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aDepartment of Mathematics, Faculty of Arts and Sciences, Tokat University, 60100, Tokat, Turkey
bDepartment of Mathematics, Faculty of Arts and Sciences, Aksaray University, 68100, Aksaray, Turkey
cDepartment of Mathematics, Faculty of Arts and Sciences, Amasya University, 05100, Amasya, Turkey

Abstract. In this paper we present the curvature tensors of Kenmotsu manifold satisfying the conditions
W1(X,Y) · W0 = 0, W1(X,Y) · W1 = 0, W1(X,Y) · W2 = 0, W1(X,Y) · W3 = 0, W1(X,Y) · W4 = 0 and
W1(X,Y) ·W⋆

1 = 0. According to these cases, Kenmotsu manifolds have been characterized. We consider
that some interesting results on a Kenmotsu metric manifold are obtained.

1. Introduction

In 1972, K. Kenmotsu studied a class of contact Riemannian manifold and he called them as Kenmotsu
manifold[8]. He proved that if a Kenmotsu manifold satisfies the condition R(X, Y).R = 0, then the manifold
has negative curvature -1, where R is the Riemannian curvature tensor of type (1, 3) and R(X, Y) denotes the
derivation of the tensor algebra at each point of the tangent space. The properties of Kenmotsu manifold
have been studied by several authors such as A. Haseeb,[6], Y. Wang [20], [21], C. Özgür [10], M. M. Tripathi
[18], R.N. Singh [15], D. G. Prakasha [13], U. C. De [4], K. De [3] and many others. Recently, some of these
authors have worked as follows.

In 2013, On W2 -curvature tensor in a Kenmotsu manifold had been studied by R.N. Singh, S. K. Pandey
and G. Pandey [15]. After, A. Haseeb examined the curvature tensor, the Ricci tensor and the scalar curva-
ture in an ϵ−Kenmotsu manifold with respect to the semi-symmetric metric connection. Also, he studied
projectively flat and ξ−projectively flat ϵ−Kenmotsu manifold with respect to the semi-symmetric met-
ric connection. At the same time he investigated partially Ricci-pseudosymmetric ϵ−Kenmotsu manifold
with respect to the semi-symmetric metric connection and proved that such a manifold is an η−Einstein
manifold[6].

Subsequently, D. G. Prakasha and B. S. Hadımanı researched a conharnanically flat Kenmotsu manifold
with respect to the connection ∇̃. They studied locally ϕ−conharmonically symmetric Kenmotsu manifold
with respect to the connection ∇̃. Also, theiir study is devoted to Kenmotsu manifolds with respect to the
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connection ∇̃ satisfying the conditions K̃(ξ,X) ·R = 0 and P̃(ξ,X) · R̃ = 0, respectively[13]. In addition, some
authors study this topic in different manifolds.

The object of this paper is to study properties of some certain curvature tensors in a Kenmotsu metric
manifold. Furthermore, we survey W1(X,Y) ·W0 = 0, W1(X,Y) ·W1 = 0, W1(X,Y) ·W2 = 0 , W1(X,Y) ·W3 = 0,
W1(X,Y) ·W4 = 0 and W1(X,Y) ·W⋆

1 = 0, where W0,W1,W⋆
1 ,W2, W3 and W4 denote curvature tensors of

manifold, respectively. Additionally, 3-dimensional Kenmotsu manifold example is given.

2. Preliminaries

Let M be a (2n+1)−dimensional almost contact metric manifold with an almost contact metric structure
(ϕ, ξ, η, 1), that ϕ is a (1, 1) tensor field, ξ is a vector field, η is a 1-form and the Riemanniann metric 1 on M
satisfying the following conditions

ϕ2(X) = −X + η(X)ξ, η(ϕX) = 0, (1)

η(ξ) = 1, ϕξ = 0, η(ϕ) = 0 (2)

for all X,Y ∈ χ(M)[9]. Let 1 be Riemannian metric compatible with (ϕ, ξ, η), that is

1(ϕX, ϕY) = 1(X,Y) − η(X)η(Y), (3)

or equivalently,

1(X, ϕY) = −1(ϕX,Y) and 1(X, ξ) = η(X) (4)

for all X,Y ∈ χ(M)[2]. If in addition to above relations

(∇Xϕ)Y = −η(Y)ϕX − 1(X, ϕY)ξ, (5)

and

∇Xξ = X − η(X)ξ, (6)

where ∇ denotes the Riemannian connection of 1 hold, then M(ϕ, ξ, η, 1) is called an almost Kenmotsu
manifold. An almost Kenmotsu manifold becomes a Kenmotsu manifold if

1(X, ϕY) = dη(X,Y). (7)

In a Kenmotsu manifold M, the following relations hold[4, 8]:

(∇Xη)Y = 1(X,Y) − η(X)η(Y), (8)

R(X,Y)ξ = η(X)Y − η(Y)X, (9)

R(ξ,X)Y = η(Y)X − 1(X,Y)ξ, (10)

S(X, ξ) = −(n − 1)η(X), (11)

Qξ = −(n − 1)ξ, (12)

where R is the Riemannian curvature tensor and S is Ricci tensor defined by S(X,Y) = 1(QX,Y), where Q
is Ricci operator. It yields to

S(ϕX, ϕY) = S(X,Y) + (n − 1)η(X)η(Y). (13)
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Definition 2.1. A Kenmotsu manifold M is said to be an η−Einstein manifold if its Ricci tensor S of the form

S(X,Y) = α1(X,Y) + βη(X)η(Y) (14)

for arbitrary vector fields X,Y; where α and β are functions on (M2n+1, 1). If β = 0, then η− Einstein manifold becomes
Einstein manifold[8, 14].

Let M be a (2n + 1)−dimensional Kenmotsu manifold. The curvature tensor R̃ of M with respect to the
connection ∇̃ is defined by

R̃(X,Y)Z = ∇̃X∇̃YZ − ∇̃Y∇̃XZ − ∇̃[X,Y]Z. (15)

Then, in a Kenmotsu manifold, we have

R̃(X,Y)Z = R(X,Y)Z + 1(Y,Z)X − 1(X,Z)Y, (16)

where R(X,Y)Z = ∇X∇YZ − ∇Y∇XZ − ∇[X,Y]Z, is the curvature tensor of M with respect to the connection ∇.
The Ricci tensor S̃ and the scalar curvature r̃ of the Kenmotsu manifold M with respect to the connection

∇̃ is given by

S̃(X,Y) =
n∑

i=1

1(R̃(ei,X)Y, ei) = S(X,Y) + (n − 1)1(X,Y) (17)

and

r̃ =
n∑

i=1

S̃(ei, ei) = r + n(n − 1), (18)

where r̃ and r are the scalar curvatures of the connection ∇̃ and ∇, respectively[16, 17, 22].
The concept of W0-curvature tensor was defined by [12]. W0-curvature tensor, W1−curvature tensor,

W⋆
1 −curvature tensor, W2−curvature tensor, W3 -curvature tensor and W4-curvature tensor of a (2n + 1)-

dimensional Riemannian manifold are defined respectivelly as follows:

W0(X,Y)Z = R(X,Y)Z −
1

2n
[S(Y,Z)X − 1(X,Z)QY], (19)

W1(X,Y)Z = R(X,Y)Z +
1

2n
[S(Y,Z)X − S(X,Z)Y], (20)

W⋆
1 (X,Y)Z = R(X,Y)Z −

1
2n

[S(Y,Z)X − S(X,Z)Y], (21)

W2(X,Y)Z = R(X,Y)Z −
1

2n
[1(Y,Z)QX − 1(X,Z)QY, (22)

W3(X,Y)Z = R(X,Y)Z −
1

2n
[S(X,Z)Y − 1(Y,Z)QX], (23)

W4(X,Y)Z = R(X,Y)Z +
1

2n
[1(X,Z)QY − 1(X,Y)QZ], (24)

for all X,Y,Z ∈ χ(M)[11, 12].
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3. Some Curvature Results On Kenmotsu Metric Spaces

In this section, we will give the main results for this paper.

Let M be a (2n + 1)−dimensional Kenmotsu metric manifold and we denote W0 curvature tensor from
(19), Therefore, we have

W0(X,Y)ξ = η(X)Y −
n + 1

2n
η(Y)X +

1
2n
η(X)QY. (25)

Putting X = ξ in (25), it is obtained

W0(ξ,Y)ξ = Y −
n + 1

2n
η(Y)ξ +

1
2n

QY. (26)

In (20) choosing Z = ξ and using (9), we obtain

W1(X,Y)ξ = (
3n − 1

2n
)(η(X)Y − η(Y)X). (27)

Setting X = ξ in (20),

W1(ξ,Y)Z = (
3n − 1

2n
)η(Z)Y − 1(Y,Z)ξ +

1
2n

S(Y,Z)ξ (28)

In (28), it follows

W1(ξ,Y)ξ =
3n − 1

2n
(Y − η(Y)ξ). (29)

From (21) and (9), we acquire

W⋆
1 (X,Y)ξ =

n + 1
2n

(η(X)Y − η(Y)X). (30)

and

W⋆
1 (ξ,Y)ξ =

n + 1
2n

(Y − η(Y)ξ). (31)

In the same way, putting Z = ξ in (22) and using (9), we have

W2(X,Y)ξ = η(X)Y − η(Y)X −
1

2n
{η(Y)QX − η(X)QY}. (32)

In (32), using X = ξ,we get

W2(ξ,Y)ξ = Y −
n + 1

2n
η(Y)ξ +

1
2n

QY. (33)

Choosing Z = ξ, in (23), we obtain

W3(X,Y)ξ =
3n − 1

2n
η(X)Y − η(Y)X +

1
2n
η(Y)QX. (34)

In (34) it follows

W3(ξ,Y)ξ =
3n − 1

2n
(Y − η(Y)ξ). (35)
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In (24), choosing Z = ξ and using (9), we obtain

W4(X,Y)ξ = η(X)Y − η(Y)X +
1

2n
{η(X)QY + (n − 1)1(X,Y)ξ}. (36)

Putting X = ξ in (36),

W4(ξ,Y)ξ = Y −
n + 1

2n
η(Y)ξ +

1
2n

QY. (37)

Theorem 3.1. Let M2n+1(ϕ, ξ, η, 1) be a Kenmotsu manifold. Then, W1(X,Y) · W0 = 0 if and only if M is an
η−Einstein manifold.

Proof. Suppose that W1(X,Y) ·W0 = 0. This implies that

(W1(X,Y)W0)(U,W)Z = W1(X,Y)W0(U,W)Z −W0(W1(X,Y)U,W)Z
−W0(U,W1(X,Y)W)Z
−W0(U,W)W1(X,Y)Z = 0, (38)

for any X,Y,U,W,Z ∈ χ(M). Taking X = Z = ξ in (38), making use of (25) and(28), for A = − n+1
2n , B = 1

2n ,
C = 3n−1

2n , we have

(W1(ξ,Y)W0)(U,W)ξ = W1(ξ,Y)(η(U)W + Aη(W)U + Bη(U)QW)
−W0(Cη(U)Y) − 1(Y,U)ξ + BS(Y,U)ξ,W)ξ
−W0(U,Cη(W)Y − 1(Y,W)ξ + BS(Y,W)ξ)ξ
−W0(U,W)(CY − Cη(Y)ξ) = 0. (39)

Taking into account (25), (26), (28) in (39), we obtain

CW0(U,W)Y + η(U)1(Y,W)ξ + BC(n − 1)η(U)η(W)Y
−B2η(U)S(Y,QW)ξ − 1(Y,U)W − B1(Y,U)QW
+BS(Y,U)W + B2S(Y,U)QW + BCη(U)η(W)QY
+1(Y,W)U + Aη(U)1(Y,W)ξ + B1(Y,W)QU
−BS(Y,W)U − ABη(U)S(Y,W)ξ − B2S(Y,W)QU = 0. (40)

Putting (19), (4), choosing W = ξ and inner product both sides of (40)
by ξ ∈ χ(M), we arrive

−Cη(Y)η(U) + C1(U,Y) + BCS(U,Y) + 2η(Y)η(U)
+BC(n − 1)η(Y)η(U) + B2(n − 1)η(Y)η(U) − 1(Y,U)
+B(n − 1)1(U,Y) + BS(Y,U) − B2(n − 1)S(Y,U)
+Aη(Y)η(U) + AB(n − 1)η(Y)η(U) − B2(n − 1)2η(Y)η(U) = 0. (41)

From (11), we conclude

S(U,Y) = 2(1 − n)1(U,Y) +
(1 − n)

2
η(U)η(Y).

So, M is an η−Einstein manifold. Conversely, let M2n+1(ϕ, ξ, η, 1) be an η−Einstein manifold i.e. S(U,Y) =
2(1 − n)1(U,Y) + (1−n)

2 η(U)η(Y), then from (41), (40), (39) and (38), we have W1(X,Y) ·W0 = 0.

Theorem 3.2. Let M2n+1(ϕ, ξ, η, 1) be a Kenmotsu manifold. Then, W1(X,Y) ·W1 = 0 if and only if M is an Einstein
manifold.
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Proof. Let W1(X,Y) ·W1 = 0. This yields to

(W1(X,Y)W1)(U,W)Z = W1(X,Y)W1(U,W)Z −W1(W1(X,Y)U,W)Z
−W1(U,W1(X,Y)W)Z
−W1(U,W)W1(X,Y)Z = 0, (42)

for any X,Y,U,W,Z ∈ χ(M). Taking X = Z = ξ in (42) and using ( 27), (28), (29), for A = 3n−1
2n , B =

1
2n , we

obtain

(W1(ξ,Y)W1)(U,W)ξ = W1(ξ,Y)(Aη(U)W − Aη(W)U) −W1(Aη(U)Y
−1(Y,U)ξ + BS(Y,U)ξ,W)ξ −W1(U, η(W)Y
−1(Y,W)ξ + BS(Y,W)ξ)ξ −W1(U,W)(AY
−Aη(Y)ξ) = 0 (43)

and we arrive

Aη(U)W1(ξ,Y)W − Aη(W)W1(ξ,Y)U − Aη(U)W1(Y,W)ξ
+1(Y,U)W1(ξ,W)ξ − BS(Y,U)W1(ξ,W)ξ − Aη(W)W1(U,Y)ξ
+1(Y,W)W1(U, ξ)ξ − AW1(U,W)Y + Aη(Y)W1(U,W)ξ = 0. (44)

Taking into account that (28), (27), (29) and inner product both sides of (44) by Z ∈ χ(M), we get

1(AW1(U,W)Y,Z) − Aη(W)η(Z)1(Y,U) − A1(Y,U)1(W,Z)
+Aη(W)η(Z)1(Y,U) + ABS(Y,U)1(W,Z) + A1(Y,W)1(U,Z)
−ABS(Y,W)1(U,Z) = 0. (45)

Making use of (11), (12) and choosing U = Z = ei, ξ 1 ≤ i ≤ n, for orthonormal basis of χ(M) in (45), we
conclude

S(Y,W) = −2n1(Y,W).

Thus, M is an Einstein manifold. Conversely, let M2n+1(ϕ, ξ, η, 1) be an Einstein manifold i.e. S(Y,W) =
−2n1(Y,W), then from equations (45), (44), (43) and (42), we have W1(X,Y) ·W1 = 0. Thus, this completes
the proof.

Theorem 3.3. Let M2n+1(ϕ, ξ, η, 1) be a Kenmotsu manifold. Then, W1(X,Y) ·W⋆
1 = 0 if and only if M is an Einstein

manifold.

Proof. Suppose that W1(X,Y) ·W⋆
1 = 0. This yields to

(W1(X,Y)W⋆
1 )(U,W)Z = W1(X,Y)W⋆

1 (U,W)Z −W⋆
1 (W1(X,Y)U,W)Z

−W⋆
1 (U,W1(X,Y)W)Z

−W⋆
1 (U,W)W1(X,Y)Z = 0, (46)

for any X,Y,U,W,Z ∈ χ(M). Taking X = Z = ξ in (46) and using (28), (30), (31), for A = n+1
2n , B = − 1

2n ,
C = 3n−1

2n ,we obtain

(W1(ξ,Y)W⋆
1 )(U,W)ξ = W1(ξ,Y)(Aη(U)W − Aη(W)U) −W⋆

1 (Cη(U)Y
−1(Y,U)ξ − BS(Y,U)ξ,W)ξ −W⋆

1 (U, η(W)Y
−1(Y,W)ξ − BS(Y,W)ξ)ξ −W⋆

1 (U,W)(CY
−Cη(Y)ξ) = 0 (47)
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and from (47), we arrive

Aη(U)W1(ξ,Y)W − Aη(W)W1(ξ,Y)U − Cη(U)W⋆
1 (Y,W)ξ

+1(Y,U)W⋆
1 (ξ,W)ξ + BS(Y,U)W⋆

1 (ξ,W)ξ − Cη(W)W⋆
1 (U,Y)ξ

+1(Y,W)W⋆
1 (U, ξ)ξ − CW⋆

1 (U,W)Y + Cη(Y)W⋆
1 (U,W)ξ = 0. (48)

Taking into account that (21), in (48), we get

CW⋆
1 (U,W)Y − A1(Y,U)W − ABS(Y,U)W

+A1(Y,W)U + ABS(Y,W)U = 0. (49)

Setting U = ξ, using (11) and inner product both sides of (49) by ξ ∈ χ(M), we have

S(Y,W) = (2n + 1)1(Y,W).

Thus, M is an Einstein manifold. Conversely, let M2n+1(ϕ, ξ, η, 1) be an Einstein manifold, i.e. S(Y,W) =
(2n + 1)1(Y,W), then from (49), (48), (47) and (46), we obtain W1(X,Y) ·W⋆

1 = 0.

Theorem 3.4. Let M2n+1(ϕ, ξ, η, 1) be a Kenmotsu manifold. Then, W1(X,Y) ·W2 = 0 if and only if M is an Einstein
manifold.

Proof. Let W1(X,Y) ·W2 = 0. This implies that

(W1(X,Y)W2)(U,W)Z = W1(X,Y)W2(U,W)Z −W2(W1(X,Y)U,W)Z
−W2(U,W1(X,Y)W)Z
−W2(U,W)W1(X,Y)Z = 0, (50)

for any X,Y,U,W,Z ∈ χ(M). Setting X = Z = ξ in (50) and making use of (32), (29), (28), for A = − n+1
2n ,

B = − 1
2n , C =

3n−1
2n , we obtain

(W1(ξ,Y)W2)(U,W)ξ =W1(ξ,Y)(η(U)W − η(W)U) + Bη(W)QU
−Bη(U)QW) −W2(Cη(U)Y − 1(Y,U)ξ
−BS(Y,U)ξ,W) −W2(U, η(W)Y − 1(Y,W)ξ
−BS(Y,W)ξ)ξ −W2(U,W)(CY − Cη(Y)ξ) = 0. (51)

Using of (28), (29), (32)and (51), we get

CW2(U,W)Y + η(U)1(Y,W)ξ − η(W)1(Y,U)ξ + B2η(W)S(Y,QU)ξ
−B2η(U)S(Y,QW)ξ − 1(Y,U)W − Aη(W)1(Y,U)ξ + B1(Y,U)QW
−BS(Y,U)W − ABη(W)S(Y,U)ξ + B2S(Y,U)QW + 1(Y,W)U
+Aη(U)1(Y,W)ξ − B1(Y,W)QU + BS(Y,W)U
+Aη(U)S(Y,W)ξ − B2S(Y,W)QU = 0. (52)

Inner product both sides of (52) by ξ ∈ χ(M) and using U = ξ, putting (22), we have

Cη(W)η(Y) + CA1(W,Y) + BC(n − 1)η(W)η(Y)
−η(W)η(Y) − B2(n − 1)η(W)η(Y) − B2S(Y,QW)
−η(W)η(Y) − Aη(W)η(Y) + AB(n − 1)η(W)η(Y)
+B2(n − 1)2η(W)η(Y) + 21(Y,W) + A1(W,Y)
+B(n − 1)1(W,Y) + BS(Y,W) + AS(Y,W)
+B2(n − 1)S(Y,W) = 0. (53)
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From (53) and by using (11), for the sake of brevity, we set

E = 2n(3n − 1),
F = n + 1,
D = 0

and we arrive

FS(Y,W) = E1(Y,W) +Dη(W)η(Y),

Thus, M is an Einstein manifold. Conversely, let M2n+1(ϕ, ξ, η, 1) be an Einstein manifold, i.e. FS(Y,W) =
E1(Y,W) + Dη(W)η(Y), (F , 0), then from equations (53), (52), (51) and (50), we obtain W1(X,Y) ·W2 = 0,
which verifies our assertion.

Theorem 3.5. Let M2n+1(ϕ, ξ, η, 1) be a Kenmotsu manifold. Then, W1(X,Y) · W3 = 0 if and only if M is an
η−Einstein manifold.

Proof. Let W1(X,Y) ·W3 = 0. This means that

(W1(X,Y)W3)(U,W,Z) = W1(X,Y)W3(U,W)Z −W3(W1(X,Y)U,W)Z
−W3(U,W1(X,Y)W)Z
−W3(U,W)W1(X,Y)Z = 0, (54)

for any X,Y,U,W,Z ∈ χ(M). Setting X = Z = ξ in (54) and making use of (34), (28), for A = 3n−1
2n , B = 1

2n , we
obtain

(W1(ξ,Y)W3)(U,W)ξ = W1(ξ,Y)(Aη(U)W − η(W)U + Bη(W)QU)
−W3(Aη(U)Y − 1(Y,U)ξ + BS(Y,U)ξ,W)ξ
−W3(U, η(W)Y − 1(Y,W)ξ + BS(Y,W)ξ)ξ
−W3(U,W)(AY − Aη(Y)ξ) = 0. (55)

Using (34), (35), (28) in (55), we get

AW3(U,W)Y − η(W)1(Y,U)ξ + Bη(W)S(Y,U)ξ
+AB(n − 1)η(W)η(U)Y + Bη(W)S(Y,U)ξ
+ABη(U)η(W)QY − A1(Y,U)W − B2η(W)S(Y,QU)ξ
+ABS(Y,U)W − ABη(W)S(Y,U)ξ + A1(Y,W)U
+Aη(W)1(U,Y)ξ − ABS(Y,W)U = 0. (56)

Making use of (23), choosing U = ξ, and inner product both sides of (56) by ξ ∈ χ(M), we have

A2η(Y)η(W) − A21(Y,W) − η(Y)η(W) − 2B(n − 1)η(Y)η(W)
+B2(n − 1)η(Y)η(W) − ABS(Y,W) = 0. (57)

From (57) and by using (11), we conclude

S(Y,W) = (
4n − 3n2

− 1
3n − 1

)1(Y,W) + (
n2
− 2n

3n − 1
)η(Y)η(W).

This tell us, M is an η-Einstein manifold. Conversely, let M be an η-Einstein manifold, i.e. S(Y,W) =
( 4n−3n2

−1
3n−1 )1(Y,W) + ( n2

−2n
3n−1 )η(Y)η(W), then from (54), (55), (56) and (57), we have W1(X,Y) · W3 = 0. This

completes of the proof.
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Theorem 3.6. Let M2n+1(ϕ, ξ, η, 1) be a Kenmotsu manifold. Then, W1(X,Y) · W4 = 0 if and only if M is an
η−Einstein manifold.

Proof. Suppose that W1(X,Y) ·W4 = 0. This implies that

(W1(X,Y)W4)(U,W,Z) = W1(X,Y)W4(U,W)Z −W4(W1(X,Y)U,W)Z
−W4(U,W1(X,Y)W)Z
−W4(U,W)W1(X,Y)Z = 0, (58)

for any X,Y,U,W,Z ∈ χ(M). Setting X = Z = ξ in (58) and making use of (36), (28), (29), for A = n−1
2n , B =

n−1
2n ,

C = 3n−1
2n , D =

1
2n ,we obtain

(W1(ξ,Y)W4)(U,W)ξ = W1(ξ,Y)(η(U)W − η(W)U +Dη(U)QW
+A1(U,W)ξ) −W4(Cη(U)Y − 1(Y,U)ξ
+DS(Y,U)ξ,W)ξ −W4(U,Cη(W)Y
−1(Y,W)ξ +DS(Y,W)ξ)ξ
−W4(U,W)(CY − Cη(Y)ξ) = 0. (59)

Using (36) and (37) in (59), we get

CW4(U,W)Y − η(U)1(Y,W)ξ +Dη(U)S(Y,W)ξ
+η(W)1(Y,U)ξ −Dη(W)S(Y,U)ξ −DC(n − 1)η(U)η(W)Y
−Dη(U)S(Y,W)ξ +D2η(U)S(Y,QW)ξ + AC1(U,W)Y
−ACη(U)1(Y,W)ξ + 1(U,Y)W − Bη(W)1(Y,U)ξ
+D1(Y,U)QW −DS(Y,U)W + BDη(W)S(Y,U)ξ
−D2S(Y,U)QW − CDη(W)η(U)QY − ACη(W)1(U,Y)ξ
−1(Y,W)U + Bη(U)1(Y,W)ξ −D1(Y,W)QU
+DS(Y,W)U − BDη(U)S(Y,W)ξ +D2S(Y,W)QU = 0. (60)

Making use of (24) and choosing W = ξ and inner product both sides of in (60) by ξ ∈ χ(M), we have

Cη(Y)η(U) − C1(Y,U) − 2η(Y)η(U) + 21(Y,U)
−DS(Y,U) −D2(n − 1)η(Y)η(U) − B1(Y,U)
−D(n − 1)1(Y,U) −DS(Y,U) + BDS(Y,U)
+D2(n − 1)S(Y,U) − AC1(U,Y) + Bη(Y)η(U)
+BD(n − 1)η(Y)η(U) +D2(n − 1)2η(Y)η(U) = 0. (61)

From (61) and (11), we obtain

S(Y,U) = (
6n − 5n2

− 1
2n

)1(Y,U) + (
1 − 2n2

− 3n
2n

)η(Y)η(U).

Thus, M is anη−Einstein manifold. Conversely, let M be anη−Einstein manifold, i.e. S(Y,U) = ( 6n−5n2
−1

2n )1(Y,U)+
( 1−2n2

−3n
2n )η(Y)η(U), then from (61), (60), (59) and (58), we obtain W1(X,Y) ·W4 = 0. So, this completes of the

proof.

Example 3.7. We consider the 3-dimensional manifold M = {(x, y, z) ∈ R3, z , 0}, where (x, y, z) are standart
coordinates of R3. The vector fields

e1 = ez ∂
∂x
, e2 = ez ∂

∂y
, e3 = −

∂
∂z
.
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Let 1 be the Riemannian metric defined by

1(e1, e2) = 1(e1, e3) = 1(e2, e3) = 0,
1(e1, e1) = 1(e2, e2) = 1(e3, e3) = 1.

Let η be the 1-form defined by η(X) = 1(X, e3) for any X ∈ χ(M). Let ϕ be the (1,1) tensor field defined by

ϕ(
∂
∂x

) = −
∂
∂y
, ϕ(

∂
∂y

) =
∂
∂x
, ϕ(

∂
∂z

) = 0

Thus,

ϕ(e1) = −e2, ϕ(e2) = e1, ϕ(e3) = 0,

for any vector field X = λ1
∂
∂x + λ2

∂
∂y + λ3

∂
∂z ∈ χ(TR3) than we have

1(X,X) = λ2
1 + λ

2
2 + λ

2
3, 1(ϕX, ϕX) = λ2

1 + λ
2
2

and

ϕ2X = −λ1
∂
∂x
− λ2

∂
∂y
= −X + η(X)e3

η(e3) = 1,
1(ϕX, ϕX) = 1(X,X) − η(X)η(X)

for any X ∈χ(M).

Then, for e3 = ξ, the structure (ϕ, ξ, η, 1) defines an almost contact metric structure on M. Let∇ be the Levi-Civita
connection with respect to the metric tensor 1. Then, therefore, we get

[e3, e1] = −e1, [e1, e2] = 0, [e2, e3] = e2.

The Levi-Civita connection ∇ of the metric 1 is given by the Koszul’s formula

21(∇XY,Z) = X1(Y,Z) + Y1(Z,X) − Z1(X,Y)
−1(X, [Y,Z]) − 1(Y, [X,Z]) + 1(Z, [X,Y]).

By using the above formula, we obtain

∇e1 e1 = −e1, ∇e2 e1 = 0, ∇e3 e1 = 0,
∇e1 e2 = 0, ∇e2 e2 = −e3, ∇e3 e2 = 0,
∇e1 e3 = e1, ∇e2 e3 = e2, ∇e3 e3 = 0.

From the above properties the manifold satisfies ∇Xξ = X − η(X)ξ, for ξ = e3. Hence, the manifold is a Kenmotsu
manifold. Using the formula R(X,Y)Z = ∇X∇YZ − ∇Y∇XZ − ∇[X,Y]Z, we calculate the following expressions:

R(e1, e2)e3 = 0, R(e2, e3)e3 = −e2, R(e1, e3)e3 = −e1,

R(e1, e2)e2 = −e1, R(e2, e3)e2 = −e3, R(e1, e3)e2 = 0,
R(e1, e2)e1 = 0, R(e2, e3)e1 = 0, R(e1, e3)e1 = e1.

From the above expressions of the curvature tensor R, we obtain that

S(e1, e1) = 1(R(e1, e2)e2, e1) + 1(R(e1, e3)e3, e1)
= −2.
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Similarly, we have

S(e2, e2) = S(e3, e3) = −2.

So,

r =
3∑

i=1

S(ei, ei) = −6.

We note that, here , r is a constant. Therefore, it can be easily verified that the manifold is an Einstein manifold with
respect to Levi-Civita connection.
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