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Stancu Type Operators Including Generalized Brenke Polynomials

Sezgin Sucu?

? Ankara University, Faculty of Science, Department of Mathematics, TR-06100, Ankara, Turkey

Abstract. Our objective in this paper is to present the sequence of Stancu type operators including
generalized Brenke polynomials. We answer the problem of uniform approximation of continuous functions
on closed bounded interval and the problem of the order of this convergence estimate by known tools in

approximation theory. Furthermore, we apply some of the results obtained in this work to Miller-Lee
polynomials and Gould-Hopper polynomials.

1. Introduction

Approximation of functions by polynomials is not only an important topic of the theory of mathematical
analysis but also provides powerful mathematical tools to application areas. Theorem of Weierstrass
declares that every function f which is continuous on a finite closed interval [a,b] can be developed
according to polynomials in a series which is uniformly convergent on [a,b]. According to Weierstrass’
theorem, the family of all polynomials is dense in C [a, b]. Taking advantage of a probabilistic construction,
Bernstein presented a definitively proof of the Weierstrass approximation theory.

For ¢ € C[0, o) one of the most important sequence of operators is defined by Szasz [18]

o0 k
Su ((P; x) = kz(; (nlz) ¢ (S), 1

where the above sum converges under suitable conditions.
Assuming that

(o8]

h(z) = Z mz*,  (ag #0)

k=0
is an analytic function on the following set

{z:]z] <R, R>1}

and /(1) # 0. If polynomials 7, satisfy the following relation

h(u)e™ = Z e (x) u,
k=0
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then it is called Appell polynomials [4]. These type of polynomials mentioned above are among the most
important special functions and have various applications to engineering and mathematical analysis.
Jakimovski and Leviatan [12] gave sequence of operators {J,},; as follows

e o k
map i (”x)¢(ﬁ)’ ®)

where i (x) > 0 for x € [0, 0). The proof of convergence follows in the same way as the proof of Szasz.
This type of method plays an important role in the problem of approximation theory.

Much of the developments of approximation of functions by the sequence of operators involving special
functions was performed by many mathematicians ([11,[3],[5],[9],[11],[13],[14],[15],[17],[19],[20]).

The construction of our operators is based on the following relation

Jn (qb; x) =

A1 (h (1) Az (xh (1) = Z T () £, (4)
k=0

where A1, A; and h are analytic functions on the following set

{t:|t| <R, R>1}

such that
A=) ad (@0 #0), A ()= ) aot (@ax £ 0), h(H) =) Int (i #0). (5)
k=0 k=0 k=1

If polynomials 7ty satisfy the relation (4), then it is called generalized Brenke polynomials [16].
We are mainly concerned with the study of Varma et al. [10]. Therefore, for vy, v, > 0 we define the

sequence of operators {Lffl’”)}Plas follows

k+V1) (6)

(v1v2) ( £. — 1 Y
) = o A ey ™ 0 ()

where 1 polynomials are defined by (4), the function / and the polynomials 7, have the following properties
i (1) = 1 and 7, (x) > 0. In the all section of our study, we assume that

(l) Al, A2 ‘R — (O, oo), (7)
(i) (4) and (5) converge for |t{{ <R (R>1).

In this paper we are interested in defining the sequence of Stancu type operators including generalized
Brenke polynomials. In the second section, we use the theorem of Korovkin on the sequence of positive
linear operators and answer the problem of the order of this convergence estimate by known tools in
approximation theory. Furthermore, we apply some of the results obtained in this work to Miller-Lee
polynomials and Gould-Hopper polynomials.

2. Approximation to functions using £"**) operators

Let us denote set of functions of form

f @)
2

1+ x

by E.
The following lemmas give rise to important observations.

is convergent as x — oo
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Lemma 2.1. If 7ty are polynomials satisfying the relation (4), then

s

e (nx) = A1 (h(1)) A (nxh(1)),
k=0
ank (nx) = A'1 (h(1)) Ay (nxh (1)) + nxAq (h (l))A'2 (nxh (1)),
k=0
Zkznk (nx) = [(h (1) + 1) A (2 (1) + A] (1 (1))]A2 (nxh (1))

>~
1l

0
+[245 () + (1" (1) + 1) Ay (1))] Al (nxh (1) nx + Ay (1 (1)) Ay (nxh (1)) (nx)?.

As a direct consequence of Lemma 2.1, we have the following:

Lemma 2.2. Forn > 1, one has the following identities

LM Ly = 1,
A, (nxh (1)) n AL (h(1) 1
(vi,v2) (.. — 2 1 .
LTEN = M v [Al AN Vl] AV
£ (252) = A} (nxh (1)) n? el [(1+2v1 + 1 (1) A1 (1 (1) + 247 (1 (1)] ;4’2 (mh ()
Az (nxh (1)) (n + v2) A1 (h (1)) Az (nxh (1)) (n + v2)
+V§A1 (D) + (14201 + B (1) A} (2 (1) + A} (R (1))

Ar (D) (1 + )

Proof. The validity of these identities follows from the definition of operators LY and Lemma 2.1. Together, (4)
and (6) imply

(v1,v2) (1. _ 1 . _
L= A1<h<1>>Az<nxh<1>>;”k(’”‘)‘1'

Comparing (6) and Lemma 2.1, we see

(1v2) (.. 1 - k+ V1
L0 = A A ™ s

_ 1 = " 00
A1 (h(Q1) Ay (nxh (1)) (n + 1) kzz;a i (nx) k + A7 (1 (1) Ay (nxh (1) (7 + 72) kZ:‘O‘ Tk (1)

A, (nxh (1) n A (h(1)) 1
A k() v A ey T
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The following remaining relation

(i) (2.) — 1 . k+vi)’
L (%5x) = 4 (71 (1)) A; (nxh (1));;"" (nx)(n+v2)

(o)

1
= o X
Aq (h (1)) Aa (nxh (1)) (1 + v2)? L Tk (nx)( + 2kvy + Vl)

Ak ()2 [(1+ 20+ (D) Ar (B (1) + 24 (R ()] A, (e () 7
T A (nxh (1)) (n + V2)2x Ay (1 (1)) Az (nxh (1)) (1 + vo)? :
+V§A1 (D) + (14201 + B (1) A} (2 (1) + A} (h (1))
Ay (B (1) (n+ v)?
can be obtained from (6) and Lemma 2.1. [

Lemma 2.3. Let £ be operators defined by (6). Then it follows that
AyoohWn Y (AGA)
Ay (nxh (1)) (n +v2) Ar(r(@) "
A} (nxh (1)) n? _ 2A) (nxh (1)) n .\
Ao (nxh (1)) (n +1,)* A2 (nxh (1)) (n + o)
(1+2v1 + K" (1)) A, (x (1) n
Ao (nxh (1)) (1 + v,)?
2A] (h(1)) A, (nxh (1)) (A'l (h (1)) ) 2 }x

LY (s—x;x) = [

n+vy

2

L%m@—#m)=[

Ay (h(1)) Ay (nxh (1)) (n + 1/2)2” AL ((D) T
V2 (1+2v + K" (1)) A} (1) + A (1 (1)
+ + .
(n+1,)* A; (h (1)) (1 + 1)

n+1vy

Proof. According to the rule of linearity of Lo operators and applying Lemma 2.2, this establishes the
result. [J

Now we define

A @) = L -,
AV () o= L (- 0075 x).

Fori=0,1,2, let us determine under what conditions the sequence of operators
LS/LVZ) (Si; x)

will approach x' respectively.

Theorem 2.4. Let f : [0,00) — R be a continuous function belonging to class E. Set

A, (y) A (y)
lim —2% =1and lim —2% = 1. 8
PRy T s A () ©
Then,
£1(1V1,V2) (f, x) N f(x)

uniformly as n — oo on each compact subset of [0, o).
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Proof. Under the assumptions of the (8) and by using Lemma 2.2, for i = 0,1, 2 we obtain the following
L) (si'x) o
n 7

which converge uniformly in each compact subset of [0, c0). The universal Korovkin-type property [2]
enables us to obtain the assertion of theorem. [J

Now define C [0, 00) and C5 [0, o0) to be the set of all uniformly continuous functions and to be the set of
all bounded and continuous functions on [0, o), respectively.

We are now in a position to obtain the order of approximation for the functions which belongs to the
space C[0,0) N E.

Theorem 2.5. Let f be a function belonging to the class f € C[0,00) N E, then
£ (Fi2) = f @] < 20 (£:60 (),
where 0, (x) := | /Ag:i’”) (x) and w (f;.) is modulus of continuity [7] of the function f.

Proof. 1t follows from Lemma 2.2 and monotonicity property of operators £{"?) that

£ (F50) = £ @] < £772 (| 6) = £ @) x)

With the aid of the property of w (f;.) we can write

|25 (fix) - f )] < @ (o) (1 + %Lﬁfl'”) (s = x05)).

After using Cauchy-Schwarz inequality, the above inequality leads to

£ (i) = £ 0] < 0 (F50) (14 5 a5 @)

With 6 := 6, (x) = | /A(;;’VZ) (x), the proof is completed. [

Definition 2.6. For a and M with 0 < a <1, M > 0, a function f is said to be Lipschitz property of order  if it
satisfies

|f (1) = f )| <Mt —hl*,  t,tr €]0,). 9)
Theorem 2.7. Let f be a function satisfying the condition (9). Then for x > 0

£ (F50) = f ()] < M8 (0,
where 0, (x) is defined as Theorem 2.5.

Proof. Since the £%"" are monotone, then we have

L0 (f) = Fe] = |6 (FE) - £ @)

s L(f6) - f)a)
< MLV (s - x* ;). (10)

On the other hand the following inequality follows from the Holder inequality

2-a a
L7 (s =2 < [£77 ()] T [ @)
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From this and (10) we obtain

|‘£(V1 V2) (f x) f(x)| < M[ V1 Vz)( )]a/Z

Hence the assertion of theorem holds. []

A norm on a linear space Cg [0, o) is defined by
f o = sup f(x)|.
o= 52 )
Furthermore, the following set of functions

C310,00) = {1 € C5[0,00) : ¢/, 9" € C [0, 00)}

is a normed space with

1009 = I¥llcy o0 * 19 Ny + 1 e

2386

An estimate of the convergence rate is obtained in the following theorem by using Peetre’s K -functional

[7] which is relevant in approximation theory.

Theorem 2.8. Suppose f € Cg [0, 00) and x € [0, 00). Then

| L0772 (frx) = £ (0] < 2K (f; A (1),

where
1
Ap (%) = 5 [A(l'f;’VZ) (x) + Ag”;’”) (x)]

and K (f;.) is the Peetre’s K -functional of the function f.

Proof. Expand i € C5 [0, c0) about x using Taylor’s theorem we get

(17)

¢(s)=¢(x)+(s—x)¢’(x)+ (s—x)*, nexs).
This yields

Lgvl,vz) (¢/ x) —1 (x) = IP (x) A (V1 v2) (x) + —2 1/} (17) (‘1 v2) ).

From this it follows easily that

}Lp (n)l GNP

[yl Ay
[ A(m ") (%) + A(” ") (x)] ||4’”c§[o,oo) '

With Lemma 2.2 and expression (11) the estimation can be written as

|£57) (y;.2) = 9 ()]

IA

IA

|£8) (F0) - F@] < L9 (F = ;)] + | L0772 (0) = 9 )] + [ (0 - ¢ ()
< 201f = ¥l o + L @i 0) — ¢ ()
< 2|1 = ¥leymy A0 0O Wllsgonn):

(11)
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Taking the infimum over all i € C3 [0, c0), the last inequality together with the definition of % (f;.) implies

the following desired result

£ (f5) = f ()] < 25 (f; A ().
O
Theorem 2.9. Suppose f € Cp[0,0). Then

|1:£1V1'V2) (f;x) - f(x)| < Cws (f; W) +w (f,- A(l‘;liﬂ/z) (x)),
where C is a positive constant and
() = 5 (A @)+ [20 ]}
and wy (f;.) is the second order modulus of smoothness [7] of function f.
Proof. Firstly let us consider the operators ") given by
Fa (fix) = L7 (Fi) = F (L7 (550) + (0.
Then one obtains from Lemma 2.2
FL) (s - x;x) = 0.
Moreover, for ¢ € C3 [0, o) the following equality can be obtained by the Taylor formula

ws)=¢<x>+<s—x>¢’<x>+f<s—u>¢"<u>du.

This equation, together with (12), leads immediately to

|7_~n(1/1,1/z) (W;x) - (x)| = 7—’11("1”2) f(s —u) gb” (1) du; x ‘
s £ (5)
< LS/LVZ) f(s _ Ll) ljb” (H) du,'x + f (£E]V1,Vz) (S} x) — u) an (Ll) du
< 1 {A(m,vz) () + [A(VI/VZ) (x)]z} Hll)””
) 2,1 1,n Cg[0,00)

< Apn (x) ||¢||c§[o,oo) :
Combining the definition of i) operator, Lemma 2.2 and (13), we obtain the estimate
£ (i) - f @] < B (-0 - (F - ) ()]
T (30) - p @) + | (L (5) - £ ()|
< AIF = Ylley g + 410 @O [Pl gy + 0 (F47 @).
If we take into account the relation between K (f;.) and w; (f;.), we have
|LV 7 (fix) = F0)] < 4K (fun () + 0 (£ A1 ()
Can(fi Nl ) + @ (£5857 ).

IN

IA

That is the assertion. [

(12)

(13)
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3. Examples
In this section, we will clarify our analysis. To illustrate our situation, we now consider two examples.

Example 3.1. The function

bt exp (xt)

is the generating function of the Gould-Hopper polynomials [8], i.e., the expansion
b+l . d+1 t
e exp(xt) = Z g, (x,b) i (14)
k=0 ’

holds. The general expression for these polynomials is given as

(2]

K
g ()= )

: s k—(d+1)s
Ly Sh—@rDal Y

The polynomials g]‘f“ defined by (14) are the generalized Brenke polynomials with

A () =" Ay(t) =€ and h(t) =t.

Under the assumption b > 0, these polynomials satisfy the conditions of Theorem 2.4 and assumptions given in

introduction part of this work. Hence, the explicit form of Lo operators is given by

‘51(11/1,1/2) (fr x) — e—nx—b Z o s

- g]Lj-H (nx, b) (k + 11 )
k=0

where x € [0, 00).

Example 3.2. The function

m exp (xt)

is the generating function of the Miller-Lee polynomials [6], i.e., the expansion

———exp(x) = ) G () (15)
(1 _ t) 1 kZ:O‘ k

holds for |t| < 1. The general expression for these polynomials is given as

k

- (m+1), ..,
G = ZO« TR

where (.), is the Pochhammer’s symbol. The polynomials G]((m) defined by (15) are the generalized Brenke polynomials
with
1

A() = ———=, Ay () =¢ and h(t)=t.
1 — "
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Fort — £ and x — 2x, equation (15) takes the form

) (m)
1 G, (2x)

PEEERNTS exp (xt) = Z thk, |t| <2.

k=0

(-9

Hence, the explicit form of Lo operators is given by

= G (2nx) (ot
(vi2) (. _ ,—hX k V1
L, (f’ x) =e Z m+k+1 ( )’

n+v
k=0 2

where m > —1 and x € [0, ).

References

(1]
[2]
(3]

[4]
(5]

(6]

[7]
(8]

1]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]
[19]

[20]

P.N. Agrawal, B. Baxhaku, R. Chauhan, Quantitative Voronovskaya-and Griiss-Voronovskaya-type theorems by the blending
variant of Szdsz operators including Brenke-type polynomials, Turkish J. Math. 42(4) (2018) 1610-1629.

F. Altomare, M. Campiti, Korovkin-type approximation theory and its applications. Appendix A by Michael Pannenberg and
Appendix B by Ferdinand Beckhoff, de Gruyter Studies in Mathematics, 17. Walter de Gruyter & Co., Berlin, 1994.

C. Atakut, I. Biiyiikyazici, Approximation by Kantorovich-Szasz type operators based on Brenke type polynomials, Numer.
Funct. Anal. Optim. 37(12) (2016) 1488-1502.

T.S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and Breach, New York, 1978.

B. Cekim, R. Aktas, G. I¢6z, Kantorovich-Stancu type operators including Boas-Buck type polynomials, Hacet. . Math. Stat. 48(2)
(2019) 460-471.

G. Dattoli, S. Lorenzutta, D. Sacchetti, Integral representations of new families of polynomials, Ital. J. Pure Appl. Math. 15 (2004)
19-28.

R.A. Devore, G.G. Lorentz, Constructive approximation, Springer-Verlag, Berlin, 1993.

H.W. Gould, A.T. Hopper, Operational formulas connected with two generalizations of Hermite polynomials, Duke Math. J. 29
(1962) 51-63.

M.E.H. Ismail, On a generalization of Szdsz operators, Mathematica (Cluj) 39 (1974) 259-267.

G.1¢6z, S. Varma, S. Sucu, Approximation by operators including generalized Appell polynomials, Filomat 30(2) (2016) 429-440.
G.I¢6z, H. Eryigit, Beta generalization of Stancu-Durrmeyer operators involving a generalization of Boas-Buck type polynomials,
Gazi University Journal of Science 33(3) (2020) 715-724.

A. Jakimovski, D. Leviatan, Generalized Szasz operators for the approximation in the infinite interval, Mathematica (Cluj) 11
(1969) 97-103.

A. Kajla, PN. Agrawal, Szasz-Kantorovich type operators based on Charlier polynomials, Kyungpook Math. J. 56(3) (2016)
877-897.

T.Neer, AM. Acu, PN. Agrawal, Baskakov-Durrmeyer type operators involving generalized Appell polynomials, Math. Methods
Appl. Sci. 43(6) (2020) 2911-2923.

M. Sidharth, A.M. Acu, PN. Agrawal, Chlodowsky-Szasz-Appell-type operators for functions of two variables, Ann. Funct.
Anal. 8(4) (2017) 446-459.

R.C.T. Smith, Generating functions of Appell form for the classical orthogonal polynomials, Proc. Amer. Math. Soc. 7 (1956)
636-641.

S. Sucu, G. I¢dz, S. Varma, On some extensions of Szasz operators including Boas-Buck-type polynomials, Abstr. Appl. Anal.
(2012) Art. ID 680340 15 pp.

O. Szasz, Generalization of S. Bernstein’s polynomials to the infinite interval, J. Research Nat. Bur. Standards 45 (1950) 239-245.
S. Varma, S. Sucu, G. 1(;62, Generalization of Szasz operators involing Brenke type polynomials, Comput. Math. Appl. 64(2)
(2012) 121-127.

S. Varma, On a generalization of Szdsz operators by multiple Appell polynomials, Stud. Univ. Babes-Bolyai Math. 58(3) (2013)
361-369.



