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Abstract. In this paper, a cross-diffusion predator-prey model with general functional response and stage-
structure for the prey is analyzed. The global existence of classical solutions to the system of strong coupled
reaction-diffusion type is proved when the space dimension less than ten by the energy estimates and
the bootstrap arguments. The crucial point of the proof is to deal with the cross-diffusion term and the
nonlinear predation term .

1. Introduction and the mathematical model

The dynamic relationship between predator and prey has long been, and will continue to be, one of the
dominant themes in both ecology and mathematical ecology due to its universal existence and importance.
Many kinds of predator-prey models have been studied extensively (see, [1, 2]). In the natural world,
there are many species whose individual members have a life history that takes them through two stages:
immature and mature. In particular, we have in mind mammalian populations and some amphibious
animals, which exhibit these two stages. Due to the above realistic evidences, the stage-structured models
have received much attention in recent years, see, [3-14, 31, 32, 34, 45-47] and the references therein. In
the model of Aiello and Freedman [2], the population has a life history and is divided into two stages:
immature and mature. They built and studied a time delay model of single species growth with stage
structure. Then, in [3], Zhang et al. proposed the following of a Lotka-Volterra predator-prey model with
prey-stage structure
& = By, — Cx; — Dyxy — yxi—kxy, t>0,

dt
& = Cxy-Dyxp, t>0, (A)
{% = y(=D3 + 61kx1 —ny), t>0.
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On the other hand, in order to understand the dynamics of a predator-prey model involves not only the
size and structure of the population, but also the ability to capture prey and renew itself. One significant
component of the predator-prey relationship is the predator’s functional response, i.e., the rate of prey
consumption by an average predator. Generally, the functional response can be classified into two types:
prey-dependent and predator-dependent. Prey-dependent indicates that the functional response is only a
function the preys density, while predator-dependent means that the functional response is a function of
both the preys and the predator’s densities. The classical Holling types I-1II [37, 37], the Holling type
IV(or Monod-Haldane type)[39], the Ivlev type[38] and Rosenzweig type [44] are strictly prey-dependent
functional response; Ratio-dependent type [35] Hassell-Varley type [43], Beddington-DeAngelis type by
Beddington [40] and DeAngelis et al. [41] as well as Crowley-Martin type [42] are predator-dependent
functional response.

We note that an important factor in modelling of predator-prey is the choice of functional responses
governing the prey-predator interactions. The above system (A) assume the predator with Holling tyepe
I funcational response kx, which is linear and prey-dependent. However, this assumption seems not to be
so reliable all the time. Motivated by the above papers, it is realistic and interesting for us to construct
a stage-structured predator-prey model with general functional response function which depend on the
numbers of immature prey and predator. We also assume the predator only preys on immature prey. Under
the above assumptions, we establish the ODE prey-predator model with general functional response and
stage-structure for the prey as follows

dxy

7t = Bxy — Cxy — Dixy — yx§ — p(xy, y)y, >0,
L%Z = Cx1 - DzXz, t> O, (1)
Y = y(-Ds + 1, y) — ), £>0,

where x1, x, are the population densities of immature and mature prey species, respectively. y denotes
the density of predator population. 1 is nonnegative constant. B, C, D1, D,, D3,y, 61 are positive constants.
B represents the birth rate of the immature prey, C denotes the transmission rate from immature prey
individuals, y and 7 is the intra-specific competition rate of the immature prey and predator, respectively;
D; and D, represent the death rates of immature and mature prey, respectively. Dj is the death rate of
predator, 01 is the conversion rate. Furthermore, we assume that the functional response function ¢(x1, y)
satisfies:

H1) :¢0,y) =0,forall y > 0.

(Hy) ‘*f’f,—y” <0,forallx; >0and y > 0.

From the biological point of view, the functional response function ¢(x1, y) satisfies (H;)" and (H)’. The
condition (H;)’ implies that, as the prey population extinction, the capture rate of the predator is identical
to zero. The condition (H)" implies that, as the predator population increases, the consumption rate of
prey per predator decreases. Some explicit forms for the predator functional response that have been used
are

¢(x) = Li(1 —eP*) [Ivlev type (1961)[38]],

¢(x) = L1x7(g < 1) [Rosenzweig (1971)[44]];
P(x) = Lix, 22 L [Holling types I-IT (1959)[36, 37]];

/a+x’ a+x?

Plx) = =X [Holling type IV type (1968) [39]];

1+ay+bx?

o(x,y) = Lix (5 (0,1)) [Hassell-Varley type (1969)[43]];

ayd+x

d(x,y) = 2 [ratio-dependent type (1989)[35]];

ay+x

(v, y) = =2 [Beddington-DeAngelis type (1975)[40, 41]];

1+ax+by

Plx, y) = mgﬁ [Crowley-Martin type (1989)[42]];
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Using the scaling u; = Dile,uz = %xz, Uz = Dizy, dt = D,dt, and denoting 7 by t again, the system (1.1)
becomes

duy _ 2

Tt = auy —buy —yuy — g(uy,uz)us, t>0,

du

GE=u—upy, t>0, )
duis

7 = us(=7r +06g(u1,uz) —nuz), t>0,

wherea = BD—g,b = CB?‘ LT = %,6 = %‘2, and g(u1, u3) = ¢(Dau1, Dyusz), so the conditions (H;)” — (Hy)” become:

(Hy) : g(()z, us) =0, for all uz > 0.

(Hy) : 24142) < 0, for all uy > 0 and u3 > 0.

Note that the above ten functional responses satisfy the hypotheses (H;) — (H;). We also remark that
while there have been many results about prey-predator models with stage-structure for the predator, such
as [6, 11-13].

In the last decades, there has been a great interest in using cross diffusion to model physical and
biological phenomena, such as chemotaxis phenomenon in biomathematics, generalized drift diffusion and
energy transport model in semiconductor science, separation of granular material, etc[6, 12, 15-23, 30-33].
In real applications, such kinds of cross diffusion models describe the phenomena in consideration more
clearly than the classical weakly coupled diffusion systems, we shall include the cross diffusion term in the
third equation, as follows:

uyy — Al(dq + anur)ug] = auy — buy — yu% — g(uq,uz)us, x € Q,t >0,

Uy — Al(da + axtip)un] = ug — up, x € Q,t > 0,

uz — A[(ds + aziuy + asiy + assuz)uz] = uz(—r + 6g(u1, uz) — nuz), x € Q,t >0, 3)
= - 2 = 0,x€9Q,t>0,

ui(x,0) = ujp(x) >0,i=1,2,3,x € Q,

where a1, a2 > 0 and azi, axn, ass > 0. d;(i = 1,2,3) are positive constants. d;(i = 1,2,3) are the random
diffusion rates of the three species, respectively. a;;(i = 1,2,3) are self-diffusion rates, and az; and a3, are
cross-diffusion rates. For more details on the biological background, see [17].

Ever since the fundamental work by Amann (see, [24, 25]), the question of local existence of solutions to
(3) was settled by Amann’s work but global existence results seem to be answered in only very few cases.
However, Mathematically, one of the most important problem for (3) is to establish the existence of global
solutions. In particular, the global existence of classical solutions for (3) is open and interesting question to
understand the problem in the high-dimensional space. This question is on the list of open problems (for
two species predator-prey model with cross-diffusion) made by Y. Yamada in [48]. The main purpose of
this paper is to understand the global existence of classical solutions of (3) for higher-dimensional space.

The fundamental characteristics of this model are:

(C1) : The functional response function g(u1, u3) is dependent on the densities of the immature prey and
predator.

(Cp) : The intra-specific competition rate of the predator, 1 is nonnegative constant. At this point, it
becomes important whether n = 0 or 1 > 0 in estimating the term jéf ul(—r + 6g(u1, us) — nus)dxds.

(C3) : The system (3) is a strongly coupled parabolic systems. In particular, in the case ax, a3y, az > 0.
Recently, Fu et.al, in [32] showed the existence of global solutions for the system (A) with cross-diffusion,
However, they only consider the system (3) the case when axn = az = 0, G(uy,u3) = du and 1 > 0. First,
global existence results for (3) are stated in a different style according as a11 = az = 0 or a1, ap > 0. If
a1 = ag = 0, then (3) possesses a unique global solution for any initial functions, and any space dimension
N, while if a11, ap > 0 some restriction on N or the nonlinear diffusion coefficients is necessary to ensure
global existence.
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Main results. The purpose of this paper is to establish the global existence of classical solutions to (3).
Precisely, we prove the following results:
(a) In case 1 > 0:

Theorem 1.1. Let (Hy) — (Hy) hold. Assume a11,a0,a33 > 0and 1 < N < 9_ Assume also that initial data
Uo1, Uzo, Uzo > O satisfy the zero Neumann boundary condition and belong to C**A(Q) for some 0 < A < 1. Then (3)
possesses a unique non-negative solution uy, uy, uz € C2tA1+3 (ﬁ X [0, 00)).

Theorem 1.2. Let (H;) — (Hy) hold. Assume a11 = axn =0, azz > 0. If initial data ugy, uno, uzg > 0 satisfy the zero
Neumann boundary condition and belong to C***(Q) for some 0 < A < 1. Then (3) possesses a unique non-negative
solution uy, un, us € C2A1+2 (Q x [0, 00)).

(b) In case 1 = 0. In this case, we assume that f(u1,u3) = g(u1, uz)us satisfy:

(Hs) : For all uy,u3 > 0,0 < f(uy,u3) < Ch(u;) for some positive constant C and continuous function
h(uy).

Theorem 1.3. Let (Hy) — (H3) hold. Assume aq1, a0 > 0, 33 >_0. Assume also that initial data ugy, ung, uzg = 0
satisfy the zero Neumann boundary condition and belong to C***(Q) for some 0 < A < 1. Then (3) possesses a unique
non-negative solution uy, uy, us € C2HA 143 (Q x [0, 00)).

Remark 1.4. Theorem1.1-Theorem1.3 also hold for (3) but with homogeneous Dirichlet boundary condition.

Remark 1.5. Although we have stated the existence of global solutions(Theorem1.1 and Theorem1.2), we do not have
enough information about the uniform boundedness of solutions and their asymptotic behaviors as t — oo. In order
to study the asymptotic behavior of uq,uy, uz as t — oo, we have to establish the uniform boundedness of global
solutions. However, we have to leave an open question here that our above results whether can establish the uniform
boundedness of global solutions? This may be more challenging from mathematical point of view.

Remark 1.6. In the proof of Theorem1.1 -Theorem1.3, the positivity of self-diffusion coefficient asz has played an
important role. However, in case of az1, sy > 0 and asz = 0 in (3), it is difficult to show the existence of global
solutions. Unfortunately, we have to leave an open question here.

Remark 1.7. We believe that the condition n < 10 of Theorem1.1 and the condition (H3) of Theorem1.3 are just the
technical conditions. To drop these conditions, more new ideas and techniques must be developed.

2. Local existence and A priori estimate

2.1. Local existence

For the time-dependent solutions of (3), the local existence of non-negative solutions is established
by Amann in the seminal papers [24, 25]. The results can be summarized as follows:

Theorem 2.1. Suppose that uy, Uz, Usy are in W;(Q) for some p > n. Then (3) has a unique non-negative

smooth solution uq,up,us € [C([0,T), W;(Q)) M C®((0, T), C*(Q))] with maximal existence time T. Moreover, if
the solution (u,v) satisfies the estimate

Sup{||ui('/ t)“W;(Q) ite (Or T)} < Ooli = 1/ 2/ 3.

then T = 0.
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We denote

Qr = Qx[0,T),

T
lllraon = fo ( fQ utx, BP0 dt) ' L/(Qr) = LP(Qn),

lullyy2r o = llrar + el + IVl r + IVl n),
" (Qr)

lullv,op) = sup [[u(., Hllizq) + IVulx, Dz,
0<t<T

T be the maximal existence time for the solution (u1,u2,u3) of (3). In order to the proof of Theorem
1.1-Theorem 1.3 , we need the following Lemmas.

2.2. A priori estimate
Lemma 2.2. (i) Let (u1,up, uz) be a nonnegative solution of (3) in [0, T). Then there exists positive My such that

0<uy,up <My, and uz>0 in Qr. 4)
(ii) Forany T > 0. Then there exist positive C(T) such that

sup |[us(., 1) < C1. )

0<t<T

Proof. (i) Applying the maximum principle to (3), it is not hard to verify that u; > 0,i = 1,2,3. Now we
prove that u; < My, i = 1,2. To this end, we consider the auxiliary problem

ur — Al(dqy + anu)u] = fitw), x€Q,t>0,
Uy — A[(da + anur)us] = fo(u), x€Q,t>0,
‘3—‘;:‘%:0, x€0Q,t>0,

ui(x,0) =upkx)>0,i=1,2, xeQ,

where fi(u) = aup —bu; — yu% — g(u1, uz)us, f»(u) = uy — uy. Notice that the functions f; and f, are sufficiently
smooth in R? and quasimonotone in R2. Let (0,0) and (N1, N») are a pair of upper-lower solutions for (6),
where N;,i = 1,2 are positive constants. Then we have

aN, — bN7 — )/Z\]2 <0,
N1 —N, <0, (7)
ug < N1, up < No,

yields

b
Ny = max{lu}—,l, ll210lz2) ),

N> = max{Ny, |[uzolr=}
It follows that there exists My = Kmax{N1, N}, for any t > 0 such that u;, u, < My, where K is a sufficiently
large positive constant.

(ii) Integrating the third equation of (3) over the domain ) and by the assumption (H,), (4) and Holder
inequality, we have

2
i uzdx < f uz(| —rl + 0g(u1,0) — nuz)dx < pf uzdx — /e (f ugdx) , (8)
dt Jg Q 0 1 \Ja
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where p =7 + 6M, M = max g(u;, 0).
We note that
fQ Uzodx, ifp=0,1=0;

|, uzodx . _ .
LM:;dXS Wfousodx)t, 1fp—0,T]¢O,
e’ﬁ(fQ u30dx), ifp#0,n=0.

Now, we assume that p # 0 and 1 # 0. From (8), we have

d Y L(H), t>0
<<= >
Lu3x_l+YZ(ePf—1) @, t=20,

where Y = fQ uzodx, Z = n|QItp~t. Then

dL(t) p(1 = YZe'Y)

dt (1= YZ)+ YZer')2'

Thus, when YZ > 1, we have
L) <L) =Y.

fugdxsfugodx, t>0, if fugodnglQl.
Q Q Q n

On the other hand, when YZ < 1, we have

Then, we have

ePty erty
L(t) = =z!
O=avz7vzer < ovzZ

Then, we have
fu3dx <71=Pla, t=0, i fu30dx <P
Q n Q n

Hence, when p # 0 and 1 # 0, we have

f uzdx < max {f Uzpdx, EIQI}, t>0.
Q Q n

Combing above results, it follows that

sup |lus(., t)llp1q) < Ci(T).
0<t<T

|
We shall establish L¥-estimates and V,(Qr)— estimates for u3.

Lemma 2.3. (i) When 1 > 0O, then there exists a constant Co(T), such that

IVuillpaop) < Co(T).

(ii) When n = 0, and we assume that (Hs) hold. Then there exists a constant C5(T), such that

IVuillpor < Ca3(T)  foranyp > 1.

(iii) When 1 = 0, and we assume that (Hs) hold. There exists a constant C4(T), such that

IVusllr o < Ca(T)  forany p > 1.
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Proof. (i) Letw; = (d1 +a11u1)uy. Incase n > 0. First of all, integrating the inequality (8) from O to ¢, t € [0, T,
we have

lusllizop < Cs(T), )

where C5(T) > 0 is a constant which depends only on T, the initial data u19, u3y and the coefficients of (3).
On the other hand, multiplying the first equation of (3) by u; and integrating the result over Qr and using
the Gronwall inequality, we have

sup | widx+dy | |Vuildxds + 2am f w1 |Vug [Pdxds < Ce(T),
0<t<T JQ Qr Qr

which implies that

lallv2(gr) < Co(T), (10)

with a constant C¢(T) > 0 depending on T, the initial data 19 and the coefficients of (3). Next, we note that
w satisfies the equation

w1 = (dl + 2a11u1)Aw1 + I’ll + h2M3, (11)

where hy = (d1 + 2anu1)(auy — buy — yu3), hy = —(dy + 2011u1)g(u1, uz)us. From Lemma 2.2 and (Hy), we
know that h; and h; are bounded. Then multiplying the equation of (11) by —Aw;, integrating the resulting
expression over Qr and using (9), (10) and Young’s inequality, we have

lAw1lr2(p) < Co(T).

From this and the elliptic regularity estimates, we get (wl)x,.x] € L*(Qr) for all i, j=1,2,...,n. From this, (9)
and (11), we have ||w1||W§,1(QT) < Cy(T).

Moreover, it is easy to see that w; satisfies

wy < ﬂd% + 40(11d1w1Aw1 + (dl + Zanul)auz.

Applying [20, Proposition 2.1 ] to the above equation with p = 2 and deduce that
IVurlls gy < Cao(T).
(ii) In case n = 0. The equation of 11 can be written in the divergence form as
uy = V- [(d1 + 2a11u1)Vuy ] + aupy — buy — yu% — g(uq, uz)us. (12)

Since dq + 2aq1111 and au, — buy — yu% — g(u1, uz)uz are bounded on Qr by the assumption (H;) and Lemma
2.2, by applying the Holder continuity result to (12), we have

u € C¥3(Qq),a > 0. (13)

In (11), dq + 201111 € C""%(@T) by (13), (d1 + 2a11u1)(auz — buy — yu% —g(u1, uz)uz) € L*(Qr) by lemma 2.2 and
the assumption (Hj3). The parabolic regularity theorem can be applied to (11) so that

llorllyzr g,y < Cs(T)  forany p > 1.
This implies
1

Vuy = ——
d1 + 201117

Vw; € IF(Qr) foranyp > 1.

(iii) Using the similar arguments as in the preceding of lemma 2.3 (ii), it can be also obtains the desired
result. [
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Lemma 2.4. (i) Let a1 = axp = 0,a33 > 0. Then, for each q > 1, there is a constant C(q, T) such that for every
Tl € (Or T]

< C(A+ sl ). (14)

Sup ||u3||L‘7(Q) + ”Vu 2 ” LHI(QT )
1

L*Qry) =
(ii) Letp > 2and a;; > 0,i =1,2,3. Assume that there is a positive constant My < oo such that
IVuillr o < Mi(i = 1,2).

Then, for each q > 1, there exists positive constant C(q, T, M) such that for every T, € (0, T]

4( 1)d
s Dl + — IV o )+ IV
(15)
< C[l + ”uSHqM 1) ]
L 72 (Qr,)

Proof. For any constant g > 1, multiplying the third equation of (3) by quz_l and using the integration by
parts, we obtain

q
usdx

T —q(q — 1)[ uZ‘Z(dg + aziuy + amtly + 2as3us)|Vusfdx
Q
—axn(g-1) L V(ug) -Vupdx — azn(g—-1) fQ V(ug) - Vuydx

+qf ug(—r + 0g(u1, uz) — nus)dx
Q

IA

—q(q — 1)ds f ug‘2|w3|2dx —2a33q(q — 1) f ug‘1|w3|2dx
Q Q
—az(q—1) fQ V(ul) - Vipdx — az (g — 1) fQ V(ul) - Vuydx

+qf ug(—r + 0g(u1, uz) — nuz)dx
Q

_ 4D 1, _8a33q(q 1) N
= L|V(u3)| dx s f|V(u )Fdx

—as(q - 1)[ V(ul) - Vipdx — az(q — 1)f V(ui) - Viydx
Q Q

+qf ug(—r + 0g(u1, us) — nuz)dx.
Q

Integrating the above inequality from O to ¢, we have

4(g - 1)ds ] 33q g-1) f
q -~ 212 A \V/ 2
fQu3(x, Hdx + . o [V(uj)I~dxds + 17 | (u )| dxds

< fQ ug(x, 0)dx — az (g — 1)f V(ug) - Vuydxds — az(q — 1)fQ V(ug) - Vupdxds (16)

t

+q ( r+ 0g(u1, uz) — nuz)dxds.
Q:

Now, we will divide the proof of Lemma 2.4 into two cases according to the different values of a1 and ay,.
Case (i). a11 = ap =0.
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When 71 > 0, the last term in (16) may be estimated by

q‘f uZ(—r + 0g(uy, uz) — nuz) dx dt

t

< —nqllusl” qﬂ +5qMIIu3||q
LI+1(Q) L9(Q))

L (17)
774||“3||q,,+1(Q + 5qM|QT|" ||u3||qu+1(Qi)
110
7M||“3||L,,+1(Q + 5’1M[5”u3“m+1(g) +¢& q|QT|q+ ]
< Cs.
Note that when 1 = 0, this becomes
q f Wj(=r + g1, uz)) dx dt < Co(1 + luallf} ), Yt € 10, T). (18)

t

We also note

|- f (ud) - Vuy dxdt] = | f wlAuy dxdt] < Nluall] s ) - 10l .

We will make use of the maximal regularity theory for parabolic equations(see, e.g., [26]) to estimate
lAU1[[5+1(0p- It follows from the first equation in (3) that

1AL [[a1opy + lellran op)
< Crofllasz —buy = yud = glur, us)uslliss on) + ltrollwz, )

q+1
< Cu(1+ sl o)

with some positive numbers Cjg and Ci;. Here we have used the assumption (H;) and lemma 2.2(i). Note
that when n = 0 and the assumption (Hj3), this becomes

AU (o1 0py + laellran (@) < Crae

Combining above inequalities, we see that
q+1
|- f ul) - Vi dxdt] < Cia(1+ sl ) (19)
with a positive constant Cy3. In a similar fashion, we get

|- f () - Vuty dxt] < Cra(1+ lalll s ) (20)

where Cy4 is a positive constant.
Substituting (17)-(20) into (16) enables us to derive (14).

Case (ii). a;; > 0,i = 1,2,3. In this case, (16) and (17) are also valid, but it is difficult to estimate
le V(ug) -Vu; dxdt,i=1,2and g th ug(—r + 0g(uy, uz))dxdt.
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Since that % + % + pz;pZ =1and Vu;,i =1,21is in LP(Qr), by the Holder’s inequality, we have

q 2q -1 @+
—fV(u3)-Vu1dxds = mfu; “V(uy* ) - Vudxds
q ”Z
< q+1” 3 || £ ||V(M )”LZQt) IV llze)
2q -1 g+l
< —|| sl 2 |IV(u g Mz - IVl
g+1 Ln;q ;)(Q,) 3 Q1) Qn
q+1
< q—”’Mnmau IVl (21)
L P2 (Qy)
Similarly,
q 2q o o
= | V(uy) - Vuadxds| < ?Mdluall IV )l ). (22)
: q L2 (Q)

On the other hand, using Holder’s inequality and Poincaré inequality, we can easily arrive at the
following estimate

qf ul(=r + 6g(u1, us))dxds < qf(ég(m,O))ugdxds
Qr Qr
< (qéM)ugdxds
Q
P
= (q0M) - uy* - u,* dxds
Q
=} P}
< g ”L%@» Mug? Nz - 190Millr gy
_ g
< Cusllusl ™0 IV izy- (23)
L P2 (Qn

Therefore, from (17), (21), (22), (23) and (16), it follows that
4(g-1)d 1 8a 1
f ug(x,t)dx+% f V(13 ) Peledt + T — 2 33q(" ) f V(0 )Pdxdt
Q Qr

1)2
a1 a+1
< Cie + Cizllusl| ZM AV @y ez,
=2 (o)
< Cie+ C—uusnm L+ CrelVe g
4T Q) '

8az3g(g—1)
(q+1)2 7

For any ¢ > 0, from above expression and by choosing a sufficiently small ¢, such that Cy7¢e < we

get (15). This completes the proof of the lemma. O

Combining lemma 2.3 and lemma 2.4 of [19], we can prove the following Lemma.

Lemma 2.5. Letg>1,0=2+ N(q+1 ﬁ in (0,1) and let Cr > 0 be any number which may depend on T. Then there

is a constant M’ depending on q,n, Q,ﬁ and Cr such that for any g in C([0, T), W1(QY)) with (fQ lg(., t)lﬁdx)ﬂ <Cr
forall t € [0, T], we have the following inequality

0<t<T

4q/N(q+1)q 27
Igllson <M {1+ (sup 19C Dl 7
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The proof of the above lemma can be found in [19, Lemmas 2.3, 2.4].
Now, we establish L’-estimates of u3 for any p > 1. For any number a, we denote a, = max{a, 0}.

Lemma 2.6. Let > 0and azs > 0.
(i) When aq1, a > 0, then there is a constant Cqg > 0 such that

[u3llv,0r) < Cis.

Moreover, for any constant p < ég\j;j, there exists a positive constant Cy9 such that

13l @r) < Cro.
(ii) When a11 = axp = 0, then there exist positive constants Cyy and Cy1, such that

lusllrory < Coo forany p>1,

and
[uzllvyor) < Cor.

q+1

Proof. (i) Setv = u,”> , and

0<t<T

E = sup f ule, dx + | V@Y Rdxds
Q Qr

= supfvz”’/q“dx+ |Voldxds.
Qr

0<t<T VQ

Let po = 4,p = —=. It follows from lemma 2.3 (i), (ii) and lemma 2.4 (ii) that

4(g — 1)d
E4 (g —1ds

q 2-1)
”v(u:;)”LZ(Q ) = C22 (1 + ||U| Z:;—ll ] (24)
L o+ (Qr)

For any g > 1, if

(Np —2N —4)g < 2N + Np, (25)
then, q 1) <g=2+ N( 7 +1) By Holder’s inequality, we have

ol 50 < Casllollzo,y (26)
L (@ Han

q+1
where Cp3 = IQTI”W D

7. Setting B = 2/(q + 1) € (0, 1), by (5) we get

—

1
oG, Dll 5y = I3 Bl g < (C1)F, VE € 10,T). (27)
Therefore, by (27), Lemma 2.5 and the definition of E, from (26) we have
~ 1
0llpa-vs010ry < Cosllvllag,) < CasMa {1 + Ez/an"’—}. (28)

From (24) and (28), we get

E < Cy(1 + EFEY) (29)
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with
_4@@-1) 2@-1)

Tagq+n) | qq+D)

2(g-1 4
fq—)[3+1]<i[—q+z]=1.
qq+1) LN q|N@+2)
Hence, there exists a positive constant Cy5 such that E < Cyps. By (28) and (29) we get v € L9(Qr), this implies

that uz € LP(Qr) withp = @ for any g satisfying (25). Looking at (25), when N < 2,
Np-2N-4=2(N-2)<0,

then (25) holds for all . Hence, for N <2, u3 € LP(Qr) for all p > 1. when n > 2, then (25) is equivalent to
2N+Np 3N

l<g<qgy:= = .
=M= Np-2N-4) N-2
By
qg+1) 2q 290 _ 4N +1)
> =g+ 1+ﬁ<p1—q0+1 =N-2 "
We have that u3 is in L (Qr) for alll < p < p,. Namely, there exist positive constant Cy9 such that [{us|lr»g,) <

Cig forp < ég\i;)lz Since (25) holds true for g = 2. Hence E is finite for ¢ = 2. Therefore, u3 € V»(Qr) for any

n by (24).
(ii) From the definition of E and (14), we have

29

= sup o)™, + Vol < Cas(1 + ol ) (30)
0<t<T Lfl+1 Q)
By (9), this implies u3 € L*(Qr), so ”U”L%(Q ) < Cy7. Since % < 2 <q. Then we see from Holder’s inequality
q+ T

2 < 2(1-A) (124 <c? 2(1-1)

ol < IRl IRIPY, =GRl (1)
— 1

where A = (% - %)/(% - %) Setting p = 2/(g + 1) € (0,1), we have ||v(., t)||U3 = |lus(., t)||L1(Q) < C1(T)* for

allt € [0, T) by Lemma 2.2. Then it follow from (30), (31) and Lemma 2.5 that

E < Cys(1 + EY) (32)

with
0 =

2(1 -
G2,y
q n
A simple calculation show 0 < 8 < 1. It follows from (32) that
2
sup [lo(™;, <E < Cy.
0<t<T Lq+1 Q)

with some Cy > 0, let p = g > 1, so that sup_, ¢ [luz(t)llr ) < Cao.
By(17), (18), (19), (20) and (16), we have

4 - 1)d ; 1 w
f ug(x,t)dx+M V(2 ) Paxdt + 33’7(‘712 ) f IV(u, )Pdxdt
Q q Q: )

< Cao(1+ sl ) (33)
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Since g > 2, by LemmaZ2.5 and the definition of v, we have for any g > 1,
2 2
— q+ 17+
sl oy = oy, < Coollell, | < Can.

Letting g = 2 in (33) and use the above inequality, we have
sup ||u3||i2(Q) + ||Vu3”i2(QT1) < C32

with C3; > 0, and the proof is complete. [
Lemma 2.7. Let n> 0and a;; > 0,i = 1,2,3, and suppose that there are p; > max{%j} and a positive constant
Cp1, T such that

sl @ry < Cp1, T.

Then, there exists a positive My such that

luslliror) <Mz foranyp > 1

Proof. The proof of Lemma 2.7 is similar to the proof of Lemma 3.2 in [31](or Lemma 3.7 in [32]), we omit
it. O

Lemma 2.8. Let 1 =0, a1, axn >0, azs > 0, and we assume that (Hs) hold. Then there exist constant Csz > 0 and
Cz4 > 0, such that
lu3llv,0r) < Csas,

and
lusllrop) < Caa forany p>1.

Proof. First of all, multiplying the third equation of (3) by u3 and integrating the result on Qy, t € [0, T], we
obtain

f uédx + 2d3 |Vus|?dxds + 4ass f us|Vusl*dxds
Q Qr

t
(34)
< —as3 f V(ug) - Vuydxds — azp f V(ug) - Vupdxds + 20M u%dxds + f uéodx.
t t Q[ Q
Let w; = (d; + ajju;)u;, i = 1,2. Then by Lemma 2.3 (ii) and (iii), we have
||w,~||W§/1(QT) <Cs,(i=1,2) foranyp>1.

Thus, the Sobolev inequality yields

w; € CP15 (@) forany B € (0,1). (35)

— .‘[ 2 oy

Taking into account that u; = %ﬁ%wﬂ",i = 1,2 (note that when «;; = 0, this becomes u; = %",i =1,2). By
(35), we have

ui € CH*VT @) Be0,1). (36)

By (36) and using the Young inequality, we have

< C36 |u3||Vu3|dxds

f usVus - Vuydxds

t

IA
(@)
©
X
™
g
=
<
-~
=
=
2
17
+
|§
(o)}
=
S
[
=
=
@
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Similarly, we have

A

= C37 Iu3||Vu3|dxds
Q

Care |Vusl>dxds + & ugdxds.
Q: 4e Q:

It follows from the above two inequalities and (34), we obtain

supfuédx+f |Vu3|2dxds+f IV(ué)lzddeSC%.
0<t<T JQ Qr Qr

The above inequality implies that

uz € L*(Qr), uz € VX(Qr). (37)

Now, We will divide the proof of Lemma 2.8 into two cases according to the different values of @11, az.

Case (a). a11, ax > 0. From Lemma 2.3 (ii) and (iii), which implies [|Vu;llip,) < M1(i = 1,2) hold. From
Lemma 2.4 (ii), we have (15) holds for any 4 > 1 and p > 2. Hence (15) holds true for p = q + 1. Letting
p = g+ 1in (15) and using the inequality ab < qa’™'/(q + 1) + 17" /(g + 1), we have

f u3Vus - Vuydxds

t

IA

4(q — 1)d3 1 a1
it Dl + = IV s gy + IV

(38)

1
<+l )
1

Note that (37), (38) and the definition of E. By the similar arguments in the proof of LemmaZ2.6 (ii), we can
show |[[usllirgy) < Cas for any p > 1.

Case (b). a1 = ap = 0. From the definition of E and (14), we have (30) hold. By (37), we find (31) holds
true. The rest of the proof is the same as in the proof of Lemma2.6 (ii), so we omit it. [

3. Proof of Theorem 1.1 and Theorem 1.2

Now we begin with the proof of Theorem 1.1 and Theorem 1.2. We divide the proof into the following
two steps. The first step of the proof is to show that uz € L*(Qr). In order to show that u3 € L*(Qr), we
need the the following maximum principle is a modification of [29, Theorem 7.1, p.181].

Lemma 3.1. Suppose that w € V;’O(QT) satisfies

wy — a%(a,-ij/ +aw) + bjwy, +aw < f, inQr,

) (39)

w(.,0) =wy inQ,

and the boundary condition
viaijwy, <0 on dQx[0,T), (40)

where v = (v1,V2,...,Vy) is the outward normal vector on dQ. Suppose also that the coefficients a;j, a;, b;,a and f
satisfy the following conditions

MIEP < aij(x, t)&:&; forall &€ RY, forsome Ay >0, 41)
and

< pp <oo, (42)
L7 (Qr)

N N

2. 2. ..
E ai,Zbi,a,f
i=1 i=1
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for
1 N
;+5—1—K1, (43)
with
€ Loo re[L oo] 0<xy1 <1, forN=>2 (44)
q 2(1—1{1)’ 7 ]_—kl’ 7 1 7 f = &y
€ [1,00] re[L L] 0<x <1 forN =1 (45)
el T—k'1- 2k |’ Y -

Assume also that wq is bounded above and a;v; < 0 on dQ X [0, T). Then,

ess sup w
Qr
is finite.
Proof. [Proof of Theorem 1.1 and Theorem 1.2] For clarity, the proof will be divided into two steps.
Step 1. L™ estimate.

Lemma 3.2. (L* estimates for uz) Let 1 > 0 and az3 > 0. Suppose (i) a1 = azp = 0 or (ii) a11, a2 > 0 and n < 10.
Then there exists M such that
[u3llr=(0r) < Mo.

Proof. The third equation of (3) can be written as the linear equation

Z” d d Z J
Uz = g (a,-]-(x, t)g—zj) + g(ﬂiug,) —aus (46)
! =1

ij=1
where

8142

B_x,"a = —(=r + 0g(u1, u3) — nu3)

Ju
aij(x, t) = (d3 + azuy + azus + az3us)dij, a; = 04318—; + a3
1
With(si]‘ = lifi:jandé,-]- = Oifiij.
(i) Fix any p > ”zﬁ Then it follows from Lemma 2.6 (ii) and [29, Theorem 9.1, p.341-342] that
(n+2)]
||u,-||W§,1(QT)(i =1,2) is bounded. By [29, Lemma3.3, p.80], Vu;, Vi, € L%(QT). Since ||us|lv,(oy) is bounded

by Lemma 2.6 (ii). By Lemma 3.1 and (46), we see that u3 is bounded in @T.

(ii) It follows from Lemma 2.6 and Lemma 2.7 that % < 2D for N < 0. By Lemma 2.6 and Lemma

N-2
2.7, we have uz € LP(Qr) N Vo(Qr) for any p > 1.
The equations of 17 and u; can be written in the divergence form as

iy = V- [(dy + 20010) Vg ] + auy — buy — yu? = gur, us)u, (47)
and
Uy = V- [(do + 2a00u2)Vp ] + 111 — 1, (48)

Since d; + 2a;u;(i = 1,2) and u; — uy are bounded in @T by Lemma 2.2 and au, — bu; — yuf — g(u1, us)us is in
LP(Qr) for p > 1. Application of the Holder continuity result [29, Theorem 10.1]to (47) and (48), we have

1, 1z € CP5(Qy) with some > 0. (49)
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Let w; = (d; + aju;)u;, i = 1,2. Then w; satisfies
Wi = (d,‘ + 2ai,~u,-)Awi + fi,i =1,2,

where fl = (dl + Zanul)(auz - bu1 - yu% - g(ul,u3)u3), f2 = (dz + 20(221/{2)(1/11 - Mz) are bounded in éT by
Lemma 2.2 and Lemma 2.6, (d; + 2a;iu;) € Chs (Qr) (i=1,2) by (49). By Theorem 9.1 in [29], we have

||w,-||wf,1(QT) <Ms,i=1,2 forany r>1.

By [29, Lemma3.3, p.80],
wi e CYF (@), VO<p <l
—d. 1[ 2 .
And direct calculation w; = (d; + a;u;)u;, i = 1,2 yields u; = %ﬁm,i =1,2. Therefore,
u; € ci+p, (Qr), VO<p <1. (50)

Application of maximum principle( Lemma 3.1) to (46) yields u3 € L*(Qr). O

Step 2. Schauder estimate.
We give the proof only in case @11, a2 > 0 because the proof for a1 = ay = 0 is essentially the same.
Note that the equation of u3 can be rewritten as

uz = V- [(d3 + az1ug + azuy + 2a33u3)Vuz + (31 Vug + azVup)uz] + f3(x, t),

where f5(x,t) = us(—r + 6g(u1, us) — —nus), ui, Uz, uz, Vuy and Vu, are all bounded functions because of
Lemma 2.2, Lemma 3.2 and (50). By Theorem 10.1 in [29], we have

Uz € C“’%(@T) withsome 0<o<1. (51)
We now turn to the equations for uj, u and rewrite its as

Uy = (dl + 20(11u1)Au1 +f1"(x, i’),

2
Uy = (da + 2anuz)Aus + f5(x, 1), (5)

where f;(x, 1) = 2a11[Viur [* + (aup — buy — yus — g(ur, us)us), f5(x, 1) = 20|V + (11 — up) € C%%(Qr) by (50)
and (51). Then the Schuader estimate in [29] applied to (52) yields

Uy, Uy € C2+"*'¥(§T) with ¢* = min{A, ¢}. (53)
Let ws = (ds + asu1 + asxuip + azsuz)us, which satisfies

w3 = (d3 + aziuy + axniy + 2az3u3)Aws + f5(x, t), (54)
where f7(x,t) = (d3 + az1uy + asaiy + 2a33us)us(—r + 0g(u1, us) — nus) + (az1a; + aztiz)us € C“*'%(QT) by (51)

and (53), ds + az111 + aztis + 2assus € C7%(Qr) by (50) and (51), by applying the Schuader estimate to the
equation (54), we have

ws € C9 5 (Q)). (55)
Then

—(ds + aziur + axnin) + /(ds + aziuy + azu)? + dwsass «2net —
Uz = \/2%3 € C* 7 (Qp). (56)

Now repeat the procedure by making use of (53) and (56) in place of (50) and (51), we have

U1, up, uz € CTVE (Qp). (57)

Finally, by Theorem 2.1 we have (u, uy, u3) exists globally in time. The proof of Theorem 1.1 and Theorem
1.2 is now complete. [



S.H. Xu, X.J. Li/ Filomat 36:7 (2022), 2153-2170 2169
4. Proof of Theorem 1.3

Proof. [Proof of Theorem 1.3] The third equation of (3) can be written as the linear equation

=0 dus 59
Ust = Z o2 |4 t)&_xj + Z 5, (@itts) — a3 (58)
ij=1 O i=1
where P P
u u
aij(x, £) = (ds + az1i + asuz + as3uz)dij, 4; = Az _8x1f +as —ax%,ﬂ = —(=r + 6g(u1, u3))

With(si]‘ = 1ifi:jand6,-]- = Oifiij.
Since 0 < uy, up < My by Lemma 2.2, Vuq,Vu, € Cﬁ’g (ET) by(36), ||M3||LP(Qt), ||M3||V2(Qf) are finite by Lemma

2.8 and u3g(u1, us) is bounded by the assumption (H3) and Lemma 2.2. By applying the maximum principle
of Lemma 3.1 to the equation (58)ensures that u3 is bounded in Qr . The rest of the proof is same as in the

case 11 > 0. Therefore, uy, up, u3 € C2+M1+2(Q x [0, 00)). This concludes the proof of Theorem 1.3. [J
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