)c + 3xy,,
P(Emj)c = 2xy, + 3(m — 4)(k — 1)a + 5(k — 2)b + (k — 2)c + 4(k — 1)c + 4x,,,
P(Emj)a = xy, +2(m = 5)(k — 1)a + (k — 2)a + 4(k — 2)b + 6(k — 1)c + 4xy,.

Then
p(Em/k)(b - xvz) =-b+ (k - 1)C + Xo,,

which implies (p(Eyx) + 1)(b = x0,) = (k= 1)c > 0. So b > xy,.
Since b > xy,,

P(Epi)(a — xy,) = —ka + (k —2)b + 2(k — 1)c + 2x,,
> —ka+2(k — 1)c + kxy,,

which implies (p(Eyx) + k)@ — xy,) = 2(k = 1)c > 0. So a > xy,.
Similarly, we have

P(Emp)2xy, —¢) = (m—4)k—1)a+ (k—2)b+3(k - 1)c +¢,

which implies p(E,, x)(2x,, — c) > 0. So 2x,, > c.
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Since m > 17, b > x,,, a4 > x,, and 2x,, > ¢, we have

2 (PDun43) = PlEns) 253 (DDyn-45) ~ DEws)x
>[(k = 2)b + xp,][x0, + (m —4)(k — 1)a — x,, — (k= 1)c]
+ Xy, (k = 1) — (k = 1)c[(k = 2)b + 2x,, + 2(k — 1)c]
=[(k = 2)b + xp,][x0, + (m — 4)(k — 1)a — xy,]
— (k= D)c[2(k — 2)b + 2x,, + 2(k — 1)c]
>[(k = 2)b + xp, [[x0, + 13(k — 1)a — x, ]
— 2(k = 1)xy, [2(k — 2)b + 2x,, + 4(k — 1)xy,]
>[(k — 2)b + xp,1[x0, + 12(k — 1)xy, + (k — 2)xp,]
—2(k — 1)xp,[2(k — 2)b + 2x,, + 4(k — 1)xy,]
>8(k — 2)(k — 1)bx,, + 8(k — 1)x5, — 8(k — 1)*x3, + (k — 2)x3,
>(k—2)x3, > 0,

which implies p(Dy,m-43) > p(Emg)- .

Theorem 3.8. Let T & {Syg—1)+1,ks Dmm-2,1, Dinym=32, Fmisr Emjer Dimym-s3} be a k-uniform hypertree with m edges,
where m > 17 and k > 3. Then

P(T) > p(Dm,m—4,3) > p(Em,k) > p(Fm,k) > p(Dm,m—S,Z) > p(Dm,m—Z,l) > P(Sm(k—l)+1,k)-

Proof. Since T ¢ {Sm(k—1)+1,k/ Dm,m72,erm,m73,2r Fm,k/ Em,kr Dm,m74,3}r T = Bm,k orT e TA where A <m-3. By

m/’

Lemmas 3.1, 3.3, 3.4, 3.6 and 3.7, Theorem 3.5, we can obtain the result. ]

4. The third largest distance spectral radius of k-uniform hypertrees

Let G be a connected k-uniform hypergraph with m(G) > 1. For u € V(G), and positive integers p and g,
let G,(p, q) be a k-uniform hypergraph obtained from G by attaching two pendant paths of lengths p and g
at u, respectively, and let G, (p, 0) be a k-uniform hypergraph obtained from G by attaching a pendant path
of length p at u.

Lemma 4.1. ([10]) Let G be a connected k-uniform hypergraph with m(G) > 1and u € V(G). Forintegersp > g > 1,
p(Gulp, D) < p(Gulp +1,4 1))

Let G be a connected k-uniform hypergraph with u,v € e € E(G). For positive integers p and g, let
Gu,o(p, 9) be a k-uniform hypergraph obtained from G by attaching a pendant path of length p at u and a
pendant path of length g at v, and let G, »(p, 0) be a k-uniform hypergraph obtained from G by attaching a
pendant path of length p at u.

Lemma 4.2. ([10]) Let G be a connected k-uniform hypergraph with m(G) > 2 and u,v € e € E(G). Suppose
that G — e consists of k components. For integers p,q > 1, p(Guo(p,9)) < p(Guo(p +1,9 = 1)) or p(Guo(p,9)) <
P(Guo(p = 1,9 +1)).

For positive integers A and m with 1 < A < m, let B, be the k-uniform hypertree obtained from

vertex-disjoint hyperstar Sa—1y-1)+1,, with center u and loose path Py,g_1)+1-A-1)¢-1)x With an end vertex v
by identifying u and v. In particular, Bﬁ i = Puge-1)+14 ifA=1,2.

Lemma 4.3. ([10]) Let T be a k-uniform hypertree with m edges and maximum degree A, where 1 < A < m. Then
p(T) < p(BY ) with equality if and only if T = B2 .
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Figure 2: k-uniform hypertrees X, x, Yy k, Zy x and Bm r

For k > 3 and m > 7, let X, be the k-uniform hypertree obtained from P,;j_1)+1-2(k-1)k
= (vo, €1,v1,€2,02,€3,03, .. ., Up—4, €m-3, Um—3, Em—2, Um—2) DY attaching a pendant edge e at a vertex v in e;\{v1, v>}
and attaching a pendant edge ¢,,—1 at a vertex u in e,,—3\{Uy-3, Um—4}, where X, is depicted in Figure 2.

For k > 3 and m > 4, let Y, x be the k-uniform hypertree obtained from P,t—1)+1-k-1)
= (vo, €1,V1,€2,72,€3,03, - . ., U3, €m—2, Um—2, €m—1, Um—-1) by attaching a pendant edge e ata vertexvine,\{vy, v2},
where Y,  is depicted in Figure 2.

For k > 3 and m > 6, let Z,, x be the k-uniform hypertree obtained from P,k—1)+1-k-1)
= (vo, €1,V1,€2,72,€3,03, - . ., U3, €m—2, Um—2, em—1, Um—1) by attaching a pendantedge eata vertex win es\{v,, v3},
where Z,,  is depicted in Figure 2.

Lemma 4.4. Fork >3 andm >7, p(B} ) > p(Xyu0)-

Proof. Since X, x can be obtained from Bi P by moving edge e from v to a vertex v € e;\{v1, v,} and moving
edge e,,—1 from vy, to a vertex u € e,-3\{V-4, V-3}. As we pass from B3 i t0 Xk, the distance between
e\{v1} and e; is increased by 1, the distance between e\{v;} and v is decreased by 1, the distance between e\ {v1}
and e;,—1\{vm—2} is decreased by 1, the distance between ¢,,_1\{v,,—2} and u is decreased by 2, the distance
between ¢,,—1\{v;,—2} and vy, is increased by 2, the distance between e,,—1\{vnm—2} and e, \{Vy-3, Um—2} is
increased by 1, the distance between e;,_1\{v,-2} and v,,_3 is unchanged, the distance between e,,_1\{v;,—2}
and any other vertices is decreased by 1, and the distance between any other vertex pair remains unchanged.

Let x = x(X,,x). By Lemma 2.1, the entry of x corresponding to each vertex of e\{v}, en—1\{u}, e1\{v1},
em—2\{vm-3} is the same, which we denote by 4, and x,, = x, = x, = x,,, = b.
From the eigenequations of X, x at vp and v, we have

pXma = (k=2a+3b+2x, +2 Y xp+3k-Da+ Y. dx, (00 )%,

wees\{v1,0,02} w €V (Xmx)\fe1,e2,€}

PXppdb =20k =1)a+b+x,+ Y. xpt(=Da+ Y. dx,@00)x.

weey\{v1,0,02} w €V (X p)\le1,e2.e}

Obviously, we have p(X,,)(@ — b) > 0, which implies a > b. Thus p(X,,x)(2b — a) > 0, which implies 2b > a.
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Hence,

-(P(B )~ PXini) 25 (D(B3 )~ DX i)
>(k —Da[-(k—1)a—-b+b+ (k—1)a]
+(k — 1)a[2b — 2a — (k — 2)a + (k — 1)a]
>(k —1)a(2b —a) > 0,

which implies p(B3 ) > p(X.4). [
Lemma 4.5. Form > 13 and k > 3, p(B> ) > p(Z ).

Proof. Since Z,,x can be obtained from B3 by moving edge e from v; to a vertex w € e3\{vp, v3}. As we
pass from B 10 Zuk, the distance between e\{v1} and e; is increased by 2, the distance between e\{v;} and
eo\{v1, 10} is 1ncreased by 1, the distance between e\{v1} and w is decreased by 2, the distance between ¢e\{v;}
and v, is unchanged, and the distance between ¢\{v1} and any other vertex is decreased by 1.

Let x = x(Z,x). By Lemma 2.1, the entry of x corresponding to each vertex of e\{w} is the same, which
we denote by «a, the entry of x corresponding to each vertex of e;\{vi_1,v;} (i = 1,2 or i > 4) is the same,
which we denote by y;, the entry of x corresponding to each vertex of e3\{vs, v3, w} is the same, which we
denote by 4, and x,, = y;.

From the eigenequations of Z,, at vy, v1, w, v3 and v; (i > 4), we have

P(Zpj)xv, =(k = 2)y1 + x0, + 2(k = 2)y2 + 2x4, + 3(k = 3)a + 3xy, + 4(k — 1o

m—1 m—1

+) i+ (k=2) ) iy,
i=3 i=4

O(Z i j)Xv, =Xo, + (k= 2)y1 + (kK — 2)y2 + xp, + 2(k — 3)a + 2x,, + 3(k — Do

m=1 m=1
+ Y =Dy + (k=2) Y (= Dy,
i=3 i=4

P(Z )X =3%y, + 3(k = 2)y1 + 2x5, + 2(k = 2)yp + X0, + (k= 3)a + (k — D)«

m=1 m=1
+ Y =2y + (k=2) Y (i -2y,
i=3 i=4

P(Zy )Xo, :3xvo +3(k = 2)y1 + 2%y, + 2(k — 2)y2 + Xy, + X + (k= 3)a + 2(k — 1)
m—1

+ Z(z —3)x,, + (k—2) Z(z - 3)y;,

O(Z )Xo, =ixy, + ik —2)y1 + (= L)y, + (I — 1)(k 2)yz + (i — 2)xp, + (I — 2)xy

+(i—2)(k = 3)a+ (i — 1)k —a + Z (i = )0, + Z (j - ),

]3 j=i+l

+(k - 2)2(1—]”)% + (k- 2)2(]—1

j=i+l
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Let f(i) = 2i* —i2m + 8) + m> —m + 2. For5 <i < m—1and m > 13, f(i) has minimum value when
i = " By calculation, we have f(%*) > 0 for m > 13. Hence,

m—1

P(Zm,k)(z Xo, + 2 — 2%p, — 2%,)
i=3

m—1 i
>2 Z(z - 2)xy, + Z(z = 3)xy, + Z[Z(z )Xo, + Z (j = Dxy,]
i=4 j=3 j=i+l
+(k-2)2 Z z—2>yz+2<z—3>yz+Z<Z (i=j+ 1y + Z(z—z )
i=4 j=4 j=i+l
m—1 m—1
=) @i -2, — (k=2) ) (4i - 2)y;
i=3 i=4
>[w +2 —10]x,, + [w +5 — 14]x,,
m—1 . . . .
+Z[(m_1_ 1)m _21)+(1_3)(1_4) £ 3i-7— (42,
p=3m =4 3)2(m ~Y) 514y, + (=MD 4)2(m =9 L9 _18]ys
m—1 . . . .
+Z[(m_l+ Dl _21)”1_3)(1_4) +3i-7— @4 -2y >0,
m—1

which implies } Xy, + 2x, — 2%y, — 2x5, > 0.
i=3
Similarly, we can obtain
m—=1

(k=20 yi =21 - yal > 0.

i=4
Hence,

S (PB) = p(Zi) 25 (D(BY,) ~ D(Zus)
>(k = Da[-2xy, — 2(k — 2)y1 — 2xy, — (k = 2)y2 + (k= 3)a + 2x;,

+’"le01+ k — Z)Zyl 0,

i=3
which implies p(Bf’”,k) > p(Zinj)- .

Theorem 4.6. Form > 13andk > 3, let T be a k-uniform hypertree with medges. Suppose that T & {Pu—1y+1,k Ymi}s
then p(T) < p(B? ) with equality if and only if T = B ,.

Proof. Let T ¢ {Pyk-1)+1k Ymi} be a k-uniform hypertree on m edges with maximum distance spectral
radius. Let A be the maximum degree of T. Obviously, A > 2.

If A > 4, then by Lemma 4.3, we have T = BA Fork > 3, B > Piyk-1)+1,k, Y- By Lemma 4.1, we have
p(T) = p(Bﬁ L) < p(BA‘l) a contradiction. So A = 2 or 3.

Case 1. For A = 3. By Lemma 4.3, we have T = B3

Case 2. For A = 2. Since T % P,,4-1)+14 there is at least one edge with at least three vertices of degree
2 in T. Suppose that there are at least two such edges. Let w be a vertex of degree 1 in T. Choose an
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edge e = {wy, ..., wy} in T with at least three vertices of degree 2 such that dr(w, w;) is as large as possible,
where dr(w,w;) = dr(w,w;) — 1 for 2 < i < k. Then there are two pendant paths at different vertices of
e, say P at w; and Q at wj, where 1 <i < j < k. Letpand g withp > g > 1 be the lengths of P and Q,
respectively. Then T = Hu, o, (r,q) with H = T[V(T)\(V(P U Q)\{w;, w;})]. Note that T" = Hu,w, (p+1,9-1)
is a k-uniform hypertree that is not isomorphic to Pyk-1)+14 If T’ is also not isomorphic to Y, x, then by
Lemma 4.2, we have p(T) < p(T”), a contradiction. If T” is isomorphic to Y, , then T is isomorphic to the
k-uniform hypertree obtained from P, 4_1)+1-2(1)x = (U0, €1, U1, €2, U2, . . ., €m—3, U3, €m—2, Um—2) by attaching
a pendant edge ¢’ at a vertex v in e;\{u1, 12} and attaching a pendant edge ¢ at a vertex u in e;\{u;_1, u;},
where3 <i<m-3. If 3 <i<m—4,then p(T) < p(Zyx), a contradiction. If i = m — 3, by Lemma 4.4, then
p(T) < p(Bfn ), a contradiction. Thus e is the unique edge with at least three vertices of degree 2.

Supposé that there are four vertices wq, wy, w3, w4 of degree 2 in e. Let Q; be the pendant path of
length I; at w;, where [; > 1 for i = 1,2. Without loss of generality, suppose that I; > ,. Let G =
TIV(D\N(V(Q1 U Q)\{wy, wo})], then T = Gy, w,(l1,12). Note that T* = Gy, w,(l1 + 1,1 — 1) is a k-uniform
hypertree that is not isomorphic to P ¢_1)+1. If T* is also not isomorphic to Yk, then by Lemma 4.2, we
have p(T) < p(T"), a contradiction. If T* is isomorphic to Y}, x, then T is isomorphic to the k-uniform hypertree
obtained from Px-1)+1-20-1)k = (4o, €1,U1,€2, U2, ..., Um—3,€m—2, Un—2) by attaching pendant edges ¢’ and e”
at y and z in e;\{u1, uo}, respectively, where y # z. Note that T = H, .(1, 1) with H = T[V(T)\((¢’ Ve")\{y, z})].
Let T = H,.(2,0). Note that T** = Z,,x. Then by Lemma 4.2, we have p(T*) > p(T), a contradiction. Thus
there are exactly three vertices of degree 2 in e, say w;, wy, ws.

Let Q; be the pendant path at w; with length /;, where i = 1,2,3 and /; > 1. Without loss of generality,
suppose that I; > I, > I3 > 2. Let G = T[V(D)\(V(Q1 U Q)\{w1,w2})], then T = Gy, 4,(l1,12). Note that
T* = Gu,w,(lh + 1,1, = 1) is a k-uniform hypertree that is not isomorphic to Py¢-1)+1x and Y,,x. Then by
Lemma 4.2, we have p(T*) > p(T), a contradiction. Thus there is at least one of Q;, Q, Q3 with length 1.

Asabove, T is a k-uniform hypergraph obtained from Pg—1)+1-k+1% = (U0, €1, U1, €2, U2, - - ., U281, Y1)
by attaching a pendant edge at a vertex of e;\{u;_1, u;} with 3 < i < m — 3. Then by Lemma 4.2, we have
p(Zmy) = p(T). Thus T = Z,,; for A = 2.

By Lemma 4.5, we have p(B}, ) > p(Zy,¢). Thus T = B} . ]
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