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Some Remarks on Star-Menger Spaces Using Box Products
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"Department of Mathematics, University of Gour Banga, Malda-732103, West Bengal, India

Abstract. This article is a continuation of study of star-Menger selection properties in line of (Ko¢inac, 2009,
2015), where we mainly use covers consisting of Gs sets with certain additional condition. It is observed that
star-Mengerness is equivalent to the fact that every such type of cover of a space has a countable subcover.
We improve this result by considering ‘subcovers of cardinality less than b’ instead of ‘countable subcovers’,
which is our primary observation. We also show that it is possible to produce non normal spaces using box
products and dense star-Menger subspaces.

1. Introduction

The study of star selection principles was initiated in 1999 by Kocinac (see [8]). However, the study of
selection principles was initiated by Borel [2], Menger [14], Hurewicz [5], Rothberger [15], and others. The
systematic study of selection principles in topology was started by Scheepers [17] (see also [6]) and in the
last twenty five years it has become one of the most active research areas of set theoretic topology. Various
topological properties have been defined or characterized in terms of selection principles. The selection
principles also have various applications in several branches of Mathematics. Nowadays, many authors
have made investigations involving selection principles and star selection principles and interesting results
have been obtained, see for instance [1, 7, 9-11, 11, 12, 16, 18-27], among other works. The star version of
the Menger property [17], called the star-Menger property [8], plays a central role in this article.

In this paper we concentrate on a certain kind of covering of a space by G;s sets to study star-Menger
spaces. We first observe that if every such type of cover of a space X has a countable subcover, then this is
equivalent to the star-Menger property of X (Theorem 3.4). Our primary concern is to investigate whether
the above result holds if the cardinality of the subcover is replaced by larger cardinals. We give a partial
answer to it using box products (Theorem 3.12). It is also observed that star operations can be used to
produce non normal spaces using box products as well.

2. Preliminaries

Throughout the paper (X, 7) stands for a Hausdorff topological space. Let w denote the first infinite
ordinal, w; denote the first uncountable ordinal and @ + 1 (= [0, w]) denote the one point compactification

2020 Mathematics Subject Classification. Primary 54D20; Secondary 54B10

Keywords. star-Menger, box products, Lindelof, paracompact

Received: 09 June 2021; Revised: 23 December 2021; Accepted: 24 January 2022

Communicated by Ljubisa D.R. Ko¢inac

The second author is thankful to University Grants Commission (UGC), New Delhi-110002, India for granting UGC-NET Junior
Research Fellowship (1173/(CSIR-UGC NET JUNE 2017)) during the tenure of which this work was done.

Email addresses: debrajchandral986@gmail.com (Debraj Chandra), nurrejwana@gmail.com (Nur Alam)



D. Chandra, N. Alam / Filomat 36:5 (2022), 1769-1774 1770

of w when w (= [0,w)) viewed as a topological space with the order topology. For undefined notions and
terminologies see [4].

If {X, : a € A} is a family of spaces, then the box product X, X, of these spaces is the set [T ep X With
basis consisting of all sets of the form [],.5 U,, Where for each a € A, U, is open in X,,. If for each a € A,
X = X, then we will use X, X for X,cp X,. For results concerning box products in the context of classical
selection principles, see [13, 28].

A space X is said to be Lindelof if every open cover has a countable subcover. A space X is said to be
para-Lindelof if every open cover has a locally countable open refinement. We shall use the symbol O to
denote the collection of all open covers of X. A space X is said to be Menger [17] if for each sequence (i4,)
of open covers of X there is a sequence (V,) such that for each n, V, is a finite subset of U, and U,V is an
open cover of X.

For a subset A of a space X and a collection P of subsets of X, St(A, P) denotes the star of A with respect
to P, that is the set u{Be P: AnB # @}. For A = {x}, x € X, we write St(x, P) instead of St({x}, P) [4].

A space X is said to be star-Menger [8] if for each sequence (U;,) of open covers of X there is a sequence
(Vi) such that for each n, V, is a finite subset of U, and Uy, {St(V,U,) : V € V,,} is an open cover of X.

The eventual dominance relation <* on the Baire space w® is defined by f <* gif and only if f(n) < g(n),
for all but finitely many n. A subset A of @“ is said to be bounded if there is a g € @ such that f <* g, for
all f € A. The minimum cardinality of a unbounded subset of v is denoted by b.

Let X be a space, A ¢ X and « be a regular cardinal. Then X is said to be x-contcentrated on A, if for
every open set U containing A, |X \ U| < k. If x = w;, then we say that X is concentrated on A.

For a collection {X, : n € w} of sets, let p be a relation on [],, X, defined as follows. For any
x=(xn), Y= (Yn) € [1yew Xn, wesay that ,p, ifand only if {n € w : x, # y,} is finite. Clearly p is an equivalence
relation on [],, X, and the set of all equivalence classes is denoted by [1,c, Xu/p. For x € [1,cp Xy, the
equivalence class containing x is denoted by p(x). If Y ¢ [, Xy, we define p(Y) = uyeyp(y). For a
collection of topological spaces {X,, : n € w}, let X, X,/p denote the quotient space of X, X, determined
by p. If Y,, ¢ X,, for each n, then we call the product [, Y» S [T, X» @ cylinder in X, X,. Moreover if
for each n, Y}, is open in X,,, then we call [],,.,, Y an open cylinder in X,¢,, X;.

3. Main Results
We start with a basic reformulation of the star-Menger property which will be used subsequently.

Lemma 3.1. A space X is star-Menger if and only if for every sequence (Uy,) of open covers of X there is a sequence
(Vi) such that for each n, V, is a finite subset of Uy, and X = Nyewy Umzn SE(UV, U ).

Proof. Let (U,) be a sequence of open covers of X. Then for each 1, (U )msn is @ sequence of open covers of
X. Since X is star-Menger, for each 7, there is a sequence (V,Sf) )m=n such that for each m > n, V,S," ) is a finite
subset of Uy, and X = Uy, SE( UV,Sf),Z/{m). For each m, choose V,, = unsmv,;"). Thus we get for each m, V,, is a
finite subset of U,,. Clearly for any n and m > n, UV,%”) c UV, It follows that X = U5, StH(UV,,, Uy, ), for all n
and hence X = Nye Upsn SEUVy, Uy ).

Conversely let (U, ) be a sequence of open covers of X. By the given hypothesis we have a sequence (V)
such that for each 1, V, is a finite subset of U, and X = Ny Upmsn SE(UV, U ). This gives X = Uy SEH(UV, Uy ),
for all n and then X = Uype, St(UV,,, U, ). This completes the proof. [

In the following result we show that using the star operation on a sequence of open covers, one can
obtain a dominating subset of the Baire space.

Lemma 3.2. Let X be a Lindeldf space which is not star-Menger. If (U,) is a sequence of open covers of X which
witnesses that X is not star-Menger, then using U, s it is possible to construct a dominating subset of w®.

Proof. Since the sequence (U4,) of open covers of X witnesses that X is not star-Menger, by Lemma 3.1, we
can say that for any sequence (V,) with for each n, V, is a finite subset of Uy, X # Nyewy Umsn SEH(WV, U ).
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Without loss of generality, we assume that U, = {LI,(n”) :m € w}. For each x € X, define f, : v -~ w by
fr(n) =min{m: x € uim }. Let D = {f; : x e X}. We claim that D is a dominating subset of . Suppose that
D is not dominating. Then there exists a f € w* such that for every f, € D, f.(n) < f(n) for infinitely many
n. For each n, choose V, = {U,(n”) :m < f(n)} and thus each V, is a finite subset of U,,. We now show that
X = Nyew YUmsn SE(UVy, Uy). Fix n € w and let x € X. Since f,(m) < f(m) for infinitely many m, there exists 1y
such that my > n and f,(mg) < f(my). It follows that ll](;zfzo) € V- Thus x € St(UV,,,, Uy, ) and consequently
X € Uy St(UV, Uy), for all n. This gives X = Nyeqy Umsn SE(UVy, Uy, ), which is a contradiction. Hence D is
dominating. O

Lemma 3.3. Let {X,, : n € w} be a family of spaces, let X be a space and let y = (V) € Xyew Xn. If O is an open subset
of XxXpew X containing X xp(y), then there exists an open cylinder V in Xy, X, such that Xxp(y) € Xxp(V) ¢ O.

Proof. For each n € w, let U™ = Xy x Xq x - x Xpp_q x llgf)n x ;’:31“1 x ---, where for each 7 € w, U;f)n is an
open subset of X, such that y, € U;f)n and X x U™ c O. Now, for each 11 € w, let V;, = Nyen U;T,l and we put

V = eo V- Itis easy to verify that X x p(V) cO. O

For a space X, we denote the collection of all star-Menger subspaces of X by M(X). Another reformu-
lation of the star-Menger property, which of our primary concern, is the following.

Theorem 3.4. For a space X the following assertions are equivalent.
(1) X is star-Menger.
(2) Every cover {Gp : M € M(X)} of X, where Gy is a Gy subset of X with M ¢ Gy, has a countable subcover.

Proof. We only give proof of (2) = (1). Let ({4,) be a sequence of open covers of X. Then for each M € M(X),
(Uy) is a sequence of covers of M by open sets in X. Apply the star-Menger property of M to (i) to obtain
a sequence (v,ﬁM)) such that for each n, V,SM) is a finite subset of U, and M € Nyee, Unisn St(uV,SlM ) ,Uy). For
each M, let Gy = Nyew Umsn St(UV,ng),Um) and consequently {Gy : M € M(X)} is a cover of X with each Gy
is a G5 subset of X containing M. By the given hypothesis we obtain a countable subfamily {Gys, : i € w}
of {Gy : M € M(X)} that covers X. For each n, V, = UignV,SMi) is a finite subset of I/,,. We now show that
X = Npew Umsn SHUVy,Uy). Let n € w be fixed. Next we pick a M; € M(X) such that Guy, € {Gp, @ i € w}.
For m > n+1, UV,iM") c UV,. It follows that u,n2n+,-5t(UV,$1Mi),Um) € UpmnSH(UVy, Uy,) and subsequently
Gum; € UpmanStH(UVy, Uy, ). This gives us Uiy Gy, € UpsnStH(UVy, Uy, ) and hence X = Uy, SEHUV,,, Uy, ). Since n
was chosen arbitrarily, X = Nyeq Upsn SE(UV, Uy, ). This completes the result. [

A space X is called a P-space if every G; set is open.

Corollary 3.5. Let f : X — Y be a closed continuous mapping from X onto Y such that f~'(y) is star-Menger for
each y € Y. If Y is a Lindeldf P-space, then X is star-Menger.

Proof. Let A= {f'(y) : y e Y}. So Ac M(X). For each y € Y, let G¢-1(,) be a G; subset of X containing
f(y). It is easy to see that {Gfa(yy : y € Y} is a cover of X. Since f is closed and Y is a P-space,
f(X N Gpagy) is closed in Y. Choose Vi) = Y\ f(X N Gpagyy). It is immediate that for each y € Y,
FUY) € (Vi) € Gragy). Since {Vja,y : y € Y} is an open cover of Y, there exists a countable
subfamily {Vi(,,y : n € w} of {Via(,) : y € Y} that covers Y. Consequently {f’l(qu(yn)) iM € w}isan
open cover of X and it follows that {G-1(,,) : 11 € w} is a countable subfamily of {G-1(,) : y € Y} that covers
X. From this one can easily observe that every cover {Gy : M € M(X)} of X, where Gy is a Gs subset of X
with M ¢ Gy, has a countable subcover. By Theorem 3.4, X is star-Menger. [

Corollary 3.6. If X = Upe, X, where each X, is star-Menger, then X is star-Menger.

It is interesting to ask the following question.
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Problem 3.7. What is the largest possible cardinal « for which the following assertions are equivalent?
(1) X is star-Menger.

(2) Every cover {Gp : M € M(X)} of X, where Gy is a Gs subset of X with M ¢ Gy, has a subcover of cardinality
less than «.

In Theorem 3.12 we will provide a partial answer to this question. Before, we provide some results
concerning about box products.

Theorem 3.8. If {X, : n € w} is a family of compact spaces and X is a star-Menger space, then the quotient mapping
g X x Xpew Xn = (X X Xpew Xn )/ p is closed.

Proof. The proof follows directly from Lemma 3.3. O

Corollary 3.9. ([13]) If {X,, : n € w} is a family of compact spaces, then the quotient mapping q : Xpew Xn —
Xuew Xn/p 1s closed.

Lemma 3.10. ([3]) Let f : X —» Y be a closed continuous map from X onto Y. If Y is para-Lindelof and f~'(y) is
Lindelof for each y € Y, then X is para-Lindelof.

Proof. LetU bean open cover of X. Foreach y € Y, choose a countable set V, ¢ U such that f~!(y) ¢ uV,. Since
f is closed, for each y € Y, there exists an open set U, in Y containing y such that f~'(y) ¢ f~(U,) < VY.
The open cover {U, : y € Y} of Y has a locally countable open refinement V. Clearly {f'(V):V ¢ V}isa
locally countable open cover of X and for each V € ¥, we geta y(V) € Y with f1(V) ¢ f1(Uyv)) € Wy
It can be easily observed that {f'(V) nU: V €V and U € V;(y} is a locally countable open refinement of
U. Hence X is para-Lindelof. [

Theorem 3.11. If X is a star-Menger Lindeldf space and {X,, : n € w} is a family of compact spaces such that X, Xn
is paracompact, then X x X, Xy is para-Lindelof.

Proof. By Theorem 3.8, the quotient mappings 41 : Xyew Xn = Xuew Xn/pand gz : XxXyeo Xn = (XxXyew Xn)/p
are closed. Clearly X, X,/p is paracompact as paracompactness is preserved under closed continuous
mappings. It is also easy to see that X, X,/p is homeomorphic to (X x X,e, Xy)/p. Consequently
(X % Xpew Xn)/p is paracompact. For any p(y) € Xueo Xn/p, 47 (p(y)) is a o-compact subspace of X, Xy, the
reason is as follows. Let y = (y,) and choose Y = X, Z,, where Z,, = {y,}, for all but finitely many » and
for these finitely many n, Z, = X,,. Then obviously Y is compact. It is immediate that we can find at most
countably many Y for y, say {Y, : n € w}, and clearly g7 (p(y)) = Upew Y- For any X x p(y) € (X x Xyuew Xu)/p,
qgl(X x p(y)) = X X Upee Yy is a Lindeldf subspace of X x X, Xi. Thus X x X, X, is para-Lindelof by
Lemma 3.10. O

We now attempt to give a partial answer to the Problem 3.7.

Theorem 3.12. For a Lindeldf space X the following assertions are equivalent.
(1) X is star-Menger.

(2) Every cover {Gp : M € M(X)} of X, where Gy is a Gy subset of X with M € G, has a subcover of cardinality
less than b.

Proof. It is enough to give proof of (2) = (1). Let (U,) be a sequence of open covers of X. Without loss of
generality, we assume that each U, = {Ufnn) :mew}. Let M e M(X) be fixed. For each x € M, we define
fxriw—>wby fi(n) =min{m:x e U,(n")}. Let Dy = {fy : x e M} and P = {(x, fy) : x € M}. We now show that
Dy is not dominating. Suppose that Dy is dominating. Let g : @ — @ + 1 be such that g(n) = w, for all n.
We claim that P n (M x p(g)) = &, where P is the closure of P in M x X, (w +1). Let (y, f) € M x p(g). Since
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f € p(g), there is a ng € w such that f(n) = g(n) = w, for all n > ng. From f,(ng) = min{m : y € U,(n”O)} we have

ye U}:gr)lo) and denote by U, = Ug’é’zo) NM. Let V = [1,, Vi, where V,, = w+1if n # ngand Vy, = [f,(10) +1, w].

Then U, x V is an open set in M x X, (w +1) containing (y, f). We pick a (x, f;) € Pwith x € U,.. Subsequently

X € U}:'((’lzo) and f.(no) < fy,(no). It follows that (x, fy) ¢ U, x V and thus we have Pn (U, x V) = @. This

shows that Pn (M x p(g)) = @. Then M x p(g) € (M x X,,(w + 1)) ~ P and by Lemma 3.3, we can find an
open cylinder W in X,,(w + 1) containing g such that M x p(g) € M x p(W) € (M x X, (@ + 1)) \ P. This gives
us P n (M x p(W)) = @. Without loss of generality, we can assume that W = [,,.,,[kx, @] as g € W. Suppose
that Dy n p(W) = @. This gives us Dy € (w + 1)” N\ p(W) i.e. Dy € w® ~ p(W). Let ¢ € w” be such that
¢(n) = ky, for all n. Since Dy is a dominating subset of w®, there exists a i € Dy such that ¢(n) < ¢(n),
for all but finitely many n i.e. k, < 1(n), for all but finitely many n. It follows that i € p(W) i.e. ¢ ¢ Dy,
which is absurd. This shows that Dy n p(W) # @. Then there is a f,, € Du such that f,, € p(W) and hence
(x0, fx,) € Pn (M x p(W)), which is a contradiction. Thus Dy, is not dominating. Then there exists a I € @®
such that for every x € M, f,(n) < hy(n) for infinitely many n. For eachn, M - {U,Sf) :m < hy(n)} is a finite
subset of U,. Now proceeding similarly as in the proof of Lemma 3.2, we obtain M S Nye Upsn S t(uV,(,lM), Un)
with Gy = Nypew Umsn St(uV,&M),Um) is a Gs subset of X. Then {Gy : M € M(X)} is a cover of X and hence
by the given hypothesis there is a subfamily {Gy, : @ < x}, k¥ <b, of {Gp : M € M(X)} that covers X. Since
{hm, : @ <k} is of cardinality less than b, {hy, : @ < x} is a bounded subset of . Consequently there exists
a h e 0¥ such that hy, <* h, for all a < k. For eachn, W, = {U,(n") :m < h(n)} is a finite subset of U,. Next we
show that X = nyep Unzn SE(UWi, Uy ). Let n € w be fixed and Gy, € {Gpm, : @ < x}. Since hymg <* h, we can
find a 17 € w such that hMﬁ (m) < h(m), for all m > n;. Without loss of generality, we assume that n; > n. It is

clear that uVrfiMﬁ) c UW,, for all m > n; and hence St(UV;M‘g),Z/{m) c SHUW,y,, Uy,), for all m > ny. It becomes

Gy € Uz SOV 1) € Upis, SHUWi, Uye) and then Gasy € UpisnSE(UWy, Uy,). Since B < ¢ is arbitrarily
chosen, Uy« Gum, € UpnsnSEH(UW,y,, Uy,). Tt follows that X = Nyegy Upsn SE(UW,,, Uy, ). Hence the result. O

It is interesting to observe that Corollary 3.6 can be extended to x-many star-Menger spaces, where x < b.
Corollary 3.13. Let k <b. If X = Uy X, s Lindelof and each X, is star-Menger, then X is also star-Menger.

Another immediate consequence of the above result is that every Lindelof space, which is b-concentrated
on a star-Menger subspace, is also star-Menger.

Corollary 3.14. Let Y be a star-Menger subspace of a Lindeldf space X. If X is b-concentrated on Y, then X is
star-Menger.

Proof. Let A={Y}u{{x}:xe X} c M(X). For each M € M, let Gy be a G; subset of X containing M. Since
X is b-concentrated on Y, | X\ Gy| < b. Choose X\ Gy = {x, : @ < x}, where x <b. Let B={Y}u{{x,} : a0 < x}.
Since {Gum : M € B} covers X with |B| < b, X is star-Menger by Theorem 3.12. [

We end with another useful application of Lemma 3.1 and 3.2.

Theorem 3.15. Let X be a Lindelof space which is not star-Menger. If X contains a dense star-Menger subspace,
then X x X, (w + 1) is not normal.

Proof. By Lemma 3.1, there is a sequence (,) of open covers of X such that for all sequences (V) with for
each n, V, is a finite subset of Uy, X # Nyew Umsn SHUV,,, Uy,). Without loss of generality, for each n, choose
U, = (U : m € w}. For each x ¢ X, we define f; : @ » @ by fe(n) =min{m:x e US"}. Let D = {f, : x € X}
and P = {(x, fy) : x € X}. Then D is dominating by Lemma 3.2. Later we pick a 4 : @ - @ + 1 such that
g(n) = w, for all n. We now show that P n (X x p(g)) = @. Let (y, f) € X x p(g). Since f € p(g), there exists a

np € w such that f(n) = g(n) = w, for all n > ny. Now f,(19) = min{m : y € U,(nno)} implies that y € LI}”O) Let

y(”l)).

V = Tlyew Vi, where V,, = w + 1if n # ng and V,,; = [f,(n0) + 1, w]. It is clear that Ug&go) x V is an open set in
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X x X, (w +1) containing (y, f). Choose (x, f,) € P with x € ng’é’zo). Then f:(no) < f,(n0) and so fr(ng) ¢ V.

It follows that (x, fy) ¢ U}:gzo) x V and hence P n (U}:&’zo) xV)=@. Thus Pn (X x p(g)) = @.

Next we show that the disjoint closed sets P and Xxp(g) can notbe separated by open sets in XxX,, (w+1).
Let U and V be two open sets in X x X,,(w+1) with P ¢ U and X x p(g) ¢ V. By the given hypothesis we can
find a dense star-Menger subspace M of X. For each (x, f,) € P, we consider an open set U, x V, in Xx X, (w+1)
such that (x, f;) € Uy x V, € U. Since M is a dense subset of X, for each U, x V, there exists z, € M such that
(zx, fr) € Uy x V. Choose Q = {(zy, fx) : x € X} € M x X, (@ +1). If we can prove that Q n (M x p(g)) # @,
where Q is the closure of Q in M x X, (w + 1), then we are done. Suppose that Q n (M x p(g)) = @. Then
Mxp(g) € (M x X,(w+1))~ Q. By Lemma 3.3, we can obtain an open cylinder W in X, (w + 1) containing
g such that M x p(g) € M x p(W) € (M x X, (w + 1)) ~ Q. Consequently Qn (M x p(W)) = @. Since D is a
dominating subset of @, by using similar technique of the proof of Theorem 3.12, we get D n p(W) # @.
Then there is a xo € X such that f,, € p(W) and hence (zy,, f,) € Qn (M x p(W)), which is a contradiction.
Thus we have Qn(Mxp(g)) # @. This implies that UnV # @as Q ¢ Uand Mxp(g) € V. Hence X x X,,(w+1)
isnot normal. [
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