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Abstract. In this paper, we investigate the concept of demicompactness and we establish some new results
in Fredholm theory connected with the existence of selections of a given linear relation and we explore the
possibility of finding a selection demicompact for some linear relation demicompact. Moreover, we give
the relationship of the resolvent set between the linear relation with its selection. Furthermore, we give an
application to matrix linear relation.

1. Introduction

Let X is a infinite dimensional vector spaces over K = R or C. T multivalued linear operator or simply
a linear relation T : X — X is a mapping from a subspace O(T) of X, called the domain of T, into P(X)\{0}
(the collection of non empty subsets of X) such that T(ax; + fx2) = aT(x1) + BT(x2) for all non zero scalars
a,p € Kand x1,x; € D(T). If T maps the points of its domain to singletons, then T is said to be a single
valued linear operator or simply an operator, which is equivalent to T(0) = {0}. We denote by LR(X) the
class of linear relations everywhere defined. Let T € LR(X) is uniquely determined by its graph G(T), which
is defined by:

G(T) = {(x,y) e Xx X : x € D(T), y € T},

so that we can identify T with G(T). The closure of T, denoted by T, is the linear relation defined by
G(T) := m We denote by CR(X) the class of all closed linear relations on X, and we denote by C(X)
the set of all closed, densely defined linear operators on X. The inverse of T is a linear relation T~! given
by G(T™) := {(x,y) € XX X : (x,y) € G(T)}. If G(T) is closed, then T is said to be closed. We design by
R(T) = T(D(T)) the range of T. T is called surjective if R(T) = Y. The subspace N(T) := T~}(0) is called the
null space of T. T is called injective if N(T) = {0}, that is, if T™! is a single valued linear operator. Notice that
when x € D(T),

y € Tx if, and only if, Tx = y + T(0).
For T and S € LR(X), the notation T C S means that G(T) € G(S). The linear relation T + S is defined by:

G(T+9):={(x,y) € X x X : y = u+ v with (x,u) € G(T), (x,v) € G(S)},
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Let T € LR(X) and S € LR(Y, Z) where R(T) N D(S) # 0. The product of ST is defined by:
G(ST) := {(x, z) e XX Z: (x,u) € G(T) and (u, z) € G(S) for some u € Y}.

Let Qr denote the quotient map from X onto X/T(0). We shall denote QW by Qr. Clearly QrT is a
single valued operator and the norm of T is defined by ||T]| := [|QrT|l. We say that T is continuous if for
each neighborhood V in R(T), T-'(V) is a neighborhood in D(T) (equivalently ||T|| < o); bounded if its
continuous with D(T) = X; open if T~! is continuous equivalently y(T) > 0 where y(T) is the minimum
modulus of T defined by

(T) := sup {A 2 0: Ad(x, N(T)) < ||Tx| for x € D(T)}

where d(x, N(T)) is the distance between x and N(T). We denote the class of all bounded linear relations
from X by BR(X) and we denote by £L(X) the set of all bounded linear operators on X. We denote the class
of compact linear relations from X by KR(X). We denote by K(X) the subspace of compact operators on X.

If M and N are subspaces of X and of the dual space X’ respectively, then
Mt = {x’ €X' : ¥(x)=0 forallx € M}

and
NT := {x eX:x(x)=0 forallx e N}.

The conjugate of T € LR(X, Y) is the linear relations T" defined by G(T") := G(-T™1)* c Y’ x X/, so that
(y',x") € G(T") if and only if ¥'(y) = x'(x) for all (x,y) € G(T). For T € LR(X), we write a(T) := dim N(T),
B(T) := dim X/R(T), B(T) := dim Y/R(T) and the index of T is the quantity i(T) := a(T) — f(T) provided that
a(T) and B(T) are not both infinite. The classes of upper semi-Fredholm and lower semi-Fredholm from X
into Y are defined respectively by

D,(X) := {T € CR(X) : a(T) < o0 and R(T) is closed,

and
®_(X) := {T € CR(X) : B(T) < o0 and R(T) is closed}.

D(X) := O (X) N D_(X) is the set of Fredholm relations from X into X.
In this paper, we are concerned with the following essential spectrum of a closed linear relation T

0T) = {1eC:A-TeaX)
oa(T) = {1eC:A-Ted,(X).

Definition 1.1. A bounded operator S is called a essential inverse of the closed operator T if
(1) R(S) ¢ D(T) and TS = I + Ky, where K1 € K(X).
(i) ST =1+ Ky, Ky € K(X).

Let T\(T) := Ti[(A — A)T; + I]7" for all A € @y(T)\®)(T) such that

-1
p=Ai

OUT) = {ueC: o(T)} N Di(T)

and T; is the bounded operator satisfying:

Ti()\,' - T) = I—-Py on Z)(T)
(/\i - T)Ti = I- P21' on X,
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where Py; and Py; are two projection bounded finite rank operators. The operator T, (T) is shown in [38] to
be a essential inverse of (A — T).

The concept of Fredholm operators is one of the attempts to understand the classical Fredholm theory of
integral equations. Further important contributions were due to A. Jeribi [33] who gave a simple and unified
treatment of this theory which covered all the basic points while avoiding some of the involved concepts
(see also [2]-[22]). Recently, W. Chaker, A. Jeribi and B. Krichen [32] have utilized demicompact operators
in order to investigate the essential spectra of closed linear operators. In [34] B. Krichen introduced the
relative demicompactness class with respect to a given closed linear operator as a generalization of the
demicompactness notion. Lately, in [29] A. Ammar, H. Daoud and A. Jeribi defined the demicompact of
a linear relation by T : D(T) € X — X is said to be demicompact if for every bounded sequence {x,} in
D(T) such that Qr_7(I — T)x, — y € X/(I — T)(0), there is a convergent subsequence of {Qrx,}. Then, is to
generalize some results given in [32] to multivalued linear operators.

In [24] T. Alvarez, A. Ammar and A. Jeribi extended some properties of Fredholm relations that we
need to study the concept of essential spectra. Linear selections have been investigated in R. W. Cross
[31] and have found several applications. In [26, 27] A. Ammar, A. Jeribi and B. Saadaoui introduced the
phenomenon of linear selection to ensure certain matrix decomposition (example: the Frobenius-Schur
decomposition for multivalued matrices operator). The development of spectral theory for linear relations
was the aim of recent paper in 2012 D. Gheorghe and F.-H. Vasilescu [35]. It has to be mentioned that D.
Gheorghe and F-H. Vasilescu study in paper [36] linear maps defined between spaces of the form X = X,
where X is a vector space and Xj is a vector subspace of X. The strong connection between linear relations
and quotient range operators is well known and easily explained (see [37]). In [28] A. Ammar, A. Jeribi and
B. Saadaoui studied some perturbation results and some relations between the essential pseudospectra of
the sum of two multivalued linear operator and the essential pseudospectra of each of this multivalued
linear operator.

This work is devoted to extend the results started in [23, 39] to various essential spectra of bounded
multivalued operator.

The general objectives of the study to characterize the spectrum of the sum and the product of two
linear relations. We organize our paper in the following way. In section 2, we recall some definitions
and results needed in the rest of the paper. In section 3, we give some sufficient conditions for the linear
relation demicompact that must be Fredholm. In section 4, we gather some results and notations from
Fredholm theory connected with the third section. In section 5, we obtain a result equivalent to a special
case of Theorems 3.1 and 3.2 in [23]. In the last section we apply the results of section 3 to describe the

matrix A = ( 4 B of a linear relation in the form of a Fredholm linear

C+CA'-CA' D+CAB-CA™'B
relations.

2. Preliminary and auxiliary results

In this section, we recall some preliminary results from the theory of linear relation in Banach spaces
which will be needed In the sequel (see [1]).

Lemma 2.1. [31] Let X and Y be two vector spaces and let T € LR(X). Then
(i) D(T™Y) = R(T) and D(T) = R(TY).

(ii) T injective if, and only if, T'T = IpT).

(ii1) T is single valued if, and only if, T(0) = {0}.

(i) TT 'y = y + T(0) and T~'Tx = x + T~1(0).

Lemma 2.2. [31, Lemma V29] If T € LR(X,Y) and S € LR(Y, Z) such that W C D(S) and S is a continuous,
then QsrST = QsrSQ7'QrT.

Lemma 2.3. [29] Let D be a compact linear subspace of a space X. Let {x,,} in X be a sequence such that {Qpx,} is a
convergent sequence, then {x,} has a convergent subsequence.
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Corollary 2.4. Let D a linear subspace of a space X with dim(D) < co. Let {x,} in X be a sequence such that {Qpx,}
is a convergent sequence, then {x,} has a convergent subsequence.

Theorem 2.5. [31, Theorem I11.5.3] Let X, Y be Banach spaces and let T € CR(X,Y). Then, T is open if, and only
if, R(T) is closed.

Proposition 2.6. (i) [30, Lemma 2.4] Let T € LR(X) and S,R € LR(Y, Z). If T(0) € N(S) or T(0) € N(R), then
(R+S)T =RT + ST.
(ii) [31, Proposition 1.4.2] Let R, S, T € LR(X). Then,

(ii7) R+ S)T € RT + ST with equality if T is single valued.
(iiy) T(R + S) is an extension of TR + TS and TR + TS = T(R + S) if

D(T) is the whole space.
(iii) [24, Theorem 2.2] Let S, T € LR(X) be closed. If S and T are everywhere defined such that TS € ®(X) and
ST € O(X), then S € O(X) and T € O(X).

Theorem 2.7. Let T € CR(X) and yu € C*. If iT is demicompact, then yu — T € @, (X).

Lemma 2.8. (i) ([31, Lemma V.7.8]) Let T € LR(X, Y) have dimT(0) < co. Then, S+ T —T € ®.(X,Y) if, and only
if, S € D (X).

(i7) ([31, Lemma VIIL.1.4]) Let the relation S satisfy D(F) > D(T) and dimT(0) < co. Then, T + S € O(X, Y) if, and
onlyif, T € (X, Y).

Theorem 2.9. [31, Theorem V.10.3] Let T € LR(X). Then, the following are equivalent:
() T € D(X).
(ii) There exists A € BR(X) and a finite rank projection K such that AT =1-K.

Lemma 2.10. [31, Corollary V.15.7] Let X and Y be complete and T closed. Then, for any linear operator S satisfying
D(S) > D(T) and ||S|| < y(T) we have

i(T+S) =iT).
Lemma 2.11. [25, Lemma 2.5]Let S, T, A € LR(X, Y). If S(0) € T(0) and D(T) € D(S), then T-S+ S =T.

Theorem 2.12. [24, Theorem 2.2] Let X be a Banach space and let S, T € CR(X). Then
() T € ©.(X) if, and only if, Q7T € ®(X). In such case i(T) = i(QrT).

(i) IfS,T € ©,(X), then ST € .(X) and TS € D, (X).

(iii) If S and T are everywhere defined and TS € ®,(X), then S € O, (X).

Lemma 2.13. [30, Lemma 2.4] Let T € LR(X,Y) and S,R € LR(Y,Z). If T(0) € N(S) or T(0) € N(R), then
(R+S)T =RT + ST.

Proposition 2.14. [26, Proposition 2.2] Let T € LR(X,Y) be closed and S € LR(X,Y) be continuous. We have
OVIfTed, (X Y)and Se Pr(X,Y), then T+ S € O.(X,Y) and i(T + S) = i(T).

() ITed_(X,Y)and S e P_(X,Y), then T+ S € ®_(X,Y) and i(T + S) = i(T).

@) IfTeDdX,Y)and S e P(X,Y), then T+ S € (X, Y) and i(T + S) = i(T).

Proposition 2.15. [31, Exercise 1.2.14(b)] T, S € LR(X,Y). If D(T) = D(S) and T(0) = S(0), then T = S or the
graphs of T and S are incomparable.

Theorem 2.16. [26, Theorem 3.1] Let T € BR(X, Y) be a single valued bijective and assume that R € BR(Z, W) is
bijective with R(0) closed.

() If S € LR(Y, Z) is closable, then RST is closable and RST = RST.
(ii) If R is bounded single valued bijective, then S € LR(Y, Z) is closable if, and only if, RST is closable and RST = RST.
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Definition 2.17. [26, Definition 2.1] Let S € LR(X) be continuous.
S is called a Fredholm perturbation if T + S € O(X) whenever T € O(X) with dim(5(0)) < oo and S(0) € T(0).
The sets of Fredholm perturbation is denoted by P(X).

3. Demicompact linear relation and selection

In this section, we define a demicompact linear relation and give few properties and results.

Definition 3.1. [31, Definition 1.5.1]Let T € LR(X). A linear operator S is called a selection of T if T =
S+T~-T and D(T) = D(S).

Remark 3.2. It’s clear that if S is a selection of T, then we have
Tx = Sx +T(0) forall x € D(T).

Theorem 3.3. Let S be selection of T € LR(X) and dim(T(0)) < oo. If T is a demicompact linear relation, then S is
a demicompact operator.

Proof. Let S be selection of T. Suppose that T is a demicompact linear relation. It suffices to show that, S is
demicompact operator. Let {x,} be a bounded sequence of X such that:

(I=8x, —v.
Therefore, Qr(I — S)x, — Qry € Y/T(0). Since QrT(0) = 0, we deduce that
QrI = S)xn + QrT(0) — Qry € X/T(0).

Hence Qr(I — T)x, — Qry € X/T(0). This implies that {Qrx,} has a convergent subsequence. Since
dim(T(0)) < oo, then the result follows directly from Corollary 2.4. [

Theorem 3.4. Let S be selection of T € LR(X) and dim(T(0)) < co. Then, T is a demicompact linear relation if, and
only if, S is a demicompact operator.

Proof. Let T is a demicompact linear relation by using Theorem 2.7, we get I — T € ®,(X). Since I — S be
selection of I — T with dim(T(0)) < oo, then by Lemma 2.8 we obtain I — S € ®,(X). From Theorem 2.9, it
follows that there exists A € BR(X) and a finite rank projection K such that A(I — 5) = I — K. Let {x,,} be a
bounded sequence of D(S) such that (I — S)x, — y, then

A(l - S)x, — Ay.

We conclude that
(I-K)x, — Ay.

Since K is compact, then (Kx;), has a convergent subsequence and so {x,} has also a convergent subsequence.
Conversely, let S is a demicompact operator, then by using Theorem 2.7, we get I — S € ®,(X). Since I - S
be selection of I — T with dim(T(0)) < oo, then by Lemma 2.8 we obtain I — T € ®,(X). From Theorem 2.9, it
follows that there exists A € BR(X) and a finite rank projection K such that A(I = T) = I — K. Let {x,} be a
bounded sequence of O(T) such that Qr(I — T)x, — y. Since QA(I_T)AQ;1 is a bounded operator, then

Quu-nAQ: Qr(I - T)xy — Qaa-nAQT'Y.

Since T(0) € D(A) and A is continuous, then by using Lemma 2.2, we obtain Q;_xA(I - T)x, — Q- KAQ;1 Y.
Equivalently to Qx(I - K)x, — QKAQ;ly. Since dim K(0) < oo, then {x,} has also a convergent subse-
quence. []
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Theorem 3.5. Let T € CR(X) and dimT(0) < oo. If %T is demicompact for each p € [1, +oo], then u — T € O(X).

Proof. Let S is selection of T. Since ﬁT is demicompact for each u € [1, +oo[, then by Theorem 2.7 we get
u—T € ®,(X). By using Lemma 2.8 (i) and Theorem 3.3, we get u — S € ®(X). We shall prove that the map

@: [1,+00] — Z
uo > -9

is continuous in y. For this, let u, g € [1, +oo[ arbitrary but fixed such that |y — uol < y(u — S). By using
Lemma 2.10, we have

(p=5)=i(u—=5—u+po) =i(uo - 5).
Let ¢ > 0 there exists 6 := y(u — S) such that, if y, yo € [1, +oo[ with |u — ol < 6, then |i(u — S) — i(uo — S)| =
[0] = 0 < e. So, that ¢(p) is continuous. Now, we know that every continuous mapping of a connected in Z
is constant.

If y — +co, then i((l - iS) y) = i(l - iS) = i(I) = 0. Showing that

i(u —S) = 0 for each p € [1, +oo[. We conclude that a(u — S) = (i — S) < oo, then u — S is a Fredholm linear
operator. Now, by Lemma 2.8 we conclude that y = T € ®(X). O

4. Some properties of linear selections

Lemma 4.1. Let Ty is selection of T and Sy is selection of S, then:
(i) T1 + Sy is selection of T + S.
(i1) If D(T) containing the ranges of both S and Sy, then T1 5, is selection of TS.

Proof. (i) Let Ty is selection of T and S; is selection of S, then
D(T +S) = D(T) N D(S) = D(T1) N D(S1) = D(T1 + S9).
It is easy to prove that
T+S=T1+T-T+5+5-5=T1+5+(T+S)—(T+5).
(i) Let T; is selection of T and S is selection of S, then
TS=T(S1+S-95).

Since D(T) containing the ranges of both S, then by Proposition 2.6 and Proposition 4.7 we have T(51+5-S5) =
TS1+ TS —TS. This implies that TS = (T1 + T — T)S; + TS — TS. Hence, S; is single valued, then

TS =T151+TS1 — TS+ TS -T8S.
Let x € D(TS), then TSx = T1S1x + TS1(0) + TS(0) = T1S1x + T(0) + TS(0). Since T(0) € TS(0), then
TSx = T1S1x + TS1(0) + TS(0) = T1S1x + TS(0).
We still have to show that D(T151) = D(TS). Indeed,
D(T181) = {xeD(S): D(T1) N Six # 0}

{x € D(S) : D(T) N $1x # 0},
We have D(T) containing the ranges of both S, then
D(T1S1) < {xeDS): D(T)NSx #0).
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Conversely,

D(TS) {x € D(S): D(T) N Sx # o}

{x € D(S1) : D(T1) N Sx # 0]
c S{'D(Ty) = D(T1S1).
We conclude that T1S; is selection of TS. [
Proposition 4.2. Let T € CR(X,Y). If S is selection of T, then S € CR(X, Y).

Remark 4.3. Let S is a selection of T, then for all A € C we have A — S is a selection of A — T. Indeed, for all x € D(T)
we have (A — T)x = (A = S)x + T(0) = (A = S)x + (A = T)(0) and D(A = T) = D(T) = D(S) = D(A - S).

Proposition 4.4. Let T € LR(X) and K is a demicompact linear relation, then I — K+ T — T € O(X).

Proof. By using Theorem 3.5, we have I — K € ®(X) for all K is a demicompact linear relation. Since
0 =T - Tl < y(I = K), then by applying [31, Theorem V.5.12 | weget | - K+ T -T € O(X). O

Proposition 4.5. Let T € LR(X). Let S is a selection of T it is assumed there exist S; € BR(X) and S, € L(X) with
Ky and Ky are demicompact such that 515 =1 — Ky and SSy =1 — K, then T € O(X).

Proof. By using Proposition 2.6, it is clear that $iT = $1(S+ T —T) = I — Ky + 5:T — 5;T. By Theorem
3.5 we get I — Ky € O(X). Since 0 = ||5:T — S1T1| < y(I — Ky), then by [31, Theorem V.5.12 | we have
S$1T =1-K; + 5T - 51T € &(X). In the same way to find the following result TS, € ®(X). By applying
Proposition 2.6 (iif) we conclude that T € &(X). O

Corollary 4.6. Let T € LR(X). Let S is a selection of T it is assumed there exist 51,5, € L(X) and K1, K; € K(X)
such that 515 =1 — Ky and SS; =1 — Ky, then T € O(X).

Proposition 4.7. If S is a selection of T then we have:
() N(S5) € N(T),

(i) R(S) € R(T),

(ii1) If T(0) € R(S), then R(S) = R(T).

Proof. (i) Let x € N(S) if and only if x € D(S) such that S(x) = 0. Then we have Sx + T(0) = Tx = T(0) for all
x € D(S) = D(T). So, x € N(T).

(i7) Let y € R(S) if and only if there exists x € 9(S) such that Sx = y, then Sx + T(0) = y + T(0). Therefore
Tx = y + T(0) equivalent to y € R(T).

(i17) Since R(T) = R(S) + T(0), we conclude that R(T) = R(S). O

Proposition 4.8. Let T € CR(X) is injective. If R(T) is closed, then there exists an injective selection S such that
R(S) is closed.

Proof. 1t T is closed, then by Proposition 4.2 we have a closed selection S. Since T is injective by Proposition
4.7 we have N(T) = N(S) = {0}. Let R(T) is closed, then by Theorem 2.5 we have T is open equivalent sense
y(T) > 0. So,

y(Mld(x, N(T)I < [ITx]|

since T is injective, then
y(Dlixll < [ITx]| < [ISx]].
Let v, € R(S) such that y, — v.
There exists x,,, x,, € D(S) such that y, = Sx, and y,, = Sx, forall n,m > 1. As,

1 1
Iy = xmll £ —=11SCn = Xl £ —=M1Yn — Yimll-
y 10 = ol = Sy I =y
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Since y, is converge, then it is Cauchy, consequently (x,), is Cauchy, therefore x, — x, and we have
Xy € D(S), Sx, — y and S is closed, then x € (S) and Sx = y. Consequently y € R(S). O

Proposition 4.9. Let T € LR(X, Y) is injective and S is the selection of T, then

y(T) < y(S).

Proof. We have y(T)d(x, N(T)) < ||Tx||, by Proposition 4.7 we get N(S) = N(T) = {0}, then y(T)|lx|| < [|Tx]|.
Equivalently y(T)|lx|| < ||Tx]| < [|Sxl|, so

y(T)d(x, N(S)) < ISx]l.
Consequently, y(T) < y(S). O

Corollary 4.10. Let T € LR(X, Y) is injective and S is the selection of T.
()) If T is open, then S is open.

(i1) If R(T) is closed, then R(S) is closed.

(iii) If dimR(T) < oo, then R(S) is closed.

Proof. (i) Since T is open, then y(T) > 0. Using Proposition 4.9, we obtain y(S) is open.
(i7) Using Theorem 2.5 and (i).
(iif) Using [31, Proposition I1.3.2 (d)] and (7). O

Example 4.11. If T is open, then there exists an open selection.
Indeed, if P is a linear projection with domain R(T) and kernel T(0), then PT is a selection of T. Using [31, Theorem
11.3.11] we get

y(P)y(T) < y(PT).
Since T is open, then y(T) > 0. If R(P) € N(P) , then by Example [31, Example 11.3.3] we get y(P) > 0, therefore
y(PT) > 0.

Theorem 4.12. Let T € CR(X)(X), then T has a closed selection S and if T(0) € R(S) we get

p(T) < p(S).

Proof. Let T € CR(X)(X), by Lemma 4.2 we get T has a selection S is closed.

Let A € p(T), then A — T is bijective. Show that A — S is bijective. Indeed, let x € N(A - S) if, and only
if, { ?f_@s()i i f)) = D) =DT) erefore (1 — Tx = (A — S)x + T(0) = T(0), then x € N(A — T). Hence,
N(A =S) C N(A —T), thatis A — S is injective. Show that R(A — S) = X, indeed, since T(0) C R(S). Therefore
by Proposition 4.7 we get R(A — T) = R(A — S) = X. We conclude that A € p(S). O

Lemma 4.13. Let T € O(X), S € BR(X) and F € P(X), suppose that TS = F. If S(0) € N(T), then S € P(X).

Proof. Let T, is a selection of T with T(0) € R(T;). Since T € ®(X), then T; € O(X). So, there exists A € L(X)
such that AT; = I — K where K € K(X). Hence, ATS = A(T: + T — T)S = AF by using Proposition 2.6
(ii) we gate ATS = (AT, + AT — AT)S = (I - K+ AT — AT)S. Since 5(0) € N(AT — AT), then we applied
Proposition 2.6 (i) we find ATS = (I — K)S + (AT — AT)S, since D(A) = X, then by Proposition 2.6 (ii) we
have ATS = (I - K)S + A(T — T)S. Hence S(0) C N(T), then by Proposition 2.6 (i) we get

ATS = (I - K)S + A(TS — TS) = (I - K)S + ATS — ATS.

Therefore, (I — K)Sx € ATSx for all x € X. Obviously, ATSx = AFx = Fix where AF = F;, then we get
F1 € P(X), then T + F; € d(X). We deduce that

T+(I-KS+F —F=T+S-KS+F —F € ®X).

Now using the fact that the linear relation KS + F; — F; € P(X). Hence T + S € ®(X), since T € ®(X), then it
is clear that S is a Fredholm perturbation. [
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Lemma 4.14. Let T € BR(X), S € £L(X), A € Or(X)\DXT), p € Ds(X)\DUT) and T; is a selection of T with
T(0) C R(T1). If there exist a Fredholm perturbation F is single valued, such that TS = ST + Fy. Then there exists a
Fredholm perturbation single valued F depending analytically on A and y such that

(A - T)(STA(Tl) - TA(Tl)S) = T(0) + F.
If A = T is injective, then Tr(T1)Ty(S) = Tu(S)TA(T1) + F.

Proof. Let x € X, then by Proposition 2.6 (i) we have

(A - T)ST/\(Tl)X = (/\S - TS)TA(Tl)x
(A8 = (ST = Fy))Ta(Th)x.

Since Tx(T1) is single valued, therefore by Proposition 2.6 (i) we have

(A =T)STa(T1)x

(ASTA(T1) = (ST = F)TA(T1)x

(ASTA(Ty) = STTA(Ty) = FyTo(T1) )

(S( = T)TA(Ty) = FyTa(Ty) .
Since (A = T)TA(T1) =(A=T1 + T =T)Tx(T1) =1 = Ky + (T = T)TA(T1). Hence, we get
(A=T)STA(T)x = (S—SKy+S(T = T)TA(Ty) - FyTu(Ty))x.
Let F, = —=SK; — F1T)(T1) and we have F, € P(X), then (A — T)ST,(T1)x = Sx + ST(0) + Fox. Moreover,

(A=T)T\(T)Sx = (I-Ky+ (T = T)T(Ty))Sx

(I - Ky)Sx + T(0)

Sx — K1Sx + T(0)

Sx + Kyx + T(0), (where — K;Sx = Kx).

This make us conclude that

A - T)(STA(Tl) - TA(Tl)S)x = Sx+ ST(0) + Fox — Sx — Ky + T(0)
= S5(0) + ST(0) + F3x + T(0)
= (TS + F1)(0) + F3x
= T(0) + F3x.

If A — T is injective we get,

(A=T) A = T)(STA(T1) - TW(T)S)x = (A—T)"}(T(0) + Fsx)

(A =T)7'T(0) + (A — T) ' Fax
(A =T)"40) + (A = T)'F3x
(A = T) 'Fax.

By using Lemma 2.1, we get

(STA(Ty) = TA(T1)S)x + (A = T)7}(0) = (A - T)'Fsx.
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Since A — T is injective we obtain that (STA(T1) - TA(Tl)S) = F4, where F, = (A — T)"'F5. Therefore,
ST/\(Tl) = T/\(Tl)s + F4. Thus, we obtain

(= SITu(S)TA(T1) — TA(T1)Tu(S)]

(I = K3)TaA(T1) = (u = S)TA(T1)T(S)

= Ta(T1) = Ky = [TA(T1)(p = S) + F5]Tu(S)
= Ty(T1) =Ky = Ty(T1)(I - Ks5) — Fe

= —K4 + K6 - F6

= F;.

where K; € K(X) fori = 3,4,5,6 and F; € P(X) fori = 6,7. Hence,
Tu(S)TA(T1) — TA(T1)T(S) = F where F € P(X).

Furthermore, the analyticity of F in A and u follows from the analyticity of T,,(S) and T(T1). O

5. Some perturbations results

In this section, we give some perturbation results and some relations between the essential spectrum of
the sum of two linear relation.

Let T € CR(X). We define the sets W(X) and Ilr(X) by:

V(X) = {T € LR(X) : uT is demicompact for every u € [0, 1]},
D(T) € D(K),
Ir(X) = KeLR(X): K(0) c T(0) and Y € p(T + K),
—(u-T-K)'Ke¥Y(X)
We denote

o(T) := ﬂ o(T + K).

KelTr(X)
Theorem 5.1. For each T € CR(X), we have
0.(T) € o,(T).

Proof. Let T € CR(X) and u ¢ 0,(T), then u ¢ Ngerr,(x)0(T + K). Therefore, u € Ugerr,x)p(T + K). Hence, there

exists K € I1p(X) such that u € p(T + K). We conclude that —(u — T — K)"'K is demicompact and y — T — K is

bijective. Hence,  — T — K € ®(X) and by applying Theorem 3.5 we get [ + (1 — T — K) 'K € ®(X). Moreover,
R(u-T-K7K) = DK u-T-K)

(u-T-K'R(K)

= {xeDE-T-K) :REK)N(u-T-Kx 0}

= {xeD(M):RE) N (u-T-Kx#0}.
Let x € D(T), since D(T) contain the ranges of (1 — T — K) 'K, then by Proposition 2.6 (ii) we get
(U-T-K@+@-T-K"'Kx) = (u-T-Kx
= +(u-T-K(u-T-K 'Kz
By Lemma 2.1 (iv), we have

(=T =K+ (T~ K)'Kx)

(u—=T—-K)x +Kx
+Hu =T = K)(0)
= (u-T-K)x+Kx.
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Since D(T) c D(K) and K(0) € T(0). By Lemma 2.11, we get
u-T=u-T-K+K

Therefore, (u — T — K)(I + (u — T — K)"'K) = u — T. Hence, applying Theorem 2.12, we get u — T € ®(X). We
deduce that 1 ¢ 0.(T). O

Theorem 5.2. Let T, S € BR(X), T(0) is closed and S(0) C T(0). If for every A & c.1(T), there exists A, a left inverse
modulo compact of A — T such that SA, is demicompact and T(0) C N(SA,), then

O'ﬂ(T + S) C O'ﬂ(T).
Proof. Let A ¢ 0,4(T), then A =T € ®,(X). By Theorem 2.9, there exists Ay € BR(X) and a finite rank
projection K such that Ay(A — T) = I — K. Since SK(0) = 5(0) c T(0) and D(SK) = D(T) = X, then by Lemma

2.11 we have
A-T-S=A-T-S+SK-SK

By using Proposition 2.6 (ii) we get

A-T-S§5+SK-SK

A-T-S(I-K)-SK
A=T=SA\(A-T)-SK.

Since (A — T)(0) = T(0) € N(SA,), then by Lemma 2.13 we get
A=T—-S=({I-SA))(A-T)-SK.
As SA, it follows from Theorem 2.7 that [ — SA, € ®,(X) and we have A - T € ®,(X), then by Theorem 2.12

we get (I = SA))(A = T) — SK € @, (X). Since SK € P(X), then by Proposition 2.14 we get A — T — S € O, (X).
Hence A ¢ 0,1(T + S). We conclude that 6,1(T + S) C 04(T). O

Theorem 5.3. Let T, S € BR(X), T(0) is closed and S(0) C T(0). If for every A & o.(T), there exists A, a left inverse
modulo compact of A — T such that SA, € W(X) and T(0) € N(SA,), then

0.(T + S) C a.(T).

Proof. Let A ¢ 0.(T), then A - T € ®,(X). Since A, a left inverse modulo compact operator of i — T such that
SA, € Y(X), then

A=T-S = (I-SA)A-T)-SK

As, SA) € W(X), then by Theorem 3.5 we get I — SA, € @(X). By using Lemma 2.12 we get (I = SA))(A-T) €
®(X). According to Proposition 2.14, we conclude that A — T — S € O(X). Then A ¢ 0,(T +S). O

Theorem 5.4. Let T, S € BR(X), T(0) is closed and S(0) c T(0) with A — T — S € . (X).
(H1) If there exists H) a left inverse modulo compact of A — T — S such that —AY(T)SH, is demicompact, then

| (T + $)|\0} € [0 (T) U G ($) MO}

(Ha) Moreover, if there exists G, a left inverse modulo compact of A — T — S such that —A~'S(T)G, is demicompact,
then then

[001(T) U 61 (S)]\(0} = [0 (T + S)]\{0}.
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Proof. (i) Let A € C\{0}. If there exists H, a left inverse modulo compact of A — T — S, then by Theorem
29 we get Hy(A — T - S) = I — K where K € K(X). Since T € BR(X), then by Proposition 2.6 (ii) we have
(A=T)A=S)=AA~=T) = (A -T)S and by Lemma 2.13 we have

AMA-T)=(A-T)S = AA-T-S)+TS

Hence, TSK(0) = TS(0) C (A(/\ -T-5)+ TS)(O) and D(A(A - T - S) + TS) = D(TSK), then by lemma 2.11 we
get
A-T)YA=S)=AA-T-S)+ TS+ TSK-TSK.

Clearly, OD(TS) = X, then
A-T)YA=S) = AA-T-S)+TS(UI-K)+TSK
= AMA-T-S)+TSH)(A-T-S)+ TSK.

By using Lemma 2.13 we get A(A = T —S) + TSHA(A -T - S)+ TSK = /\(I + A‘lTSHA)(/\ —T—-S)+TSK. we
conclude
(A=T)A=8) = A(I+ A'TSH, )(A =T - ) + TSK.

Since D(TSK) = D(A(I+A~'TSH, (A~ T - S)) and TSK(0) € A(A =T =) + TS(I - K)(0) = A(I+A~TSH, (A -
T — S)(0). Then, by using Lemma 2.11 we prove that

(A=T)(A - S)—TSK = A(I+ A"'TSH,)(A - T - S).

Let A ¢ [021(T) U 0.1(S)]\{0}, then A = T € @, (X) and A — S € @, (X). Hence, TSK € £(X), then by Lemma
2.12 (iii) and Proposition 2.14 we get

(A= T)(A = S) = TSK € D, (X).

Again, by using Lemma 2.12 (v), we show that A — T — S € @, (X). We deduce that, A ¢ [ael(T + S)]\{O}.

(i7) Continuing in the same way, we can find
(A=A =T)=AA=T=S)(I+A7'STG,) + STK.

Let A ¢ [oel(T + S)]\{O}, then A - T — S € ®,(X). Since —~A~!TSH, and —A~'STG, are demicompact, then by
Theorem 2.7 we have
I+ A7'TSH; € . (X)and I + A7'STG, € @, (X).

Therefore, by Lemma 2.12 we have A(A = T = S)(I+ A~/(T + D)TSH, ) + STK € @, (X) and A(I+A~"TSH, )(A -
T-5)+TSK € @, (X). Consequently, TSK, STK € P(X), then (A-T)(A-S) € O, (X)and (A-S)(A-T) € D, (X).
Applying Lemma 2.12, then A = T € ®,(X) and A — S € O, (X). We deduce that

A ¢ [oa(D) Uoa($]\0}. O

5.1. The essential spectra of the sum and the product

In this subsection, we determined the description of the essential spectra of two essentially commuting
multivalued operators.

Theorem 5.5. Let T € BR(X) and S € L(X). Suppose that there exist F € P(X) such that TS = ST + F. Then
0o(T + S) € 0.(T) + 6.(S5).
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Proof. 1f 6,(T) + 0.(S) = C, then the theorem is trivially true. Thus, we assume in the next that o.(T) + ¢.(S) is
not the entire plane and let i ¢ 0.(T) + 0.(S). We define the operator Z as Z = u — T and let Z; is a selection
of Z with Z(0) € R(Z1). Hence, if A € 0,(S), then u = (= A) + A & 0o(T) + 0.(S), then u — A ¢ o.(T). By using
[40, Theorem 3.3], we infer that there exists a domain 9 can be chosen such T)(Z;) and T,(S) are analytic
on B(D). Define the operators M; and M as follows

-1
M1 = T/\(Z1)T).(S)d/\
2irt J o)
and .
Mz = 5 _ T/\(S)T/\(Zﬂd/\.
2int J,pp)

Wehave y—S—-T = —(A - Z) + (A = S). Since we can write
-1
(u-S-TMy; = — —(A = 2)TA(Z1)TA(S)dA
2imt J g
-1
= (A = 8)TA(Z1)T1(S)dA.
2imt J p(p)

Obviously,
A =2)TNZ1) = (A= Z1 + Z = Z)T)(Z1) =1 - K+ (Z - Z)TA(Z1)

where K € K(X). Then the first integral of the above equality is of the form

-1 -1

— (I-K+@Z-2TUZ))TA(S)dA = — f (I = K)TA(S)dA

2imt ) yp(p) 2imt ), p(p)

+7Z - 7.
By [38, Theorem 13], we get % L BD) TA(S)dA =I - Kj. So, we infer that the first integral is of the form
-1
(}l -S-TM; =1-Ky + — A =9)TA(Z1)TA(S)dA + Z - Z.

2int J (o)

Applying Lemma 4.14, we get TA(Z1)TA(S) = T1(S)T1(Z1) + Kz where K3 is compact and we have S is a single
valued, then we get

-1
— (A =8)TA(S)TA(Z1)dA =1+ Ky, Ky € K(X).
2int J pp)

Using the fact that 7+ +B(D)(/\ — 5)KzdA is compact, we have

([.l—S—T)M1 = I+Ks+Z-Z7.

By a similar argument we obtain M,(u — S = T) = I + K¢ + Z — Z, where K¢ € K(X). By using [31, Theorem
V.5.12 Jwe have (1 —S-T)M; € ®(X). Again by applying [31, Theorem V.5.12 Jwe get M(u—S—T) € O(X).
Therefore, Proposition 2.6 (iii) we conclude that (4 — 5 - T) € O(X). O

Theorem 5.6. Let T € CR(X) and S € L(X) N D(X). Suppose that there exist F € P(X) such that TSx = STx + Fx,
forall x € D(T). Then 0,(TS) C 0.(T)0e(S).

Proof. Lety € 0,(S)o.(T). In what follows, we will show thaty € ¢.(TS). Observing that ,(T) is closed, c.(S)
is compact and 0 ¢ 0.(S). then there exists an open set U, with bounded boundary B(U), containing ¢,(S)
and satisfying that 0 ¢ U and y — uT € ®(X). we obtain the existence of a domain D such that ¢.(S) € D € U.
Let y — uT as follows

y—uTl = (‘uy)(% - %T) = (%)(A - %T), where A = %
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Taking O’ the image of D under the map A = %, we can assume that T)(Z;) is analytic in A on S(D’) where

Z = %T and Z; is a selection of Z with Z(0) C R(Z;). This assumption holds true thanks to the fact that

A —Z € (X). Let us define the operators M; and M, as follows

-1 1
= — —T\(Z1)T1(S)d
M= 2 +B(D) VA HET ()
and
-1 1

M T1(S)TA(Z1)dA.

2 Joppy yA T

Moreover, since S is a single valued, then we have

(y-5S1) = (y-5r2)
= y-SyZ+yAS—-yAS
= yS(A=2Z)+y(I - AS).
We get

-1 1
(y = ST)M; = — =

1
30 oy 150 DTHENTHO) + (7 = HTAZIT (i

In light of this, the first part of the integrand can be written as follows
1
f —=S(A = Z)TA(Z1)T1(S)dA
o) !

- f L5(1= Ky + (Z - DYTA(Z0)) T2 (S)dA
+B@) A *

= f lST;(S)d/\+K2+Z—Z.
By AT

Since 0 ¢ D and S is single valued, hence using [38, Theorems 13 and 14.9] we get

-1 1 -1
— ST, (S)dA = —f ST.(S)dA = I + Ks.
217_[ +B(D) /\ A 217_[ +B(D) ‘u # 3
Then we obtain,
-1 1
(y-ST)M; = — =SA-2)T\(Z)T1(S)dA =1+ Ky +Z - Z. (1)
2iTt +B(D) A A

Since S is a single valued, we get the second part of the integrand is equal to

f (% ~ S)TAZ)T: (S)dA = f TA(Z)dA + F. @
+B(D) +B(D)

Then we deduce by [38, Theorem 7.4] that

=S TA(Z)dA = Ks. 3)

2im J yp(p)

By using Egs. (1),(2) and (3) we find

-1 1
— —S(A = Z)TA(Z))T s
2im +B(D)/\S(A )TA(Z1)T1(S)dA

I+Ky+Ks+F3+Z—-Z7

= [+F,+7Z-Z
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Since B € L(X) we can easily check that

(y-5T) = y—yS§+)/AS—)/AS

YS(A =2Z) +y(I - AS)
YA =2)S +y(I - AS) + Fs.

This implies that,
-1

1
Maly=ST) = 5o | AT (S)TA(Z)(y(A = 2)S + (I = AS) + F5)dA
S L T 0 - 2)8dA

217t +B(D) A7

_ﬁ o %T%(S)TA(Zl)(I — AS)dA + Fs
S 1r, S)I - K + TA(Z1)(Z — Z))SdA

2irt Jippy A 7 ’

_ﬁ " %(TA(Zl)T% (S) = F1)(I = AS)dA + Fs

-1 1
= — ~T,(S)SdA + Ky + ZS — ZS

2imt Jyppy A 7

S L @) (S) 1 = A8)dA + Ee

2imt ) pp) A s

1 1
= I+F+Z2-7Z—-— TA(Z1)T1(S) (= —
+Fp i gy AT = )00
1
= I-— TA(Z1)(I = Kg)dA.
i gy T = Ka)iA

= [+F+Z-7

where, K; € K(X) and F; € P(X) foralli € {1,2,3,4,5,6,7,8}. Now, to show that 0.(TS) C 0.(S)o.(T). Indeed,
(T-TS)My =(y=ST+F)M; =(y—=ST)M1+Fg =1+F4+F9+T—-T =1+F;p+T—T. where, F; € P(X) for all
i €{9,10}. By using [31, Theorem V.5.12 | we have (y — TS)M; € ®(X). Furthermore, since S single valued
we have My (y — TS) = Mz()/(A - Z)S+y( - )\S)) =1+ Fi1 + T — T where, F1; € P(X). Again by applying
[31, Theorem V.5.12 ] we get My(y — TS) € O(X). Therefore, by using Proposition 2.6 (i) we conclude that
(y = TS) € D(X).

O

6. Application 2 X 2 matrix linear relation

In the product space X X Y, we consider an multivalued linear relation formally defined by a matrix
A= A B
"\ C+CA'-CA! D+CA'B-CA'B |
The block matrices multivalued linear realtion is defined with domain

D(A) = [Z)(A) ND(C+CA™ - CA-l)] X [Z)(B) NDD +CA™'B- CA—lB)].
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Remark 6.1. If CA™1(0) ¢ C(0) and CA~'B(0) c D(0) with D(C) ¢ D(CA™') and D(D) c D(CA™'B), then
A B
an2B)

The purpose of this section is to determine the decomposition of A then we will use the notion of compact-
ness to discuss Fredholm relation.

6.1. Relationship between Fredholm linear relation of A and demicompactness

Theorem 6.2. Let D(CA™Y) contain the ranges of both A and B and, D(C) contain the ranges of A with C(0) C
CA~1(0) and D(0) € CA~'B(0). Then,

ao 1. 0)fA 0 I AB
“\lcar 1)\ o D-caB)\lo 1 )

ol 3 el b D) - 47

This is equivalent to
P I 0)\(A 0 I A7B\( x
2 CA™' 1 0 D-CA'BJ\0 I x|

Y1 I 0 A 0 X1+ A_lBJCZ
Weca“get( V2 )e( CA I )( 0 D-CA'B X
0
I

. . 1 1 A(x1 + A_leZ) .
if, and only if, ( " ) € ( CA-1 )( Dxy — CA-1Bx, | Since,
R(AT'B) = D(B'A)
= A7'R(B)

{x e D(A) : Ax " R(B) # 0,

then D(A) contain the ranges of A™'B. According to Proposition 2.6, we obtain

Y1 I 0 Axi + AA_leZ
( " ) € ( CA-l ] )( Dxs — CA-'Bxy | Therefore,

W c I 0 Ax1 + BXZ + A(O)
Y2 CA™Y I Dxy — CA_lB.X'z ’

I 0 Ax1 + Bx,
CA™' 1 )( Dx, — CAilBXQ )

Axy + Bxo

Axi + BXZ) + Dxp — CA_lBXZ

Which is equivalent to that ( z ; ) € (

if, and only if, ( 5; ) € ( CAL( ) Hence, D(CA™)

contain the ranges of both A and B, then by Proposition 2.6 we get

W Ax1 + Bxy
S
Y2 CA_lel + CA_leZ + Dx, — CA_leZ ’
Equivalent to,

A c Ax1 + Bxs
Y2 C(x1 + A_l(O)) + Dx, + CA_lBJCQ - CA_lBXQ ’
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Since D(C) contain the ranges of A, then

a1 c Ax1 + Bxy
12 Cx1 + CA7'1 = CA;'1 + Dx + CA™'Bxy — CA™'Bx, |

We conclude that

ol can 7)(5 D_SA-lg)(é )] :

M I 0\(A 0
oreoverl cat 1/l 0 D-CA'B 1

A B n
C+CA™-CA' D+CA'B-CA'B || @)

I
A~ 1

A

I
A7l 0

|
|
( I )( A(0) + B(0) )
- |

0

( AA71B(0) )

CA™! 0

A(0) + B(0)
CA-1(B(0) + A(0))

_ A(0) + B(0)
= | ca0)+cAa'BO) |

Since, C(0) ¢ CA1(0) and D(0) ¢ CA™'B(0), then
I 0 A 0 I A'B 0
CA™1 I 0 D-CA™'B 0 I 0

_ A(0) + B(0)
~ | C(0)+ CA™Y(0) + D(0) + CA™'B(0)

~ A B 0 5
"\ c+cat-cat D+caB-caB )\ 0 | ©®)

(i )eellar

if, and only if, C -1

if, and only if, C -1

Ax + By ) 40

if, and only if, Cx + CA™1(0) + CA™'By + Dy — CA™'By

0
if, andonly1f,( CA-l T )( Dy - CA-1By )#(Z)
if, and only if, (

B x
Cocat_CA DcaiB-CaTB )( y )”'
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We obtain that

A B ol 10y 0 IoATBY|
c+cal—cat p+caB-ca B )|=P\cat 1)\ o pD-cas)lo 1 || ©

By Eq.s (4), (5), (6) and by using Proposition 2.15, we conclude that

D

A B _ I 0 A 0 I A'B 0
C+CA1-CA™ D+CAB-CA'B ) | CcA?t 1 0 D-CA™'B 0 I '

Theorem 6.3. Let D(CA™') = X and D(C) contain the ranges of A with C(0) ¢ CA~1(0) and D(0) ¢ CA~1B(0).

A-1B(0) I-A 0
If( 0 )CN[( 0 I—D+CA‘1B)]’then

A= I 0 I-A 0 I A'B N I A7B
- CA™! 1 0 I-D+CA'B 0 I CA™! I+CA™YB |

Proof. By Theorem 6.2, we get

ao 1 0)fA 0 I AB
“\car 1)\ o D-caB)lo 1 )

Therefore,
A+I1-1 0 I A'B
0 I-1+D—-CA™'B 0 I

I 0\ (I-A 0 I A'B
0 I 0 I-D+CA'BJ|\0 I [

-1 _
Hence, ( A7BO) ) CN [ I OA 0 )], then by using Lemma 2.13 we get

A

I-D+CA'B

A = I 0 I A'B [ I-A 0 I A'B
B CA™! I 0 I 0 I-D+CA’'B 0 I

According to Proposition 2.6, we conclude that

I 0 I A'B
A e i)lo )
_ I 0 I-A 0 I A-'B
CA™ 1 0 I-D+CA'BJ\0 I )
-1
Let[( 2 ),( z; )]€G|( Cfll‘l (I))((I) AIB )] This is equivalent

-1
to( n )e ( Czi‘l (I) )( X+ AT Bx) ) Then, we can infer that

Y2 X2
n c X1+ A_lBX2
2 CA Y (x; + A7 'Bxy) + x5 |
Y1 X1 A_lBJCQ
Therefore, ( " ) € ( CA-'x; CA'ABry+x, | We prove that,

I 0\(I A'B I A7'B
G[( CA™ 1 )( 0 I )] CG[( CA™ C(A)B+1 )] @)
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Moreover,

(e $)5 4 )8) - (eho 2 20)

_ 'B(0)
= | cia 2B |

we infer that

I o\(I A'BY[(0o) [ I A-'B 0 .
cat 1 )\lo 1 0) =\ cat cayeB+1 )\ o) (8)

On the one hand,
I 0 I AB\|_ I A7B\|_ 1
ol cas TN M1 )=2l(0 ) xxoun

On the other hand,

I A7'B _
D[( CA' CATIYB+1 )} = XxD(A™'B).

We can also show that

I A'B I 0\(I A7B
D [( CA™' C(AVB+I )} =0 [( cat 1 )( 0 I )] ®)

By Eq.s (7), (8), (9) and by using Proposition 2.15, we deduce that

I A7'B _ I 0 I A7'B 0
CA™l CA™YB+I | |\ CA! I 0 I ’

6.2. Fredholm linear relation of A

Theorem 6.4. Assume that the hypotheses of Theorem 6.3 are satisfied. Let A and D — CA™'B are closed and
demicompact linear relation such that A™'B and

) I
-1
CA™" are bounded single valued. If( CA' C(A- 1)2B +] ) € P(X), then A is a Fredholm linear relation.
I 0 I-A I A7'B
Procf Letﬂ:‘( cAl I )( o’ 1_prcas )( ) ( CA™l 1+C(A)?B
I-A 0

Since A and D — CA™!B are closed, then ( is closed.

0o I- D+CA1B)

. . I 0 I A'B .
It is easy to notice that ( CA-L I ) and ( 0 I ) are single valued
bounded bijective. By using Theorem 2.16 we infer that A is closed. Hence, A and D — CA™'B are
demicompact, according to Theorem 3.5, we deduce that I — A € ®(X) and I — D + CA™'B € ®(X). By using
Theorem 2.12, we get

- -1
( CfIl‘l (I) )( ! OA I—D+OCA_1B )( é AIB )isaFredholmlinear

A7B

Cfll‘l C(A")2B +1 ) € P(X), then by Theorem 2.14 (iif)

relation. Since (

we get A is a Fredholm linear relation. O
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