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Available at: http://www.pmf.ni.ac.rs/filomat

Twisted Partial Actions of Monoidal Hom-Hopf Algebras

Quan-Guo Chena, Wen-Jing Chengb

aSchool of Mathematical Sciences, Qufu Normal University, Shandong, Qufu 273165, China
bZibo 11th Middle School, Shandong, Zibo 255035, China

Abstract. In this work, the notion of a twisted partial Hom-Hopf action is introduced, and the conditions
on partial cocycles are established in order to construct partial Hom-crossed products. Also, the equivalence
of partial Hom-crossed products is discussed. Finally, we shall describe the coquasitriangular structures
on partial Hom-crossed products.

1. Introduction

As mentioned in [33], the history of mathematics is composed of many moments in which an apparent
dead end just opens new doors and triggers further progress. The origins of partial actions of groups can
be considered as one such case. The notion of a partial group action was introduced by Exel [2] in order to
endow important classes of C∗- algebras generated by partial isometries with a structure of a more general
crossed product. In geometric terms, partial group actions describe no global symmetries of a space, but
only local symmetries of certain subspaces. The historical developments and more recent advances of the
theory of partial actions in operator algebras and dynamical systems which are systems in which a function
describes the time dependence of a point in a geometrical space are explained in Exel’s book [3]. The study
of partial dynamical systems, that is, dynamical systems originating from the action of a partially defined
homeomorphism on a topological space, was benefited strongly from the theory of partial group actions
and partial crossed products. After the release of the seminal paper by Exel and Dokuchaev [3], partial
group actions began to draw the attention of algebraists. A treatment from a purely algebraic point of view
was given recently in ([5]-[8]). The Galois theory for partial group actions [7] motivated the introduction of
partial actions for Hopf algebras [9], which opens a new door and triggers further progress. Recently, great
progress has been made in the theory of partial actions of Hopf algebras in the literatures([10]-[16] and
[19, 20]). For example, Batista and Vercruysse [34] introduced the notion of a partial action of an algebraic
group on an affine space, and used such a partial action allows in a natural way to construct examples
of partial coactions on the coordinate algebras of these spaces which interpreted partial coactions of Hopf
algebras as partial symmetries in noncommutative geometry.

It is well known that quasitriangular bialgebras (or Hopf algebras) are fundamental in the theory
of quantum groups and R-matrices, which are remarkable tool for studying the quantum Yang-Baxter
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equation. The notion of quasitriangular Hopf algebras, or quantum groups, in its turn, is due to Drinfeld
[27] as an abstraction of structures implicit in the studies of Sklyanin [32] and Jimbo [28]. The dual
concept, namely that of a coquasitriangular Hopf algebra (also called braided Hopf algebras in [29] was first
introduced by Majid [30] and independently by Larson and Towber [29]. Subsequently, (Co)quasitriangular
Hopf algebras generated an explosion of interest and were studied for their implications in quantum groups,
the construction of invariants of knots and 3-manifolds, statistical mechanics and quantum mechanics, for
example, using quasitriangular Hopf algebras, or quantum groups constructs a class of TQFT which provide
models for different frameworks such as quantum gravity and topological quantum information. Based on
this background, (co)quasitriangular bialgebras (Hopf algebras) have been a subject of research.

The aim of this paper is to develop the theory of partial actions of monoidal Hom-Hopf algebras. We can
introduce the notion of a partial Hom-crossed product, and use it as a tool to construct the Hom-braided
structure.

This paper is organized as follows.
In Section 2, we review the basic issues about monoidal Hom-Hopf algebras. The definitions of twisted

partial Hom-Hopf actions on algebras are given in Section 3, including that of a partial Hom-crossed product.
The cocycle and normalization conditions are needed in order to make the partial Hom-crossed product be
both Hom-associative and Hom-unital. As a special case, partial Hom-Hopf actions on algebras and the
associated partial Hom-smash products are obained. We shall give necessary and sufficient conditions for
two partial Hom-crossed products to be isomorphic in Section 4, establishing an analogue of a corresponding
result known in classical Hopf algebra theory. The last Section 5 is dedicated to the coquasitriangular
structures on partial Hom-crossed products.

2. Preliminaries

Throughout this paper, k will be field. More knowledge about monoidal Hom-(co)algebra, monoidal
Hopf Hom-algebra, etc. can be found in ([17]-[26]). LetM = (M,⊗, k, a, l, r) be the monoidal category of
vector spaces over k. We can construct a new monoidal category H(M) whose objects are ordered pairs
(M, µ) with M ∈ M and µ ∈ Aut(M) and morphisms f : (M, µ) → (N, ν) are morphisms f : M → N inM
satisfying ν ◦ f = f ◦ µ. The monoidal structure is given by (M, µ) ⊗ (N, ν) = (M ⊗N, µ ⊗ ν) and (k, idk). All
monoidal Hom-structures are objects in the tensor category H̃(M) = (H(M),⊗, (k, idk), ã, l̃, r̃) introduced in
([17]) with the associativity and unit constraints given by

ãM,N,C((m ⊗ n) ⊗ p) = µ(m) ⊗ (n ⊗ γ−1(c)),

l̃(x ⊗m) = r̃(m ⊗ x) = xµ(m),

for (M, µ), (N, ν) and (C, γ). The category H̃(M) is termed Hom-category associated toM.

2.1. Monoidal Hom-algebra

Recall from [17] that a monoidal Hom-algebra is an object (A, α) ∈ H̃(M) together with a linear map
mA : A ⊗ A→ A, mA(a ⊗ b) = ab and an element 1A ∈ A such that

α(ab) = α(a)α(b), α(a)(bc) = (ab)α(c), (1)

α(1A) = 1A, a1A = α(a) = 1Aa, (2)

for all a, b, c ∈ A.
A left (A, α)-Hom-module consists of an object (M, µ) ∈ H̃(M) together with a linear map ψ : A ⊗M→

M, ψ(a ⊗m) = ma satisfying the following conditions:

(ab)µ(m) = α(a)(bm), 1Am = µ(m), (3)
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for all m ∈M and a, b ∈ A. For ψ to be a morphism in H̃(M) means

µ(am) = α(a)µ(m). (4)

We call that ψ is a left Hom-action of (A, α) on (M, µ).
Let (M, µ) and (M′, µ′) be two left (A, α)-Hom-modules. We call a morphism f : M → M′ right (A, α)-

linear, if f ◦ µ = µ′ ◦ f and f (am) = a f (m). AM denotes the category of all left (A, α)-Hom-modules.

2.2. Monoidal Hom-coalgebras

Recall from [17] that a monoidal Hom-coalgebra is an object (C, γ) ∈ H̃(M) together with two linear
maps ∆C : C→ C ⊗ C, ∆C(c) = c(1) ⊗ c(2) (summation implicitly understood) and εC : C→ k such that

γ−1(c(1)) ⊗ ∆C(c(2)) = c(1)(1) ⊗ (c(1)(2) ⊗ γ
−1(c(2))),∆C(γ(c)) = γ(c(1)) ⊗ γ(c(2)), (5)

εC(γ(c)) = εC(c), c(1)εC(c(2)) = γ−1(c) = εC(c(1))c(2), (6)

for all c ∈ C.
A right (C, γ)-Hom-comodule consists of an object (M, µ) ∈ H̃(M) together with a linear map ρM : M→

M ⊗ C, ρM(m) = m[0] ⊗m[1] (summation implicitly understood) satisfying the following conditions:

µ−1(m[0]) ⊗ ∆(m[1]) = m[0][0] ⊗ (m[0][1] ⊗ γ
−1(m[1])), (7)

m[0]εC(m[1]) = γ−1(m), (8)

µ(m)[0] ⊗ µ(m)[1] = µ(m[0]) ⊗ γ(m[1]), (9)

for all m ∈M. We call that ρM is a right Hom-coaction of (A, α) on (M, µ).
Let (M, µ) and (M′, µ′) be two right (C, γ)-Hom-comodules. We call a morphism f : M → M′ right

(C, γ)-colinear, if f ◦ µ = µ′ ◦ f and f (m)[0] ⊗ f (m)[1] = f (m[0]) ⊗ m[1]. MC denotes the category of all right
(C, γ)-Hom-comodules.

2.3. Monoidal Hom-Hopf algebra

A monoidal Hom-bialgebra H = (H, β,mH, 1H,∆H, εH) is a bialgebra in the category H̃(M). This means
that (H, β,mH, 1H) is a monoidal Hom-algebra and (H, β,∆H, εH) is a monoidal Hom-coalgebra such that ∆H
and εH are Hom-algebra maps, that is, for any h, 1 ∈ H,

∆H(h1) = ∆H(h)∆H(1),∆H(1H) = 1H ⊗ 1H, (10)

εH(h1) = εH(h)εH(1), εH(1H) = 1. (11)

A monoidal Hom-bialgebra (H, β) is called a monoidal Hom-Hopf algebra, if there exists a morphism
(called the Hom-antipode) SH : H→ H in H̃(M) such that

SH(h(1))h(2) = εH(h)1A = h(1)S(h(2)), (12)

for all h ∈ H.
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3. Twisted partial Hom-actions and partial Hom-crossed products

Definition 3.1. Let (H, β) be a monoidal Hom-Hopf algebra, (A, α) a monoidal Hom-algebra with an element 1A. Let
ψ : H ⊗ A→ A and ω : H ⊗H→ A be two linear maps such that ψ ◦ (β ⊗ α) = α ◦ ψ and ω ◦ (β ⊗ β) = α ◦ ω. We
will write ψ(h ⊗ a) = h · a, and ω(h ⊗ l) = ω(h, l), where a ∈ A and h, l ∈ H. The pair (·, ω) is called a twisted partial
Hom-action of H on A, If the following conditions hold:

1H · a = α(a), (13)

h · (ab) = (h(1) · a)(h(2) · b), (14)

(β(h(1)) · (l(1) · α
−1(a)))α(ω(h(2), l(2))) = α(ω(h(1), l(1)))(h(2)l(2) · a), (15)

ω(h, l) = ω(h(1), l(1))(β−1(h(2)l(2)) · 1A), (16)

for all a, b ∈ A and h, l ∈ H. We shall say that (A, α, ·, ω) is a twisted partial (H, β)-Hom-module algebra.

Proposition 3.2. Let (A, α, ·, ω) be a twisted partial (H, β)-Hom-module algebra. Then the following identities hold:

ω(h, l) = (h(1) · (β−1(l(1)) · 1A))ω(h(2), l(2)) = (h(1) · 1A)ω(h(2), β
−1(l)). (17)

Proof. Taking a = 1A in (15), we have the first identity. For the second identity, we compute as follows:

(h(1) · (β−1(l(1)) · 1A))ω(h(2), l(2))

(14) = ((h(1)(1) · 1A)(h(1)(2) · (β−2(l(1)) · 1A)))ω(h(2), l(2))

(5) = ((β−1(h(1)) · 1A)(h(2)(1) · (β−2(l(1)) · 1A)))ω(β(h(2)(2)), l(2))

(1) = (h(1) · 1A)((h(2)(1) · (β−2(l(1)) · 1A))ω(h(2)(2), β
−1(l(2))))

= (h(1) · 1A)((h(2)(1) · (β−1(β−1(l)(1)) · 1A))ω(h(2)(2), β
−1(l)(2)))

= (h(1) · 1A)ω(h(2), β
−1(l)),

as desired.

We say that the map ω is trivial, if the following condition holds:

h · (β−1(l) · 1A) = ω(h, l) = (h(1) · 1A)(β−1(h(2))β−2(l) · 1A). (18)

If (18) holds, for all h, l ∈ H and a ∈ A, we have

h · (β−1(l) · a) = h · ((β−1(l(1)) · α−1(a))(β−1(l(2)) · 1A))

(14) = (h(1) · (β−1(l(1)) · α−1(a)))(h(2) · (β−1(l(2)) · 1A))

(18) = (h(1) · (β−1(l(1)) · α−1(a)))ω(h(2), l(2))

(15) = ω(h(1), l(1))(β−1(h(2))β−1(l(2)) · a)

(18) = ((h(1)(1) · 1A)(β−1(h(1)(2))β−2(l(1)) · 1A))(β−1(h(2))β−1(l(2)) · a)

(1) = (β(h(1)(1)) · 1A)((β−1(h(1)(2))β−2(l(1)) · 1A)(β−2(h(2))β−2(l(2)) · α−1(a)))

(5) = (h(1) · 1A)((β−1(h(2)(1))β−2(l(1)) · 1A)(β−1(h(2)(2))β−2(l(2)) · α−1(a)))

= (h(1) · 1A)(β−1(h(2))β−2(l) · a).

If ω is trivial, then the condition (16) is superfluous, and we can restate Definition 3.1 and get the
definition of a partial (H, β)-Hom-module algebra.
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Definition 3.3. Let (H, β) be a monoidal Hom-Hopf algebra, (A, α) a monoidal Hom-algebra with an element 1A.
Let ψ : H ⊗ A → A, ψ(h ⊗ a) = h · a be a linear map such that ψ ◦ (β ⊗ α) = α ◦ ψ. (A, α) is called a (left) partial
(H, β)-Hom-module algebra, if the following conditions hold:

1H · a = α(a), (19)

h · (ab) = (h(1) · a)(h(2) · b), (20)

h · (l · a) = (h(1) · 1A)(β−1(h(2)l) · a), (21)

for all a, b ∈ A and h, l ∈ H.

Example 3.4. Let (B, α) be the monoidal Hom-algebra as the vector space over the complex number field C generated
by the generators 1B, 1, x which are subject to the following relationships

1B1B = 1B, 1Bx = −x, 1B1 = 1, 1B(x1) = −x1, x1 = 1x, 12 = 1B, x2 = 0,

where α is given via
α : 1B 7→ 1B, x 7→ −x, 1 7→ 1, x1 7→ −x1.

Let H = C⟨1H, h⟩ be the group Hopf algebra with h2 = 1H,∆H(h) = h ⊗ h,SH(h) = h = h−1, εH(h) = 1, so we have a
monoidal Hom-Hopf algebra (H, id). Define the action of H on A as follows:

1H ▶ 1B = 1B, 1H ▶ x = −x, 1H ▶ 1 = 1, 1H ▶ x1 = −x1,
h ▶ 1B = 1B, h ▶ 1 = 1, h ▶ x = −x, h ▶ x1 = −x1.

Define C-bilinear maps σ : H ⊗H 7→ A as follows:

σ(1H, 1H) = σ(1H, h) = σ(h, 1H) = 1A, σ(h, h) = 1.

It is easily to check that the quadruple (H,B,▶, σ) satisfies the conditions (13), (14) and (15). Observe that e = 1
2 (1B+1)

is a central idempotent of B which satisfies α(e) = e. Then, we consider the monoidal Hom-subalgebra (A, α), where
A is the sub-vector space of B generated by e, it follows easily that A = C⟨1B + 1, x − x1⟩ with 1A = e. Using ▶, we
can define a map · : H ⊗ A 7→ A by h · a = e(h ▶ α(a)), for all a ∈ A, concretely,

1H · (1B + 1) = 1B + 1, 1H · (x − x1) = −(x − x1),
h · (1B + 1) = 1B + 1, h · (x − x1) = −(x − x1).

In view of conditions (15) and (16), we define ω : H ⊗H→ A as follows:

ω(h, 1H) = ω(1H, h) = 1B + 1 = ω(h, h).

So we have a twisted partial (H, id)-Hom-module algebra (A, α, ·, ω).

Given any two linear mapsψ : H⊗A→ A andω : H⊗H→ A such thatψ◦(β⊗α) = α◦ψ andω◦(β⊗β) = α◦ω,
we can define a product on the vector space A ⊗H, given by the multiplication

(a ⊗ h)(b ⊗ l) = (α−1(a)(β−1(h(1)) · α−2(b)))ω(β(h(2)(1)), l(1)) ⊗ β2(h(2)(2))β(l(2)), (22)

for all a, b ∈ A and h, l ∈ H. let A♯ωH be the subspace of A ⊗ H generated by the elements of the form
a♯h = α−1(a)(β−1(h(1)) · 1A) ⊗ β(h(2)).

Proposition 3.5. Let (H, β) be a monoidal Hom-Hopf algebra, (A, α) a monoidal Hom-algebra with an element
1A ∈ A, ω : H ⊗ H → A and ψ : H ⊗ A → A, h ⊗ a 7→ h · a, two linear maps satisfying ψ ◦ (β ⊗ α) = α ◦ ψ ,
ω ◦ (β ⊗ β) = α ◦ ω and the conditions (13), (14) and (16).
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1. 1A♯1H satisfies (1A♯1H)(a♯h) = (a♯h)(1A♯1H) = (α ⊗ β)((a♯h)) if and only if,

ω(1H, h) = h · 1A = ω(h, 1H). (23)

2. Suppose that ω(h, 1H) = h · 1A, for all h ∈ H. Then A ⊗ H satisfies (1) if and only if the condition (15) holds
and, for all h, 1, l ∈ H,

(β(h(1)) · ω(1(1), l(1)))ω(β(h(2)), 1(2)l(2)) = ω(β(h(1)), β(1(1)))ω(h(2)1(2), l). (24)

Proof. (1) Assume that ω(h, 1H) = ω(1H, h) = h · 1A. Then we have

(1A♯1H)(a♯h) =(1A ⊗ 1H)(α−1(a)(β−1(h(1)) · 1H) ⊗ β(h(2)))

=(α−1(a)(β−1(h(1)) · 1H))(β(h(2)(1)) · 1A) ⊗ β3(h(2)(2))

(1) =a((β−1(h(1)) · 1H)(h(2)(1) · 1A)) ⊗ β3(h(2)(2))

(5) =a((h(1)(1) · 1H)(h(1)(2) · 1A)) ⊗ β2(h(2))

(14) =a(h(1) · 1H) ⊗ β2(h(2))

=(α ⊗ β)(α−1(a)(β−1(h(1)) · 1H) ⊗ β(h(2)))
=(α ⊗ β)(a♯h).

Similarly, we can prove that (a♯h)(1A♯1H) = (α ⊗ β)(a♯h).
Conversely, if 1A♯1H satisfies (1A♯1H)(a♯h) = (a♯h)(1A♯1H) = (α ⊗ β)((a♯h)). Then, we have

(β(h(1)) · 1A) ⊗ β2(h(2)) = (1A♯1H)(1A♯h) = ω(1H, β(h(1))) ⊗ β2(h(2)). (25)

Applying id ⊗ εH to both sides of (25) yields ω(1H, h) = h · 1A. ω(h, 1H) = h · 1A follows similarly.
(2) We have by assumption that

(1A ⊗ β(h))[(1A ⊗ 1)(a ⊗ 1H)] = [(1A ⊗ h)(1A ⊗ 1)](α(a) ⊗ 1H) (26)

and

(1A ⊗ β(h))[(1A ⊗ 1)(1A ⊗ l)] = [(1A ⊗ h)(1A ⊗ 1)](1A ⊗ β(l)). (27)

Since

LHS of (26) = (1A ⊗ β(h))((1(1) · α
−1(a))(β(1(2)(1)) · 1A) ⊗ β3(1(2)(2)))

(5) = (1A ⊗ β(h))((β(1(1))(1) · α
−1(a))(β(1(1))(2) · 1A) ⊗ β2(1(2)))

(14) = (1A ⊗ β(h))(β(1(1)) · a ⊗ β2(1(2)))

= (β(h(1)) · (1(1) · α
−1(a)))ω(β2(h(2)(1)), β2(1(2)(1))) ⊗ β3(h(2)(2)1(2)(2))

and

RHS of (26) = ((β(h(1))(1) · 1A)ω(β(h(1))(2), 1(1)) ⊗ β(h(2))β(1(2)))(α(a) ⊗ 1H)

(17) = (ω(β(h(1)), β(1(1))) ⊗ β(h(2)1(2)))(α(a) ⊗ 1H)

= ω(β(h(1)), β(1(1)))(β(h(2)(1)1(2)(1)) · a) ⊗ β3(h(2)(2)1(2)(2)),

it follows that

(β(h(1)) · (1(1) · α
−1(a)))ω(β2(h(2)(1)), β2(1(2)(1))) ⊗ β3(h(2)(2)1(2)(2))

= ω(β(h(1)), β(1(1)))(β(h(2)(1)1(2)(1)) · a) ⊗ β3(h(2)(2)1(2)(2)).
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Applying id ⊗ εH to both sides of the above equality, it follows that the equality (15) holds. Since

LHS of (27) = (1A ⊗ β(h))((1(1) · 1A)ω(β(1(2)(1)), l(1)) ⊗ β2(1(2)(2))β(l(2)))

(5) = (1A ⊗ β(h))((β(1(1))(1) · 1A)ω(β(1(1))(2), l(1)) ⊗ β(1(2))β(l(2)))

(17) = (1A ⊗ β(h))(ω(β(1(1)), β(l(1))) ⊗ β(1(2))β(l(2)))
= (β(h(1)) · ω(1(1), l(1)))

× ω(β2(h(2)(1)), β(1(2)(1)l(2)(1))) ⊗ β2(h(2)(2)1(2)(2))β3(l(2)(2))

and

RHS of (27) = (ω(β(h(1)), β(1(1))) ⊗ β(h(2)1(2)))(1A ⊗ β(l))

= ω(β(h(1)), β(1(1)))ω(β(h(2)(1)1(2)(1)), β(l(1))) ⊗ β2(h(2)(2)1(2)(2))β2(l(2)),

it follows that

(β(h(1)) · ω(1(1), l(1)))ω(β2(h(2)(1)), β(1(2)(1)l(2)(1))) ⊗ β2(h(2)(2)1(2)(2))β3(l(2)(2))

= ω(β(h(1)), β(1(1)))ω(β(h(2)(1)1(2)(1)), β(l(1))) ⊗ β2(h(2)(2)1(2)(2))β2(l(2)).

Applying id ⊗ εH to both sides of the above equality, we obtain the equality (24).
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Assume that (15) and (24) hold. Then, for all a, b, c ∈ A and h, 1, l ∈ H, we have

(α(a) ⊗ β(h))[(b ⊗ 1)(c ⊗ l)]

=(α(a) ⊗ β(h))[b((α−1(1(1)) · α−2(c))ω(1(2)(1), β
−1(l(1)))) ⊗ β2(1(2)(2))β(l(2))]

=α(a)[((h(1)(1) · α
−2(b))

× ((h(1)(2)(1) · (β−3(1(1)) · α−4(c)))(h(1)(2)(2) · ω(β−2(1(2)(1)), β−3(l(1))))))

× ω(β(h(2)(1)), β(1(2)(2)(1))l(2)(1))] ⊗ β3(h(2)(2))(β3(1(2)(2)(2))β2(l(2)(2)))

(1) =α(a)[((h(1)(1) · α
−2(b))

× (β(h(1)(2)(1)) · (β−2(1(1)) · α−3(c))))((α(h(1)(2)(2)) · ω(β−1(1(2)(1)), β−2(l(1))))

× ω(h(2)(1), 1(2)(2)(1)β
−1(l(2)(1))))] ⊗ β3(h(2)(2))(β3(1(2)(2)(2))β2(l(2)(2)))

(5) =α(a)[((β−1(h(1)) · α−2(b))

× (h(2)(1) · (β−2(1(1)) · α−3(c))))((α2(h(2)(2)(1)(1)) · ω(1(2)(1)(1), β
−1(l(1)(1))))

× ω(β2(h(2)(2)(1)(2)), 1(2)(1)(2)β
−1(l(1)(2))))] ⊗ β4(h(2)(2)(2))(β2(1(2)(2))β(l(2)))

(24) =α(a)[((β−1(h(1)) · α−2(b))

× (h(2)(1) · (β−2(1(1)) · α−3(c))))(ω(β2(h(2)(2)(1)(1)), β(1(2)(1)(1)))

× ω(β(h(2)(2)(1)(2))1(2)(1)(2), β
−1(l(1))))] ⊗ β4(h(2)(2)(2))(β2(1(2)(2))β(l(2)))

(1) =α(a)[((β−1(h(1)) · α−2(b))

× ((β−1(h(2)(1)) · (β−3(1(1)) · α−4(c)))ω(β(h(2)(2)(1)(1)), 1(2)(1)(1))))

× ω(β2(h(2)(2)(1)(2))β(1(2)(1)(2)), l(1))] ⊗ β4(h(2)(2)(2))(β2(1(2)(2))β(l(2)))

(5) =α(a)[((β−1(h(1)) · α−2(b))

× ((β(h(2)(1)(1)(1)) · (β−1(1(1)(1)(1)) · α−4(c)))ω(β(h(2)(1)(1)(2)), 1(1)(1)(2))))

× ω(β(h(2)(1)(2))1(1)(2), l(1))] ⊗ β3(h(2)(2))(β(1(2))β(l(2)))

(15) =α(a)[((β−1(h(1)) · α−2(b))

× (ω(β(h(2)(1)(1)(1)), 1(1)(1)(1))(h(2)(1)(1)(2)β
−1(1(1)(1)(2)) · α−3(c))))

× ω(β(h(2)(1)(2))1(1)(2), l(1))] ⊗ β3(h(2)(2))(β(1(2))β(l(2)))

(1) =(a((β−1(h(1)) · α−2(b))

× ω(β2(h(2)(1)(1)(1)), β(1(1)(1)(1)))))((β2(h(2)(1)(1)(2))β(1(1)(1)(2)) · α−1(c))

× ω(β(h(2)(1)(2))1(1)(2), l(1))) ⊗ β3(h(2)(2))(β(1(2))β(l(2)))

(5) =(a((β−1(h(1)) · α−2(b))

× ω(h(2)(1), β
−1(1(1)))))((β(h(2)(2)(1))1(2)(1) · α

−1(c))

× ω(β2(h(2)(2)(2)(1))β(1(2)(2)(1)), l(1))) ⊗ (β4(h(2)(2)(2)(2))β3(1(2)(2)(2)))β2(l(2))

=(a((β−1(h(1)) · α−2(b))ω(h(2)(1), β
−1(1(1)))) ⊗ β2(h(2)(2))β(1(2)))(α(c) ⊗ β(l))

=((a ⊗ h)(b ⊗ 1))(α(c) ⊗ β(l)).

Thus the proof is completed.

Given a twisted partial (H, β)-Hom-module algebra (A, α, ·, ω), the induced monoidal Hom-algebra
(A♯ωH, α ⊗ β) is called a partial Hom-crossed product. In order to establish some notation, we give the
following lemma.

Lemma 3.6. In A♯ωH, we have the following identities:
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1. a♯h = α−1(a)(β−1(h(1)) · 1A)♯β(h(2)),
2. (a♯h)(b♯l) = (α−1(a)(β−1(h(1)) · α−2(b)))ω(β(h(2)(1)), l(1))♯β2(h(2)(2))β(l(2)),

for all a, b ∈ A and h, l ∈ H.

Proof. Straightforward.

If ω is trivial, the multiplication in A♯ωH becomes

(a♯h)(b♯l) =(α−1(a)(β−1(h(1)) · α−2(b)))ω(β(h(2)(1)), l(1))♯β2(h(2)(2))β(l(2))

(18) =(α−1(a)(β−1(h(1)) · α−2(b)))

× [(β(h(2)(1)(1)) · 1A)(h(2)(1)(2)β
−2(l(1)) · 1A)]♯β2(h(2)(2))β(l(2))

(5) =(α−1(a)((β−1(h(1)(1)) · α−3(b))(β−1(h(1)(2)) · 1A)))

× (h(2)(1)β
−1(l(1)) · 1A)♯β2(h(2)(2))β(l(2))

(14) =(α−1(a)(β−1(h(1)) · α−2(b)))(h(2)(1)β
−1(l(1)) · 1A)♯β2(h(2)(2))β(l(2))

=α−1(a)(β−1(h(1)) · α−2(b)))♯h(2)β
−1(l).

Thus the special partial Hom-crossed product A♯ωH is called a partial Hom-smash product which is denoted
by A♯H.

4. Equivalence of Partial Hom-crossed Products

In this section, we shall give the criteria in order to decide whether two twisted partial Hom-actions give
rise to the same Hom-crossed product. what we shall see is a hom-version of Theorem 1 of [14] for twisted
partial Hom-Hopf actions. Assume that the map Λ(h) = h · 1A is central with respect to the convolution
product in Hom(H,A), this is, for f ∈Hom(H,A), we have Λ(h(1)) f (h(2)) = f (h(1))Λ(h(2)).

Theorem 4.1. Assume that (A♯ωH, α ⊗ β) and (A♯σH, α ⊗ β) are both partial Hom-crossed products via ψ,Ψ :
H ⊗ A → A, ψ(h ⊗ a) = h · a,Ψ(h ⊗ a) = h • a and ω, σ : H ⊗ H → A. Suppose that there is a Hom-algebra
isomorphism

Φ : A♯ωH→ A♯σH

which is also a left (A, α)-Hom-module and right (H, β)-Hom-comodule map. There exsits linear mapsµ, ν ∈Hom(H,A)
such that,

(A1) µ ◦ β = α ◦ µ, ν ◦ β = α ◦ ν,
(A2) µ ∗ ν(h) = β−1(h) · 1A,
(A3) µ(h) = (β−1(h(1)) · 1A)µ(h(2)) = µ(h(1))(β−1(h(2)) · 1A),
(A4) h • b = [ν(β(h(1)(1)))(h(1)(2) · α−2(b))]µ(β(h(2))),
(A5) σ(h, 1) = [(ν(h(1)(1))(h(1)(2)(1) · ν(β−1(1(1)(1)))))ω(β(h(1)(2)(2)), 1(1)(2))]µ(h(2)1(2)),
(A6) Φ(a♯ωh) = α−1(a)µ(h(1))♯σβ(h(2)).

Conversely, given maps µ, ν ∈Hom(H,A) satisfying (1)-(5), and in addition µ(1H) = ν(1H) = 1A, the map Φ as
presented in (6), is a Hom-algebras isomorphism.

Proof. The left (A, α)-Hom-module structure on the partial Hom-crossed product is given by

a ▷ (b♯h) = α−1(a)b♯β(h),

and the right (H, β)-Hom-comodule structure is given by

ρ(a♯h) = (α−1(a)♯h(1)) ⊗ β(h(2)).
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Let
Φ : A♯ωH→ A♯σH

be the hom-algebra isomorphism which also is a left (A, α)-Hom-module and right (H, β)-Hom-comodule
map. Define µ, ν ∈Hom(H,A) as

µ(h) = (id ⊗ ε)Φ(1A♯ωh), ν(h) = (id ⊗ ε)Φ−1(1A♯σh).

It easily follows that α ◦ µ = µ ◦ β and α ◦ ν = ν ◦ β. Observe that

µ(h) = (id ⊗ ε)Φ(1A♯ωh) =(id ⊗ ε)Φ((h(1) · 1A)♯ωβ(h(2)))
=(id ⊗ ε)Φ((h(1) · 1A) ▷ (1A♯ωh(2)))

=(β−1(h(1)) · 1A)µ(h(2))

=µ(h(1))(β−1(h(2)) · 1A),

where the fourth equation follows from the assumption of Λ. Generally, we have

(id ⊗ ε)Φ(a♯ωh) =(id ⊗ ε)Φ(a ▷ (1A♯ωβ
−1(h)))

=α−1(a)(id ⊗ ε)Φ(1A♯ωβ
−1(h)) = α−1(a)µ(β−1(h)).

Set Φ(a♯ωh) = aA♯σhH. Since Φ is a right (H, β)-Hom-comodule map, we have

Φ(α−1(a)♯ωh(1)) ⊗ β(h(2)) = (α−1(aA)♯σhH
(1)) ⊗ β(hH

(2)).

Applying id ⊗ ε ⊗ id to both sides of the above equality, we gain that

Φ(a♯ωh) = α−1(a)µ(h(1))♯σβ(h(2)).

With a totally similar reasoning, we can conclude that

Φ−1(a♯σh) = α−1(a)ν(h(1))♯ωβ(h(2)),

and
ν(h) = (β−1(h(1)) · 1A)ν(h(2)) = ν(h(1))(β−1(h(2)) · 1A).

Notice that we readily obtain from the above that µ(1H) = 1A = ν(1H).
Consider the expression

(h(1) · 1A)♯ωβ(h(2)) =1A♯ωh = Φ−1(Φ(1A♯ωh))

=Φ−1(α(µ(h(1)))♯σβ(h(2)))

=µ(h(1))ν(β(h(2)(1)))♯ωβ2(h(2)(2)).

Applying id ⊗ ε on both sides, we obtain

µ(h(1))ν(h(2)) = β−1(h) · 1A.

Analogously, we can conclude that
ν(h(1))µ(h(2)) = β−1(h) • 1A.

We use the fact that Φ−1 preserves the multiplication. Therefore,

Φ−1((a♯σh)(b♯σ1)) = Φ−1(a♯σh)Φ−1(b♯σ1),
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which gives

[α−1(a)((β−2(h(1)) • α−3(b))(σ(β−1(h(2)(1)), β−2(1(1)))))]

ν(β2(h(2)(2)(1))β(1(2)(1)))♯ωβ3(h(2)(2)(2))β2(1(2)(2))

=(α−1(a)ν(h(1)))[(h(2)(1) · (α−3(b)α−2(ν(1(1)))))

(ω(β(h(2)(2)(1)), 1(2)(1)))]♯ωβ3(h(2)(2)(2))β2(1(2)(2)).

Applying id ⊗ ε to both sides, we get

[α−1(a)((β−2(h(1)) • α−3(b))σ(β−1(h(2)(1)), β−2(1(1))))]ν(β(h(2)(2))1(2)) (28)

=[(α−2(a)ν(β−1(h(1))))(h(2)(1) · (α−3(b)α−2(ν(1(1)))))]ω(β(h(2)(2)), 1(2)).

Using this formula for a = 1A and 1 = 1H, we obtain

(h(1) • α
−1(b))ν(β(h(2))) = ν(β(h(1)))(h(2) · α

−1(b)).

Multiplying convolutively on the right by µ ◦ β and using ν(h(1))µ(h(2)) = β−1(h) • 1A, we have

h • b = [ν(β(h(1)(1)))(h(1)(2) · α
−2(b))]µ(β(h(2))).

On the other hand, putting a = b = 1A in (28), we get

σ(h(1), 1(1))ν(h(2)1(2)) = (ν(h(1))(h(2)(1) · ν(β−1(1(1)))))ω(β(h(2)(2)), 1(2)).

Therefore
σ(h, 1) = [(ν(h(1)(1))(h(1)(2)(1) · ν(β−1(1(1)(1)))))ω(β(h(1)(2)(2)), 1(1)(2))]µ(h(2)1(2)).

Conversely, let us consider maps µ, ν ∈ Hom(H,A) satisfying µ(1H) = ν(1H) = 1A and (A1)-(A5). We
shall verify that

Φ : A♯ωH→ A♯σH, a♯ωh 7→ α−1(a)µ(h(1))♯σβ(h(2))

is indeed a Hom-algebra morphism. We see immedialtely thatΦ(1A♯ω1H) = 1A♯σ1H. For the multiplicativity,
we have

Φ(a♯ωh)Φ(b♯ω1)

=((α−1(a))µ(h(1)))[(h(2)(1) • (α−2(α−1(b)µ(1(1)))))

× σ(β(h(2)(2)(1)), 1(2)(1))]♯σβ3(h(2)(2)(2))β2(1(2)(2))

=((α−1(a))µ(h(1))){[(ν(β(h(2)(1)(1)(1)))(h(2)(1)(1)(2) · α
−4(α−1(b)µ(1(1)))))

× µ(β(h(2)(1)(2)))][((ν(β(h(2)(2)(1)(1)(1)))(β(h(2)(2)(1)(1)(2)(1)) · ν(β−1(1(2)(1)(1)(1)))))

× ω(β2(h(2)(2)(1)(1)(2)(2)), 1(2)(1)(1)(2)))µ(β(h(2)(2)(1)(2))1(2)(1)(2))]}♯σβ3(h(2)(2)(2))β2(1(2)(2))

(5), (1) =[α−1(a)(µ(β2(h(1)(1)(1)(1)))ν(β2(h(1)(1)(1)(2))))]{((h(1)(1)(2) · α
−3(α−1(b)µ(1(1))))µ(h(1)(2)))

× [((ν(h(2)(1)(1)(1))(h(2)(1)(1)(2)(1) · ν(β−1(1(2)(1)(1)(1)))))

× ω(β(h(2)(1)(1)(2)(2)), 1(2)(1)(1)(2)))µ(h(2)(1)(2)1(2)(1)(2))]}♯σβ2(h(2)(2))β2(1(2)(2))

=(α−1(a)(β(h(1)(1)(1)) · 1A)){((h(1)(1)(2) · α
−3(α−1(b)µ(1(1))))µ(h(1)(2)))

× [((ν(h(2)(1)(1)(1))(h(2)(1)(1)(2)(1) · ν(β−1(1(2)(1)(1)(1)))))

× ω(β(h(2)(1)(1)(2)(2)), 1(2)(1)(1)(2)))µ(h(2)(1)(2)1(2)(1)(2))]}♯σβ2(h(2)(2))β2(1(2)(2))
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(1), (5) =[α−1(a)((β(h(1)(1)(1)(1)) · 1A)(β(h(1)(1)(1)(2)) · α−3(b)))]{[(h(1)(1)(2) · α
−2(µ(1(1))))µ(h(1)(2))]

× [((ν(h(2)(1)(1)(1))(h(2)(1)(1)(2)(1) · ν(β−1(1(2)(1)(1)(1)))))

× ω(β(h(2)(1)(1)(2)(2)), 1(2)(1)(1)(2)))µ(h(2)(1)(2)1(2)(1)(2))]}♯σβ2(h(2)(2))β2(1(2)(2))

(14) =(α−1(a)(β(h(1)(1)(1)) · α−2(b))){[(h(1)(1)(2) · α
−2(µ(1(1))))µ(h(1)(2))]

× [((ν(h(2)(1)(1)(1))(h(2)(1)(1)(2)(1) · ν(β−1(1(2)(1)(1)(1)))))

× ω(β(h(2)(1)(1)(2)(2)), 1(2)(1)(1)(2)))µ(h(2)(1)(2)1(2)(1)(2))]}♯σβ2(h(2)(2))β2(1(2)(2))

(1), (5) =(α−1(a)(h(1)(1) · α
−2(b))){(h(1)(2) · α

−1(µ(1(1))))[(h(2)(1)(1) · ν(β(1(2)(1)(1)(1))))

× (ω(h(2)(1)(2)(1), 1(2)(1)(1)(2))µ(h(2)(1)(2)(2)β
−1(1(2)(1)(2))))]}♯σβ2(h(2)(2))β2(1(2)(2))

(1), (5) =(α−1(a)(β−1(h(1)) · α−2(b))){[(h(2)(1)(1) · α
−2(µ(1(1))))(h(2)(1)(2) · ν(β(1(2)(1)(1)(1))))]

× [ω(β(h(2)(2)(1)(1)), β(1(2)(1)(1)(2)))µ(β(h(2)(2)(1)(2))1(2)(1)(2))]}♯σβ3(h(2)(2)(2))β2(1(2)(2))

(14) =(α−1(a)(β−1(h(1)) · α−2(b))){[(h(2)(1) · (µ(β−2(1(1)))ν(β(1(2)(1)(1)(1)))))]

× [ω(β(h(2)(2)(1)(1)), β(1(2)(1)(1)(2)))µ(β(h(2)(2)(1)(2))1(2)(1)(2))]}♯σβ3(h(2)(2)(2))β2(1(2)(2))

(5) =(α−1(a)(β−1(h(1)) · α−2(b))){[(h(2)(1) · (µ(β(1(1)(1)(1)(1)))ν(β(1(1)(1)(1)(2)))))]

× [ω(β(h(2)(2)(1)(1)), β(1(1)(1)(2)))µ(β(h(2)(2)(1)(2))β−1(1(1)(2)))]}♯σβ3(h(2)(2)(2))β(1(2))

=(α−1(a)(β−1(h(1)) · α−2(b))){[(h(2)(1) · (1(1)(1)(1) · 1A))]

× [ω(β(h(2)(2)(1)(1)), β(1(1)(1)(2)))µ(β(h(2)(2)(1)(2))β−1(1(1)(2)))]}♯σβ3(h(2)(2)(2))β(1(2))

(1), (5) =(α−1(a)(β−1(h(1)) · α−2(b))){[(β(h(2)(1)(1)(1)) · (β−1(1(1)(1)(1)) · 1A))

× ω(β(h(2)(1)(1)(2)), β(1(1)(1)(2)))]µ(β(h(2)(1)(2))1(1)(2))}♯σβ2(h(2)(2))β(1(2))

(17) =(α−1(a)(β−1(h(1)) · α−2(b)))

× [ω(β(h(2)(1)(1)), 1(1)(1))µ(β(h(2)(1)(2))1(1)(2))}♯σβ2(h(2)(2))β(1(2))

=[α−1(a)((β−2(h(1)) · α−3(b))ω(h(2)(1)(1), β
−1(1(1)(1))))]

× µ(β2(h(2)(1)(2))β(1(1)(2)))♯σβ2(h(2)(2))β(1(2))

(5) =[α−1(a)((β−2(h(1)) · α−3(b))ω(β−1(h(2)(1)), β−2(1(1))))]

× µ(β2(h(2)(2)(1))β(1(2)(1)))♯σβ3(h(2)(2)(2))β2(1(2)(2))
=Φ((a♯ωh)(b♯ω1)).

Now, it remains to show that Φ is invertible. Consider the map

Ψ : A♯σH→ A♯ωH, Ψ(a♯σh) = α−1(a)ν(h(1))♯ωβ(h(2)).

it is easily proved thatΨ and Φ are mutual invertible.

5. Coquasitriangular Structures on Partial Hom-crossed Products

Let A be a bialgebra and A♯ωH a partial Hom-crossed product. Define two Hom-linear maps

∆ : A ⊗H→ (A♯ωH) ⊗ (A♯ωH),
a ⊗ h 7→ (a(1)♯h(1)) ⊗ (a(2)♯h(2)),

ε : A ⊗H→ k, ε(a ⊗ h) = εA(a)εH(h).

Lemma 5.1. ∆ and ε can induce maps ∆̃ and ε̃ on A♯ωH, i.e.,

∆̃ : A♯ωH→ (A♯ωH) ⊗ (A♯ωH), a♯h 7→ (a(1)♯h(1)) ⊗ (a(2)♯h(2)),
ε̃ : A♯ωH→ k, ε̃(a♯h) = εA(a)εH(h).



Q. G. Chen, W. J. Cheng / Filomat 36:9 (2022), 2991–3011 3003

in order to make (A♯H, ∆̃, ε̃, α ⊗ β) is a monoidal Hom-coalgebra if and only if the following conditions hold,

εA(h · 1A) = εH(h), (29)

(h(1) · 1A)(1)(h(2)(1) · 1A) ⊗ (h(1) · 1A)(2)(h(2)(2) · 1A) = (h(1) · 1A) ⊗ (h(2) · 1A). (30)

Proof. Straightforward.

Proposition 5.2. A♯ωH is a Hom-bialgebra via ∆̃, ε̃ induced by ∆, ε defined above if and only if ∆̃, ε̃ preserve the
multiplication if and only if

(h(1) · α
−1(b))(1)(h(2)(1) · 1A) ⊗ (h(1) · α

−1(b))(2)(h(2)(2) · 1A) = (h(1) · b(1)) ⊗ (h(2) · b(2)), (31)

β(h(2)(1)) ⊗ (β−1(h(1)) · α−2(b))(h(2)(2) · 1A) = h(1) ⊗ h(2) · β
−1(b), (32)

β(h(2)(1)1(2)(1)) ⊗ ω(β−1(h(1)),β−1(1(1)))(β−1(h(2)(2)1(2)(2)) · 1A) (33)
= h(1)1(1) ⊗ ω(h(2), 1(2)),

ω(h(1), 1(1))(1)(β−1(h(2)(1)1(2)(1)) · 1A) ⊗ ω(h(1), 1(1))(2)(β−1(h(2)(2)1(2)(2)) · 1A) (34)
= ω(h(1), 1(1)) ⊗ ω(h(2), 1(2)),

εA(h · b) = εH(h)εA(b), εA(ω(h, 1)) = εH(h)εH(1), (35)

for all h, 1 ∈ H and b ∈ A.

Proof. It is sufficient to prove that ∆ and ε preserve the multiplication. If ε((a♯h)(b♯1)) = ε(a♯h)ε(b♯1), then
we have

εA(a)εA((β−1(h(1)) · α−2(b)))εA(ω(β−1(h(2)), β−2(1))) = εA(a)εA(b)εH(h)εH(1). (36)

Taking a = 1A and 1 = 1H in (36) yields the first equation of (35), the other follows by considering a = b = 1A
in (36). For all a, b ∈ A and h, 1 ∈ H, since

∆((a♯1)(b♯h)) = ∆(a♯1)∆(b♯h),

we get

[a(1)((β−1(h(1)) · α−2(b))(1)ω(h(2)(1), β
−1(1(1)))(1))♯β2(h(2)(2)(1))β(1(2)(1))] (37)

⊗ [a(2)((β−1(h(1)) · α−2(b))(2)ω(h(2)(1), β
−1(1(1)))(2))♯β2(h(2)(2)(2))β(1(2)(2))]

=a(1)[(β−1(h(1)(1)) · α−2(b(1)))ω(h(1)(2)(1), β
−1(1(1)(1)))]♯β2(h(1)(2)(2))β(1(1)(2))

⊗ a(2)[(β−1(h(2)(1)) · α−2(b(2)))ω(h(2)(2)(1), β
−1(1(2)(1)))]♯β2(h(2)(2)(2))β(1(2)(2))

Considering a = 1A, 1 = 1H in (37) yields

[(h(1) · α
−1(b))(1)(β(h(2)(1)(1)) · 1A) ⊗ β3(h(2)(1)(2))]

⊗ [(h(1) · α
−1(b))(2)(β(h(2)(2)(1)) · 1A) ⊗ β3(h(2)(2)(2))]

=[β(h(1)(1)) · b(1) ⊗ β
2(h(1)(2))] ⊗ [β(h(2)(1)) · b(2) ⊗ β

2(h(2)(2))].

Applying id⊗ εH ⊗ id⊗ εH and εA ⊗ id⊗ id⊗ εH to both sides respectively, we obtain (31) and (32). Applying
id ⊗ εH ⊗ id ⊗ εH and εA ⊗ idH ⊗ idA ⊗ εH to (37) yields (33) and (34).
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Conversely, assume that the conditions (31)-(35) hold. ε is a Hom-algebra homorphism following from
(35). Next, we shall check that ∆ is also a Hom-algebra homorphism. We only prove that ∆ preserves the
multiplication. In fact, for all a, b ∈ A and h, 1 ∈ H, we compute

∆((a♯h)(b♯l))

=[((α−2(a(1))(β−2(h(1)) · α−3(b))(1))ω(h(2)(1), β
−1(l(1)))(1))

× ((β(h(2)(2)(1)(1))l(2)(1)(1)) · 1A) ⊗ β3(h(2)(2)(1)(2))β2(l(2)(1)(2))]

⊗ [((α−2(a(2))(β−2(h(1)) · α−3(b))(2))ω(h(2)(1), β
−1(l(1)))(2))

× ((β(h(2)(2)(2)(1))l(2)(2)(1)) · 1A) ⊗ β3(h(2)(2)(2)(2))β2(l(2)(2)(2))]

(5), (32) =[((α−2(a(1))(β−2(h(1)) · α−3(b))(1))ω(h(2)(1), β
−1(l(1)))(1))

× ((h(2)(2)(1)β
−1(l(2)(1))) · 1A) ⊗ β5(h(2)(2)(2)(1)(2)(1))β4(l(2)(2)(1)(2)(1))]

⊗ [((α−2(a(2))(β−2(h(1)) · α−3(b))(2))ω(h(2)(1), β
−1(l(1)))(2))

× (((β(h(2)(2)(2)(1)(1))l(2)(2)(1)(1)) · 1A)((β2(h(2)(2)(2)(1)(2)(2))β(l(2)(2)(1)(2)(2))) · 1A))

⊗ β3(h(2)(2)(2)(2))β2(l(2)(2)(2))]

(5), (1) =[(α−1(a(1))(β−1(h(1)) · α−2(b))(1))(ω(β(h(2)(1)(1)), l(1)(1))(1)

×((h(2)(1)(2)(1)β
−1(l(1)(2)(1))) · 1A)) ⊗ β3(h(2)(2)(1)(1))β2(l(2)(1)(1))]

⊗ [(α−1(a(2))(β−1(h(1)) · α−2(b))(2))((α−1(ω(β(h(2)(1)(1)), l(1)(1))(2))

× ((β−1(h(2)(1)(2)(2))β−2(l(1)(2)(2))) · 1A))((h(2)(2)(1)(2)β
−1(l(2)(1)(2))) · 1A))

⊗ β2(h(2)(2)(2))β(l(2)(2))]

(34) =[(α−1(a(1))(β−1(h(1)) · α−2(b))(1))ω(β(h(2)(1)(1)), l(1)(1)) ⊗ β3(h(2)(2)(1)(1))β2(l(2)(1)(1))]

⊗ [(α−1(a(2))(β−1(h(1)) · α−2(b))(2))(α−1(ω(β(h(2)(1)(2)), l(1)(2)))

× ((h(2)(2)(1)(2)β
−1(l(2)(1)(2))) · 1A)) ⊗ β2(h(2)(2)(2))β(l(2)(2))]

(17) =[(α−1(a(1))(β−1(h(1)) · α−2(b))(1))((β(h(2)(1)(1)(1)) · 1A)

× ω(β(h(2)(1)(1)(2)), β−1(l(1)(1)))) ⊗ β3(h(2)(2)(1)(1))β2(l(2)(1)(1))]

⊗ [(α−1(a(2))(β−1(h(1)) · α−2(b))(2))((h(2)(1)(2)(1) · 1A)ω(h(2)(1)(2)(2), β
−2(l(1)(2))))

× ((h(2)(2)(1)(2)β
−1(l(2)(1)(2))) · 1A)) ⊗ β2(h(2)(2)(2))β(l(2)(2))]

(5) =[(α−1(a(1))(β−1(h(1)) · α−2(b))(1))((β(h(2)(1)(1)(1)) · 1A)

× ω(β2(h(2)(1)(1)(2)(1)), β−1(l(1)(1)))) ⊗ β3(h(2)(2)(1)(1))β2(l(2)(1)(1))]

⊗ [(α−1(a(2))(β−1(h(1)) · α−2(b))(2))((β(h(2)(1)(1)(2)(2)) · 1A)ω(β−1(h(2)(1)(2)), β−2(l(1)(2))))

× ((h(2)(2)(1)(2)β
−1(l(2)(1)(2))) · 1A)) ⊗ β2(h(2)(2)(2))β(l(2)(2))]

(32) =[(α−1(a(1))(β−1(h(1)) · α−2(b))(1))((β(h(2)(1)(1)(1)) · 1A)

× ω(β3(h(2)(1)(1)(2)(2)(1)), β−1(l(1)(1)))) ⊗ β3(h(2)(2)(1)(1))β2(l(2)(1)(1))]

⊗ [(α−1(a(2))(β−1(h(1)) · α−2(b))(2))

(((h(2)(1)(1)(2)(1) · 1A)(β(h(2)(1)(1)(2)(2)(2)) · 1A))ω(β−1(h(2)(1)(2)), β−2(l(1)(2))))

× ((h(2)(2)(1)(2)β
−1(l(2)(1)(2))) · 1A)) ⊗ β2(h(2)(2)(2))β(l(2)(2))]

(1) =[(α−1(a(1))(((β−2(h(1)) · α−3(b))(1))(h(2)(1)(1)(1) · 1A)))

× ω(β4(h(2)(1)(1)(2)(2)(1)), l(1)(1)) ⊗ β3(h(2)(2)(1)(1))β2(l(2)(1)(1))] ⊗ [(α−1(a(2))((β−2(h(1)) · α−3(b))(2)
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β(h(2)(1)(1)(2)(1)) · 1A))(((β2(h(2)(1)(1)(2)(2)(2)) · 1A)ω(β−1(h(2)(1)(2)), β−2(l(1)(2))))

× ((h(2)(2)(1)(2)β
−1(l(2)(1)(2))) · 1A)) ⊗ β2(h(2)(2)(2))β(l(2)(2))]

(5) =[(α−1(a(1))(((β(h(1)(1)(1)(1)) · α−3(b))(1))(β(h(1)(1)(1)(2)(1)) · 1A)))

× ω(β2(h(1)(1)(2)(1)), l(1)(1)) ⊗ β2(h(2)(1)(1))β2(l(2)(1)(1))]

⊗ [(α−1(a(2))((β(h(1)(1)(1)(1)) · α−3(b))(2)

(β(h(1)(1)(1)(2)(2)) · 1A)))(((h(1)(1)(2)(2) · 1A)ω(β−2(h(1)(2)), β−2(l(1)(2))))

× ((β−1(h(2)(1)(2))β−1(l(2)(1)(2))) · 1A)) ⊗ β(h(2)(2))β(l(2)(2))]

(31) =[(α−1(a(1))(β(h(1)(1)(1)(1)) · α−2(b(1))))

× ω(β2(h(1)(1)(2)(1)), l(1)(1)) ⊗ β2(h(2)(1)(1))β2(l(2)(1)(1))]

⊗ [(α−1(a(2))(β(h(1)(1)(1)(2)) · α−2(b(2))))

(((h(1)(1)(2)(2) · 1A)ω(β−2(h(1)(2)), β−2(l(1)(2))))

× ((β−1(h(2)(1)(2))β−1(l(2)(1)(2))) · 1A)) ⊗ β(h(2)(2))β(l(2)(2))]

(5) =[(α−1(a(1))(β−1(h(1)(1)) · α−2(b(1))))ω(β(h(1)(2)(1)), β−1(l(1))) ⊗ β2(h(2)(1)(1))β2(l(2)(1)(1))]

⊗ [(α−1(a(2))(h(1)(2)(2) · α
−2(b(2))))ω(β(h(2)(1)(2)), β(l(2)(1)(2))) ⊗ β(h(2)(2))β(l(2)(2))]

(17) =[(α−1(a(1))(β−1(h(1)(1)) · α−2(b(1))))ω(β(h(1)(2)(1)), β−1(l(1))) ⊗ β2(h(2)(1)(1))β2(l(2)(1)(1))]

⊗ [(α−1(a(2))((β−1(h(1)(2)(2)) · α−3(b(2)))(h(2)(1)(2)(1) · 1A)))

× ω(β2(h(2)(1)(2)(2)), β(l(2)(1)(2))) ⊗ β(h(2)(2))β(l(2)(2))]

(5) =[(α−1(a(1))(β−2(h(1)) · α−2(b(1))))ω(h(2)(1), β
−1(l(1))) ⊗ β5(h(2)(2)(1)(1)(2)(1))β2(l(2)(1)(1))]

⊗ [(α−1(a(2))((β(h(2)(2)(1)(1)(1)) · α−3(b(2)))(β2(h(2)(2)(1)(1)(2)(2)) · 1A)))

× ω(β2(h(2)(2)(1)(2)), β(l(2)(1)(2))) ⊗ β2(h(2)(2)(2))β(l(2)(2))]

(32) =[(α−1(a(1))(β−2(h(1)) · α−2(b(1))))ω(h(2)(1), β
−1(l(1))) ⊗ β4(h(2)(2)(1)(1)(1))β2(l(2)(1)(1))]

⊗ [(α−1(a(2))(β2(h(2)(2)(1)(1)(2)) · α−2(b(2))))

× ω(β2(h(2)(2)(1)(2)), β(l(2)(1)(2))) ⊗ β2(h(2)(2)(2))β(l(2)(2))]

(5) =(α−1(a(1))(β−1(h(1)(1)) · α−2(b(1))))(ω(h(1)(2)(1), β
−1(l(1)(1)))

× ((h(1)(2)(2)(1)β
−1(l(1)(2)(1))) · 1A)) ⊗ β3(h(1)(2)(2)(2))β2(l(1)(2)(2))

⊗ (α−1(a(2))(β−1(h(2)(1)) · α−2(b(2))))(ω(h(2)(2)(1), β
−1(l(2)(1)))

× (h(2)(2)(2)(1)β
−1(l(2)(2)(1)) · 1A)) ⊗ β3(h(2)(2)(2)(2))β2(l(2)(2)(2))

=((α−1(a(1))((β−2(h(1)(1)) · α−3(b(1)))ω(β−1(h(1)(2)(1)), β−2(l(1)(1)))))

× (β(h(1)(2)(2)(1))l(1)(2)(1) · 1A)) ⊗ β3(h(1)(2)(2)(2))β2(l(1)(2)(2))

⊗ (α−1(a(2))((β−2(h(2)(1)) · α−3(b(2)))ω(β−1(h(2)(2)(1)), β−2(l(2)(1)))))

× (β(h(2)(2)(2)(1))l(2)(2)(1) · 1A) ⊗ β3(h(2)(2)(2)(2))β2(l(2)(2)(2))
=∆(a♯h)∆(b♯l).

The proof is completed.

Before we discuss the coquasitriangular structures on partial Hom-crossed products, we recall the
definition of coquasitriangular Hom-Hopf algebra. A coquasitriangular Hom-bialgebra(Hopf) algebra is a
monoidal Hom-bialgebra(Hopf) algebra (H, β) endowed with a map σ : H ⊗H→ k ∈ H̃(M) such that

(B1) σ(xy, h) = σ(x, h(1))σ(y, h(2)),
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(B2) σ(x, h1) = σ(x(1), 1)σ(x(2), h),
(B3) σ(h(1), 1(1))h(2)1(2) = 1(1)h(1)σ(h(2), 1(2)),
(B4) σ(1H, h) = σ(h, 1H) = εH(h),
(B5) σ(β(h), β(1)) = σ(h, 1),

for all x, y, h, 1 ∈ H. We call that σ is a Hom-braiding for H.
In what follows, we shall investigate when A♯ωH forms a coquasitriangular Hom-bialgebra.
Let σ : A♯ωH ⊗ A♯ωH→ k be a linear map. We will use the following notations:

p :A ⊗ A→ k, p(a, b) = σ(a♯1H, b♯1H),
τ :H ⊗H→ k, τ(h, 1) = σ(1A♯h, 1A♯1),
µ :A ⊗H→ k, µ(a, h) = σ(a♯1H, 1A♯h),
ν :H ⊗ A→ k, µ(h, a) = σ(1A♯h, a♯1H).

Suppose that (A♯ωH, σ) is a coquasitriangular Hom-bialgebra. Then we have the following result.

Proposition 5.3. With the notations as above, we have

1. p(1A, a) = p(a, 1A) = εA(a), p(α(a), α(b)) = p(a, b),
2. τ(1H, h) = τ(h, 1H) = εH(h), τ(β(h), β(1)) = τ(h, 1),
3. µ(1A, h) = εH(h), µ(a, 1H) = εA(a), µ(α(a), β(h)) = µ(a, h),
4. ν(1H, a) = εA(a), ν(h, 1A) = εH(h), ν(β(h), α(a)) = ν(h, a).

In order to establish the conditions for a partial Hom-crossed prodcut A♯ωH to be a coquasitriangular
Hom-bialgebra, we shall introduce some definitions what we need.

Definition 5.4. Let (A, α) and (H, β) be monoidal Hom-bialgebras,ω : H⊗H→ k a map in H̃(M) and p : A⊗A→ k
a Hom-braiding for A. A linear map µ : A ⊗H→ k in H̃(M) is called a right (p, ω) Hom-skew pairing on (A,H), if
the following compatibilities are fulfilled, for any a, b ∈ A, 1, t ∈ H,

(C1) µ(ab, t) = µ(a, t(1))µ(b, t(2)),
(C2) µ(a(1), 1(2)t(2))p(a(2), ω(1(1), t(1))) = µ(a(1), t)µ(a(2), 1),
(C3) µ(1A, h) = εH(h), µ(a, 1H) = εA(a), µ(α(a), β(h)) = µ(a, h).

Definition 5.5. Let (A, α) and (H, β) be monoidal Hom-bialgebras,ω : H⊗H→ k a map in H̃(M) and p : A⊗A→ k
a Hom-braiding for A. A linear map ν : H ⊗ A → k in H̃(M) is called a left (p, ω) Hom-skew pairing on (H,A), if
the following compatibilities are fulfilled, for any a, b ∈ A, 1, h ∈ H,

(D1) ν(h, ba) = ν(h(1), a)ν(h(2), b),
(D2) p(ω(h(1), 1(1)), a(1))ν(h(2)1(2), a(2)) = ν(h, a(1))ν(1, a(2)),
(D3) ν(1H, a) = εA(a), ν(h, 1A) = εH(h), ν(β(h), α(a)) = ν(h, a).

Definition 5.6. Let (A, α) and (H, β) be monoidal Hom-bialgebras,ω : H⊗H→ k a map in H̃(M) and p : A⊗A→ k
a Hom-braiding for A, µ : A ⊗ H → k a right (p, ω) Hom-skew pairing and ν : H ⊗ A → k a left (p, ω) Hom-skew
pairing. A linear map τ : H ⊗ H → k in H̃(M) is called a (µ, ν) Hom-skew braiding on H, if the following
compatibilities are fulfilled, for any h, 1, t ∈ H,

(E1) µ(ω(h(1), 1(1)), t(1))τ(h(2)1(2), t(2)) = τ(h, t(1))τ(1, t(2)),
(E2) τ(h(1), 1(2)t(2))ν(h(2), ω(1(1), t(1))) = τ(h(1), t)τ(h(2), 1),
(E3) τ(h(1), 1(1))h(2)1(2) = 1(1)h(1)τ(h(2), 1(2)),
(E4) τ(1H, h) = τ(h, 1H) = εH(h), τ(β(h), β(1)) = τ(h, 1).

With the definitions introduced above, we have the following result.
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Proposition 5.7. Let (A♯ωH, σ) be a coquasitriangular Hom-bialgebra. Then

(F1) the coquasitriangular structure σ can be decomposed into

σ(a♯h, b♯1) = µ(a(1), 1(1))p(a(2), b(1))τ(h(1), 1(2))ν(h(2), b(2)). (38)

(F2) (A, p) is a coquasitriangular Hom-bialgebra.
(F3) (A,H, µ) is a right (p, ω) Hom-skew pairing.
(F4) (H,A, ν) is a left (p, ω) Hom-skew pairing.
(F5) (H, τ) is a (µ, ν) Hom-skew braiding.

Proof. First, we prove that relation (38) indeed holds:

σ(α(a)♯β(h), α(b)♯β(1))
= σ((a♯1H)(1A♯h), (b♯1H)(1A♯1))
= σ(a(1)♯1H, 1A♯1(1))σ(a(2)♯1H, b(1)♯1A)σ(1A♯h(1), 1A♯1(2))σ(1A♯h(2), b(2)♯1H)
= µ(a(1), 1(1))p(a(2), b(1))τ(h(1), 1(2))ν(h(2), b(2)).

(C3), (D3) and (E3) follows from Proposition 5.3. Since σ satisfies (B1), then for all a, b, c ∈ A and h, 1, t ∈ H,
we have

σ(a[(β−1(h(1)) · α−2(b))ω(h(2)(1), β
−1(1(1)))]♯β2(h(2)(2))β(1(2)), c♯t) (39)

=σ(a♯h, c(1)♯t(1))σ(b♯1, c(2)♯t(2)).

Considering h = 1 = 1H and c = 1A in (39) yields (C1). Taking a = b = 1A and t = 1H in (39), we get (D2). We
apply (39) for a = b = c = 1A and get (E1). Since σ fulfills (B2), we have

σ(a♯h, b[(β−1(1(1)) · α−2(c))ω(1(2)(1), β
−1(t(1)))]♯β2(1(2)(2))β(t(2))) (40)

=σ(a(1)♯h(1), c♯t)σ(a(2)♯h(2), b♯1).

If we let b = c = 1A and h = 1H in (40), it yields (C2). From (40) applying for 1 = t = 1H and a = 1A, we get
(D1). Considering a = b = c = 1A in (40) yields (E2).

By (B3), we have

σ(a(1)♯h(1), b(1)♯1(1)) (41)

× {a(2)[(β−1(h(2)(1)) · α−2(b(2)))ω(h(2)(2)(1), β
−1(1(2)(1)))]♯β2(h(2)(2)(2))β(1(2)(2))}

={b(1)[(β−1(1(1)(1)) · α−2(a(1)))ω(1(1)(2)(1), β
−1(h(1)(1)))]♯β2(1(1)(2)(2))β(h(1)(2))}

× σ(a(2)♯h(2), b(2)♯1(2)).

Taking a = b = 1A in the above equation and then applying ε ⊗ id to both sides, we gain (E3).

Proposition 5.8. Suppose that A♯ωH has a coquasitriangular structure σ. Then, for all a, b, c ∈ A and h, 1, t ∈ H,
we have

(G1) ν(h(1), b(1))(β(h(2)(1)) · α−1(b(2)) ⊗ h(2)(2))
= (b(1)(h(1)(1) · 1A) ⊗ h(1)(2))ν(h(2), b(2)),

(G2) µ(a(1), 1(1))(a(2)(1(2)(1) · 1A) ⊗ 1(2)(2)) = (β(1(1)(1)) · a(1) ⊗ 1(1)(2))µ(a(2), 1(2)),
(G3) τ(h(1), 1(1))ω(h(2), 1(2)) = ω(1(1), h(1))τ(h(2), 1(2)),
(G4) µ(a(1), β(1(2)))p(a(2), 1(1) · α−1(c)) = p(a(1), c)µ(a(2), 1),
(G5) τ(h(1), β(1(2)))ν(h(2), 1(1) · α−1(c)) = ν(h(1), c)τ(h(2), 1),
(G6) p(h(1) · α−1(b), c(1))ν(β(h(2)), c(2)) = ν(h, c(1))p(b, c(2)),
(G7) µ(h(1) · α−1(b), t(1))τ(β(h(2)), t(2)) = τ(h, t(1))µ(b, t(2)).
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Proof. If we let a = 1A and 1 = 1H in (41), it follows that (G1) holds. We apply (41) for b = 1A and h = 1H and
have (G2). Applying id ⊗ ε to (41) for a = b = 1A yields (G3). The next two compatibilities (G4) and (G5)
can be obtained by considering h = t = 1H, b = 1A,respectively, a = b = 1A and t = 1H in (40). To this end,
relations (G6) and (G7) can be derived from (39) by considering 1 = t = 1H, a = 1A, respectively, a = c = 1A,
1 = 1H.

Next, we shall show that Proposition 5.3, 5.7 and 5.8 establish sufficient conditions for A♯ωH to be a
coquasitriangular bialgebra.

Proposition 5.9. Let A, H be monoidal Hom-bialgebras, and A also a twisted partial (H, β)-Hom-module algebra.
Assume that there exists linear maps p : A ⊗ A → k, τ : H ⊗ H → k, µ : A ⊗ H → k and ν : H ⊗ A → k in H̃(M)
such that (A, p) is a coquasitriangular Hom-bialgebra, (A,H, µ) is a right (p, ω) Hom-skew pairing, (H,A, ν) is a left
(p, ω) Hom-skew pairing, (H, τ) is a (µ, ν) Hom-skew braiding and the compatibilities (G1)-(G7) are fulfilled. Then
A♯ωH is a coquasitriangular Hom-bialgebra via σ given by (38).

Proof. Taking t = 1 = 1H in (C2),(D2), (E1) and (E2) respectively, one obtains the following useful equations:

µ(a(1), β(1(2)))p(a(2), 1(1) · 1A) = µ(α−1(a), 1), (42)

p(h(1) · 1A, c(1))ν(β(h(2)), c(2)) = ν(h, α−1(c)), (43)

µ(h(1) · 1A, t(1))τ(β(h(2)), t(2)) = τ(h, β−1(t)), (44)

τ(h(1), β(1(2)))ν(h(2), 1(1) · 1A) = τ(β−1(h), 1). (45)

Now, we shall show that σ fulfills the equations (B1)-(B5). The proof is very complicated, thus we only
check that (B1) holds, other equalities can been proved similarly.

σ((a♯h)(b♯1), c♯t)

=µ(a(1)[(β−1(h(1)) · α−2(b))(1)ω(h(2)(1), β
−1(1(1)))(1)], t(1))

p(a(2)[(β−1(h(1)) · α−2(b))(2)ω(h(2)(1), β
−1(1(1)))(2)], c(1))

τ(β2(h(2)(2)(1))β(1(2)(1)), t(2))ν(β2(h(2)(2)(2))β(1(2)(2)), c(2))

(43, 44) =µ(a(1)[(β−1(h(1)) · α−2(b))(1)ω(h(2)(1), β
−1(1(1)))(1)], t(1))

p(a(2)[(β−1(h(1)) · α−2(b))(2)ω(h(2)(1), β
−1(1(1)))(2)], c(1))

µ((β2(h(2)(2)(1)(1))β(1(2)(1)(1))) · 1A, β(t(2)(1)))

τ((β2(h(2)(2)(1)(2))β(1(2)(1)(2))), t(2)(2))

p((β2(h(2)(2)(2)(1))β(1(2)(2)(1))) · 1A, α(c(2)(1)))

× ν(β2(h(2)(2)(2)(2))β(1(2)(2)(2)), c(2)(2))

(5) =µ(a(1)[(β−1(h(1)) · α−2(b))(1)ω(h(2)(1), β
−1(1(1)))(1)], β(t(1)(1)))

µ((β2(h(2)(2)(1)(1))β(1(2)(1)(1))) · 1A, β(t(1)(2)))

p(a(2)[(β−1(h(1)) · α−2(b))(2)ω(h(2)(1), β
−1(1(1)))(2)], α(c(1)(1)))

p((β2(h(2)(2)(2)(1))β(1(2)(2)(1))) · 1A, α(c(1)(2)))

τ((β2(h(2)(2)(1)(2))β(1(2)(1)(2))), β−1(t(2)))ν(β2(h(2)(2)(2)(2))β(1(2)(2)(2)), α−1(c(2)))

(C1,B1) =µ({a(1)[(β−1(h(1)) · α−2(b))(1)ω(h(2)(1), β
−1(1(1)))(1)]}

× [(β2(h(2)(2)(1)(1))β(1(2)(1)(1))) · 1A], β(t(1)))

p({a(2)[(β−1(h(1)) · α−2(b))(2)ω(h(2)(1), β
−1(1(1)))(2)]}[(β2(h(2)(2)(2)(1))β(1(2)(2)(1))) · 1A], α(c(1)))

τ((β2(h(2)(2)(1)(2))β(1(2)(1)(2))), β−1(t(2)))ν(β2(h(2)(2)(2)(2))β(1(2)(2)(2)), α−1(c(2)))
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(5) =µ({a(1)[(β−1(h(1)) · α−2(b))(1)ω(h(2)(1), β
−1(1(1)))(1)]}

× [(β2(h(2)(2)(1)(1))β(1(2)(1)(1))) · 1A], β(t(1)))

p({a(2)[(β−1(h(1)) · α−2(b))(2)ω(h(2)(1), β
−1(1(1)))(2)]}

× [(β3(h(2)(2)(1)(2)(2))β2(1(2)(1)(2)(2))) · 1A], α(c(1)))

τ((β3(h(2)(2)(1)(2)(1))β2(1(2)(1)(2)(1))), β−1(t(2)))ν(β(h(2)(2)(2))1(2)(2), α
−1(c(2)))

(32) =µ({a(1)[(β−1(h(1)) · α−2(b))(1)ω(h(2)(1), β
−1(1(1)))(1)]}

× [(β2(h(2)(2)(1)(1))β(1(2)(1)(1))) · 1A], β(t(1)))

p({a(2)[(β−1(h(1)) · α−2(b))(2)ω(h(2)(1), β
−1(1(1)))(2)]}[((β2(h(2)(2)(1)(2)(1))β(1(2)(1)(2)(1))) · 1A)

× (β3(h(2)(2)(1)(2)(2)(2))β2(1(2)(1)(2)(2)(2)) · 1A)], α(c(1)))

τ((β4(h(2)(2)(1)(2)(2)(1))β3(1(2)(1)(2)(2)(1))), β−1(t(2)))ν(β(h(2)(2)(2))1(2)(2), α
−1(c(2)))

(1) =µ({α(a(1))[((h(1) · α
−1(b))(1))

× (ω(h(2)(1), β
−1(1(1)))(1)((h(2)(2)(1)(1)β

−1(1(2)(1)(1))) · 1A))]}, β(t(1)))

p({(a(2)(h(1) · α
−1(b))(2))[(ω(h(2)(1), β

−1(1(1)))(2)(β(h(2)(2)(1)(2)(1))1(2)(1)(2)(1)) · 1A)

× (β3(h(2)(2)(1)(2)(2)(2))β2(1(2)(1)(2)(2)(2)) · 1A)], α(c(1)))

τ((β4(h(2)(2)(1)(2)(2)(1))β3(1(2)(1)(2)(2)(1))), β−1(t(2)))ν(β(h(2)(2)(2))1(2)(2), α
−1(c(2)))

(5) =µ({α(a(1))[((h(1) · α
−1(b))(1))

× (ω(β2(h(2)(1)(1)(1)), β(1(1)(1)(1)))(1)((β(h(2)(1)(1)(2)(1))1(1)(1)(2)(1)) · 1A))]}, β(t(1)))

p({(a(2)(h(1) · α
−1(b))(2))[(ω(β2(h(2)(1)(1)(1)), β(1(1)(1)(1)))(2)((β(h(2)(1)(1)(2)(2))1(1)(1)(2)(2)) · 1A)

× (β(h(2)(1)(2)(2))1(1)(2)(2) · 1A)], α(c(1)))

τ((β2(h(2)(1)(2)(1))β(1(1)(2)(1))), β−1(t(2)))ν(h(2)(2)β
−1(1(2)), α−1(c(2)))

(34) =µ({α(a(1))[((h(1) · α
−1(b))(1))(ω(β2(h(2)(1)(1)(1)), β(1(1)(1)(1))))]}, β(t(1)))

p({(a(2)(h(1) · α
−1(b))(2))[(ω(β2(h(2)(1)(1)(2)), β(1(1)(1)(2))))

× (β(h(2)(1)(2)(2))1(1)(2)(2) · 1A)], α(c(1))))

τ((β2(h(2)(1)(2)(1))β(1(1)(2)(1))), β−1(t(2)))ν(h(2)(2)β
−1(1(2)), α−1(c(2)))

(B1, 5) =µ({α(a(1))[((h(1) · α
−1(b))(1))(ω(β(h(2)(1)(1)), 1(1)(1)))]}, β(t(1)))

p(α−1(a(2)(h(1) · α
−1(b))(2))(ω(β(h(2)(1)(2)), 1(1)(2))), c(1))

τ((β(h(2)(2)(1))1(2)(1)), β−1(t(2)))

p((β2(h(2)(2)(2)(1))β(1(2)(2)(1)) · 1A), α(c(2)(1)))ν(β2(h(2)(2)(2)(2))β(1(2)(2)(2)), c(2)(2))

(43) =µ({α(a(1))[((h(1) · α
−1(b))(1))(ω(β(h(2)(1)(1)), 1(1)(1)))]}, β(t(1)))

p(α−1(a(2)(h(1) · α
−1(b))(2))(ω(β(h(2)(1)(2)), 1(1)(2))), c(1))

τ((β(h(2)(2)(1))1(2)(1)), β−1(t(2)))ν(β2(h(2)(2)(2))β(1(2)(2)), c(2))

(17) =µ({α(a(1))[((h(1) · α
−1(b))(1))

× ((β(h(2)(1)(1)(1)) · 1A)ω(β(h(2)(1)(1)(2)), β−1(1(1)(1))))]}, β(t(1)))

p(α−1(a(2)(h(1) · α
−1(b))(2))

× ((β(h(2)(1)(2)(1)) · 1A)ω(β(h(2)(1)(2)(2)), β−1(1(1)(2)))), c(1))

τ((β(h(2)(2)(1))1(2)(1)), β−1(t(2)))ν(β2(h(2)(2)(2))β(1(2)(2)), c(2))
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(1) =µ({α(a(1))[(((β−1(h(1)) · α−2(b))(1))(β(h(2)(1)(1)(1)) · 1A))

× ω(β2(h(2)(1)(1)(2)), 1(1)(1))]}, β(t(1)))

p(α−1(a(2)((β−1(h(1)) · α−2(b))(2)(β(h(2)(1)(2)(1)) · 1A)))

× ω(β2(h(2)(1)(2)(2)), 1(1)(2)), c(1))

τ((β(h(2)(2)(1))1(2)(1)), β−1(t(2)))ν(β2(h(2)(2)(2))β(1(2)(2)), c(2))

(5) =µ({α(a(1))[(((β−1(h(1)) · α−2(b))(1))(h(2)(1)(1) · 1A))

× ω(β3(h(2)(1)(2)(1)(1)), 1(1)(1))]}, β(t(1)))

p(α−1(a(2)((β−1(h(1)) · α−2(b))(2)(β2(h(2)(1)(2)(1)(2)) · 1A)))

× ω(β2(h(2)(1)(2)(2)), 1(1)(2)), c(1))

τ((β(h(2)(2)(1))1(2)(1)), β−1(t(2)))ν(β2(h(2)(2)(2))β(1(2)(2)), c(2))

(32) =µ({α(a(1))[(((β−1(h(1)) · α−2(b))(1))(h(2)(1)(1) · 1A))

× ω(β4(h(2)(1)(2)(1)(2)(1)), 1(1)(1))]}, β(t(1)))

p(α−1(a(2)((α−1((β−1(h(1)) · α−2(b))(2))(β(h(2)(1)(2)(1)(1)) · 1A))

× (β3(h(2)(1)(2)(1)(2)(2)) · 1A)))ω(β2(h(2)(1)(2)(2)), 1(1)(2)), c(1))

τ((β(h(2)(2)(1))1(2)(1)), β−1(t(2)))ν(β2(h(2)(2)(2))β(1(2)(2)), c(2))

(5) =µ({α(a(1))[(((β2(h(1)(1)(1)(1)) · α−2(b))(1))(β2(h(1)(1)(1)(2)(1)) · 1A))

× ω(β2(h(1)(1)(2)(1)), 1(1)(1))]}, β(t(1)))

p(α−1(a(2)(α−1(((β2(h(1)(1)(1)(1)) · α−2(b))(2))(β2(h(1)(1)(1)(2)(2)) · 1A))

× (β(h(1)(1)(2)(2)) · 1A)))ω(h(1)(2), 1(1)(2)), c(1))

τ((h(2)(1)1(2)(1)), β−1(t(2)))ν(β(h(2)(2))β(1(2)(2)), c(2))

(34) =µ({α(a(1))[(β2(h(1)(1)(1)(1)) · α−1(b(1)))ω(β2(h(1)(1)(2)(1)), 1(1)(1))]}, β(t(1)))

p(α−1(a(2)(α−1(β2(h(1)(1)(1)(2)) · α−1(b(2)))(β(h(1)(1)(2)(2)) · 1A)))

ω(h(1)(2), 1(1)(2)), c(1))τ((h(2)(1)1(2)(1)), β−1(t(2)))ν(β(h(2)(2))β(1(2)(2)), c(2))

(1) =µ({α(a(1))[(β2(h(1)(1)(1)(1)) · α−1(b(1)))ω(β2(h(1)(1)(2)(1)), 1(1)(1))]}, β(t(1)))

p(a(2)((β(h(1)(1)(1)(2)) · α−2(b(2)))

× ((h(1)(1)(2)(2) · 1A)ω(β−2(h(1)(2)), β−2(1(1)(2))))), c(1))

τ((h(2)(1)1(2)(1)), β−1(t(2)))ν(β(h(2)(2))β(1(2)(2)), c(2))

(5) =µ({α(a(1))[(β(h(1)(1)(1)) · α−1(b(1)))ω(β(h(1)(2)(1)), 1(1)(1))]}, β(t(1)))

p(a(2)((h(1)(1)(2) · α
−2(b(2)))((h(1)(2)(2)(1) · 1A)ω(h(1)(2)(2)(2), β

−2(1(1)(2))))), c(1))

τ((h(2)(1)1(2)(1)), β−1(t(2)))ν(β(h(2)(2))β(1(2)(2)), c(2))

(17) =µ({α(a(1))[(β(h(1)(1)(1)) · α−1(b(1)))ω(β(h(1)(2)(1)), 1(1)(1))]}, β(t(1)))

p(a(2)((h(1)(1)(2) · α
−2(b(2)))ω(h(1)(2)(2), β

−1(1(1)(2)))), c(1))

τ((h(2)(1)1(2)(1)), β−1(t(2)))ν(β(h(2)(2))β(1(2)(2)), c(2))

(C1,B1) =µ(α(a(1)), β(t(1)(1)))µ(β(h(1)(1)(1)) · α−1(b(1)), β(t(1)(2)(1)))

µ(ω(β(h(1)(2)(1)), 1(1)(1)), β(t(1)(2)(2)))p(a(2), c(1)(1))p(h(1)(1)(2) · α
−2(b(2)), c(1)(2)(1))

p(ω(h(1)(2)(2), β
−1(1(1)(2))), c(1)(2)(2))p(β(h(2)(2)(1))β(1(2)(2)(1)) · 1A, α(c(2)(1)))

ν(β(h(2)(2)(2))β(1(2)(2)(2)), c(2)(2))τ((h(2)(1)1(2)(1)), β−1(t(2)))
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(5) =µ(α(a(1)), β(t(1)(1)))µ(β(h(1)(1)(1)) · α−1(b(1)), β(t(1)(2)(1)))

µ(ω(β(h(1)(2)(1)), 1(1)(1)), β(t(1)(2)(2)))p(a(2), c(1)(1))p(h(1)(1)(2) · α
−2(b(2)), α−1(c(1)(2)))

p(ω(h(1)(2)(2), β
−1(1(1)(2))), c(2)(1)(1))p(β(h(2)(2)(1))β(1(2)(2)(1)) · 1A, α

2(c(2)(1)(2)))

ν(β(h(2)(2)(2))β(1(2)(2)(2)), c(2)(2))τ((h(2)(1)1(2)(1)), β−1(t(2)))

(B1) =µ(α(a(1)), β(t(1)(1)))µ(β(h(1)(1)(1)) · α−1(b(1)), β(t(1)(2)(1)))

µ(ω(β(h(1)(2)(1)), 1(1)(1)), β(t(1)(2)(2)))p(a(2), c(1)(1))p(h(1)(1)(2) · α
−2(b(2)), α−1(c(1)(2)))

p(ω(h(1)(2)(2), β
−1(1(1)(2)))(β−1(h(2)(2)(1))β−1(1(2)(2)(1)) · 1A)], c(2)(1))

ν(β(h(2)(2)(2))β(1(2)(2)(2)), c(2)(2))τ((h(2)(1)1(2)(1)), β−1(t(2)))

(5) =µ(α(a(1)), β(t(1)(1)))µ(h(1)(1) · α
−1(b(1)), β(t(1)(2)(1)))

µ(ω(β(h(2)(1)(1)), β−1(1(1))), β(t(1)(2)(2)))p(a(2), c(1)(1))p(β−1(h(1)(2)) · α−2(b(2)), β−1(c(1)(2)))
p(ω(β(h(2)(2)(1)), β(1(2)(2)(1))), c(2)(1))

ν(β(h(2)(2)(2))β(1(2)(2)(2)), c(2)(2))τ((β(h(2)(1)(2))1(2)(1)), β−1(t(2)))

(D2) =µ(α(a(1)), β(t(1)(1)))µ(h(1)(1) · α
−1(b(1)), β(t(1)(2)(1)))

µ(ω(β(h(2)(1)(1)), β−1(1(1))), β(t(1)(2)(2)))p(a(2), c(1)(1))p(β−1(h(1)(2)) · α−2(b(2)), β−1(c(1)(2)))

ν(β(h(2)(2)), c(2)(1))ν(β(1(2)(2)), c(2)(2))τ((β(h(2)(1)(2))1(2)(1)), β−1(t(2)))

(5) =µ(α(a(1)), t(1))µ(h(1)(1) · α
−1(b(1)), t(2)(1))µ(ω(β(h(2)(1)(1)), 1(1)(1)), β(t(2)(2)(1)))

p(a(2), c(1)(1))p(β−1(h(1)(2)) · α−2(b(2)), β−1(c(1)(2)))
ν(β(h(2)(2)), c(2)(1))ν(1(2), c(2)(2))τ((β(h(2)(1)(2))1(1)(2)), β(t(2)(2)(2)))

(E1) =µ(α(a(1)), t(1))µ(h(1)(1) · α
−1(b(1)), t(2)(1))τ(β(h(2)(1)), β(t(2)(2)(1)))

p(a(2), c(1)(1))p(β−1(h(1)(2)) · α−2(b(2)), β−1(c(1)(2)))
ν(β(h(2)(2)), c(2)(1))ν(1(2), c(2)(2))τ(1(1), β(t(2)(2)(2)))

(43) =µ(α(a(1)), t(1))µ(h(1)(1) · α
−1(b(1)), t(2)(1))τ(β(h(2)(1)), β(t(2)(2)(1)))

p(a(2), c(1)(1))p(β−1(h(1)(2)) · α−2(b(2)), α−1(c(1)(2)))
p(β(h(2)(2)(1)) · 1A, α(c(2)(1)(1)))ν(β(h(2)(2)(2)), c(2)(1)(2))ν(1(2), c(2)(2))τ(1(1), β(t(2)(2)(2)))

(5) =µ(α(a(1)), t(1))µ(β−1(h(1)) · α−1(b(1)), t(2)(1))τ(β2(h(2)(1)(1)), β(t(2)(2)(1)))

p(a(2), β
−1(c(1)))p((β(h(2)(1)(2)) · α−1(b(2))), α(c(2)(1)(1)))

ν(h(2)(2)), c(2)(1)(2))ν(1(2), c(2)(2))τ(1(1), β(t(2)(2)(2)))

=µ(α(a(1)), t(1))µ(β−1(h(1)) · α−1(b(1)), t(2)(1))τ(β(h(2)(1)), β(t(2)(2)(1)))

p(a(2), β
−1(c(1)))p((h(2)(2)(1) · α

−2(b(2))), c(2)(1)(1))
ν(β(h(2)(2)(2)), c(2)(1)(2))ν(1(2), c(2)(2))τ(1(1), β(t(2)(2)(2)))

=µ(α(a(1)), t(1))µ(β−1(h(1)) · α−1(b(1)), t(2)(1))τ(β(h(2)(1)), β(t(2)(2)(1)))

p(a(2), β
−1(c(1)))p(α−1(b(2)), c(2)(1)(2))ν(h(2)(2), c(2)(1)(1))ν(1(2), c(2)(2))τ(1(1), β(t(2)(2)(2)))

=µ(α(a(1)), t(1))µ(b(1), β(t(2)(1)(2)))τ(h(1), β(t(2)(1)(1)))

p(a(2), β
−1(c(1)))p(α−1(b(2)), c(2)(1)(2))ν(β−1(h(2)), c(2)(1)(1))ν(1(2), c(2)(2))τ(1(1), t(2)(2))

=σ(a♯h, c(1)♯t(1))σ(b♯1, c(2)♯t(2))

The proof is completed.

If ω is trivial, partial Hom-crossed products reduced to partial Hom-smash products. By Proposition
5.9, we can get the coquasitriangular structures on partial Hom-smash products.
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