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Generalized Bivariate Baskakov Durrmeyer Operators and Associated
GBS Operators

Mamta Rani?, Nadeem Rao?, Pradeep Malik?

*Department of Mathematics, Shree Guru Gobind Singh Tricentenary University, Gurugram-122505, Haryana, India

Abstract. In the present research article, we construct a new sequence of Generalized Bivariate Baskakov
Durrmeyer Operators. We investigate rate of convergence and the order of approximation with the aid of
modulus of continuity in terms of well known Peetre’s K-functional, Voronovskaja type theorems and Lip-
schitz maximal functions. Further, graphical analysis is discussed. Moreover, we study the approximation
properties of the operators in Bogel-spaces with the aid of mixed-modulus of continuity.

1. Introduction

In the last decade of nineteenth century (1885), Weierstrass [25] proposed a prominent and historical
theorem termed as Weierstrass approximation theorem. This theorem plays a vital role in the field of
approximation theorem defined as: “Corresponding to each continuous function defined on closed interval
[a, b] there corresponds a polynomial function of degree n such that for any € > 0, we have |f(x) — P,(x)| < €
for the large value of n.” The proof of this celebrated theorem was very difficult and lengthy to understand.

In order to give a simple and easy proof of this theorem, Bernstein (1912) [5] proposed the Bernstein
polynomials as follows:

Bfin =Y pu@f() neN, M
v=0

where p,,,(x) = (;)x"(1 —x)"™". He proved that B,(f;x) =3 f for each f € C[0, 1] where =3 stands for uniform
convergence. Several researchers, e.g., Mursaleen et al. ([16], [17],), Nasiruzamman et al. [18, 20-22], Acar
et al. ([1], [2]), Mohiuddine et al. [15], Ana et al. [3], Icoz et al. ([11]), [12]), Kajla et al. ([13], [14]),
Nasiruzamman et al.([19]), Rao et al. ([23], [24]) constructed new sequences of linear positive operators to

investigate the rapidity of convergence and order of approximation in different functional spaces in terms
of several generating functions.
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In the recent past, for g € C[0,1],m € N and a € [-1,1], Chen et al. [8] constructed a sequnce of new
linear positive operators as:

m

Tuagin) = Y a()i) el @

i=0

where p% =1-y, p(lal) =yand

pe(y) = [(1 - a)y(m 1_ 2) +(1-a)1- y)(rf__zz) +ay(l - }/)(T:l)]
Py 2 2), ©

The operators defined in (2) are named as a—Berstein operator of order m.

Remark 1.1. One can not that for a = 1, the relation (2) is reduced to classical Bernstein operators [5].

The bivariate version of a— Bernstein-Durrmeyer operators were developed and investigated by Miclau s
and Kajla [13] where they studied GBS operator of a—Bernstein-Durrmeyer operators. Further, Kajla and
Acar [14] proposed the classical case of these linear positive operators. While the Kantorovich variant
of a—Bernstein operators developed by Mohiuddine et al. [15]. Later, Aral and Erbay [4] introduced a
parametric extension of Baskakov operators as: for every f € Cg[0, oo)(space of bounded and continuous
functions)

(o)

" k
La(fin) = Y Q9 f(r—l), 4@
k=0
where n > 1, x € [0, o) and
@ k1 ax (m+k-1y n+k-3 o fn+k-1
Q@ = o7 x)n+k_1{ = x( ) ) (1-a)l + x)( N )+ (1 a)x( ) )} 5)

with (")) = (";?) = 0. The operators defined in (4) are restricted for the space of continuous functions only.

2. Construction of bivariate Szasz-Durrmeyer-Operators H)  (.;.) and their Basic Estimates

Take 72 = {(y1,¥2) : 0 < 3 < o0, 0 < yp < oo} and C (I 2) is the class of all continuous functions on 7?2

equipped with the norm [|gllc(r2) = sup,, ,)c72 [9(y1, ¥2)|- Then forallh € C (Iz) and 11,1, € IN, we construct
sequence of bivariate generalized baskakov operators as follows:

* . — . - *, (Y *, 00 V_l 2
Hnl,nz(f,yl,y2)—ééQ (11, 11)Q (le,yz)f(nl,n2), ©)
where
k—1
war Y ay; (n+k—-1 L ‘n+k—3
Q" (i, ;) <1+yi>n+k-1{1+yi( ) ) (1 a)(1+yz)( k_z)

(- a)yj(n * ]Iz B 1)} ief{1,2). @)

+
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Lemma 2.1. [4] Lete;(t) = #,i = 0,1, 2 be the test functions. Then, for the operators B;, ,(,;,), we have

Lya(eo;x) = 1,
2 A+1
Lya(er;x) = (1 + E(a - 1))x +—,
da - 2 da—4+Q2A+3)(a—1 2 5
Lia(ez;x) = x2(1+ & 3)+x( A+3  da—d+( : 3)(a ))+/\ +31+2
n n n "

Lemma 2.2. [4] Let ¢'.(t) = (t — x)', i = 0,1,2 be the central moments. Then, for the operators defined by (4), we
have

BaWhx) = 1,
" 2 A+1
Bn,a(yb}(;x) = E((x—l)x+ —
4 1 4a—4+QA+3)@—1)\ A2+31+2
* 2. _ 2
Ba0h0) = (- a5+ - o EE2

Lemma 2.3. Let e; (y1,12) = yg yé. Then, for the operator (4), we have

Hy (0091, y2) = 1,

. 2 A+1
HymComny) = (14 —@-1)yn+ ==,

n n

. 2 A+1
Hy (€015 y1,2) = (1 + n—z(a - 1)) Yo + T

. 2 A+1 2 A+1
Hy ) = ((1 + n—l(a - 1)) i+ T) ((1 + n—z(a - 1))y2 T )

4 1 4da—4+Q2A+3)(a-1) A2 +31 42

H* ’ ’ = —(1 - 2 (_ ) , ,

nl,nz(ez,o n VZ) nl( a)yl + n + 2 Y1, + Tl%

) . 4 , (1 da—4+QA+3)a-1)) A2+31+2
Hy (o2 y1,42) = 7’1_2(1 —a)y; + (n_z + 5 )yz S

2 2

Proof. In the light of Lemma (2.1) and linearity property, we have

H;, n,(e00;v1,¥2) = Hy, y,(e0; v, Y2)Hy, n, (€05 Y1, Y2),
Hy o (ero; v, y2) = Hy y(en; v, y2)Hy, o, (605 Y1, Y2),
Hy (e y1,92) = Hy (05 y1, y2)Hyy, (01591, v2),
Hy (eu v, y2) = Hy (e v1, y2)Hy, (61511, 12),
Hy ny(e20;y1,¥2) = Hy, (€25 y1, y2)Hy,, 1, (€05 Y1, Y2),
Hyom(eopi v, y2) = Hy, (60, y1, y2)Hy, i, (€25 Y1, 12),

which proves Lemma (2.3). O

Lemma 2.4. Let \I/iy’{,yz(t, s) = n;j(t,s) = (t - yl)i(s - yz)f, i,j €1{0,1,2} be the central moments. Then, from the
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operators H;, . (.;.) defined by (6) satisfies the following identities

7l1 nz

H, ooy, y2) = 1

. A+1
Hy o, (Mosy1,y2) = —(04 Dy + T
. A+1
Hy Moty y2) = n—l(a -Dyr + T

* 2 A+1 A+1
Hy My, y2) = (n—l(a - Dy + w )(_( -y, + n_z)’

. 4a-3 2A+3 da-4+QA+3)a-1)\ A2+31+2

Hl’ll,l’lz(n2,0; yll y2) = y%(l + ) + yl( + > ) + . )
ni ”1 1’12

* 40 -3 20 +3 4a—-4+Q2A+3)(a—-1 A2+ 31 +2

Hy (Mo y1,y2) = %(1 + ) + 2( + ( . ) )) N 2 ‘
n no nz nz

Proof. In the light of Lemma (2.2) and linearity property, we have

Hy o, (001, y2) = Hyy o, (105 Y1, Y2)H, 1, (105 Y1, Y2),

Hy oy (moi 1, y2) = Hyy o, (0091, y2)Hy, o, (107 Y10 Y2),

Hy (o y1,v2) = Hy o, (o; 1, ¥2)H, 0, (015 Y1, 12),

Hy My, y2) = Hy o, (s yi, y2)Hy, o, (5 y1, Y2),

Hy o0y, y2) = Hy o, (12 Y1, Y2)Hy, 0, (1105 Y1, Y2),

Hy o Mo2y1,92) = Hy o, (M0 Y1, y2)H, 0, (025 Y1, Y2),
which proves Lemma (2.3). O

Lemma 2.5. For all (y1, y2) € I* and sufficiently large n1,ny € N the operators H;, , (. ; .) given by (4) satisfy

0(—)(]/1 + 1)2 < Ci(y1 + 1)2 as ny, My — o9o;

(5

(—2](]/1 + 1) < C3(yy + 1)* as ny, ny — oo;
"

1

2

o

1 n1 nz(‘yyl yar Y1 ¥2)

(2) m nz(\py1 Yo7 y Y1, ]/2) ]/2 + 1)2 < C2(]/2 + 1)2 as mny, My — o9o;

(3) H:ll,nz (\I/?//Syzl ]/1/ yZ)

“4) H,, nz(‘yyl s Y1, Y2) ( (2 + D* < Cayn + 1)* as ny,ny — oo,

3. Some Approximation Results in Weighted Space and Their Degree of Convergence

Let ¢ be weight function such that ¢(y1,y2) = 1+ y3 + y5 and satisfying B ( ) {g 1 9ty y2) 1<
Cyo(y1,v2), Cy > 0}, where B, (I2) is the set of all bounded function on 72 = [0, o) X [0, o). Suppose

Clm) (I 2) be the m-times continuously differentiable functions defined on 72 = {(y1, y2) € 72 : y1, ¥ € [0, )}

l9(y, yz)l

) Moreover we have classified here some

The equipped norm on B, defined by || g ||,= SUp, ver
classes of function as follows:

g(y1,¥2) =k, oo);

Cl(I?) =1{g:9€Cy(7?); suchthat I
p(?)=lg:g<Co(I); suchthat lim rms
lim  JWuy2)

0 2\ _ . " 2.
o (I ) ={f:fe C(Pl (I ), such that o, 1)
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Cy(I?) =1g: g€ By NCy (12}
Suppose w,(g; 61, 02) is the weighted modulus of continuity for all g € C?o (I 2) and 61,6, > 0, defined by
| g(y1 + 01, y2 + 62) — 9(y1, y2) |

wy(g;061,02) =  su su . (8)
o (yl,yz)eI[JO,oo) 05|61\561,(IJ)5|62|562 P(y1, y2)p(61, 02)

For any 11,1, > 0 one has

we(g;m61,M262) < 4L+ m)(L+ m2)(1 + &)L + 69wy (g; 61, 62),

IA

ey (t—yills—y Dwe (@l t—vy L 1s—y2l)
A+y7+ )0+ E—y))A+ s —y2))we (1 t—yi L Is—y2 ).

| g(t,s) — 9(y1, y2) |

IA

Theorem 3.1. Let g € C?O (I 2) , then for sufficiently large n1,n, € IN operator H;, ., satisfying the inequality

ny,n

| Hovy oy (5 Y1, Y2) = 9(y1, 172) | ( » )( 3 ( ( 71) ( 4))
, < v 1 1 ; 2 , 2 ,
1 +y1 +y2) - yid2 +o(n1 ) +O(Tl2 ))w‘ﬂ g:o\ny G}

where Wy, ,, = (1 1)+ Gy + 12+ VG + 1)3)(1 + (o + 1)+ Calya + 12 + VCalya + 1)3) and
C1, Cz, C3, C4 > 0.

Proof. For all ,,, 04, > 0 we have
41+ + ) 1+ - y)?)(1+ 6 - 1)?)

L _
(1 ;! 5 - l)(l + ls(s . l)(l + 63,1+ 87,)w0p (95 O On,)

2

IN

| g(t,9) = 9(y1, y2) |

X

41+ 5 +15) (L +02)1+063)

1+ 52 5}’1'+<t—y1>2+—lf—yl'(f‘y”)

1

[s—vo | ls—y2 |
(1 + 5—y2 +(s - yz) + — 5 —(s— y2)2) We (g, Oy, 6712)

Applying operator Hj, ,,.(,;,) in the above equation both the sides and using Cauchy-Schwarz inequality,

IA

Hy 0, (109(, ) =9y, v2) |; ylfyz)4 (1 +yi+y3)
. | t |
X Hy (1 5 N (t—y1)* + 6_ lt—y1 | (t—y1)% y1,yz)

m

| Hyyy (95 Y1, y2) — 9(y1, Y2) |

. A ls—yal
x Hﬂl,nz (1 + = + (S - yZ)z + 2 (S - .1/2)2; Y1, ]/2)
6712 6112

x (1+ 6%1)(1 + 6%2)0)({1 (9; Ony On,)
= 40+ + )1+ 621 + 67w (7 6ny, Ony)

1 %
X (1 + 5 (= Y1 Ly ) + Hy o (= 905 31, 12)
n
1., )
+ 6_Hn1 m( =y (t= 1) ;yl,yz)
1
X (1 + 6 111 l’lz(| 5= |; Y1, yz) + H:ll,nz((s - ]/2)2; Y, yZ)

1 *
+ g4ﬂmﬂs—m|@—mfmhm}
ny
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IA

| Hy, 0 (7591, y2) — 9(y1, y2) |

X

X

+

401 + y§ +1)(1+65)(1+ 552)% (; 6y, Ony)

%1, y2) + Hy L ((F= 1)%5 11, 12)

1+ 5 N

1
R 2.
57” nl nz((t }/1) 1, }/2) \/Hm nz

-y, yz)J

1 *
[1 + 6_ \/ ny, nz((s y2)2; Vi, y2) + Hm,nz((s - yz)Z; Y y2)

1
5 Hy, (s = 12)% yllyZ)\/Hnlnz((S )4 y1,yz)J

1 1

In view of Lemma 2.5 and choose 6, =0 (”1_ E) and 6,, = o( 2) then

IA

| Hy,, 0 (7591, y2) — 9(y1, y2) |

X

Which completes the proof. O

41+ 2+ yg)(1 +02)(1+06%) w(p (; 6y, Ony)

5%\/0(,%1)@1 v \/"(a)% o
|

1+6i112 0(1 )(y2+1)2+0( )(3/2+1)2

5%2 o) o v 12 \/O(n—z)(yz + 1]

41+ yi + 15) (1 + 62 )L + 83 )we (9 6ny Ony)

[1 + (1 + 1)+ Ci(y1 + 1)% + Co(yy + 1)3][1 +(p+1)

Calyz + 17 + VCalyz + 17|

1544

Lemma 3.2 ([9, 10]). For the positive sequence of operators {Ly, u,}n, n,>1, which acting C, — B, defined earlier

then there exists some positive K such that

| L na (@5 Y1, 2) llp< K.

Theorem 3.3 ([9, 10]). or the positive sequence of operators {Ly, u,}n, ny»1 acting Co, — By, defined earlier satisfying

the following conditions

€)) lim
2) hm
3) 11m

ny,np—

@ lim Ly, nz((f2+52),y1,yz)

ny,np—

Then for all g € C°,

lim “ Lnl,nzg -9 ”(P: 0

N ,Mpy—00

” Lnl,nz(l; y1/ yZ) -1 ”(p =
| Loy, (Y1, y2) =1 llp =
1 Lnl,nz(s} Y1, ]/2) -

o o o

~

y2”qo =
Wi+ ll, = O
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and there exists another function f € C, \ C, such that

Lim || Ly, f = f llp= 1.

ni,NMpy—00

Theorem 3.4. If g € C, (Z' 2) , then we have

lim || H, ,,() =g ll,=0.

ny,np—
Proof.
| Hru(L+ 1+ 3591, 12) |
I Hy @iy, y2) ll, = sup —
ny,ny ¢ (1 y2)el? 1+ y% + yé
R [— (1 + Hy 3 00, 92) + i (0 yl,yz))
(y1,2)el? 1+ yf + y% 1y A1 n1,m2\Y2
2
4
= e 00| swp
m e L+ Y7+ Y3
1 4a-4+Q2A+3)(a-1
Y i £
n ny ez L+ Y1+,
N V] S T
n% (el 1+ y% + y%
4 2
+ 1+|—@0-a) sup %
ny (y1,y2)el? 1+ yl + yz
1 4a-4+Q2A+3)(a—1
o () e
1y n; ez L+ y1 +4;
. AZ+31+2 cup 1
& ez 1+ v+,
< 2+‘i(1_a) + +(l N 4a—4+(2/\2+3)(a—1)
n n 1’11
4 1 4a-4+QA+3)(a-1
o a1y lemtr @Dy
Mo 1’12
/\2+3/\+2‘ A2 43142
) 2 .

1 2

Now for all n1,n, € IN'\ {1, 2}, there exists a positive constant K such that

| Hy,, (@ y1,42) llpg< K.

)\

]

1545

Therefore, in order to prove Theorem 3.4 it is sufficient from the Lemma 3.2 and Theorem 3.3. Thus we

led to prove of Theorem 3.4. [

For any g € C(Z?) and 6 > 0 modulus of continuity of order second is given by

@ (g;0m,,0m,) = sup{l g(t, ) — g(y1, y2) |: (¢,5), (y1, y2) € I?}

with | t — 41 [< 0y, | S — Y2 < O, with the partial modulus of continuity defined as:

w1(g9;,0) = sup  sup {l g(x1,v2) — g(x2, v2) I},

OSyZSOO |1 —x2|<0
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w2(g;0) = sup sup {lg(y1, y1) — 9(y1, v2) I}-
0<y1=00 |y1-y2l<0

Theorem 3.5. For any g € C(I?) we have

| Hyy oo (7591, y2) — 9(y1, y2) 1< 2(w1 (; 6y, ) + w2(g; 6n2,y2)).

Proof. In order to give the prove of Theorem 3.5, in general we use well-known Cauchy-Schwarz inequality.
Thus we see that

| H:lllnz(g;yll y2)_g(y1’y2) | S H:u,nz (l g(tls) _g(yllyz) |;y1/y2)
< Hy,, (Lgt,s) = g9(y1,5) [ y1, v2)
+ H; ., (1g(y1,s) = 9y, v2) [ y1, v2)
< Hy o, (g t=y1 )y, y2) + Hy oy (@295 = y2 191, 12)
S wl(g’énl)(l +6;11H:11,Vl2(| t_yl |/ylry2))
+ wZ(g; 6"2) (1 + 61;21H:11,n2(| S—Y2 |; Y1, yZ))
<

1
. . * _ 2.
0)1(!7/5711)(1 + 6n1 \/ ﬂl,nz((t yl) lyll yZ))

1
+ wnlgi6) (1 + 5m VHinn (= w2y

If we choose 82 =62 = H;,  ((t—y1)%y1,y2) and 62 = 6% = H;, . ((s — ¥2)% 11, ¥2), then we easily

. n,n ny,ny ny na,Y2 ny,ny
to reach our desired results. [

Example 3.6. Fora function f(y1,y2) = y3y5+ Y1y, and the values of ny = ny = 20. The convergence of the operator

H;, ... (f; 1, y2) to the mentioned function f(y1, y>) gives as the values of a decreases 0.8, 0.6, 0.4 on RO Which
is shown in the given figure 1.

/T

Figure 1: Approximation by Hy ,(f; y1, y2) for different values of & = 0.8,0.6,0.4

*

Example 3.7. The operator H;, ,.(f;y1, y2) to the same function f(y1,y2) = y3y5 + Y3y, shows better convergence
(compare with example 3.6) for same the values of a = 0.8,0.6,0.4 as increases ny = np = 40 on RO Which is
illustrated in below figure 2.
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Function
a=04
a =06

a=08

00 -

Figure 2: Approximation by H}, ,(f; y1, y2) for different values of a = 0.8,0.6,0.4

The both examples 3.6 and 3.7 are demonstrated our analytical results.

Here, we find convergence in terms of the Lipschitz class for bivariate function. For M > 0and p1, p» € [0, 00),
Lipschitz maximal function space on E X E C 12 defined by

L, 0,(EXE)

{g tsup(L + 07 (1+5)7 (99,2t 5) = Gpo.pa (Y1, 12))

1 1
y |
T+y)f 1+ y2)P
where g is continuous and bounded on 72, and

| g(t,s) — g(y1, y2) |

t—yl |P1|s_y2 |P2’ (trs)/(yllyZ) e.[z. (9)

gm,pz(t/s) - g(h,pz(yl/ ,1/2) = |

Theorem 3.8. Let g € L, ,,(E X E), then for any p1, p2 € [0, o), there exists M > 0 such that

| Hgi ) g, | < M{((dwn, DY + (5) )( @z By + () )

(D) @ B
where Oy, y, and Oy, ,,, defined by Theorem 3.5.

Proof. Take | y1 — xo |= d(y1,E) and | y2 — yo |= d(y2, E). For any (y1,y2) € I?, and (x, Yo) € E X E we let
d(y1, E) = inf{] y1 — ¥ |: y» € E}. Thus we can write here

| g(t,s) — g(y1, y2) IS M | g(t,s) — g(x0, yo) | + | g(x0, yo) — 9(y1, y2) | . (10)

Apply H;, ,,,, we obtain

< H, o, (191, y2) = g(xo, vo) | + 1 g(xo, vo) — 9(y1, y2) 1)

< MH; ., (It=xo"|s—yo | y1,y2)
+ Mlyi—xo0"ly2—yol™.

Forall A,B > 0 and p € [0, o) we know inequality (A + B)? < AP + BP, thus

| Hpy, o, (95 Y1, Y2) = (Y1, y2) |

[t—xo <[t =y [P + | y1 —x0 P,
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[s=yo IP'<Is=y2 P> +|y2—yo |P*.

Therefore
| H @y y2) =9y, y2) | < MH; L (=1 P s = y2 1Py, 12)
+ Mlyi—xo " Hy, ., (15 = y2 17 y1, 12)
+ Mly2—yoI” H, ., (1 t=y1 1" y1, 12)
+ 2M | y1 —x0 1"l y2 — vo IP* Hy,, ., (H005 Y1, Y2) -
On apply Holder inequality on H;, , , we get

Hyy, (£ =y1 P15 = 217591, 2) U (= 1Py y2) Ve (s =2 Iy, 12)

1 2-py
2 2

(Hg (£ = 11 Py, 92)) ™ (i, (003 41, 2))

IA

2-pp
2

(H;, (5= v2 P, }/z))%z (g (10,05 91, 12))

X

Thus we can obtain

1 P2
| Ho @ v0,92) = g, y2) | < M(8,4,) 7 (07,) 7 +2M (d(, )™ (d(y2, E))™

1
+ M@y, B)" (87,,) " + L2, EN™ (57,,)" -
We have complete the proof. 0O
Theorem 3.9. If g € C'(I?), then for all (y1,y2) € 12, operator H;, ,, satisfying

1 1
| Hyy (7591, 2) = 91, 92) 121 9y, ey (83,5,)7 + 1 9 llea (62,,,)°

where 6y, y, and Oy,,,, are defined by Theorem 3.5.

Proof. Let g € C’(I?), and for any fixed (y1, y2) € 7> we have

t S
g(t,s) =gy, y2) = f go(0,8)do+ | gu(yr, w)du.
2

n
On apply H;, ,,
t S
H;, o, (9(E5); y1, v2) = 91, y2) = Hy ( f 90(0,9)do; y1, yz) +H; ( f 9u(y1, (At y1, y2 |- (11)
n A
From the sup-norm on 72 we can see that
t t
| golos)dol< | 1900 s)do <l gy, llcazl =y (12)
W n

[ gun wdu 1< f | gy 1] g ol s — vz | (13)
Y2 Y2
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In the view of (11), (12) and (13) we can obtain

| H;,. ., (9(y1, y2); y1, ¥2) — (Y1, y2) |

O

IA

t
f 0.(0,9)d0
n

H:ll,}’lz( f gy(]/lr l,l)d‘u
Y2

Il 9y, lleay Hyyny (12 =1 11, ¥2)
Il gy, llcy Hy, oy (15 =2 | y1,y2)

Hy ( S Y1, yz)

;y1,]/z)

1 9y, Moy (Hipy (= 92)%5 1, 920y 1 (111, 12))

1 9y ey (o (G5 = y2)% Y1, )y (191, 12))

1
N
19 ey (83,5,)7 + 1l 9y ey (

Theorem 3.10. For any f € C(I?), if we define an auxiliary operator such that

Ry (f5 1, y2)

H (@91, 2) + f(y1,y2) = f ((Ll,‘fj,k(m,o; y1,y2), V2 (o1 v, v2) |

where, from Lemma 2.4, 'uzlllk(‘um; Yi,Y2) = (712_1(“ - Dy + %) and

Vi bonin ) = = e+

Then for all g € C'(I?%), Ry\y? satisfying

ny,ny

Ry (g:t,8) = 9(y1,y2) < {

2 A+1
2
+6n2,y2 +(n_1(a_1)]/1 + m _]/1)

2
2 A+1
+ (n—Z(Of -Dy2 + i yz) } Il g llc2z2) -

Proof. In the light of operator R;";2

1,1y

g(t,8) =9y, y2) = Em

89(}/11 y2)

8y2

ar,02

On apply Rj.7,2, we see that

3!7(%, 12)

(f;y1,v2) and Lemma 2.4, we obtain R
Y1, y1,Y2) = 0and R332 (s — y2; v1, 42) = 0. For any g € C'(I?) the Taylor series give us:

g(A, 1)

t
(t - yl) + f (t - /\)Td/\
n

azg(]/lr lnb)

(s—y2) + f (s— IP)—&PZ dy.
Y2

ag,az
ny,ny

[N

[SIE

Ly, o) =1, R

1549
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Rtz (g(t,9); v, y2) — Rz (9(ya, v2)

a0 t azg(A’ yZ) ay,a ’ g(ylf 111))
= Rum, ( ) (t- /\)Td/\; y1,]/2) + Ry ( yz (-¢Y)—=5— o2 dy; ym/z)
. ' %g(, (1, ¢)
= H, ,, (f (t=2) gg(/\zm) dA; ys, yZ) + Hm 1o ( ) !78112 d dy; i1, yz)
n
eyt (o A+1 \Pg(A, )
_ fy (—1(a—1)y1+ - —/\) Al
lhuiyt (o A+l \Pgw,v)
_ fy; (n—z(a - Dy + p - ¢) 31[12 di.

From hypothesis we easily obtain

t *9(A, y2) ' 9*g(A, y2) 2
‘ yl(t — /\)Td/\ < Ll (t — /\)Td/\ <l g ”CZ(IZ) (t - yl) 7
S 82 , 7
—y) -‘78(112 ¥) d¢' < - 1) 98(112 L dl,ll‘ <Nl gl (s — ),

2 A+1 g(A, 1)
(n—l(a—l)y1+ o —/\) 2 d/\‘

j‘y,zl(a—l)w S
n

2

2 A+1
< gl (—(0( - Dy + - y1)
np
%(a—l)yﬁ% 2 . . A+1 829(}/1, lib)d '
jy; - (@ =1y P Y 7 Y
2
2 A+1
< g llew (—(0‘ -Dy2 + - yz) .
np
Thus,
| Ruims (:t,8) = g(y1, y2) | < { mo (E= 0% y1,y2) + Hyy (s = y2)% v, 42)
2 A+l Y
+ (n—l(a—l)yl + n—l —]/1)
2 A+l Y
+ (n_z(a =Dy + i yz) } Il g llc2zy -

We complete the proof of desired Theorem 3.10. O

1550
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4. Some approximation results in Bogel space

Take any function g : 71 X I, — R for a real compact intervals of 71 X 1. Forall (t,s), (y1,y2) € 11 X 1>
suppose A, g(y1, y2) denotes the bivariate mixed difference operators defined as follows:

N 91 y2) = g(t,s) = g(t, y2) — 9(y1,8) + 9(y1, v2)-

Ifatany point (y1, y2) € Z1x1 the functiong : 71xXJ, — Rdefined on 71X 15, then lim 5y, ) AZt,s) g(y1, o) =
0.

If set of all the space of all Bogel-continuous(B-continuous) denoted by Cp(X1 X 1) on (y1,y2) € 11 X 1>
and be defined such that Cp(£7 X 1) = {g, such that g: 71 X I, —» Ris g, B—bounded on 7 X 7,}. Next,
the Bogel-differentiable function on (y1, ¥2) € 71 X I, be g : 71 X I, — R and limit exists finite defined by

1

lim (A =D , < 00,
(49 g tyn, s (E = y1><s—yz>( ) = Dsg(y1,12)

Let the classes of all Bogel-differentiable function denoted by Dy,g(y1, y2) and be D,(11x1>) = {g, such that g :
I x I, —» R is g, B-differentiable on 7; X I,}. Suppose the function g is B-bounded on D and
be g : 71 X I, — R, then for all (¢,5), (y1,y2) € 11 X I, there exists positive constant M such that
| Azt’s)g(yl, y2) |I< M. The classes of all B-continuous function is called a B-bounded on 7; X 1, whene

Iy X I, is compact subset. Let B,(Z1 X 1) denote the classes of all B-bounded function defined on 71 X 7,
which equipped the normon Bas || ¢ 5= sup ), yyer,xz, | A;9(Y1, ¥2) | As we know to approximate the
degree for a set of all B-continuous function on positive linear operators, it is essential to use the properties
of mixed-modulus of continuity. Sowe let forall (t,s), (y1,y2) € Z1X12and g € By(Z,,), the mixed-modulus
of continuity of function g bt wp : [0, 00) X [0, 00) — R and be defined such as:
wp(g;01,02) = sup{A, (Y1, y2) | £ = y1 1< 61, | s — y2 [< 2}

For any 72 = [0, ) X [0, o), we suppose the classes of all B-continuous function defined on 72 denoted by
Cy(Z?). Moreover, let set of all ordinary continuous function defined on 7% be C(Z?) . For further details on
space of Bogel functions related to this paper we propose the article [6, 7].

Let (y1,y2) € 7% and 11,13 € N then for all g € C(Z?) we define the GBS type operators for the positive
linear operators H;, , . Thus we suppose

Ko (9(t,9);y1,y2) = Hil,m(g(t, y2) +9(y1,8) — 9(t,8); 1, yz). (14)
More precisely, the generalized GBS operator for bivariate function is defined as follows:

K 0w = Y S 19) [ [ Qun Pyt it s, (15)
k1=0 0 o
where Py, ,,(t,5) = (g(t, y2) + g(y1,8) — g(t,s)).
Theorem 4.1. Forall g € C,(1?), it follows that
| K3z (g(t,9); v, y2) = 91, 2) 1< 40s (0 0, O

where 6y, ,y, and Oy, ,,;, are defined by Theorem 3.5.
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Proof. Let (t,3), (y1,y2) € I%. For all n1,n; € N and 6,,, 6,, > 0, it follows that

| Azywyz)g(t’s) | < ws(glt—-wyills—y2)

t— 5 —
(1 + 5 yl)(1+ 5 yz)a)g(g;énl,énz).

2

IN

From (14) and well-known Cauchy-Schwarz inequality, we easily conclude that

| Ko (9,9 y1,92) = 9 y) | < Hy o (187, ,09(69) [y, 2)

S

IN
—_

* 1 %
Hnl,n2(¢0,0; Y ]/2) + g (Hnl,nz((t - ]/1)2/' Y1, yz))

+ 6%2 ( H;, (s = y2)% 1, yz))%
¢ o (o =P )’
X 61 (s (5 - );}/1,]/2))%)603(9;6”1,6”2).

In the view of Theorem 3.5 we easily get our results.
O

If we let x = (t,5), ¥ = (y1,2) € I?, then the Lipschitz function in terms of B-continuous functions
defined by

Liply = {9 € C) A &, 0 ) I M2y IF,

where M is a positive constant, 0 < £ < 1, and Euclidean norm || x — y [|= \/(t —11)?+ (s — 12)*

Theorem 4.2. For all g € Lip;, operator K32 satisfying

| Koz (906, 9); 1, v2) = 9y, ) 1< MUST, , + 67, 0002,
where Oy, y, and Oy,,y, are defined by Theorem 3.5.
Proof. We easily see that

Hy o, (901, y) + 9(x, y2) = 9(x,5); 1, 1)
= Hj (90, 12) = A, 0 9065) 11, 12)
= 9y, y2) —Hy (A’{yl,yz)g(x, Sy a)-

Koie (906, y); v1, v2)

Therefore,
| K (9, )y, v2) = 9y, y) | < Hy (18, 009G 0) Ly, y2)
< MH,,, (Ix=y1,12)
< M{H;,,, (I -y 1By )
< MIH;,, (=305 0, 92) + Hy o (5= 3205 1, 2))



M. Rani et al. / Filomat 36:5 (2022), 1539-1555 1553

Theorem 4.3. If g € Dy,(I?) and Dgg € B(I?), then

| KS92 (1, 1) — (v, ) | < C{3 1 Dsg lle +@mised (D37 6nl,6n2)}(y1 1)y +1)
+ {1+ VG + 1)+ VGl + )

X @mixed (DBG; Ony, Ony) (1 + 1)(y2 + 1),
where 0y,, 04, defined by Theorem 3.5 and C is any positive constant.
Proof. Suppose p € (y1,1t), £ € (y2,5) and
ALy, yn9(E8) = (£ = y1)(s — y2)Diyg(p, &),
Dsy(p, &) = A, ,,)DB9(p, &) + Day(p, y) + Dpg(x, &) — Dpg(y1, y2)-
For all Dgg € B(I?), it follows that
| Koz (A, 9t ) Y1, 12) | | Koty (= y1)(s = ¥2)Dpg(p, £); v, y2) |
Koz (1t =1 lls =y Il A, . Do, €) 1, v2)

IN

+ K( |t=y1lls=y21(Dsglp,y2) |

+ | Dpg(y1,¢) | + | Dpg(yr, y2) 1); yl,yz)

< Kn(1t-mls- el

X @pived (Dpg;l p=y1 1,1 €= y2 |)}]/1,y2)

+ 31 Dsg lleo Ktz ([t =11 115 =92 L y1,42).
Here @yixed, is mixed-modulus of continuity and it follows that

Omixed (DB%| pP—n |r| ‘S - |)
@mixed (D1 t=y1 [,1s=y2 )
(14050 1t=y1 1) (1406 15— y2|) @uixed (D533 | S0y, 6m,) -

IA

IA

Therefore, it is obvious that

| Kooy (791, Y2) = 9(y1, y2) | | Ayt S) y1,y2 |

311D s (K225 (= 26 = w2, o) |

IA

(K Q- s -y by )

+ 6, Ky ((t ) ls—yl; yl,yz))

+ oKy (1t =yl 6 - 2% v v2)

+ 6;116;21K101?:322 ((t - yl)z(s - y2)2; Y1, y2) O mixed (DBg; 6111/6712);
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| Koo (9591, v2) = 9(y1, y2) | | Ay, g9t 1, 12 |

1
2

IA

311 Dag Il (K152 (V32,501 92) )
+ {(Kfﬂ o A AT )%

b (i (W) e (K () )
4 0K (W32 1, 2) @it (Dogi O, 60,)-

Which follows that

1
2
[ Ko @531,92) = 9,y | = 311 Do e (K (W30, 1) K (W21, v2)

1

2
1,00 2,0 . 1,02 0,2 .
+ {(K‘rll,‘rlz (\yyllyz’ Y1, y2) K‘rlwlz (\pyllyz’ Y1, y2) )
%
-1 o, 4,0 ay,a 02 .
b0 (v ) K (W2
3
—1{ a1, 2,0 . a0 04 .
+ Oy (Kml,nz2 (‘yyl,yzf Y1, }/2) Koy (\yyl,yzf Y1, yZ) )
-1 ¢-1ya,a 2,0 . o, 02 .
+ Oy 0y Kty (\yyl,yz' Y1, yz) Kiny (\yyl,yz' Y1, yZ) }
X Omixed (Dsg; 6711/ 6712) .

From Lemma 2.5, we demonstrate

IN

311 Dag e ( VEICalyr + D2 + 1)
+ {(VeiGat + v + 1)

+ 6,;11( VCa [0 (nll)(]/l +1)%(y2 + 1))
v 0l (VE o ) + 020 + 1)
+ 6;}6;}(,/0(:—1)\/0(%)(% + D(y2 + 1))}

X Dmixed (DBg; 6711/ 5"2) .
Which complete the proof of Theorem 4.3. [J

| K5, o, (75 y1, 42) = 9(y1, v2) |

5. Conclusion and Remarks

In this research article, we proposed a new bivariate sequence of Baskakov operators with aid of non
negative parameter a. Further, We studied the bivariate properties of a-Baskakov operators with the help
of modulus of continuity, mixed-modulus of continuity and then find the approximation results in Peetre’s
K-functional, Voronovskaja type theorem and Lipschitz maximal functions for these bivariate operators.
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Next, we constructed the GBS type operator of these generalized operators and study approximation in
Boogel continuous functions by use of mixed-modulus of continuity.
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