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Conformal Semi-Slant Riemannian Maps from Almost Hermitian
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Abstract. In this study, we define the notion of conformal semi-slant Riemannian maps from almost
Hermitian manifolds onto Riemannian manifolds as a generalization of conformal semi-slant submersions.
We give examples for this type maps. We study integrability conditions of distributions. In addition, we
apply pluriharmonic maps to investigate being horizontally homothetic map. Moreover, we examine that
under which cases, the distributions can define totally geodesic foliations.

1. Introduction

Firstly, the concept of submersion was introduced by O’Neill [11] and Gray [8]. Then, this concept was
studied in various types [6] as a semi-invariant [17], a slant [15], a semi-slant [13], etc [20, 23]. Then, this
concept generalized to the notion of Riemannian map by Fischer [7]. Riemannian maps between Riemannian
manifolds are generalization of isometric immersions and Riemannian submersions. Let F : (Mj, 1) —
(M3, g2) be a smooth map between Riemannian manifolds such that 0 < rankF < min{dim(My), dim(M,)}.
Then the tangent bundle TM; of M; has the following decomposition:

TM; = kerF. & (kerF.)™*.

Since rankF < min{dim(M;), dim(M,)}, always we have (rangeF.)*. In this way, tangent bundle TM, of M,
has the following decomposition:

TM; = (rangeF.) ® (rangeF.)™".

A smooth map F : (M}, g1) — (M}, g2) is called Riemannian map at p; € M; if the horizontal restriction
F’fpl : (kerF.p,)* —> (rangeF.) is a linear isometry. Hence a Riemannian map satisfies the equation

1(X,Y) = g2(F.(X), Fu(Y)) 1
for X, Y € T'((kerF.)*). So thatisometricimmersions and Riemannian submersions are particular Riemannian
maps, respectively, with kerF., = {0} and (rangeF.)* = {0} [7].

Moreover, Sahin and the others introduced any other types of Riemannian maps [12, 14, 16, 18]. After
this studies, especially Akyol, Sahin and Yanan searched conformality case of this type submersions [1-4]
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and Riemannian maps [24, 25]. We say that F : (M", gpm) — (N", gn) is a conformal Riemannian map at
p € Mif 0 < rankF., < min{m,n} and F,, maps the horizontal space (ker(F.,)") conformally onto range(F.,),
i.e., there exist a number A?(p) # 0 such that

IN(Fp(X), Fop(V)) = A2 (p)gm(X, Y) )

for X,Y € I'((ker(F.,)*). Also F is called conformal Riemannian if F is conformal Riemannian at each p € M
[19]. Here, A is the dilation of F at a point p € M and it is a continuous function as A : M — [0, o).
An even-dimensional Riemannian manifold (M, gu, J) is called an almost Hermitian manifold if there

exists a tensor field | of type (1,1) on M such that J> = —I where I denotes the identity transformation of
TM and

Let (M, gum, J) is an almost Hermitian manifold and its Levi-Civita connection is V with respect to gy. If | is
parallel with respectto V, i.e.

(Vx))Y =0, (4)

we say M is a Kdhler manifold [27].

Let (M, gum, J) is an almost Hermitian manifold and (N, gn) is a Riemannian manifold. A Riemannian
map F : (M, gm,]) — (N, gn) is called a semi-slant Riemannian map if there is a distribution 9; C kerF.
such that

kerF. = D1 © Dy, J(D1) = Dy,

and the angle 6 = 6(X) between [X and the space (), is constant for nonzero X € (D), and p € M, where
D, is the orthogonal complement of D, in kerF.. We call the angle 0 a semi-slant angle [12].

Therefore, we will study conformal semi-slant Riemannian maps from almost Hermitian manifolds
onto Riemannian manifolds as a generalization of conformal semi-slant submersions which includes semi-
slant submersions. We know that conformal semi-slant Riemannian maps include conformal invariant
Riemannian maps, conformal anti-invariant Riemannian maps [21], conformal semi-invariant Riemannian
maps [22] and conformal slant Riemannian maps [26]. Geometric properties were investigated and examples
were given for this type maps. Also, several conditions for conformal semi-slant Riemannian maps to be
horizontally homothetic maps were obtained by using the notion of pluriharmonic maps. Moreover, certain
geodesicity conditions for conformal semi-slant Riemannian maps were obtained.

2. Preliminaries

In this section, we give several definitions and results to be used throughout the study for conformal
semi-slant Riemannian maps. Let F : (M, g,,) — (N, g,) be a smooth map between Riemannian manifolds.
The second fundamental form of F is defined by

N M
(VE.)(X,Y) = VEF.(Y) = F.(VxY) 6)

for X,Y € I'(TM). The second fundamental form VF., is symmetric [9]. Recall that F is said to be totally
geodesic map if (VF.)(X,Y) = 0for all X, Y € ['(TM).
Then we define O'Neill’s tensor fields 7 and A for Riemannian submersions as

M M
AxY = hv;leY-i-thxl’lY, (6)

M M
TxY = ]’lvavY-i-Zvaxl’lY, (7)

M
for X,Y € I'(TM) with the Levi-Civita connection V of g [11]. As usual, we denote by v and h the
projections on the vertical distribution kerF. and the horizontal distribution (kerF.)* , respectively. For any
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X € I(TM), Tx and Ax are skew-symmetric operators on (I'(TM), g) reversing the horizontal and the vertical
distributions. Also, 7 is vertical, 7x = 7,x, and A is horizontal, Ax = A, x. Note that the tensor field 7 is
symmetric on the vertical distribution [11]. Additionally, from (6) and (7) we have

M A

Vuv = TuV + Vuv, (8)
M M

VuX = hVuX+TuX, )
M M

VxV = AxV +oVyxV, (10)
M M

VxY = hVxY +AxY (11)

for X,Y € I'((ker F.)*) and U, V € I['(kerF.), where V;V = UAVAUV [6].

If a vector field X on M is related to a vector field X" on N, we say X is a projectable vector field. If X is
both a horizontal and a projectable vector field, we say X is a basic vector field on M. From now on, when
we mention a horizontal vector field, we always consider a basic vector field [5].

On the other hand, let F : (M™, g,,) — (N", g,) be a conformal Riemannian map between Riemannian
manifolds. Then, we have

(VE)X,Y) lranger. = X(AnA)F.(Y) + Y(In A)F.(X) = gm(X, Y)F.(grad(In 1)), (12)
N
where X, Y € I'((kerF.)*). Hence from (12), we obtain V§R(Y) as

N
VEE(Y) = EL(iVxY) + X(In A)E.(Y) + Y(In A)E.(X) - gum(X, Y)E.(grad(In 1)) + (VE.)*(X,Y) (13)

where (VF,)*(X,Y) is the component of (VF.)(X,Y) on (rangeF.)* for X,Y € I'((kerF.)*) [21, 22]. Here, F is
said to be horizontally homothetic map if h(grad(In A)) = 0 [5].
Now, a map F from a complex manifold (M, gu, ) to a Riemannian manifold (N, gn) is a pluriharmonic
map if F satisfies the following equation
(VE)X, YY)+ (VE)(JX,JY)=0 (14)

for X, Y € I'(TM) [10].

Lastly, we remark some relations on semi-slant Riemannian maps which will be same for conformal
semi-slant Riemannian maps. Let F : (M, g,,,]) — (N, g,)) be a semi-slant Riemannian map from a Kahler
manifold to a Riemannian manifold with the semi-slant angle 6. Then we obtain

$*X = —cos® 0.X (15)
for X € D,. If the tensor w is parallel, then we get

ToxpX = — cos® 0.TxX (16)
for X € D, [12].

3. Conformal Semi-slant Riemannian Maps

In this section, we will define the notion of conformal semi-slant Riemannian maps and give examples.
Then, some useful results will be given used in forward calculations.

Definition 3.1. Let (M, g, J) is an almost Hermitian manifold and (N, gn) is a Riemannian manifold. A conformal
Riemannian map F : (M, gum, J) — (N, gn) is called a conformal semi-slant Riemannian map if there is a distribution
Dy C kerF, such that

kerF, = D1 & Dz,](D1) =Dy,

and the angle 6 = O(X) between JX and the space (D), is constant for nonzero X € (Ds), and p € M, where D, is
the orthogonal complement of Dy in kerE.. We call the angle 6 a semi-slant angle.
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Then for U € I'(kerF.), we get

U=Pu+qQu, (17)
where P and Q are projections from kerF, onto D and D, respectively. For U € I'(kerF.), we get

JUu=9oU+ ¢, (18)
where ®U € T'(kerF.) and YU € T'((kerF.)*). For X € T'((kerF.)*), we have

JX = BX + CX, (19)
where BX € I'(kerF.) and CX € I'((kerF.)*). Lastly, we have

(kerF)" =yDr @ u (20)

where p is the orthogonal complement of YD, in (kerF.)*. u is an invariant distribution under J. From
equations (17) - (20), we get followings:

ODy =Dy, YD1 =0, PD, CcD,, B((kerF.)") = Ds. (21)

From now on, we will call this type maps CSSRM for convenience. Now, we will give examples for
CSSRM.

Example 3.2. Defineamap F : (R, g5, ) — (R, g5) by

X7 —Xg X1 — X2

F(x1,x2,x3, X4, X5, X6, X7, X8) = €(Xs5,), N , X6)
where y is a constant. We have the horizontal and the vertical distributions, respectively, as:
d e 0 J e 0 J d
1 _ —_ - (— - — = —(— — —— = e—
(kerF*) - Spa”{Xl - eaX5 rXZ \/E(aX7 axs )r X3 \/i(axl axz )/ X4 eaX6}
and
0 0 0 J 0 J
kerF., —span{V1 = %,VQ = a__X4/V3 = 3_)(11 + 5—.’(2,‘/4 = (9_)(7 + 3_)(18 .

Hence, F is a conformal Riemannian map with A = e and 0 < rankF, = 4 < min{dim(R®), dim(R%)}. The complex
structure | on R® as follows (—ay, a1, —as, a3, —ae, as, —as,ay) where a; € R,i = 1,2, ..., 8. Now, we get

V) =Va J0v = =%, 1= 2%, 00 =X 0 = 2V J06) = SV (D

V2 V2
We obtain from (22) that Dy = span{V1, Va}, Dy = span{V3, V4}, YDy = span{Xy, X3} and p = span{X1, X4}. For
V3, V4 € Dy, by using
Vi J(Vi) = cos OI|VIllllJ(V)Il, i=3,4

we obtain semi-slant angle © = 7. Therefore, F is a CSSRM with A = e, rankF. = 4 and semi-slant angle 6 = 7.
In a similar way, we have another example.
Example 3.3. Definea map F : (R'°, g19, ) — (R®, g5) by
F(x1,x2, X3, X4, X5, X6, X7, X8, X9, X10) = T(X5,Y, X7 COS @ — Xg Sin a, X1, —X2)

where y is a constant. The map F is a CSSRM such that

J d d d d . d J
Dy =span{Vy = E'VZ = 3_964"/4 = 8_x9’V5 = E}' D, = span{V; = (9_x6'V6 = smoza—x7 + cosoca—xg},
J d . d d d
IPZ)Q = SPCITI{Xl = T[E’XQ = W(COSQ&—X7 - smaa—xg)}, u= span{X3 = T(&_xl’X4 = —T(a—xz}

with A = 7, rankF, = 4 and semi-slant angle 6 = 7.
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Proposition 3.4. Let F be a CSSRM from an almost Hermitian manifold (M, gu, J) to a Riemannian manifold
(N, gn). Then the slant distribution D, is integrable if and only if

OV, Uy = Vi, Ua) € T(D2)
for Uy, Up € T(Dy) and V € T'(Dy).

Proof. Since vertical distribution is always integrable, we have gy ([Uy, Uz], X) = 0 for X € T((kerF.)*) and
Ui, U € I'(D,). By using equations (3), (8), (18) and (19) we get

M M
gu(Vu, Uz, V) = gu(JVu, Uz, JV)
—gm(®BT y, Uy + @V, Uy, V)

for Uy, Up € (D) and V € I'(Dy). Changing the roles of U; and Uy, we obtain
gm([Us, U], V) = gm(@B{T 1, Un — T, Un} + Vi, Us — Vi, U}, V). (23)
Since 7" is symmetric we have ®B{77;,U; — Ty, Uz} = 0. From (23), the proof is clear. [J

Similarly, we get following proposition.

Proposition 3.5. Let F be a CSSRM from an almost Hermitian manifold (M, gum, J) to a Riemannian manifold
(N, gn). Then the complex distribution D, is integrable if and only if

O{Vy, Vo = Vi, Vi) € T(Dy), Y{Vy, Vo = Vy, Vi) € T(p)
for V1, Vy € I(Dq) and U € T(Dy).

If we take M as a Kdhler manifold instead of an almost Hermitian manifold in Proposition 3.1. and
Proposition 3.2., we get next propositions.

Proposition 3.6. Let F be a CSSRM from a Kihler manifold (M, g, ]) to a Riemannian manifold (N, gn). Then the
slant distribution D, is integrable if and only if

Mlgm(V, JV, @Uz) = gm(Vi, JV, @)} = gn((VE)(Us, JV), F.(PUs)) = gn((VE)(Us, V), E(W L))
fOT U, U, € 1"(1)2) and V € F(Z)l)

Proof. Since M is a Kdhler manifold, from equations (2), (4), (5), (8), we get

M M
gV, Uz, V) = —gu(Vy,V, Uz)

gM(%uJV, JUs)
—gm(Tw JV, YUs) — gu(Vy, JV, D)

for Uy, Up € IT'(D,) and V € I'(D;). Changing the roles of U; and U,, we obtain

gullU, UL V) = 5 ((VE(Us, JV), EU) = 50N (TENUs, V), EL(UU)
+ gV, ]V, 0U) = gu(Vu, JV, OUL). (24)

From equation (24), the proof is clear. [

Similarly, we get following.
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Proposition 3.7. Let F be a CSSRM from a Kihler manifold (M, gy, ]) to a Riemannian manifold (N, gn). Then the
complex distribution D, is integrable if and only if

Agm(Vv,JVi = Vi, [V, ®U) = gy((VE.)(Va, JV1) = (VE)(V4, V), F(yUD)
for V1, Vy € I(Dq) and U € T(Dy).

Proposition 3.8. Let F be a CSSRM from a Kihler manifold (M, gy, ]) to a Riemannian manifold (N, gn). Then the
horizontal distribution (kerF.)* is integrable if and only if

M M
i- ﬂxl CX, — ﬂXZCXl + ZJVX1 BX, — UVXZBxl € F(Dz),
ii- gn((VE)(X1, BX2) — (VE.)(X2, BX1), F.(¢U))
M M M M
= }L2{gM(hVX1 CX2 - hVXZCXL ¢U) + gM(ﬂXl CXZ - ?{XZCXl + UVXlBXZ - UVXZBX1,CDU)}
for X1, X5 € I((kerF.)*), V € T(D1) and U € T(Dy).

Proof. First, we will examine 0 = gu([X1, X»], V) for Xy, X, € T'((kerF.)*) and V € T'(D»). By using equations
(4), (10) and (11), we have

M M
gM(VXl X2, V) = gM(ﬂxl CX2 + '()VX1 BXQ, ]V)
for Xy, X, € T'((kerF.)*) and V € T(Dy). Changing the roles of X; and X5, we obtain

M M
gm([X1, X2], V) = gu(Ax, CXo — Ax,CXy + vVx, BX, — vVx,BXq, JV). (25)

One can see (i) from (25). In a similar way, we obtain

M M
gm([X1, Xo, U) = gm(Ax,BXo — Ax,BXq + hVx, CXp — hVx,CXy, pU)
M M
+ gM(UVXlBXZ - vVXszl + ﬂxl CXZ - &’(chxl,fbu) (26)
for Xy, X, € T'((kerF.)*) and U € I'(D,). From equations (5) and (26), we get
1
gm([X1, XoL U) = _E{QN((VF*)(XLBXZ) — (VE.)(X2, BXy), F.(pU))}

M M
+ gM(]’lel CX2 - hVchxl, I#U)
M M
+ gM(ﬂXl CXZ - ﬂXZCXl + UVX] BX, — UVXZBXLCDU). (27)
One can see (ii) from (27). The proof is complete. [J

We already have the notion of pluriharmonic map [10] and its other cases such that if we take components
from Dy (D, p, (kerF.)* — kerF., respectively) in (14), we say F is a D -pluriharmonic map (D, y, (kerF.)* —
kerF., respectively) [21, 22]. Now, we use pluriharmonicity to introduce some geometric properties.

Theorem 3.9. Let F be a CSSRM from a Kihler manifold (M, ga, |) to a Riemannian manifold (N, gn). Then any
one condition below implies the second condition;

i- Fis a Dy-pluriharmonic map,
ii- C{Tv,JVa = Tjv,Va} = 0{Vjv, Vo = Vi, JV2)
forany Vi,V € T(Dy).
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Proof. By using notion of D;-pluriharmonic map and equations (5), (8) and (21), we write

0 (VE)(V1, V2) + (VE)(JV1,]V2)

M M
F.(JVv,JV2) = F.(JV v, V2)
= F.(CTv,JVa + ¥Vy,JV,) = F(CT v, V2 + Vv, V2) (28)

for any Vi, Vo € I'(Dy). If F is a Dy-pluriharmonic map, then we have
0 = F(CTv,JV2 + Vv, JV2) = FE(CTjv, V2 + YV, V).
Hence, one can see C{7v, [V, — Ty, Va} = l/){v]\/l V, — @Vl JV,}. If (ii) is provided, we obtain from (28)
0 = (VE.)(V1, V) + (VE)(JV1, JV2).
It means F is a D4 -pluriharmonic map for any V4, V, € I'(D;). The proof is complete. [

Recall that F is said to be horizontally homothetic map if h(grad(In A)) = 0 [5].

Theorem 3.10. Let F be a CSSRM from a Kihler manifold (M, gum, ]) to a Riemannian manifold (N, gn). Then any
two conditions below imply the third condition;

i- Fis a Dy-pluriharmonic map,
ii- F is a horizontally homothetic map and (VE.)*(yU;, YUy) = 0,
iii- sin® 07y, U + Ay, PUs + Ay, ®Un = 0
forany Uy, Uy € T(Dy).

Proof. Since second fundamental form of a map (VF,) is a symmetric, from equations (5), (13) and (14), we
have
0 = (VE)(U, Up)+ (VE)(JUy, JUy)
= (VE)(Uy, Uy) + (VE)(DU,, DU,) + (VE.) (YU, DUL)
+ (VE)@Us, @) + (VE) Uy, YUy)

—F*(AV/Iul Uz) - F*(AV/I¢U1(DU2) — F*(AV/IIWZ(DUl) — F*(]\V/Iwulq)l,b)
YU (In VF.($Uy) + PUs(In DF.(Us) = Uy, U)F.(grad(In 1))
(VE)* Uy, pUy) (29)

for any Uy, U; € I'(D,). By using equations (8), (10) and (16) in (29), we have

+
+

0

—F.(Tu, Uz) + cos® OF.(Tu, Un) — Fu(Ayu, @Uy + Ay, PU)

YU (In MF.(PUz) + YU (In A)F.(PU1) — gm(PUs, YU2)F.(grad(In 1))

(VE)*(pUy, pUs)

—sin® OF.(Tu, Us) — F.(Apu, OUs + Ayy, PU)

PUL(In V)F.(YU) + YU (In V)F.(PUs) — gu(@Us, pUz)F.(grad(In A))

(VE)*(pUy, pUa). (30)

Now, we suppose that (i) and (iii) are provided in (30). We get

0 = YUi(InN)FE@U) + PUr(In )F.(PU1) — gm(PUs, PUs)F.(grad(In 1))
+ (VE) (YU, Yl). (31)

+ +

+
+
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Clearly, one can see (VF.)* (U, yU,) = 0. For pU; € T'(YD,) by using (2) in (31), we obtain

A29Uy (In D) g (WU, YUY + A2PUs(In A)gar(U, YU )
gm@Uy, PUL)A*PUL(In M)
A29Us(In Vg (WU, pUL). o)

In (32), we have U, (In A) = 0. It means A is a constant on Y 9,. For Y € I'(u) by using equations (2), (20) in
(31), we obtain

YU (In Dgu(PUz, Y) + A2PUn(In AUy, Y)
gm(@Uy, pU2)A*Y(In M)

—A2Y(In A) g (YU, YlU). )
In (33), we have Y(In 1) = 0 with ¢U; = U,. It means A is a constant on 1. So, we say A is a constant on

(kerE.)*. Therefore, F is a horizontally homothetic map and (VF.)* (U, pU,) = 0. Suppose that (i) and (ii)
are provided in (30). So, from (30), we obtain

0

0

0 = —sin® OF.(Tu, Uz) — Fu(Apu, @U; + Ayy, OUy)
which gives the proof of (iii). Therefore, if (ii) and (iii) are provided in (30), easily we obtain
0 = (VE.)(U1, Up) + (VE)(JU, JUp)
for any Uy, Uy € I'(Dy). So, F is a D,-pluriharmonic map. The proof is complete. [

Theorem 3.11. Let F be a CSSRM from a Kihler manifold (M, gum, ]) to a Riemannian manifold (N, gn). Then any
one condition below implies the second condition;

i- Fis a p-pluriharmonic map,
ii- F is a horizontally homothetic map and (VF.)*(Y1,Y>2) =0
forany Y1,Y, € I'(u).

Proof. Firstly, suppose that (i) is provided. By using equations (12) and (14), we get

0 (VE)(Y1,Y2) + (VE)(JY1,]Y2)
Yi(ln A)E.(Ya) + Ya(In A)E.(Y1) — ga(Y1, Y2)E.(grad(in 1))
JY1(In D)F.(JY2) + JY2(In A)F.(JY1) — gm(JY1, JY2)F.(grad(In A))

(VE) (Y1, Y2) + (VE)*(JY1,]Y2) (34)

+ +

for any Y1,Y, € I'(1). Since p is invariant under | we can take Y7 = JY; and Y, = [Y; in (34). We obtain
0

2{Y1(In A)F.(Y2) + Ya(In A)F.(Y1) — gm(Y1, Y2)Fu(grad(In A)) + (VE)* (Y1, Y2)). (35)
One can see (VF,)*(Y1, Y2) = 0 in (35). Lastly, we have

0 = 2{Yi(nA)F.(Y2) + Yo(n A)F.(Y1) — gm(Y1, Y2)F.(grad(In A))}. (36)
Now, for any Y7 € I'() in (36), we obtain

0 2{Y1(In )A%gm(Ya, Y1) + Ya(In A)A%gpr(Y1, Y1)

gm(Y1, Y2)A?Y1(In A)}
2A%Y5(In A)gm(Y1, Yr). (37)
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In (37), we have Y5(In A) = 0. It means A is a constant on p. For YU € I'(D,) from equations (2) and (20) in
(36), we obtain

0 2{Y1(In AD)A2 g (Yz, wU) + Yo(In A)A%gp(Yy, YU)
gm(Y1, Y2)A2U(In A)}

—222pU(In A)gm(Y1, Ya). (38)

In (38), we have ¢U(InA) = 0 with Y; = Y. It means A is a constant on 9,. So, we say A is a constant on
(kerF,)*. Therefore, F is a horizontally homothetic map and (VF.)* (Y1, Y2) = 0. Clearly, if F is a horizontally
homothetic map and (VF.)*(Y1,Y>2) = 0 we obtain (i) from (34). O

Theorem 3.12. Let F be a CSSRM from a Kihler manifold (M, gy, J) to a Riemannian manifold (N, gn). Then any
two conditions below imply the third condition;

i- Fis a {(kerF.)* — kerF.}-pluriharmonic map,
ii- F is a horizontally homothetic map and (VF,)*(CX,yU) =0,
iti- AxU + AyuBX + Tpx®PU + AcxPU =0
for any U € T'(kerF.) and X € T'((kerF.)*).

Proof. Now, by using symmetry property of second fundamental form of a map (VF.) and from equations
(14), (18) and (19), we get

0 (VE)(X, U) + (VE.)(JX, JU)

—F*(%XU) + (VE.)(YU, BX) + (VE.)(BX, ®U) + (VF.)(CX, pU) + (VF.)(CX, dU) (39)

for any U € I'(kerF.) and X € I'((kerF.)*). By using (8), (9) and (12) in (39), we obtain

0 = —F*(ﬂxu + ﬂlpuBX + TBX(DU + ﬂqu)U)
+ CX(InA)E.(U) + pU(In A)E(CX)
—  gu(CX, pU)E.(grad(In 1)) + (VE.)“(CX, pU). (40)

Suppose that (i) and (iii) are provided in (40). So, we have

0 = CX(InA)F.(pU) + pU(In A)F.(CX) — gm(CX, pU)F.(grad(In 1))
+ (VE)H(CX, pU). (41)

Clearly, we see (VF.)*(CX, ¢U) = 0. Lastly, we have
0 = CX(nA)F.(@U)+ pU(InA)F.(CX) — gm(CX, pU)F.(grad(In A)). (42)
By using (2) in (42) and for CX € I'((kerF.)*), we obtain

0 CX(In M)A?gp(pU, CX) + PpU(In A)A%gp(CX, CX)

gm(CX, pU)A*CX(In A)
A2YU(In A)gp(CX, CX). @)

In (43), we have YU(In A) = 0. For YU € T'((kerF.)*) in (42) from (2), we obtain
0

CX(In M)A gu(ypU, pU) + PpU(n M)A g (CX, pU)
gm(CX, pU)A*PU(In A)
A2CX(In D)gm(pU, YU). (44)
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In (44), we have CX(InA) = 0. Because of YU(InA) = 0 and CX(InA) = 0, A is a constant on (kerF.)*.
Therefore, F is a horizontally homothetic map and (VF.)*(CX, yU) = 0. If (i) and (ii) are provided in (40),
we obtain

0= —F*(ﬂxu + ﬂlpuBX + TxPU + ﬂCXCDU).

So, we get the proof of (iii). If (ii) and (iii) are provided in (40), we easily see
0= (VE)X, U) + (VE)(X, JU)

for any U € I'(kerF.) and X € I'((kerF.)*). Hence, F is a {(kerF.)* — kerF.}-pluriharmonic map. [

4. Totally Geodesic Distributions
In this section, we give some conditions for distributions to be define totally geodesic foliation in M.

Theorem 4.1. Let F be a CSSRM from a Kihler manifold (M, gy, ]) to a Riemannian manifold (N, gn). Then the
slant distribution D, defines a totally geodesic foliation in M if and only if

i~ =A2gn(Vy, ®U,, ®V) = gn((VE.)(Uy, DV), F.(YUs))

. M
ii- A {gm(Vu, @Us + Ty U, BX) + gm(hVy, Us, CX)} = gn((VE)(Uy, U,), F.(CX))
are provided for any Uy, Uy € T(Dy), V € T(D1) and X € T((kerF.)*).

M
Proof. If the slant distribution D, defines a totally geodesic foliation in M, the equations gp(Viy, Uz, V) and

M
gm(Vi, Uz, X) must be vanished for any Uy, U, € T(D,), V € T(Dn) and X € T'((kerF.)*). Firstly, by using
equations (4), (8), (9), (18) and (21), we have

M A
gm(Vu, Uz, V) = gm(Vu, Uz + Ty, Uz, OV)
forany Uy, Uy € I'(D,) and V € I'(Dy). Since T is an anti-symmetric tensor field, we have gy(7y, ¢ Uz, V) =
—gm(Tu, PV, pU,). In addition, we know (VF.)(Uy, PV) = —F.(T, PV). Using equation (2), we get
M N 1
gm(Vu,tz, V) = gu(Vu, @Uz, @V) + 5 g8 (VE)(U, @V), F.(L)). (45)

We obtain (i) from equation (45). Now, in a similar way, we have

M M R

gM(Vul uZ, X) = gM(Tull[JLb + hVulgDUZ, CX) + gM(Vul(DUZ + Tull/ll,b, BX)
for any Uj, U, € T(D,) and X € T'((kerF.)*). We know (VE.)(U;, PU,) = —F.(T, PU,). Using equation (2),
we get

M 1 M
gm(Vuy, Uz, X) = —E!ZN((VF*)(UL(DUz), F.(CX)) + gm(hVy, Uy, CX)
+ gV, @Us + T, Uy, BX). (46)

We obtain (ii) from (46). O

Theorem 4.2. Let F be a CSSRM from a Kihler manifold (M, gy, ]) to a Riemannian manifold (N, gn). Then the
complex distribution Dy defines a totally geodesic foliation in M if and only if

i- P{®o{Vy,BX +Tv,CX}} =0
ii- =A2gu(Vy, DU, V) = gn((VE)(Ve, PV2), F (L))
are provided for any V1, V, € T(Dn), U € T(D,) and X € T((kerF.)*).
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M
Proof. If the complex distribution 9, defines a totally geodesic foliation in M, the equations gm(Vv, V2, X)

M
and gm(Vy, Vo, U) must be vanished for any Vi, V, € T(Dy), X € T'((kerF.)*) and U € I'(D,). By using
equations (4), (8), (9), (18) and (19), we have

M M
gm(Vv, Vo, X) = —gm(Vv,JX, JV2)
= —gu(Vv,BX, JV2) — gm(Tv,CX, JV2)
= gm(®Vy,BX + DTy, CX, V,) (47)

for any V1, V, e I(D4) and X € T((kerF.)*). We obtain (i) from (47). In a similar way, we have from equation
(21)

M M
gV, Vo, U) = —gm(Vy, JU, JV3)
—gm(Vy, DU, V) — gu(Tv, U, DV7) (48)

for any Vi, V, € I'(D1) and U € I'(Dy). Since 7 is an anti-symmetric tensor field and by using equation (5),
we have —gm(7v, U, ®V5) = gm(Tv, ®V>, YU) and (VE.)(Vy, PV3) = —F.(Tv,PV,). Hence, we obtain from
@

M N 1
gu(Vv, Vo, U) = —gm(Vy,OU PV;) — ﬁgN((VF*)(Vl, DdVy), F.(pU)). (49)
We obtain (ii) from (49). O

Theorem 4.3. Let F be a CSSRM from a Kihler manifold (M, gy, ]) to a Riemannian manifold (N, gn). Then the
horizontal distribution (kerF.)* defines a totally geodesic foliation in M if and only if

(g (hV s, OW, CXa) + gua(@V 5, DW + Ay, pOW, X)) = gn(VE.)(X1, D), F.(CX2))

for any X3, X5 € T((kerF.)*) and W € T'(kerF.).

M
Proof. Here, we examine 0 = gp1(Vx, Xz, W) for any X3, X, € I'((kerF.)*) and W € I'(kerF.). By using equations
(4) and (17), we have

M M -
gm(Vx, X0, W) = —gu(Vx,PW + QW, X5)

M . M ~
—gm(Vx, JPW, JX5) — gm(Vx, JOW, JX2)
for any Xy, X, € I'((kerF.)*) and W € T'(kerF.). Using equations (18), (19) and (21), we have

M - M -
gM(VX1X2, W) —gM(ﬂxchPVV, CXz) - gM(UVqu)PVV, BX2)

~ M ~
gm(Ax, POW + hVx, pQOW, CX5)

M ~ ~
- gM(UVqu)QW + ﬂxl l/JQVV, BX2).
Since ®(PW + OW} = ®W and (VE.)(X1, W) = —F.(Ax, ®W) we obtain,

M M -
gm(Vx, Xz, W) —gm(OVx, PW + Ax, PQW, BX>)

M -
- gm(hVx, pOW, CX5) — gm(Ax, PW, CX>)
M o M -
= —gu(OVx,®W + Ax, YQW, BX5) — gm(hVx, pQW, CX5)
1
+ ﬁgN((VR)(Xl, OW), F.(CX2)). (50)
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We complete the proof from (50). O

Theorem 4.4. Let F be a CSSRM from a Kihler manifold (M, gy, ]) to a Riemannian manifold (N, gn). Then the
vertical distribution kerF. defines a totally geodesic foliation in M if and only if

M
i~ =Agm(hVu, JX, Us) = gn((VE) (U, @), F.(JX))
M A
1i- /lz{gM(hVull]buZ, CY) + gM(qu)uZ + Tull]buZ,BY)} = gN((VR)(Ul,q)LIz), F*(CY))
are provided for any Uy, U, € T'(kerF.), X € T'(u) and Y € T(YDy).

Proof. Since u is an invariant distribution and vertical tensor field 7~ is an anti-symmetric tensor field by
using equations (4), (9) and (18), we have

M
_gM(TLh ]X/ CDUZ) - !]M(thL ]X/ l,buz)

M
gm(Tu, PUz, JX) — gm(hVu, JX, YUz)
for any Uy, U, € I'(kerF.) and X € I'(1). We know that (VF.)(U;, @U,) = —F.(7T 1, PU;), so we obtain

M
gm(Vy, Uz, X)

gV, U, X) = = gn((TP)(Us, ®U), F.(TX)) = guiiVu X, YU). &)

We obtain (i) from (51). In a similar way, from equations (8), (9), (18) and (19), we get

M M ~
gM(VLll UQ, Y) = gM(TuldDUz + hVulll)Uz, CY) + gM(VUICDUQ + Tulll)UQ, BY)

1 M
~ 2 IN((VE)(th, DL, E(CY)) + gm(hiVu, U, CY)

+  gu(Vu, ®Us + Ty, YUy, BY) (52)
for any Uy, U, € I'(kerF.) and Y € I'(D»). Therefore, we obtain (ii) from (52). The proof is complete. [

Theorem 4.5. Let F be a CSSRM from a Kihler manifold (M, gu, J) to a Riemannian manifold (N, gn). Then F
defines totally geodesic map if and only if

i- F is a horizontally homothetic map and (VF.)*(X1,X3) =0
M ~ . ~
1i- C{Tulq)uZ + hVul¢QUZ} + ¢{Vul®uZ + Tull]bQuZ} =0

M M
1ii- C{ﬂX1CDU1 + hVXllliul} + IP{ZJVqu)ul + ﬂxllpul} =0
are provided for any X1, Xy € T'((kerF.)*) and Uy, Uy € T(kerF.).

Proof. By using notion of totally geodesic map with respect to second fundamental form of a map for
E,G € I'(TM) we have (VF.)(E,G) = 0. Firstly, we want to show (i). From equations (5), (12) and (13), we
have

(VE)(X1,X2) = Xi(InA)F.(X3) + Xo(In A)F.(X4)

—  gm(X1, X2)F.(grad(In 1)) + (VE.)* (X1, X2)

for any X1, Xo € I'((kerF.)*). Clearly, we can see (VF.)* (X3, X;) = 0 since (VF.)* is a component of (rangeF.)*.
So, we have

0 = Xi(InA)F.(X2)+ Xa(In A)F.(X7)

—  gum(Xy, Xo)F.(grad(In A)). (53)
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For any X; € I'((kerF.)*) from (2), we obtain in (53)

0 = A2Xi(InA)gm(Xa, X1) + A2Xo(In A)gar(X1, X1)
- AXi(InA)gm(Xq, Xo)
0 = A*Xo(InA)gum(Xy, X). (54)

We have X;(InA) = 0 from (54). It means A is a constant on horizontal distribution. Therefore, F is a
horizontally homothetic map and (VF.,)* (X3, X3) = 0. Similarly, by using (4), (5), (17), (18) and (21) we have

(VENUL Up) = E.(Vu,JUb)

= F*(]]\V/Iul JPU, + ]Aéul JOU,)
= F.(J7u,JPU, + JVy, JPU,)
+ F(J7u,®QU; + Vi, ®QU,)

~ M ~
+ FR(J7uyQU; + JhVy,ypQU>) (55)
for any U, U, € I'(kerF.). By using equations (18) and (19) in (55), we obtain

0

F.(CT 1, PPU, + YV, ®PU,)
F(CT 1, @QU, + YV, @QU,)

+

+

F.(YTu, QU + ChAv4u1¢Qu2). (56)
Since ®{PU, + QU,} = DU, in (56), we obtain
0 = F.(CTy,®U, + ¢V, dU,)
+ FWTu,vQU, + ChAVAuleuz). (57)

We obtain from equation (57)

M - A ~
C{Tulq)LIz + hVuﬂDQUﬂ + yD{Vul@uZ + Tuﬂl)QUz} =0.

Lastly, by using uations (4), (5), (11), (12), (18) and (19), we have

M
(VF;(-)(Xll ul) F*(IV}Q Iul)
M M
= F.(JVx,®U; + JVx,pUy)
M M
= FR(Ax,dU; + JoVx, ®U1) + F.(JAx, PUL + JhVx,PU)
M
= F*(Cﬂxlqjul + l[JUVqu)ul)
M
+ P*(ybﬂxllllul + Cthlyllul) (58)

for any X € I'((kerF.)*) and U; € I'(kerF.). We obtain from equation (58)

M M
C{Ax, OU; + hVx, pU1} + P{oVx, OU; + Ax, YU} = 0.

The proof is complete. [
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