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Abstract. In this manuscript, we consider the Baskakov-Jain type operators involving two parameters a
and 7. Some approximation results concerning the weighted approximation are discussed. Also, we find a
quantitative Voronovskaja type asymptotic theorem and Griiss Voronovskaya type approximation theorem

for these operators. Some numerical examples to illustrate the approximation of these operators to certain
functions are also given.

1. Introduction

Aral and Erbay [5] introduced Baskakov operators based on «a € [0, 1] as follows:
@)= Y @ (L) 1
By (1;2) Z(; Wem(=), zeloe), (1)
where
i1 -1 m+i—3 m+i-1
b(a). _ z ‘ az [m+1 —1- 1 1— '
ni® = T [T\ =@z, |J*A-az

For the special case a = 1, the operators B fz) reduces to the Baskakov operators [6].
Gupta [14] presented a general family of Durrmeyer type operators and derived some direct results. Kajla
and Agrawal [22] defined Durrmeyer type modification of Szdsz operator involving Charlier polynomials.
Kajla et al. [25] considered a Durrmeyer type generalization of the operators (1) and gave the uniform
convergence results. In 2018, Gupta and Srivastava [20] presented a general sequence of operators which
preserve linear functions. In [16], general estimates of the differences of the linear positive operators
with different fundamental basis and their derivatives were obtained. In [36], Srivastava et al. gave
the link between approximation theory and summability methods via four-dimensional infinite matrices.
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Srivastava et al. [35] proposed the idea of relatively modular deferred-weighted statistical convergence
and statistically as well as relatively modular deferred-weighted summability for a double sequence of
functions. In 2020, Mohiuddine et al. [30] Baskakov-Durrmeyer type operators based on the parameters
and studied quantitative approximation results. Very recently, Mohiuddine et al. [27] introduced Stancu-
Kantorovich variant of the operators (1) and studied the direct results. For article related to such type of
a study we refer the reader to (cf. [2-4, 7-9, 11-13, 15, 17-19, 21-24, 26, 28, 29, 31-34] etc.) and reference
therein.

Let 7 > 0 and a € [0,1]. For y > 0 and C, [0, ) := {u € C[0, ) : [u(v)| < Nye’?, for some N, > 0}, we
construct a a-Baskakov-Jain type operators as follows:

G ;2) = Zb(“) @ [ o e @

T (to)!
B(i+1,2)(1+70)=*
In this article, we will study the order of convergence of these operators in a weighted space and
asymptotic type formula, quantitative and Griiss Voronovskaya type approximation theorem.

where b} .(v) = and bi:)i(z) is defined as above.

2. Basic Results

Lemma 2.1. For z € [0, c0), the moments of the operators %,fﬂ(u; z) are given by

) 9 e0;2) = 1;

z(m + 20 — 2) 1
(i) G(er;2) = =1 =0
o @), mZA(=3+m+4a)  z(4m+10(-1+ a)) 2 ]
() Dnr(C22) = o oo m—n T m-anm=1 & m-20m=r1)
(i) 9D (es;2) = m(1 + m)z3(—4 + m + 6a) N 3mz?(~11 + 3m + 14a) 18z(-3 + m + 3a)

(1611 -30)(m-2t)(m—-1) (m-37)(m—-27)(Mm—1) * (m = 31)(m - 27)(m — 1)

* (m —371)(m — 21)(m — T);
@ - m+m)2+m)zt(-5+m+8a)  4m(1l+m)z3 (=19 + 4m + 27a)
(V) Inz(e4;2) = (m—41)m = 37)(m = 27)(m—1) (m—4t)(m —37)(m — 27)(m — 1)
24mz*(=13 + 3m + 16a) z(96m + 336(—1 + a))
(m—47)(m — 32}(111 - 27)(m —1) M (m —41)(m - 37)(m - 27)(m — 1)

* (m —47)(m - 37)(m — 27)(m — 1)’
_ m(1+m)(2+m)3+m)z> (=6 + m + 10a)
i) T(ES' z) = (m = 51)(m — 47)(m — 37)(m — 27)(m — 1)

5m(1 + m)(2 + m)z*(—=29 + 5m + 44a) 100m(1 + m)z3(=11 + 2m + 15a)
(m—-57)(m —41t)(m - 3t)(m - 2t)(m — 1) (m —51)(m — 47)(m — 3t)(m — 27)(m — 7)
600mz>(=5 + m + 6av) 600z(—4 + m + 4a)

(m 57)(m — 4T)(m 31)(m - 27)(m — 1) (m —57)(m — 47)(m — 37)(m — 27)(m — 1)
120

(m —57)(m — 41)(m — 37)(m - 27)(m — 1)’
o @, m(+m)2+m)3+m)4+m)z (=7 + m + 12a)
(ViL) (€63 2) = G 6y (m = 50)(m = A7) (e = B1)(m — 27)(m — 1)
6m(1 + m)(2 + m)(3 + m)z°>(—41 + 6m + 65a) . 90m(1 + m)(2 + m)z*(=33 + 5m + 48a)
(m —6t)(m —51)(m —41)(m — 31)(m - 271)(m—1) (m—67)(m —57)(m —47)(m — 37)(m — 27)(m — 1)
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600m(1 + m)z3(=25 + 4m + 33a) 1800mz*(=17 + 3m + 20a)

T = 60)(m = 50)(m = A1) = B30)(m = 20)(m = 1) | (m = 67)(m — 57)(m — 40)(m — 37)(m — 20)(m — 1)
z(4320m + 19440(-1 + a)) 720

T = 670)(m = 50)(m — 41)(m = 30)(m — 20)(m — 1) (m = 61)(m — 57)(m — 40)(m = BT)(m = 20)(m — 1)

Lemma 2.2. From Lemma 2.1, we have
@ (0 Ny Z(T+20{—2) 1
%m,’[((v Z)/Z)_ (m_T) +(m_T)

2 .
(m=2t)(m—-1)’
G0 —2)%2) =
z* (2414 — 10m + 3m? + 16ma + 2tm(=32 + 3m + 48a) + t>m(—8 + 3m + 80a) + 273(~96 + 23m + 960())

(m —47)(m — 37)(m — 27)(m — 1)
23 (967° — 76m + 1847%m + 12m? + 720t%(~1 + @) + 108ma + 12Tm(=9 + m + 21a))
(m —41)(m — 37)(m — 27)(m — 1)
22 (14472 — 96m + 204Tm + 12m® + 8647(~1+ a) + 168ma) 5967 + 72m + 336(-1 + )
(m —4t)(m — 31)(m — 27)(m — 1) - (m —47)(m — 37)(m - 27)(m — 1)
24

Z22(m + (=8 + 21 + m + 8a)) 2z(=5 + 27 + m + 5a)
(m—-21)(m—-1) (m—=21)(m — 1)

;G (v-2)%;2) =

+

+

T =40 (m = 30)(m - 20)(m — 1)’

Remark 2.3. We have
lim m 7,21 (2)
m—00

lim m _7,27(z)

1+z(t+2a-2),

z(2 +z + 12),

m—00

lim m? _Zi(z) = 32°Q2+z+12)%,
m—o0

lim m® 73%(z) = 15222 +z+12)°,
m—o0

where 7 = %,7(1‘2((0 -2)%52),s=1,2,4,6.
3. Direct Results
Theorem 3.1. Let u € C,[0,00). Then lim E%ffg(u; z) = u(z), uniformly in each compact subset of [0, 00).
m-—00
Proof. By the application of Bohman-Korovkin Result and Lemma 2.1, the proof of this theorem is direct. [J

3.1. Voronouvskaja type theorem
Theorem 3.2. Let u € C,[0, ). If u” exists at a point z € [0, 00), then

’}lgrgom [%(fg(u; z) — u(z)] =1 +z(t+2a—-2)u'(z) + %Z(Z +z + 12)u”’(2).
Proof. From Taylor’s theorem, we have
u() = u(z) + u'(2)(v - z) + %u”(z)(v -2+ @(v,2)(v - 2)?, 3)
where }}LI; ®(v,z) = 0. Applying the linear operator %(f‘ ), we may write
G4)w52) - u(z) = G0 - ;0 (2) + 34N 252 (2)

+ 4 (@(v,2)(v - 2)%; 2).
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The Cauchy-Schwarz inequality implies

mI@(0,2)(0 — 2%2) < JHU@(0,2);2) mPGLN(© 21 2). @
As @*(z,z) = 0 and @*(-, z) € C, [0, ), we have

lim 47(0*(0,2);2) = @°(,2) = 0. 5)
Collecting (4)-(5) and Remark 2.3, we obtain

lim m% )@ (v, 2)(v - 2)%2) = 0. (6)

Hence 1
lim m [E%ff;(u; z) — u(z)] =1 +z(t+2a—-2)u'(z) + 52(2 +z + 12)u”’(2).
m—oo

O

4. Weighted approximation

Let H,[0, co) denote the space of all real-valued functions on [0, o) satisfying the condition |u(z)| < N,0(z),
where N, > 0 is a constant depending only on 1 and g(z) = 1+2 is a weight function. Suppose that C,[0, o)

be the space of all continuous functions in H,[0, c0) endowed with the norm [u]|, := % and
z€[0,00)
. fu(@)l
[0, :={ C,[0,00) : lim A2 }
510, ) u € C,[0, c0) lim o) < o0
Theorem 4.1. For each u € Cg[O, o0) and r > 0, we have
lim su —|£¢n(7“2(u,z) —u(z)| _
m—eo zE[O,IZO) T+
Proof. For any fixed zg > 0, there holds the relation
o [ @] [G2) — u) |2 (u;2) = u(z)|
i S T e O e I A T
G (y; z)(
< G (1;2) — + Ui
wop e ~vel} s
|u(z)|
+sup ————.
i‘jzl[? 1+ 2)+
Since [u(v)| < |[ull,(1 + v*),Yv > 0
|45 2) - u)| 9501+ 0% 2)]
v . < g(a) ;2) — + I |
zz[u(),I:o) (1 +ZZ)1+r - ” m,T(u Z) M(Z)”C[O,Z[)] Hu”@ iljz}z (1 +Zz)1+r
T su lluall,
o @+ 22y
= L+DL+1I; say. (7)

Now, in view of Theorem 3.1, for a given € > 0, 3 m; € N such that

I = || 5 (u; 2) - ”(Z)”cm,zo] < g, for all m > m. @®)
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g1+ %z .
Since lim sup —————— =1, it follows that there exists m, € IN such that

M= ,s 1+ 22

%‘2(1 +0%z)  (1+2Z) e

WP S Ty, 3 b forallm .
Hence,
I = ||ull, sup | <“)(1 +%2) | lcl, |%<1a2(1 + Z’z;z)|
Tz (LHZT T (142D g 1+22
el ;€ for all m > m,. )

T+ 3
Choose zj to be so large that

ll, e
(1+22y 6

then

I = su llull, - llull, _€
3 Z>ZIOD (A+22y = (1+22)y 6

(10)

Let my = max{my, my}, then by combining (8-10)

|93 2) - u(z)|
sup ﬁ < ¢, for all m > my.
z€[0,00) (1 tz ) !

O

In the following we study a quantitative Voronoskaja type result for the operators %,ff; for functions u in
the weighted space C,[0, o). 1spir [37], considered the weighted modulus of continuity Q(u; ) as follows:

[u(z + h) — u(z)|
Qu;0) = su - ‘L 7 "
(4:0) 0$h<o,zIeD[O,oo) (1+h2)(1+2%) (11)

for u € C,[0, 00). From [37],if u € Cg[O, o), then Q(.; 0) has the properties
lir% Qu;0)=0
and
Qu; Ao) <2(1 + A1 + 6H)Q(u;0), A>0. (12)

From the equations (11)-(12) and u € Cg[O, o), we can write

|u(v) — u(2)|

IA

(1+@=2?) (1 +22)Q; v - 2I)
lo—

IA

2 (1 + |)(1 +)00;0) (1+ (0= 2?) (1 + ). (13)

Theorem 4.2. Letu € CB[O, 00) such that u'(z),u” (z) € Cg[O, o). Then for sufficiently large m and each z € [0, o0),

= 0(M)Q(u”; \1/m).

‘ {mxu 2) = u(z) — ' ()1 (v - 2);2) - ”%ﬁfi (-2 )}
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Proof. Applying Taylor’s formula, we have

”(ﬁ) W)

() = u(z) + u'(z)(v — z) +

N( )

=u(z) + ' (2)(v—2z) +

(U - Z) + hZ(vl Z)/

where f is a number between z and v, we have

Using the property (13) of the weighted modulus of continuity, we may write

but

ie.

u// (‘B) _ u/l (Z)

ha(v,2) = o

(v —-2)>.

W (B) —u’@)] < 1+ (B-2°)(1 +2)QW”; 1B - z)
<1+ @-231+22)Q”;v-z|)

<201+ (=21 +2) (1 + 'Z’G;Z') (1 +A)QW"; 0),

2(1 + ¢?), lv—z| <o,

v —z] )
1+ Q+@w-2)7)< ,
( o ) (v— )4(1+02) lv—z| >0,

(1+ |U;Z|)(1+(v—z)2)$2(1+(v;—42)4)(1+02).

Collecting the equations (15)-(17) and choosing 0 < ¢ < 1, we find that

ha(0,2)] < 2(1 + 622(1 + 22)Q”; 0) (1 PGt )(v — 22

Operating the operator %fla ) and Lemma 2.2 on both sides of (14), we obtain

u’ (z)

Grun(1;2) = u(@) =1 QD20 = 22) = — =7 (@~ 2)32)

Applying Remark 2.3 and using equation (18), we may write

) (Iha(0,2));2) < 2(1 + 022(1 + 22)Qu"; )4 (((v s @

=)
e

=2(1 + )1 + 22)Q”; o) (fz}ﬁ (0-2%2)+ 59

= 2(1 + 0?)(1 + DO ; 0) (0(1 Jm) + 01—40(1 /mS)).

By taking 0 = v1/m, we obtain

m4) (ha(v,2));2) = O(1)Q (un,. \/1/_”1)

Using (19) and (20), we find that

O

‘m {%,5;2(14; 2) — u@ (G20 — z;2) — (Z) Gt (- z)z;z)}

= 0()Q (u

< G (hy(0,2); 2).

S48 (0~ 2)52))

", Vl/m),as m — oo.

1738

(14)

(15)

(16)

(17)

(18)

(19)

(20)
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5. Griiss Voronovskaya Type Theorem

Theorem 5.1. Let u, w and uw € Cg[O, o0) such that v',w’, (uw) ,u”,w” and (uw)’ € Cg[O, o). Then, for each
z € [0, ), )

lim 1 {43) (uw); 2) - G500 2)% 5 (w; 2)} = /' (2w’ (2)2(2 + 2 + T2).

Proof. Since (uw)(z) = u(z)w(z), (uw) (z) = w'(2)w(z) + u(z)w’'(z) and (uw)”’(z) = w’(Z)w(z) + 2u’(2)w’(z) +
u(z)w" (z), we get

G (uw); 2) — G 1;2)F50) (w; 2)

- {%ﬁf@((aw»z)—u(z)w(z) () @G0 z2) — LD B gy, z)}

21
”( z)

~w(2) {%ﬁ“%(wz)—u(z)—u'(z)%ﬂf%(v—z; 2) =~ Gt (0 = 2 z)}

w’ (z)

~G (1 2) {%ﬁ?(w; 2) — w(z) - W G0 - z;2) - 7 (v 2)2;z>}

#3253 e (@) + 20 Q') - w"(z)%‘ﬁ(u; 2)

+Gn(0 - 72) [u@w' (2) - W DY)}
From Theorems 3.1 and 4.2 and Lemma 2.2, we find that
lim m {95) (uw); 2) - G500 2)%5(w; 2)} = /' (2w’ (2)2(2 + 2 + T2).

This completes the proof. [J

6. Numerical Examples

Example 6.1. The convergence of %(1 2 (u; z) operators is illustrated in Figure 1, where u(z) = z3(1 + 2z)%, z € [0, 1],
a=091t=05andm = 15,16,17,18,19. We observed that when the values of m are increasing, the graph of

operators g,ﬁ, (u; z) are going to the graph of the function u.

Example 6.2. The convergence of %fff;(u; z) operators is illustrated in Figure 2, where u(z) = z2(1 + 52), z € [0,1],
a=091t=05andm=15,16,17,18,19. It is seen that when the values of m are increasing, the graph of operators

%,f, (u; z) are going to the graph of the function u.
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