Filomat 36:9 (2022), 2903-2909
https://doi.org/10.2298/FIL2209903]

2K

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia

Available at: http://www.pmf.ni.ac.rs/filomat

D
b
gy gy

&
Ipapor®

Essential Norms of the Extended Cesaro Operators on Bergman Spaces
with Exponential Weight in the Unit Ball

Zhi-jie Jiang?, Zuo-an Li*, Xiao-feng Wang®

?School of Mathematics and Statistics, Sichuan University of Science and Engineering, Zigong, Sichuan, 643000, P. R. China
b Mathematics and Information Sciences, Guangzhou University, Guangzhou, Guangdong, 510006, P. R. China

Abstract. Let B, = {z € C" : |z| < 1} be the unit ball of the complex n-plane C", g a holomorphic function in
B, and Ai/ﬁ (B,,) the space of holomorphic functions that are L? with respect to a rapidly decreasing weight

of form w, 4(z) = (1 - |z[)*¢” F on B,, where @ € R and > 0. In this paper, we compute the essential norm
of the extended Cesaro operator T, on Ai,ﬁ (B,). As a direct application, we obtain the essential norm for
the one-variable case.

1. Introduction

Let C" be the complex n-plane. If z = (z1, .

o Zn), w = (wy,...,w,) € C", we write
n

Zwy=) ziw;, ld= (22"

j=1

Let B, = {z € C" : |z| < 1} be the unit ball and dv(z) denote the ordinary volume measure. The Bergman
space with exponential weight, denoted by A2 P (IB,), consists of all holomorphic functions on BB, such that

I = | @PapEHoD < +e,

where the rapidly decreasing weight w,g(z) = (1 - Izl)“e_lfi\zl, a € Rand g > 0. Under the inner product
— _b

frp= f f@)9(@) 1 - lz))*e” TR do(z),

]Bn

kernel Kap(z, w). We know that K, 4(z, w) is given by
2w
Ka,ﬁ(zl w) = Z

> 27

A2 (By)is a Hilbert space. Since each point evaluation is bounded on Ai, 8 (IB,,), there exists the reproducing
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Unfortunately, the explicit form of K, g(z, w) is unknown. One can see [15] for the one-variable theory of
Bergman spaces with rapidly decreasing weights; see [3] for the several-variable theory.

Let H (B,,) be the space of all holomorphic functions on B,,. For every f € H (BB,), the radial derivative
Rf of fis defined by

n9
Rf(z) = sz&—i(z).

=1

For a fixed g € H (B,), the extended Cesaro operator T, on some subspaces of H (B,) is defined by

1
Tg(f)(z):j(; f(tz)%g(tz)#, z € B,.

This operator was first introduced by Hu in [8], and he explained the reasons why it was defined by such
manner. The boundedness and compactness of T, have been characterized for a large class of weights which
satisfy certain conditions in terms of the symbol function g. We refer the readers to [1, 14, 15]. Recently, in
[3] Cho and Park have obtained the following result.
Theorem 1.1. Let g € H (B,). Then

(1) T, is bounded on Ai/ﬁ (B,) if and only if

sup(1 - [z]*|Rg(z)| < +oo.

z€B,,

(2) T, is compact on Ai/ﬁ (B,,) if and only if
lim (1 - |z)*|Rg(z)| = 0.

Above mentioned result can be regarded as a prototype of the extended Cesaro operators on Bergman
spaces with exponential weights in the several-variable theory. Here, we can also rethink Theorem 1.1 by
the following way. For this, we need to introduce the weighted Bloch spaces.

Let a > 0. The weighted Bloch space 8% consists of all f € H (B,,) such that

b(f) = sup(1 — [z1)%R f(2)| < +oo.

zeB,

It is a Banach space with the norm |[|f|lg- = |f(0)| + b(f). As an important subspace of 8%, the little weighted
Bloch space B consists of all f € H (B,,) such that

lim (1 - [2F)"|R f(2)] = 0.

The space Bj is separable, since B is the closure of the polynomials in 8%. One can see, for example, [21]
for some information on the weighted Bloch spaces.

By the definitions of 8 and 83, Theorem 1.1 can be expressed into the following version.
Theorem 1.1". Let g € H(IB,). Then

(1) T, is bounded on Ai/ﬁ (B,) if and only if g € B>

(2) T, is compact on Ai,ﬁ (By) if and only if g € B,

Motivated by such interesting observation and Theorem 1.1, here we compute the essential norm for
this kind of operators. This paper can be regarded as a continuation of the investigations for the extended
Cesaro operators on Bergman spaces with exponential weights in the unit ball.

Let X, Y be Banach spaces and T : X — Y a bounded linear operator. Recall that the essential norm of
the bounded linear operator T : X — Y, denoted by ||T]|,, is defined as follows

Tl = inf{IIT — K]| : K is compact from X to Y},
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where || - || denotes the usual operator norm. From this definition and since the set of all compact operators
is a closed subset of the space of bounded linear operators, it follows that the operator T : X — Y is compact
if and only if ||T||, = 0. For some results in this topic, see, for example, [2, 4, 6, 7, 10-13, 16-20, 22].

In this paper, the letter C denotes a positive constant which may differ from one occurrence to the other.
The notation a < b means that there exists a positive constant C such thata < Cb. Ifa S band b < g, then we
write a < b.

2. Prerequisites

Although the explicit form of K, 4(z, w) is unknown, we have the following result (see [3]).

Lemma 2.1. Let « € Rand p > 0. Then for all z € B,,, it follows that

2n-a-1 _2
) e-k?,

Kap(z,2) = (1 - |2
Lety = (y1,Y2,...,Yn) be an n-tuple of nonnegative integers, then we write
n
|)/| = Z-y] and 0 = g)l’l ...&Zn,
=1

where d; denotes the partial differentiation with respect to the j-th component.

An advantage of the radial derivative is that it can be employed iteratively, that is, if R*"! f is defined
for some k € N \ {1}, then R*f is naturally defined by

REf = R(RFLS).

We need the following estimate for the norms of the functions in A% P (B,). See [3] for a complete proof.
Lemma 2.2. Let k € IN. Then forall f € Aiﬁ (B,,), it follows that

k-1

IR, = Y X 107 FOR + IR FIZ, 4

m=0 |y|=m

In particular, we have

Corollary 2.1. For all f € A% ; (By), it follows that

I = LFOR + IR AR,

Lemma 2.3. Let g € H (B,,). Then for all f € H(IB,) and z € B, it follows that
R(T,)) = fDRg().

Proof. From an elementary computation, the result follows. [J

Lemma 2.4. Let k € N and g € H (B,,). Then for all z € B, it follows that

k—

RYT, /@) = ) CL R f@)Rg(2).

j=0

[y

Proof. Since RK(T,f) = RF1(RT,f), the result follows from Lemma 2.3 and the Leibnitz formula. [
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The following result will be used in the proof of main results.

Lemma 2.5. Let k € N, g € H(B,) and T, be bounded on Ai,ﬁ (By,). Then there exists a positive constant C
independent of f € Ai,ﬁ (B,) and a € B, such that

k-1
|} CL R F@RTg(@)] < T, fllollKecsak @, s (1)
j=0

Proof. Since T, is bounded on Ai,ﬁ (B,), by Lemma 2.2 we have that RX(T, f) € A2 sxp (Bn) for f € Ai,ﬁ (B,).

Then, from Lemma 2.4, it follows that

=
Juy

]
Gt

R f()R g(z) € Ai+4k,ﬁ (By).

Il
o

j
On the other hand, by the reproducing kernel, we have

=
—

k-1
C,, Rif(@Rg(a) = f}B Y Gl R f@R T g@)Ka 4k (1, D saip(2)d0 @), 2)

n ]':O

I
(=}

j

From (2), Holder inequality and Lemma 2.2, it follows that

k-1 k-1
1) ¢l Rif@Rg(a)| < fIB Y €L R @R g(2)K gt 50, 2) sk (2)A0()
j=0 " j=0

[SIE

S |
S( L |ZC,](_1‘R’f (Z)‘Rk‘fg(z)|2wa+4k,/;(z)dv(z))

n f=0
X( L |Ka+4k,ﬁ(a/Z)|2O)a+4k,ﬁ(2)d7](z))%

= “%kTyf ||a+4k,ﬁHK“+4k/ﬁ(a’ ) |a+4k,/3
< O Tofll plKasaip @ i

This finishes the proof of the lemma. [

The following is the special case of Lemma 2.5.

Corollary 2.2. Let g € H (By,) and T, be bounded on A2 P (IB,)). Then there exists a positive constant C independent
of f e Ai,ﬁ (B,) and a € B, such that

[f@Rg@] < Ty f]], l|Karsgta)

)a+4,ﬁ'

The next result provides a useful function called usually the test function.

Lemma 2.6. Let w € B,,. Then the function k,, belongs to Ai,ﬂ (B,), and SUP e, ||kw||a,ﬂ =< 1, where

_ 2nta+l

__B_
ko(@) = (1-wP) * ¢ TeFe T, zeB,.

Proof. One can refer to Lemma 3.4in [3]. O
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3. Essential norm of T, on Ai p @B,)

For the essential norm of T; on A‘ZX P (B,), we have the following result.

Theorem 3.1. Let g € H (B,,) and the operator T, be bounded on A2 5 (B,). Then

“Tg”e <A =lim Sup(l - |Z|)2|%g(z)|

lzl>1
Proof. Let () be a compact subset of B,,. Then for z € ), the function k,(z) satisfies

2nt+a+l

_B_ 2
k(@] s (1~ o) ™% ¢ F et — 0 3)

as |[w| — 1. From Lemma 2.6 and (3), it follows that k;, is uniformly bounded, and k;, — 0 uniformly on
every compact subset of B, as |w| — 1. If K is compact on Ai,ﬁ (B,,), then

IT, — K| > lim sup || T ke — Kklla,p

|lw|—1

> lim sup || Tykylla,p — lim sup |[Kky|la,g

[w|—1 |w|—1

= lim sup [| T ykullap- (4)

[w]—1

By a direct computation, we have

_ 2n+a+l

Ko@) = (1-wf) © e ©)

Since Ky14,5(w, -) is the reproducing kernel of Ai ap (B,,), we have

[Kara@, My = (Kavap(a, ), Karapl@, ) = Kasap(e, w)
—2n-a-5 _28_
< (1 - lez) et
Then, from (5) it follows that
K, ]y = (1= B) T e = (1= o) k(o) ©

So, by Corollary 2.2 and (6) we have

P -2
koo (@) R ()| < CIT gl pl1Kasa,p (@, Narap < 1Tgkellags (1= [0l) k().

Hence, we have
2
(1= 1wl 1R g@)| < ITgkollop- 7)

Since 1 — [w]* < 1 — [w], by (4) and (7) we obtain

ITy; — K|l = lim sup(1 — |w|)2|?’\g(w)|. (8)
lw|—1
This shows that
IT,lle 2 lim sup(l — [w])*|Rg(w)| = A. ©9)

|lw|—1
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For a holomorphic function f = ), a,,z" on By, let

i o0
Tif(z) = Z anz", Rif(z) = Z anz™.
|m|=0 |m|=j+1

Then, the operator T is compact on Ai,ﬁ (B,), and
ITylle = ITy(Tj + Rlle < IT4Tjlle + ITyRlle = ITyR;lle < ITyR;lI. (10)
Thus, (10) shows that [|Ty||. < liminf; ., ||T;R;|l. Hence, by Corollary 2.1 we have

inf sup [IT,R; f||iﬁ

IT,l? < liminf||T,R;|* = lim
j=ee 179 | fllapst

=liminf sup f}B |‘R(Tijf)(z))zwa+4,ﬁ(z)dv(z)

J7% i fllap<1

= liminf sup f]B IR f(z)%g(z)F War,5(2)d0(2)

172 | fllag<1

< A% liminf sup f (R]- f(z)|2 Wa,p(2)d0(2)

I7% i fllepsa

< A?liminf sup |IfI}
2% fllapst

= A2
which shows that ||T,ll, < A. From this and (9), the desired result follows. [
Remark 3.1. It is easy to see that result (2) in Theorem 1.1" can be regarded as a corollary of Theorem 3.1.
As an application, we have the following result.
Corollary 3.1. Let g € H(ID) and the operator T, be bounded on Ai ﬂ(ID). Then
ITylle < B = lim sup(1 ~ [21)?|¢’ (2)!.

|z|—>1
Proof. Let 6 € (0,1). If g € H(D), then Ry(z) = zg'(z). By this, we have

sup(1 - [zI)l¢’ (2)| = sup(1 - |z])’|zg’ (2)!.

2126 2120
From this, the desired result follows. [
Corollary 3.2. Let g € H(ID) and the operator T, be bounded on Ai/ﬁ(]D). Then T, is compact on Ai,ﬂ(D) if and
only if

Ii}l_hﬂﬂ ~ [21)*lg’ (2)] = 0.

References

[1] K. Attele, Toeplitz and Hankel operators on Bergman spaces. Hokkaido Math. J., 21(1992), 279-293.

[2] C. Chen, and Z. Zhou, Essential norms of generalized composition operators between Bloch-type spaces in the unit ball. Complex Var.
Elliptic Equ., 60(2015), no. 5, 696-706.

[3] H.R.Cho, and L. Park, Cesaro operators in the Bergman spaces with Exponetial weight on the unit ball. Bull. Korean Math. Soc., 54(2017),
no. 2, 705-714.



[4]

[5]
(6]

[7]

(8]
9]

[10]
[11]

[12]
[13]

[14]
[15]

[16]

[17]
[18]

[19]
[20]

[21]
[22]

Z.]. Jiang et al. / Filomat 36:9 (2022), 2903-2909 2909

E. Colonna, and M. Tjani, Operators norms and essential norms of weighted composition operators between Banach spaces of analytic
functions. J. Math. Anal. Appl., 434(2016), no. 1, 93-124.

C. C. Cowen, and B. D. MacCluer, Composition operators on spaces of analytic functions. Boca Roton: CRC Press, (1995).

K. Esmaeili, and M. Lindstrom, Weighted composition operators between Zygmund type spaces and their essential norms. Integral Equ.
Oper. Theory., 75(2013), 473-490.

P. Galindo, J. Laitila, and M. Lindstrom, Essential norm estimates for composition operators on BMOA. J. Funct. Anal., 265(2013), no.
4, 629-643.

Z. Hu, Extended Cesaro operators on mixed norm spaces. Proc. Amer. Math. Soc., 131(2003), no. 7, 2171-2179.

O. Hyviinen, and M. Lindstrom, Estimates of essential norms of weighted composition operators between Bloch-type spaces. ]. Math.
Anal. Appl., 393(2012), no. 1, 38-44.

Z.].Jiang, and S. Stevi¢, Compact differences of weighted composition operators from weighted Bergman spaces to weighted-type spaces.
Appl. Math. Comput., 217(2010), no. 1, 3522-3530.

E. G. Kwon, and J. Lee, Essential norm of the composition operators between Bergman spaces of logarithmic weights. Bull. Korean Math.
Soc., 54(2017), no. 1, 187-198.

M. Lindstrom, and E. Wolf, Essential norm of the differences of weighted composition operators. Monatsh. Math., 153(2008), 133-143.
J. Manhas, and R. Zhao, New estimates of essential norms of weighted composition operators between Bloch type spaces. . Math. Anal.
Appl,, 389(2012), no. 1, 32-47.

S.Li, and S. Stevi¢, Cesaro type operators on some spaces of analytic functions on the unit ball. Appl. Math. Comput., 208(2009), 378-388.
J.Pau, and J. A. Peldez, Embedding theorems and integration operators on Bergman spaces with rapidly weights. J. Funct. Anal., 259(2010),
no. 10, 2727-2755.

S. Stevi¢, Norm and essential norm of composition followed by differentiation from a-Bloch spaces to Hy. Appl. Math. Comput., 207(2009),
225-229.

S. Stevié, Essential norm of an operator from the weighted Hilbert-Bergman space to the Bloch-type space. Ars Combin., 91(2009), 123-127.
S. Stevi¢, A. K. Sharma, and A. Bhat, Essential norm of multiplication composition and differentiation operators on weighted Bergman
spaces. Appl. Math. Comput., 218(2011), 2386-2397.

X. Tang, Essential norms of weighted composition operators from Bloch-type space to H* on the unit ball. Complex Anal. Oper. Theory.,
9(2015), no. 1, 229-244.

Y. Yu, and Y. Liu, The essential norms of a generalized composition operators between Bloch type spaces and Qx type spaces. Complex
Anal. Oper. Theory., 6(2012), no. 6, 419-428.

K. Zhu, Spaces of holomorphic functions in the unit ball. Springer, New York, (2005).

X. Zhu, Essential norm of generalized weighted composition operators on Bloch-type spaces. Appl. Math. Comput., 274(2016), 133-142.



