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Abstract. The current paper deals with the parametric modification of Bernstein operators which pre-
serve constant and Korovkin’s other test functions in limit case. The uniform convergence of the newly
constructed operators is studied. Also, the rate of convergence is investigated by means of the modulus of
continuity, by using functions which belong to Lipschitz class and by the help of Peetre’s-K functionals.
Finally, some numerical examples are given to illustrate the effectiveness of the newly defined operators

for computing the approximation of function .

1. Introduction

Approximation theory concerns with the approximation to a target function with simpler computable
and more useful functions. In 1912, Bernstein [4] defined the Bernstein operators for every bounded function
on the interval [0, 1]. In approximation problem, Bernstein operators and its generalizations are used widely
because of its uncomplicated construction and effective features. In 2017, Chen et al. [8] defined a new
generalization of Bernstein operators, which is called a-Bernstein operators. Here, a is a non-negative
real parameter in [0,1]. For a = 1, the a-Bernstein operators reduces to the classical Bernstein operators.
Recently, a new modification of Bernstein operators is introduced by Usta [16] which unchanging constant
test function and preserve Korovkin’s other test functions t and #? in limit case for s € N and x € (0,1) by

Bi(v;x) = % i ( ° )(m —sx)2xm (1 - x)s_”’_lv(?).

m

m=0

He proved the fundamental properties of the B;(v; x) operators such as

Bi(Lx) = 1,
s—2 1
B;(t; = + -,
S(&x) T
2-75+6 -
Bty = S TTF0e 36,
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As newsworthy studies in parametric generalizations of the well-known operators, we refer to [1], [3], [5],
[7], [10], [12] and [15].

In last years, the Korovkin-type theorems were investigated by several researchers and were generalized in
many different spaces such as Banach space, probability space, measurable space, abstract Banach latices,
Banach algebras, etc. This theory is valuable in functional analysis, harmonic analysis, real analysis and
approximation theory. In the recent year, Srivastava et al. [14] introduced and studied a set of new
Korovkin-type approximation theorems for a martingale sequence over a Banach space. Also, Srivastava et
al. [13] established statistical Riemann and Lebesgue integrable sequence of functions with the Korovkin-
type approximation theorems by using algebraic test functions. Subsequently, Braha et al. [6] proved some
properties of statistically convergent sequences and a kind of the Korovkin-type theorem.

Now, motivated by the work of [8], we define the parametric generalization of the modified Bernstein
operators for every v € C[0, 1] as

S

B ,(v;x) = Z i%(x)v(?), seN (1)

m=0

wheres>1,0<a<1,x€(0,1) and
P = x plle=1-x

e = {07 Jo-e-mra-ane 25 (575 Jor-1-6- e - -0

s—1 m

+% ( 51 )(m — sx)?ax(1 — x)} X1 = x) T2, s> 2

with binomial coefficients

(S)_{(s%')‘m' ’ f0<m<s

m 0 ,  otherwise
Especially,
s—2 s—2
[ )-(72)-e

We can check that for a = 1, B; ,(v; x) operators reduce to B(v; x) modified Bernstein operators given by
Usta [16].
After some simple calculations, we obtain the results as follows:

[07) = bt

s—2 m s—1
[253) = #5050 0

We will use these two results in the proof of following theorem.

Theorem 1.1. The parametric generalization of the modified Bernstein operators can be expressed as

s—1
B;,a(v; x) = (1 - CY) Z u (?)( s ;11 ) me—l(l _ x)s—m—2
m=0

TP N
m=0

o(3)=o(2)0-5) o ()
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Proof. Let’s express Eqn. (1) as

m

B, (v;x) = Zv(_){sil( 5;12 )(m—(s—l)x)2(1—a)x+ %( riz_—zz )(m—l—(s—l)x)z(l—a)(l—x)

S

s ( ’ )(m - Sx)ZOCX(l - x)} x’”_z(l — x)s—m—z

= (1-a iv(ﬂ) ! (5_2 )(m—(s—1)x)2xm—1(1—x)5-m-2

m=0 s/s—1 n
+Zs_'av(§) - ( . )(m ~1- (s - D21 - x)s-"HJ
+aiav(?)( : )Mx””(l — ]
= (l-a)b+b)+a Z v (%)( s ) Mxm-lu _
=

where b; and b, are

o e

m=0
Lol
m=0

Here, we can easily see that the terms for m = s in b; and m = 0 in b, are equal to zero. Thusly, we can write

no- % L e A

S S
m=0
_ > m s—2 (m—l—(s—l)x)2 m—2 s—m—1
b = Z_;U(;)(m—Z) “EEI g g,

By using Eqn. (2), we have

s=1
by = v(ﬂ)( s-2 ) (m — (s - x)? Xm_l(l _ x)s—m—2

= \s m s—1
& (m m s—=1\(m=(s=1x7* ,_ s=m=
i m_o”(;)(l—s_l)( m )Tx -0, @

s ~ 1 e 132
I
v (mA1\[ s=2 \(m—(s— 1)) = S=m=
_ mzzov( : )(m—l)Tx 11— xysm2
o (m+1\ m [ s—1\(m—(s—1)x)> - s
= mzov( 5 )m( m )Tx Y1 = xym2, (5)
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By adding Eqn. (4) and Eqn. (5), we achieve

T L

=0

3

@

= . u (ﬂ)( s—1 ) (m — (S — 1)x)2 xm—l(l _ x)s—m—z.

s m s—1
m=0

As we can see

o(3)=o(3)0-25) ()

which completes the proof. [

2. Auxiliary results

Lemma 2.1. For every x € (0, 1), we write

B (e0;x) = 1,
. s—2 1
B, (e1;x) = . X+ >
. (s+1-2a)(s*—7s+6) , 5s*>—1las+14a—8 s+2-3a
B ; = + + ,
sa(e2i%) s2(s —1) X s2(s—1) X s2(s—1)

where ey, = t" form =0,1,2.

Lemma 2.2. For every x € (0,1), we have

. -2x+1
B, (t—-xx) = —
2 — 8x — $2(=3 + x)x + 6x% + 5(1 + 2x — 5x2) — (3 + (=14 + 11s)x + 2(6 — 75 + 5%)x?)

$2(s—1)

B;a((t - x)Z; x)

Proof. By the help of
Byo(t—x20) = Bialerx) — xBga(e0; ),

B a((t = 0% )

B; ,(e2; x) — 2xB; ,(e1; x) + sz;a (eo; x),
we get the desired result of the lemma. [

Let the Banach space of all continuous functions v on [0, 1] is denoted by C[0, 1] endowed with the norm

[[o]l = max|o(x)].
x€(0,1)

Theorem 2.3. For every x € (0,1) and v € C[0, 1], we have

uniformly as s — oo.

B, ,(0;x) — o(x)|| - 0 6)

Proof. It can be seen clearly that
EQEAWM=F, i=0,1,2.

Thus, we conclude the proof of the theorem thanks to the result of Korovkin’s theorem [11]. O
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3. Rate of convergence
For v € C[0, 1], the modulus of continuity is given by

w(v,6) := sup sup |v(t) —v(x), 6>0.
lt—x|<5 x(0,1)

Modulus of continuity has the following property [2]

(t - X)2

wm—wm$@+ ) w(f, o).

Theorem 3.1. For every x € (0,1) and v € C[0, 1],
IBS o (v; x) — 0(x)| < 2w(v, 05). 7)

Here

5e(x) = \/2—301+s+(—8+25+352—a(—14+115))x+(6—55—s2—2a(6—7s+52))x2
s (s —1)s? '

Proof.

o (%) - o)

MM)WW

ZMWdﬁwm

Zp@@ﬂﬁiﬁwé>

12-3a+5+(=8+25+3s% — (=14 + 11s))x + (6 — 55 — s> — 2a(6 — 75 + 52))x>
1+ = w(v, 0).
62 (s —1)s?

IN

IA

If we choose

525 _\/2—3a+s+(—8+2s+352—a(—14+115))x+(6—5s—52—2a(6—7s+52))x2
=0 =
(s —1)s?

then we achieve that

1B (0:%) — o(0)| < 20| 0, 2-3a+s+ (—8+2s+3s2 —a(—14 + 11s))x + (6 — 5s — s2 — 2a(6 — 7s + s2))x2 /
(s —1)s?
which is the desired result. O

Just now, we investigate the rate of convergence of B;,(v; x) by using functions of Lipschitz class. Let’s
recall that a function v € Lipk (c) on (0, 1) if the inequality

o) —v )| <Klt—x° ; Vt,x€(0,1) (8)

holds.
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Theorem 3.2. Let x € (0,1), v € Lipk (c), 0 < ¢ £ 1, then we have
B; . (v;x) — v(x)( < K& (%),

where

_|2-3a+s5+ (-8+25+ 352 — a(-14 + 115))x + (6 — 55 — 52 — 2a(6 — 75 + 52))x2
0s(x) = (s —1)s? '

Proof. Let x € (0,1), v € Lipk(c) and 0 < ¢ < 1. By using (8) and the linearity and monotonicity of the
operators B; , we have

Bla(0;0) =0 ()| < Biu(o () - o@);x)
< KB;,a(lt - x|c ; .X').
By taking p = 2, g = 52 in the Holder inequality, we get
B, ;) -0@)| < KB, ((t-x7x)}’
< Kbé; (x)

immediately. If we choose

_[2-3a+s+(=8+25+ 352 — a(—14 + 11s))x + (6 — 55 — 52 — 2a(6 — 75 + 52))x2

the proof is completed. [

Lastly, we will give the rate of convergence of our operator B;,(v; x) by means of Peetre’s-K functionals.
First of all, we give the following lemma.

Lemma 3.3. For x € (0,1) and v € C[0, 1], we have
B o (@; 0 < [loll. )
Proof. For B, we have

B; o (v;x)| = me) ( )
< Zpé“,;(x) (% )'
< IIvIIBS,a(l,x)
= |[ll.

O

And then, we recall the properties of Peetre’s-K functionals. C?[0,1] is the space of the functions v, for
which v, 7" and v”” are continuous on [0, 1]. Now, we define classical Peetre’s-K functional as follows:

K@©,0):= inf {[lo—ull+06lu”l}
ueC2[0,1]

and second modulus of smoothness of the function is defined by

w;(v, 0) 1= sup sup |v(x + 2h) = 20(x + h) + v(x)l,
0<h<d x,x+2he(0,1)

where 0 > 0. By [9], it is known that for A > 0
K(v,8) < Aws (v, Vo).
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Theorem 3.4. Let x € (0,1) and v € C[0, 1]. Then we have for all s € N, there exists a positive constant M such that
|B5 (0 %) = 0 (x) | < Awa(0, as(x)) + 20(v, B5(x)),

where

3—6a+3s+ (—12 + 28a — 22as + 652)x + (8 — 24 — 65 + 28as — 252 — 4as?)x?
as (x) = 2
2(s —1)s
and

1-2x
s

) =|

Proof. Define an auxiliary operator B;" : C[0,1] — CI[0, 1] by

-2 1
B (1;3) = B, () — u (%) +u(x). (10)
From Lemma 2.1, we have
Bi(Lx) = 1,
-2 1
Bt -xn) = Ba((t-0)- (% - x) sz

(1—2x) ((5—2)x+1 )
= - —xX|+x—x
s s
= 0 (11)
For a given function u € C2[0, 1], we have by the Taylor expansion that
t
u(t) = u(x) + (t —x)u’(x) + f (t —m)u” (m)dm, te(0,1). (12)
X

Applying B;* operator to both sides of the Eqn. (12), we get

By (u; x)

¢
By (u(x) + (t—x)u'(x) + f (t — m)u” (m)dm; x)

u(x) + By ((t — x)u’(x); x) + BY (ft(t —m)u” (m)dm; x) .
So,
By (u; x) — u(x) = u'(x)BY ((t — x); x) + By (ft(t —m)u" (m)dm; x) .

Using (10) and (11), we obtain

t
BY (f (t—m)u”(m)dm;x)
) (5—2?x+1

t — _
B;“(f (t—m)u”(m)dm;x)—f ‘ (%—M)u”(m)dm

+ f ) (w - m) W (m)dm. (13)

S

By (u; x) — u(x)
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t t
f It = mllu” (m)ldm < IIM"Ilf |t — mldm
X X

(t = 2)>[|u” | (14)

Moreover,

ft(t - m)u”(m)dm’

IN

IA

and

(s— 2),\+1 (s—! 2)x+1

f ((s—ZS)x+1 ) ) <”“”||f ( -2)x+1 m)dm

“M”ll [((5—2)x+1) _2(5—2)x+ 1x+x2]

2 s s
oWl (s-9x+1
= = ( : —x). (15)

Let’s rewrite (14) and (15) in the absolute value of (13). Then we obtain

. 2
[l || ((s—2)x+1 —x)

B (u; x) — u(x)|

IN

" 1B3 o (F = %)% x) + > .

, . (s—2x+1 2
llu II(BS, ((t =% %) + Z(f—x)]

[l (x),

2
\/B;,a«t - 0%+ 5 (% - x)

\/3 —6a + 33+ (=12 + 28a — 22as + 652)x + (8 — 24 — 65 + 28as — 252 — 4as?)x?

where

as (x)

2(s —1)s?

Currently, we will find a bound for the auxiliary operator B{*(; x). In the light of the Lemma 3.3, we obtain

L e R
< B (u;x)] + |u (%)‘ + [u(x)l
< 3lull
Accordingly,
a0 ol = (5050~ 000 + o T2 o0+ ate) - 0+ B ) - B )
< B0 - 1) — (0 — ()] + 1B (1) — ()] + [o (%) - v(x)‘
o ——
< do—ull + |l ||as<x>+w(v,ﬁs<x>)[W+1]
< 4l = ull + " le?(x) + 20 (v, (5_2% —x), (16)
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where
s—2)x+1
b = 221
o 1-2x
= — |

Finally, for all v € C?[0, 1], taking the infimum of the equation (16), we get

IB;Q(U; x)—o(x)| < 4’K(u,a§(x)) + 2w(v, Bs(x)). (17)
As a result, using the property of Peetre’s-K functional, we obtain

IB5 o (0; X) — 0(x)| < Awa (v, as(x)) + 2w(v, Bs(x))- (18)
Thus the proof is completed. [

4. Graphical Analysis

In this section, we show the convergence of the newly constructed operators B; , with function v. We
know that the operators B; , have been given for the interval (0,1). For this reason, in the following two
examples we use the interval [0 + €, 1 — €] where € = 0.0001.

Let the function v be

o(x) = x(x — 1)(x— 11—0)

Then for a = 0.9, a = 0.99 and @ = 0.999, we have plotted the convergence of the new constructed B,
Bernstein operators and B; Bernstein operators [16] to the function v in Fig. 1 for s = 25,100, 125.

s=25 =100 =125
0.02 T 0.02 T T 0.02 T T
—+—B_ (vX), a=0.9 — B;“(v‘x) =09 —+—B, (vX), a=0.9
B, (v), a=0.99 | B, (vX), a=099 ] o B, , (v.X), a=0.99 |
B, (v), a=0.999 ——B, (v.X), a=0.999 B;_“(V,x), 2=0.999
V)=x(x-1)(x-1/10) | | ViR=X(1)(x-1/10) | | L V)=x(x-1)(x-1/10) | |
] | " i ]
: B_(v, 3 B (v
u H L8t ] 0.02 \ ) )
| P A P
L LY ¢
I Y I
Y )
f 0.04 4 4
1 #
4 J&t #
f ®
0.06 %
-0.08 ¢ -0.08 § O
4 3 b
g \ ¢
-0.1 ;j q 011 \ 3
N #,-:—'f/ \fﬂk 7
0.12 / 0.12 5 / 0.12 Nt/
N/ N2 &
0.14 0.14 . 0.14
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1

Figure 1: Convergence of B; ,(v; x) for different values of a with fixed s.

The error estimation for operators B;, to the function v(x) = x(x — 1) (x - %) is presented in Table 1 for
different values of a and s.
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a s I1B5,4(v) = @l
099 25 0.029026144150856
099 50 0.015155890904675
099 100 0.007741124297200
099 125 0.006219166275268
0.999 25 0.029017372605222
0999 50 0.015153407208112
0.999 100 0.007740466487883
0.999 125 0.006218740529548

Table 1: Error comparison table of Bf , new constructed operators

1708

When we examine the error approximation given in Table 1, we observe that the best approximation is

achieved when a = 0.999 and s = 125.
As a second example, let the the function v be

v(x) = xe=>

and x € (0,1). Then fora = 0.79, « = 0.89 and a = 0.99, we have plotted the convergence of the B; , Bernstein

operators to the function v in Fig. 2 for different s values.

$=25 5290 $=170
0.08 T T 0.08 T T T 0.08 T T T
~ Bo7eX) S Bs07sX) -~ B 079X
0.07 N BooasX| | 007 /N Bsoas | | 007 i }\»\ Booas¥) | |
i I F R [ -
i \ B0V if R Beosa(v¥) Fi % B0l
i Y L if R == = vexe® i == = vigexe ™
0.06F ! \ 006 I \'Q‘ 0.06 i 3
N il ! 3
I X il \ f i
i % i i X
0osf i} % 0051 I 0.05 j X
I % f bt
@ 1 i | j i
1 % i % 1
0.04 V% 0.04 4 % 0.04F 4 3
# k¢! | % | %
i Vi i % X
i A% 1] % %
0031 N 0.03 1§ % 003 %
i A% ! i A3 %
H R 11 % %
1 % ' % { %
! % " Ny A
002 Y 0.02 % 002} %
i 5 i % i %
f N ¥ %
! \ Y ! N,
X <,
0.01 \j:; 0.01 \\; 0.01
0 . . 0 . . . . o . . . .
0 02 0.4 06 08 1 0 02 0.4 06 08 1 0 02 04 06 08

Figure 2: Convergence of B; ,(v; x) for a = 0.79, a = 0.89 and a = 0.99.

The error estimation for newly constructed operators B;, to the function v(x) = xe

2 for different values of « and s.

—5x

is presented in Table
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o S |IB; . (v) — ]

0.79 25 0.032849798692534
0.79 90 0.010505004818431
0.79 170 0.005703305791541
0.89 25 0.032763043737020
0.89 90 0.010494503508916
0.89 170 0.005700131820294
099 25 0.032676288781506
099 90 0.010484002199401
099 170 0.005696957849047

Table 2: Error of approximation B; , for a = 0.79,0.89,0.99

When we investigate the error approximation given in Table 2, we observe that the best approximation

is achieved when a = 0.99 and s = 170.
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