
Filomat 36:7 (2022), 2411–2426
https://doi.org/10.2298/FIL2207411B

Published by Faculty of Sciences and Mathematics,
University of Niš, Serbia
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Abstract. In this work, we find the asymptotic formulas for the sum of the negative eigenvalues
smaller than −ε (ε > 0) of a self-adjoint operator L defined by the following differential expression
ℓ(y) = −(p(x)y′ (x))′ −Q(x)y(x) with the boundary condition y(0) = 0 in the space L2(0,∞; H).

1. Introduction and History

One of the main problems of spectral theory of the differential equations is to investigate asymptotic
behaviour of eigenvalues and is studied by many mathematicians. There exists important applications in
mathematics and mathematical physics.In particular, unbounded self-adjoint operators are of paramount
importance for quantum mechanics. Accordingly, this research area has been receiving growing attention
since 1960s.
Skachek [1] in 1963 obtained eigenvalue asymptotics for scalar differential operator. Kostyuchenko and
Levitan [2] examined the spectrum of Sturm-Liouville Operator. Afterthat, Gorbacuk, M.L [3], Gorbacuk, V.
and Gorbacuk, M.L [4-5], Otelbayev, M. [6], Solomyak, M.Z [7] investigated the spectrum of the differential
operator with operator coefficient. Maksudov, F.G et all [8] studied asymptotics of the spectrum of high
order differential operator. Adiguzelov, E. et all [9] obtained asymptotic formulas for eigenvalues of Sturm-
Liouville Operator with singularity. Furthermore, Hashimoglu [10], Baksi and Ismayılov [11], Sezer[12]
derived eigenvalue asymptotics for various differential operators. Only a few works in literature concentrate
on differential operators with operator coefficient. The aim of our work is to establish asymptotic formulas
for negative eigenvalues of Sturm-Liouville problem (1). This paper divided into three parts. The first
part outlines some historical background, related researches in the theory and describes the problem. The
second part presents formulation of regularized trace and gives main results. The last part contains the
proof of theorems.
Return to our problem:
Let H be an infinite dimensional separable Hilbert space. Let us consider the operator L in the Hilbert space
L2(0,∞; H) defined by the differantial expression

ℓ(y) = −(p(x)y
′

(x))
′

−Q(x)y(x) (1)
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and with the boundary condition y(0) = 0.
Assume that the scalar function p(x) and the operator function Q(x) satisfy the following conditions:
p1) For every x ∈ [0,∞), there are positive constants c1,c2 such that c1 ≤ p(x) ≤ c2,
p2) The function p(x) has continuous and bounded derivative,
p3) The function p(x) is not decreasing in the interval [0,∞),
Q1) For every x ∈ [0,∞) the operator Q(x) : H→ H is self-adjoint, compact and positive,
Q2) The operator Q(x) is monotone decreasing,
Q3) Q(x) is a continuous operator function with respect to the norm in B(H) and limx→∞ ||Q(x)|| = 0.
D(L) denotes the set of all functions y(x) ∈ L2(0,∞; H) satisfying the following conditions:
y1) y(x) and y′ (x) are absolute continuous with respect to the norm in the space H in every infinite interval
[0, a],
y2) ℓ(y) = −(p(x)y′ (x))

′

−Q(x)y(x) ∈ L2(0,∞; H),
y3) y(0) = 0 and, (Ly)(x) = −(p(x)y′ (x))

′

−Q(x)y(x).
It is proved that the operator D(L)→ L2(0,∞; H) is self-adjoint, semi bounded-below and the negative part
of the spectrum of the operator L is discreate [13]. Let −λ1 ≤ −λ2 ≤ ... ≤ −λn ≤ ... be negative eigenvalues
of the operator L. In this work, we find asymptotic formulas for the sum∑

−λi<−ε

λi (ε > 0),

as ε→ +0.

2. Main Results

The main purpose of this section is to obtain some formulas for the negative eigenvalues of the operator
L. Let α1(x) ≥ α2(x) ≥ . . . ≥ α j(x) ≥ . . . be the eigenvalues of the operator Q(x) : H → H. Since the operator
function Q(x) is monotone decreasing, the functions α1(x), α2(x), . . . , α j(x), . . . are also monotone decreasing
[14]. Moreover, since

α1(x) = sup
|| f ||=1

(Q(x) f , f ),

[15] and
||Q(x)|| = sup

|| f ||=1
|(Q(x) f , f )| = sup

|| f ||=1
(Q(x) f , f ),

[16], α1(x) = ||Q(x)||. Let

ψ j(ε) = sup{x ∈ [0,∞) : α j(x) ≥ ε} ( j = 1, 2, . . .) (2)

and ψ1 denotes the inverse function of α1. On the other hand, since
limx→∞ α1(x) = 0, the function α1 has a continuous inverse function defined in the interval (0, α1(0)]. We
consider the following operators:
1) L0 and L′ be operators in the space L2(0, ψ1(ε); H), which are formed by expression (1) and with the
boundary conditions y(0) = y(ψ1(ε)) = 0, y′ (0) = y′ (ψ1(ε)) = 0, respectively. Here, ε ∈ (0, α1(0)].
2)Li and L′i be operators in the space L2(xi−1, xi; H) which are formed by expression (1) and with the boundary
conditions y(xi−1) = y(xi) = 0, y′ (xi−1) = y′ (xi) = 0, respectively.
3)Li(1) be operator in the space L2(xi−1, xi; H) which is formed by the differential expression −p(xi)y′′ (x) −
Q(xi)y(x) and with the boundary conditions y(xi−1) = y(xi) = 0.
4) L′i(1) be operator in the space L2(xi−1, xi; H) which is formed by the differential expression −p(xi−1)y′′ (x) −
Q(xi−1)y(x) and with the boundary conditions y′ (xi−1) = y′ (xi) = 0.
Divide the interval [0, ψ1(ε)] by the intervals at the length

δ =
ψ1(ε)

[ψk
1] + 1

(3)
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Here, k ∈ (0, 1) is constant number and ε is any positive number satisfying the inequalityψk
1(ε) ≥ 2. [.] shows

the greatest integer function whose value at any number x is the greatest integer less than or equal to x. Let
the partition points of the interval [0, ψ1(ε)] be 0 = x0 < x1 < . . . < xM = ψ1(ε). Let N(λ),N0(λ),N′

(λ),ni(ε)
and ni(1)(λ) be numbers of eigenvalues smaller than −λ (λ > 0) of the operators L,L0,L′ ,Li, and Li(1),
respectively. Let us write ni,ni(1) instead of ni(ε),ni(1)(ε), respectively. If Q(x) and p(x) satisfy the conditions
Q1) −Q3) and p1) − p3) respectively,then the inequalities

N0(ε) ≤ N(ε) ≤ N
′

(ε) (4)

are satisfied, [13]. We can similarly show that the inequality (5)

N0(λ) ≤ N(λ) ≤ N
′

(λ) (∀λ ∈ [ε,∞)) (5)

is satisfied.
Let −µi(1)1 ≤ −µi(1)2 ≤ −µi(1)3 ≤ . . . be eigenvalues of the operator Li(1) and

a j(x, t) = α j(x) − p(x)(
πt
δ

)2 ( j = 1, 2, . . .) (6)

b j(ε, x) =
δ
π

√
α j(x) − ε

p(x)
( j = 1, 2, . . .) (7)

β j(ε, x) =
∫ b j(ε,x)

0
a j(x, t)dt ( j = 1, 2, . . .) (8)

φi, j(ε) = min{xi+1, ψ j(ε)} (i = 1, 2, . . . ,M − 1) (9)

Lemma 1 If the operator function Q(x) and the scalar function p(x) satisfy the conditions Q1)-Q3) and p1)-p3), then
we have

ni(1)∑
m=1

µi(1)m >
1
δ

∑
j

α j(xi)>ε

∫ φi, j(ε)

xi

β j(ε, x)dx − 3
∑

j
α j(0)>ε

α j(0)

for small positive values of ε.

Theorem 2 If the operator function Q(x) and the scalar function p(x) satisfy the conditions Q1) − Q3), p1) − p3),
then we have

N(ε)∑
i=1

λi >
1
δ

lϵ∑
j=1

ψ j(ε)∫
0

β j(ε, x)dx − const.
lε∑

j=1

δ∫
0

α
3
2
j (x)dx − const.ψk

1(ε)
lε∑

j=1

α j(0)

for small positive values of ε. Here, lε =
∑

α j(0)≥ε
1.

Lemma 3 If the operator function Q(x) and the scalar function p(x) satisfy the conditions Q1)−Q3), p1)− p3), then
the inequality

n′i(1)∑
m=1

µ
′

i(1)m ≤
1
δ

∑
j

α j(xi−1)>ε

xi−1∫
xi−2

β j(ε, x)dx +
lε∑

j=1

α j(0) (i = 2, 3, . . .)

is satisfied for the small positive values of ε.
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Theorem 4 If the operator functions Q(x) and the scalar function p(x) satisfy the condition Q1)−Q3), and p1)−p3),
then we have

N(ε)∑
i=1

λi <

n′1∑
m=1

µ
′

m +
1
δ

lε∑
j=1

ψ j(ε)∫
0

β j(ε, x)dx +
ψ1(ε)
δ

lε∑
j=1

α j(0)

for the small positive values of ε.

Theorem 5 If the operator function Q(x) and the scalar function p(x) satisfy the conditions Q1)−Q3), and p1)−p3),
then we have

N(ε)∑
i=1

λi <
1
δ

lε∑
j=1

ψ j(ε)∫
0

β j(ε, x)dx + const.
lε∑

j=1

δ∫
0

α
3
2
j (x)dx + const.ψk

1(ε)
lε∑

j=1

α j(0)

for small positive values of ε.

Let us denote the function of the form ln0x = x, lnnx = ln(lnn−1x) by lnnx (n = 0, 1, 2, . . .) and we sup-
pose that the function α1(x) = ||Q(x)|| satisfies the following conditions:
α1) There are a number ξ > 0 and a natural number n ≥ 1 such that the function α1(x) − (lnnx)−ξ is neither
negative nor monotone increasing in the interval [b,∞) (b > 0).
α2) For every η > 0, lim

x→∞
α1(x)xk0−η = lim

x→∞
[α1(x)xk0+η]−1 = 0. Here, k0 is a constant in the interval (0, 2

3 ).
We are at the position to give to the main results.

Theorem 6 If the operator function Q(x), the scaler function p(x), and α(x) satisfy the conditions Q1)−Q3), p1)−p3)

and α1), respectively. In addition, the series
∞∑
j=1

[α j(0)]m is convergent for a constant m ∈ (0,∞), then the asymptotic

formula

∑
−λi<−ε

λi =
1

3π

[
1 +O(e−ε−β)

]∑
j

∫
α j(x)≥ε

√
α j(x) − ε

p(x)
(2α j(x) + ε)dx

is satisfied as ε→ +0. Here, β is a positive constant.

Theorem 7 If the operator function Q(x), the scalar function p(x) and α(x) satisfy the conditions Q1) − Q3),

p1) − p3) and α1) − α2) respectively. In addition, the series
∞∑
j=1

[α j(0)]m is convergent for a constant m satisfying the

condition

0 < m <
(2 − 3k0)2

2k0(4 − 3k0)
(10)

then the asymptotic formula

∑
−λi<−ε

λi =
1

3π
[1 +O(εt0 )]

∑
j

∫
α j(x)≥ε

√
α j(x) − ε

p(x)
(2α j(x) + ε)dx

is satisfied as ε→ 0, where t0 is a positive constant.



Ö. Bakşi / Filomat 36:7 (2022), 2411–2426 2415

3. Proofs

Proof. [Proof of Lemma 1] Let us consider the operator Li(1) which is formed by differential expression
−p(xi)y′′ (x) − Q(xi)y(x) with the boundary conditions y(xi−1) = y(xi) = 0. The eigenvalues of the operator

Li(1) are p(xi)
(

mπ
xi−xi−1

)2
− α j(xi) (m = 1, 2, . . . ; j = 1, 2, . . .), therefore ni(1) is the number of pairs (m, j) (m, j ≥ 1)

satisfying the inequality

p(xi)(
mπ
δ

)2
− α j(xi) < −ε (δ = xi − xi−1) (11)

By using (5),(6) and (11), we obtain

ni(1)∑
m=1

µi(1)m =
∑

j
α j(xi)>ε

∑
m

a j(xi,m)>ε

a j(xi,m)

≥

∑
j

α j(xi)>ε

[b j(ε,xi)]−1∑
m=1

a j(xi,m) (12)

For the sum
[b j(ε,xi)]−1∑

m=1
a j(xi,m) in (12)

[b j(ε,xi)]−1∑
m=1

a j(xi,m) ≥

b j(ε,xi)−2∫
1

a j(xi, t)dt =

b j(ε,xi)∫
0

a j(xi, t)dt −

1∫
0

a j(xi, t)dt

−

b j(ε,xi)∫
b j(ε,xi)−2

a j(xi, t)dt >

b j(ε,xi)∫
0

(
a j(xi, t)dt − 3α j(x j)

)
dt

= β j(ε, xi) − 3α j(xi) (13)

is obtained. If we consider that the functions β j(ε, x) ( j = 1, 2, . . .) are decreasing, from (9),(12) and (13)

ni(1)∑
m=1

µi(1)m >
1
δ

∑
j

α j(xi)>ε

xi+1∫
xi

β j(ε, xi)dx − 3
∑

j
α j(0)>ε

α j(0)

≥
1
δ

∑
j

α j(xi)>ε

φi, j(ε)∫
xi

β j(ε, xi)dx − 3
∑

j
α j(0)>ε

α j(0)

is obtained.

Proof. [Proof of Theorem 2] We can easily show that Li < Li(1). In this case, it is known that

ni(λ) ≥ ni(1)(λ) (14)

[17]. On the other hand, from variation principles of R. Courant [18], we have

N0(λ) ≥
M∑

i=1

ni(λ). (15)
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From (14) and (15)

N0(λ) ≥
M∑

i=1

ni(1)(λ) (λ ≥ ε) (16)

is obtained. From (5) and (16)

N(λ) ≥
M∑

i=1

ni(1)(λ) (∀λ ≥ ε) (17)

is found. By using (17), we can show that the inequality

N(ε)∑
i=1

λi ≥

M∑
i=1

ni(1)∑
m=1

µi(1)m (18)

is satisfied. By the Lemma 2 and (18)

N(ε)∑
i=1

λi ≥

M−1∑
i=1

{1
δ

∑
j

α j(x)>ε

φi, j(ε)∫
xi

β j(ε, x)dx − 3
lε∑

j=1

α j(0)
}

=
1
δ

∑
j

α j(xi)>ε

∑
i

φi, j(ε)∫
xi

β j(ε, x)dx − 3(M − 1)
lε∑

j=1

α j(0) (19)

is obtained. Since the functions α j(x) ( j = 1, 2, . . .) are decreasing, we have

∑
j

α j(xi)>ε

∑
i

φi, j(ε)∫
xi

β j(ε, x)dx =
∑

j
α j(x1)>ε

∑
i

α j(xi)>ε

φi, j(ε)∫
xi

β j(ε, x)dx. (20)

From (19) and (20)

N(ε)∑
i=1

λi ≥
1
δ

∑
j

α j(x1)>ε

∑
i

α j(xi)>ε

φi, j(ε)∫
xi

β j(ε, x)dx − 3M
lε∑

j=1

α j(0) (21)

is obtained. Putting (9) into the right-hand side of inequality (21)

N(ε)∑
i=1

λi ≥
1
δ

∑
α j(x1)>ε

[ x2∫
x1

β j(ε, x)dx +

x3∫
x2

β j(ε, x)dx + . . . +

ψ j(ε)∫
xi0

β j(ε, x)dx
]

−3M
lε∑

j=1

α j(0) (22)

is found. Here, i0 is a natural number satisfying the following condition:

xi0 < ψ j(ε) ≤ xi0+1.
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By using (9) and (22)

N(ε)∑
i=1

λi ≥
1
δ

∑
ψ j(ε)>x1

ψ j(ε)∫
x1

β j(ε, x)dx − 3M
lε∑

j=1

α j(0) =
1
δ

lε∑
j=1

ψ j(ε)∫
0

β j(ε, x)dx

−
1
δ

∑
ψ j(ε)<x1

ψ j(ε)∫
0

β j(ε, x)dx −
1
δ

∑
ψ j(ε)≥x1

x1∫
0

β j(ε, x)dx − 3M
lε∑

j=1

α j(0)

=
1
δ

lε∑
j=1

ψ j(ε)∫
0

β j(ε, x)dx −
1
δ

lε∑
j=1

φ0, j(ε)∫
0

β j(ε, x)dx − 3M
lε∑

j=1

α j(0) (23)

is obtained. From (6),(7), and (8)

1
δ
β j(ε, x) =

1
δ

b j(ε,x)∫
0

[α j(x) − p(x)(
πt
δ

)2]dt =
1
δ
α j(x)b j(ε, x) − π2 p(x)

3δ3 b3
j (ε, x)

=
1
δ

b j(ε, x)[α j(x) − π2 p(x)
3δ2 b2

j (ε, x)] =
1
π

√
α j(x) − ε

p(x)

[
α j(x) − π2 p(x)

3δ2 .

δ2(α j(x) − ε)
π2p(x)

]
=

1
π

√
α j(x) − ε

p(x)

[2
3
α j(x) +

ε
3

]
< const.α

3
2
j (x)dx (24)

is found. From (9) and (24),

1
δ

lε∑
j=1

φ0, j(ε)∫
0

β j(ε, x)dx < const.
lε∑

j=1

δ∫
0

α
3
2
j (x)dx (25)

is obtained. From (3),(23) and (25)

N(ε)∑
i=1

λi >
1
δ

lε∑
j=1

ψ j(ε)∫
0

β j(ε, x)dx − const.
lε∑

j=1

δ∫
0

α
3
2
j (x)dx − const.ψk

1(ε)
lε∑

j=1

α j(0)

Let −µ
′

i(1)1 ≤ −µ
′

i(1)2 ≤ −µ
′

i(1)3 ≤ . . . be eigenvalues of the operator L′i(1) and n′i(1)(λ) be number of the
eigenvalues smaller than −λ (λ > 0) of the operator L′i(1). Moreover, we will simply write n′i(1) instead of
n′i(1)(ε).

Proof. [Proof of Lemma 3] The eigenvalues of the operator L′i(1) are the form p(xi−1)
[

(m−1)π
xi−xi−1

]2
− α j(xi−1) (m =

1, 2, . . . ; j = 1, 2, . . .). Therefore, n′i(1) is the number of pairs (m, j) (m, j ≥ 1) satisfying the inequality

p(xi−1)
[ (m − 1)π

xi − xi−1

]2
− α j(xi−1) < −ε (26)
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From (6),(7) and (26)
n′i(1)∑
m=1

µ
′

i(1)m =
∑

j
α j(xi−1)>ε

∑
m

α j(xi−1,m−1)>ε

α j(xi−1,m − 1)

=
∑

j
α j(xi−1)>ε

[b j(ε,xi−1)]+1∑
m=1

α j(xi−1,m − 1) (27)

is found. It is easy to see that

[b j(ε,xi+1)]+1∑
m=1

α j(xi−1,m − 1) ≤ α j(xi−1) +

b j(ε,xi−1)∫
0

α j(xi−1, t)dt

= α j(xi−1) + β j(ε, xi−1) (28)

Since the functions β j(ε, x) ( j = 1, 2, . . .) are monotone decreasing by (27) and (28),

n′i(1)∑
m=1

µ
′

i(1)m ≤

lε∑
j=1

α j(0) +
1
δ

∑
j

α j(xi−1)>ε

xi−1∫
xi−2

β j(ε, xi−1)dx

<
1
δ

∑
j

α j(xi−1)>ε

xi−1∫
xi−2

β j(ε, x)dx +
lε∑

j=1

α j(0) (i = 2, 3, . . .)

is obtained.

Let n′i(λ) be number of the eigenvalues smaller than −λ (λ > 0) of the operator L′i , −µ
′

1 ≤ −µ
′

2 ≤ −µ
′

3 ≤ . . . be
eigenvalues of the operator L′1 and n′i(ε) = n′i .

Proof. [Proof of Theorem 4] We can easily show that L′i > L′i(1). In this case we have

n
′

i(λ) ≤ n
′

i(1)(λ) (29)

[17]. On the other hand, from variation principles of R.Courant [18], we have

N
′

(λ) ≤
M∑

i=1

n
′

i(λ) (30)

From (29) and (30),

N
′

(λ) ≤
M∑

i=2

n
′

i(1)(λ) + n
′

1(λ) (31)

is obtained. From (5) and (31)

N(λ) ≤
M∑

i=2

n
′

i(1)(λ) + n
′

1(λ) (∀λ ≥ ε) (32)
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is found. By using (32), we have

N(ε)∑
i=1

λi ≤

M∑
i=2

n′i(1)∑
m=1

µ
′

i(1)m +

n′1∑
m=1

µ
′

m (33)

By using Lemma 1 and (33)

N(ε)∑
i=1

λi ≤

n′1∑
m=1

µ
′

m +
1
δ

M∑
i=2

∑
j

α j(xi−1)>ε

xi−1∫
xi−2

β j(ε, x)dx +M
lε∑

j=1

α j(0)

=

n′1∑
m=1

µ
′

m +
1
δ

∑
j

α j(xi−1)>ε

∑
i≥2

xi−1∫
xi−2

β j(ε, x)dx +M
lε∑

j=1

α j(0) (34)

is found. Since the functions α j(x) ( j = 1, 2, . . .) are monotone decreasing, we have

∑
j

α j(xi−1)>ε

∑
i≥2

xi−1∫
xi−2

β j(ε, x)dx =
∑

j
α j(x1)>ε

∑
i≥2

α j(xi−1)>ε

xi−1∫
xi−2

β j(ε, x)dx. (35)

From (34) and (35)

N(ε)∑
i=1

λi <

n′1∑
m=1

µ
′

m +
1
δ

∑
j

α j(x1)>ε

∑
i≥2

α j(xi−1)>ε

xi−1∫
xi−2

β j(ε, x)dx +M
lε∑

j=1

α j(0) =
n′1∑

m=1

µ
′

m

+
1
δ

∑
j

α j(x1)>ε

[ x1∫
0

β j(ε, x)dx +

x2∫
x1

β j(ε, x)dx . . . +

xi0∫
xi0−1

β j(ε, x)dx
]
+M

lε∑
j=1

α j(0)

is obtained. Here, i0 is a natural number satisfying the conditions

α j(xi0 ) > ε α j(xi0+1) ≤ ε. (36)

From (2.1)

xi0 ≤ ψ j(ε). (37)

From (36) and (37),
N(ε)∑
i=1

λi <

n′1∑
m=1

µ
′

m +
1
δ

lε∑
j=1

ψ j(ε)∫
0

β j(ε, x)dx +
ψ1(ε)
δ

lε∑
j=1

α j(0)

is found.

Let

δi =
δi−1

[δi−1ψ
(i+1)k−1
1 ] + 1

, (i = 1, 2, . . . ; δ0 = δ) (38)
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a j(i)(x, t) = α j(x) − p(x)
(πt
δi

)2
, b j(i)(ε, x) =

δi

π

√
α j(x) − ε

p(x)
,

β j(i)(ε, x) =

b j(i)(ε,x)∫
0

a j(i)(x, t)dt

φ j(δi, ε) = min{δi, ψ j(ε)}. (i = 0, 1, 2, . . .) (39)

Let L(i) be operator in the space L2(0, δi; H) which is formed by the expression (1) and with the boundary
conditions

y
′

(0) = y
′

(δi) = 0. (40)

Moreover, let L(0)
(i) be operator which is formed by the expression−p(0)y′′ (x)−Q(0)y(x) and with the boundary

conditions (40). Let −µ(i)1 ≤ −µ(i)2 ≤ . . . and −µ(0)
(i)1 ≤ −µ

(0)
(i)2 ≤ . . . be eigenvalues smaller than −λ (λ > 0) of

the operators L(i) and L(0)
(i) ,respectively.

Let ni(λ) and n(0)
(i) (λ) be numbers of the eigenvalues smaller than −λ (λ > 0) of the operators L(i) and L(0)

(i) ,
respectively.
Since L(i) ≥ L(0)

(i) , we have

n(i)(λ) ≤ n(0)
(i) (λ), (41)

[17]. By using (41), we can show that

ni∑
m=1

µ(i)m ≤

n(0)
i∑

m=1

µ(0)
(i)m. (42)

Here, n(i) = n(i)(ε),n(0)
(i) = n(0)

(i) (ε). Since δ−1 = ψ1(ε) and from the formula (39)

δi−1

δi
= [δi−1ψ

(i+1)k−1
1 (ε)] + 1 ≤ δi−1ψ

(i+1)k−1
1 (ε) + 1

=
δi−2

[δi−2ψik−1
1 (ε)] + 1

ψ(i+1).k−1
1 (ε) + 1

<
δi−2

δi−2ψik−1
1 (ε)

ψ(i+1).k−1
1 (ε) + 1 = ψk

1(ε) + 1 (i = 1, 2, . . .)

is obtained. From the last relation, we find

δi−1

δi
< 2ψk

1(ε), (i = 1, 2, . . .) (43)

for the values of ε satisfying the inequality ψk
1(ε) ≥ 2.

Proof. [Proof of Theorem 5] By the similar way to the proof of Theorem 4, the following inequality

n′1∑
m=1

µ
′

m <
n1∑

m=1

µ(1)m +
1
δ1

∑
ψ j(ε)<δ0

ψ j(ε)∫
0

β j(1)(ε, x)dx +
1
δ1

∑
ψ j(ε)≥δ0

δ0∫
0

β j(1)(ε, x)dx +
δ0

δ1

lε∑
j=1

α j(0) (44)
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can be proved. If we use the equation (39) in (44), then we have

n′1∑
m=1

µ
′

m <
n1∑

m=1

µ(1)m +
1
δ1

lε∑
j=1

φ j(δ0,ε)∑
0

β j(ε, x)dx +
δ0

δ1

lε∑
j=1

α j(0). (45)

If we apply the inequality (45) for the eigenvalues of the operator L(i), then

n(i)∑
m=1

µ(i)m <

n(i+1)∑
m=1

µ(i+1)m +
1
δi+1

lε∑
j=1

φ j(δi,ε)∫
0

β j(i+1)(ε, x)dx +
δi

δi+1

lε∑
j=1

α j(0) (46)

is obtained. From (43) and (46)

n(i)∑
m=1

µ(i)m <

n(i+1)∑
m=1

µ(i+1)m +
1
δi+1

lε∑
j=1

φ j(δi,ε)∫
0

β j(i+1)(ε, x)dx + 2ψk
1(ε)

lε∑
j=1

α j(0) (47)

is found. By using (27) and (28)

n(0)
(i+1)∑

m=1

µ(0)
(i+1)m ≤

lε∑
j=1

(
α j(0) + β j(i+1)(ε, 0)

)
(48)

is obtained. Moreover, if we use the equation (24), then we get

β j(i+1)(ε, x) ≤ const.δi+1α
3
2
j (x). (49)

From (42), (48) and (49),

n(i+1)∑
m=1

µ(i+1)m ≤

lε∑
j=1

α j(0) + const.δi+1

lε∑
j=1

α
3
2
j (0) (50)

is obtained. By using inequality (38), we find

δi0+1 ≤ 1. (51)

Here, i0 ∈ N is a constant satisfying the condition i0 ≥ 1
k − 2. From (50) and (51), we get

n(i0+1)∑
m=1

µ(i0+1)m ≤ const.
lε∑

j=1

α j(0). (52)

From (43),(45),(47) and (52),

n′1∑
m=1

µ
′

m ≤ const.
lε∑

j=1

α j(0) +
i0∑

i=0

1
δi+1

φ j(δi,ε)∫
0

β j(i+1)(ε, x)dx + 2(i0 + 1)ψk
1(ε)

lε∑
j=1

α j(0) (53)

is found. From (39),(49) and (53),

n′1∑
m=1

µ
′

m < const.
lε∑

j=1

δ∫
0

α
3
2
j (x)dx + const.ψk

1(ε)
lε∑

j=1

α j(0) (54)
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is obtained. By the Theorem 4 and (54), we have

N(ε)∑
i=1

λi <
1
δ

lε∑
j=1

ψ j(ε)∫
0

β j(ε, x)dx + const.
lε∑

j=1

δ∫
0

α
3
2
j (x)dx + const.ψk

1(ε)
lε∑

j=1

αi(0)

is obtained.

Proof. [Proof of Theorem 6] By using Theorem 2 and Lemma 3, we have

∣∣∣∣ N(ε)∑
i=1

λ j −
1
δ

lε∑
j=1

ψ j(ε)∫
0

β j(ε, x)dx
∣∣∣∣ < const.lε(δ + ψk

1(ε))

for the small positive values of ε . If we take k = 1
2 and consider (3)

∣∣∣∣ N(ε)∑
i=1

λ j −
1
δ

lε∑
j=1

ψ j(ε)∫
0

β j(ε, x)dx
∣∣∣∣ < const.lεψ

1
2
1 (ε) (55)

is found. Let us take f (ε) = ψ1(ε)[lnψ1(ε)]−1 By using the function p(x) which satisfies the condition (p1)
and the inequality (24)

1
δ

lε∑
j=1

ψ j(ε)∫
0
β j(ε, x)dx > 1

δ

ψ1(ε)∫
0
β1(ε, x)dx = 1

3π

ψ1(ε)∫
0

√
α1(x)−ε

p(x) (2α1(x) + ε)dx

>
1

3π

f (ε)∫
1
2 f (ε)

√
α1(x) − ε

p(x)
(2α1(x) + ε)dx > const. f (ε)(α1( f (ε)) − ε)

3
2 (56)

is obtained. It is proved that

α1( f (ε)) − ε > (lnψ1(ε))−(ξ+1)(n+1) (57)

for the small values of ε > 0, [13]. From (56) and (57)

1
δ

lε∑
j=1

ψ j(ε)∫
0

β j(ε, x)dx > const.
ψ1(ε)

lnψ1(ε)
(lnψ1(ε))( −3

2 )(ξ+1)(n+1)

> const.ψ
3
4
1 (ε) (58)

is found. From (55) and (58)

∣∣∣∣
N(ε)∑
i=1
λi

δ−1
lε∑

j=1

ψ j(ε)∫
0
β j(ε, x)dx

− 1
∣∣∣∣ < const.lεψ

−1
4

1 (ε) (59)

is obtained. Since the series
∞∑

m=1
[α j(0)]m is convergent, we have

const >
∑
α j(0)≥ε

[α j(0)]m
≥

∑
α j(0)≥ε

εm = εmlε.
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From last inequality

lε < const.ε−m (60)

is found. Since the function α1(x) satisfy the condition α1), we have
ε = α1(ψ1(ε)) ≥ (lnnψ1(ε))−ξ ≥ (lnψ1(ε))−ξ for the small values of ε > 0. From the last inequality,

ψ1(ε) > ε
−1
ξ (61)

is obtained. From (59),(60) and (61)

∣∣∣∣
N(ε)∑
i=1
λi

δ−1
lε∑

j=1

ψ j(ε)∫
0
β j(ε, x)dx

− 1
∣∣∣∣ < const.ε−me

−1
4 ε

−1
ξ < const.e−ε−β (62)

is found. We can rewrite inequality (62)

N(ε)∑
i=1
λi

δ−1
lε∑

j=1

ψ j(ε)∫
0
β j(ε, x)dx

− 1 = O(e−ε−β) (63)

as ε→ 0. From (3),(24) and (63)

∑
−λi<−ε

λi =
1

3π
[1 +O(e−ε−β)]

∑
j

∫
α j(x)≥ε

√
α j(x) − ε

p(x)
(2α j(x) + ε))dx

as ε→ 0, is obtained.

Proof. [Proof of Theorem 7] By Theorem 2 and Lemma 3, we have

∣∣∣∣ N(ε)∑
i=1

λi − δ
−1

lε∑
j=1

ψ j(ε)∫
0

β j(ε, x)dx
∣∣∣∣ < const.lε(

δ∫
0

α
3
2
1 (x)dx + ψk

1(ε)
)

(64)

for small values of ε > 0. Since the function α1(x) is decreasing,

α1(x) ≥ α1(ψ(2ε)) = 2ε (65)

in the interval [0, ψ1(2ε)]. Since the function p(x) satisfies the condition p1) and (24),(65) we find

δ−1
lε∑

j=1

ψ j(ε)∫
0

β j(ε, x)dx >
1

3π

ψ1(ε)∫
0

√
α1(x) − ε

p(x)
(2α1(x) + ε)dx

> const.ε
3
2ψ1(2ε). (66)

If we consider that the function α1(x) satisfies the condition α2) and
lim
ε→∞

ψ1(ε) = ∞, then we have lim
ε→∞

[α1(ψ1(2ε))(ψ1(2ε))k0+η]−1 = 0. From the last equality, we obtain

ψ1(2ε) > (ε)
−1

k0+η (67)
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for the small value of ε > 0. From (66) and (67)

δ−1
lε∑

j=1

ψ j(ε)∫
0

β j(ε, x)dx > const.ε
3k0+3η−2

2(k0+η) (68)

is found. We limit the integral
δ∫

0
α

3
2
1 (x)dx at the right hand side of the inequality (64). Since the function

α1(x) satisfies the condition α2), we have

α1(x) ≤ const.xη−k0 (η < k0) (69)

Therefore we have

δ∫
0

α
3
2
1 (x)dx ≤ const.

δ∫
0

x
3
2 (η−k0)dx < const.δ

1
2 (2−3k0+3η). (70)

On the other hand, from (3)

δ < ψ1−k
1 (ε) (71)

is obtained. If we take x = ψ1(ε) in the inequality (69), then we find

α1(ψ1(ε)) ≤ const.ψη−k0

1 (ε) (η < k0)

or

ψ1(ε) ≤ const.ε
−1

k0−η . (72)

From (70),(71) and (72), we have

δ∫
0

α
3
2
1 (x)dx ≤ const.ε−

(1−k)(2−3k0+3η)
2(k0−η) . (73)

From (60),(72) and (73)

lε

δ∫
0

α
3
2
1 (x)dx < const.ε−m− (1−k)(2−3k0+3η)

2(k0−η) (74)

lεψk
1(ε) < const.ε

−m(k0−η)+k
(k0−η) (75)

are found. From (68),(74) and (75) we obtain

lε
δ∫

0
α

3
2
1 (x)dx

δ−1
lε∑

j=1

ψ j(ε)∫
0
β j(ε, x)dx

< const.εF1(η) (76)

lεψk
1(ε)dx

δ−1
lε∑

j=1

ψ j(ε)∫
0
β j(ε, x)dx

< const.εF2(η). (77)
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Here,

F1(η) = −m −
(1 − k)(2 − 3k0 + 3η)

2(k0 − η)
−

3k0 + 3η − 2
2(k0 + η)

F2(η) = −
m(k0 − η) + k

(k0 − η)
−

3k0 + 3η − 2
2(k0 + η)

.

There is a number ω = ω(t) > 0 (0 < η < ω) such that

F1(η) >
2k − 2k0m − 3kk0

2k0
− t, (78)

F2(η) >
2 − 3k0 − 2k0m − 2k

2k0
− t (79)

for every t > 0. If we take

k =
(2 − 3k0)2 + 6k2

0m
4(2 − 3k0)

, t = t0 =
1

16k0

(
(2 − 3k0)2 + 6k2

0m − 8k0m
)

in the inequalities (78) and (79), then we have

F1(η) > t0; F2(η) > t0. (80)

Since the number m satisfies the condition (10), we have k ∈ (0, 1) and t0 > 0. From (64),(76), (77) and (80)
we obtain

∣∣∣∣
N(ε)∑
i=1
λi

δ−1
lε∑

j=1

ψ j(ε)∫
0
β j(ε, x)dx

− 1
∣∣∣∣ < const.εt0 . (81)

By (24),(78) and (81) we have the asymptotic formula

∑
−λi<−ε

λi =
1

3π
[1 +O(εt0 )]

∑
j

∫
α j(x)≥ε

√
α j(x) − ε

p(x)
(2α j(x) + ε)dx

as ε→ 0. This completes the proof.
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Ö. Bakşi / Filomat 36:7 (2022), 2411–2426 2426

[7] Solomyak, M.Z. Asymptotics of the spectrum of the Schrodinger operator with non-regular homogeneous potential.Math. USSR
Sbornik, 1986, 55(1) , 19–37.
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