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Abstract. The purpose of this paper is to define statistically convergent sequences with respect to the
metrics on generalized metric spaces (1-metric spaces) and investigate basic properties of this statistical
form of convergence.

1. Introduction and Preliminaries

There are numerous ways to generalize the notion of distance function [1, 12]. Among them, the concept
of G-metric space that has been studied by Mustafa [14] is a different generalization of the ordinary metric.
Metrics in this space are distance between three points. For more generalization, Choi et al. [2] introduced
1-metric with degree n, that is a distance between n+1 points. In this paper, convergence of sequences from
the topological properties of 1-metric space will be discussed in terms of extending it to statistical forms.

The idea of statistical convergence was first expressed in 1935 by Zygmund [18]. The formal concept
of statistical convergence was introduced by Steinhaus [17] and Fast [8] in 1951. Afterwards, Shoenberg
reintroduced it in 1959 [16].
Since then, the properties of statistical convergence have been studied by different mathematicians and
applied in several area such as approximation theory [7], trigonometric series [18], finitely additive set
functions [4], Stone-Chech compactification [5], Banach spaces [6], probability theory [9] and summability
theory [3, 10, 11, 15].

The main goal of this paper is introducing the definition of statistically convergent sequence and
studying its properties in 1-metric spaces. First, lets bring some basic concepts that are needed in the rest
of this paper.

Definition 1.1. [14] Let X be a nonempty set and G : X × X × X→ R+ be a function satisfying:

1) G(x, y, z) = 0 if x = y = z,

2) 0 < G(x, x, y); for all x, y ∈ X , with x , y,

3) G(x, x, y) ≤ G(x, y, z) , for all x, y, z ∈ X with z , y,

4) G(x, y, z) = G(x, z, y) = G(y, z, x) = ... , (symmetry in all three variables),

5) G(x, y, z) ≤ G(x, a, a) + G(a, y, z), for all x, y, z, a ∈ X , (rectangle inequality).
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The function G is called a generalized metric or G-metric on X, and the pair (X,G) is a G-metric space.
The following definition is an extension of above space with degree l ∈N.

Definition 1.2. [2] Let X be a nonempty set. A function 1 : Xl+1
−→ R+ is called a 1-metric with degree l ∈ N on

X if it satisfies the following conditions:

g1) 1(x0, x1, ..., xl) = 0 if and only if x0 = x1 = ... = xl,

g2) 1(x0, x1, ..., xl) = 1(xσ(0), xσ(1), ..., ..., xσ(l)), for permutation σ on {0, 1, ..., l},

g3) 1(x0, x1, ..., xl) ≤ 1(y0, y1, ..., yl), for all (x0, x1, ..., xl), (y0, y1, ..., yl) ∈ Xl+1 with {xi : i = 0, 1, ..., l} ⊆ {yi : i =
0, 1, ..., l},

g4) For all x0, x1, ..., xs, y0, y1, ..., yt,w ∈ X with s + t + 1 = l,

1(x0, x1, ..., xs, y0, y1, ..., yt) ≤ 1(x0, x1, ..., xs,w,w, ...,w) + 1(y0, y1, ..., yt,w,w, ...,w).

The pair (X, 1) is called a 1-metric space with degree l. It is noteworthy that, if l = 1 (resp. l = 2), then it is equivalent
to ordinary metric space (resp. G-metric space).

The following theorem will be needed in the main results.

Theorem 1.3. [2] Let 1 be a 1-metric with degree l on a nonempty set X, then the followings are true:

1) 1(x, ..., x︸︷︷︸
s times

, y, ..., y) ≤ 1(x, ..., x︸︷︷︸
s times

, ω, ..., ω) + 1(ω, ..., ω︸ ︷︷ ︸
s times

, y, ..., y),

2) 1(x, y, ..., y) ≤ 1(x, ω, ..., ω) + 1(ω, y, ..., y)

3) 1(x, ..., x︸︷︷︸
s times

, ω, ..., ω) ≤ s1(x, ω, ..., ω) and

1(x, ..., x︸︷︷︸
s times

, ω, ..., ω) ≤ (l + 1 − s)1(ω, x, ..., x),

4) 1(x0, x1, ..., xl) ≤
∑n

i=0 1(xi, ω, ..., ω),

5) |1(y, x1, ..., xl) − 1(ω, x1, ..., xl)| ≤ max{1(y, ω, ..., ω), 1(ω, y, ..., y)},

6) |1(x, ..., x︸︷︷︸
s times

, ω, ..., ω) − 1(x, ..., x︸︷︷︸
s’ times

, ω, ..., ω)| ≤ |s − s′|1(x, ω, ..., ω),

7) 1(x, ω, ..., ω) ≤ (1 + (s − 1)(l + 1 − s)1(x, ..., x︸︷︷︸
s times

, ω, ..., ω).

Definition 1.4. Let (X, 1) be a 1-metric space, x ∈ X be a point and {xk} be a sequence in X.

1) {xk} is 1-convergent to x, if for all ϵ > 0, there exists N ∈N such that for i1, ..., il ≥ N,

1(x, x1, ..., xl) < ϵ.

2) {xk} is said to be 1-Cauchy, if for all ϵ > 0 there exists N ∈N such that

i0, i1, ..., il ≥ N =⇒ 1(xi0 , xi1 , ..., xil ) < ϵ.

3) (X, 1) is complete, if every 1-Cauchy sequence in X is 1-convergent.
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2. Main Results

In this section, the definition of statistical convergence of sequences in 1-metric spaces is introduced and
some basic properties are studied.
For a set K of positive integers, the asymptotic (or natural) density is defined as follows,

δ(K) = lim
n

1
n
|{k ≤ n : k ∈ K}|,

where |{k ≤ n : k ∈ K}| denotes the number of elements of K not exceeding n.

Definition 2.1. [8] The sequence {xk} is said to be statistically convergent to x, if for every ϵ > 0,

lim
n

1
n
|{k ≤ n : |xk − x| < ϵ}| = 1.

Definition 2.2. The sequence {xk} is said to be statistical Cauchy sequence, if for every ϵ > 0, there exists a positive
integer number N depending on ϵ such that,

lim
n

1
n
|{k ≤ n : |xk − xN | < ϵ}| = 1.

For more information about properties of statistical convergence, [7, 8, 10, 11] can be addressed.

Now, the main definitions of this paper are ready to be given.

Definition 2.3. Let l ∈N, A ∈Nl and

A(n) = {i1, i2, ..., il ≤ n : (i1, i2, ..., il) ∈ A},

then

δl(A) := lim
n→∞

l!
nl
|A(n)|,

is called l-dimensional asymptotic (or natural) density of the set A.

Definition 2.4. Let {xn} be a sequence in a 1-metric space (X, 1).

i) {xn} is statistically convergent to x, if for all ϵ > 0,

lim
n→∞

l!
nl
|{(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ n, 1(x, xi1 , xi2 , ..., xil ) < ϵ}| = 1,

and is denoted by, 1s − limn→∞ xn = x or xn
1s
−→ x.

ii) {xn} is said to be statistical 1-Cauchy, if for ϵ > 0, there exists iϵ ∈N such that

lim
n→∞

l!
nl
|{(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ n, 1(xiϵ , xi1 , xi2 , ..., xil ) < ϵ}| = 1.

Theorem 2.5. In g-metric spaces, every convergent sequence is statistically convergent.

Proof. Let {xn} be a sequence in g-metric space (X, 1) such that converges to x. For ϵ > 0 there exist n0 ∈ N
such that for all i1, i2, ..., il ≥ n0,

1(x, xi1 , xi2 , ..., xil ) < ϵ.

Set
A(n) := {(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ n, 1(x, xi1 , xi2 , ..., xil ) < ϵ},
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then

|A(n)| ≥
(
n − n0

l

)
,

and

lim
n→∞

l!|A(n)|
nl

≥ lim
n→∞

l!
nl

(
n − n0

l

)
= 1,

so

1s − lim
n→∞

xn = x.

The following example shows that the converse of above theorem is not valid.

Example 2.6. Let X = R and 1 be the metric as follows;

1 : R3
−→ R+,

1(x, y, z) = max{|x − y|, |x − z|, |y − z|}.

Consider the following sequence,

xk =

{
k if k is square
0 o.w

It is clear that {xk} is statistically convergent while it is not convergent normally.

Following theorem shows that statistical limit in 1-metric space is unique.

Theorem 2.7. Let {xn} be a sequence in g-metric space (X, 1) such that
xn

1s
−→ x and xn

1s
−→ y, then x = y.

Proof. For arbitrary ϵ > 0, set

A(ϵ) := {(i1, i2, ..., il) ∈Nl : 1(x, xi1 , xi2 , ..., xil ) ≥
ϵ
2l
},

B(ϵ) := {(i1, i2, ..., il) ∈Nl : 1(y, xi1 , xi2 , ..., xil ) ≥
ϵ
2l
},

Since xn
1s
−→ x and xn

1s
−→ y, therefore δl(A(ϵ)) = 0 and δl(B(ϵ)) = 0.

Let C(ϵ) := A(ϵ) ∪ B(ϵ), then δl(C(ϵ)) = 0, hence δl(Cc(ϵ)) = 1.
Suppose (i1, i2, ..., il) ∈ Cc(ϵ), then by Theorem 1.3 we have;

1(x, y, y, ..., y) ≤ 1(x, xi1 , xi1 , ..., xi1 ) + 1(xi1 , y, y, ..., y)
≤ 1(x, xi1 , xi1 , ..., xi1 ) + l(1(y, xi1 , xi1 , ..., xi1 ))
≤ 1(x, xi1 , xi2 , ..., xil ) + l1(y, xi1 , xi2 , ..., xil )
≤ l(1(x, xi1 , xi2 , ..., xil ) + 1(y, xi1 , xi2 , ..., xil ))

< l(
ϵ
2l
+
ϵ
2l

) = ϵ

Since ϵ > 0 is arbitrary, we get
1(x, y, y, ..., y) = 0,

therefore x = y.
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Definition 2.8. A set A = {nk : k ∈N} is said to be statistically dense inN, if the set

A(n) = {(i1, i2, ..., il) ∈Nl : i j ∈ A , i1, i2, ..., il ≤ n},

has asymptotic density 1. i.e.,

δl(A) = lim
n→∞

l!|A(n)|
nl

= 1.

Definition 2.9. A subsequence {xnk } of a sequence {xn} in a 1-metric space (X, 1) is statistically dense, if the index
set {nk : k ∈N} is statistically dense subset ofN. i.e.,

δl({nk; k ∈N}) = 1.

Equivalency in the following theorem has been studied for cone metric space in [13], now we prove it
on 1-metric space.

Theorem 2.10. Let {xn} be a sequence in a 1-metric space (X, 1). Then the followings are equivalent.
1) {xn} is statistically convergent in (X, 1).
2) There is a convergent sequence {yn} in X such that xn = yn for almost all n ∈N.
3) There is a statistically dense subsequence {xnk } of {xn} such that {xnk } is convergent.
4) There is a statistically dense subsequence {xnk } of {xn} such that {xnk } is statistically convergent.

Proof. (1 =⇒ 2)
Let ϵ > 0 and {xn} be a sequence such that statistically converges to x ∈ X. i.e.,

lim
n→∞

l!
nl
|{(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ n, 1(x, xi1 , xi2 , ..., xil ) < ϵ}| = 1.

For every k ∈N, there exist nk ∈N, such that for every n > nk,

l!
nl
|{(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ n, 1(x, xi1 , xi2 , ..., xil ) <

1
2k
}| > 1 −

1
2k
.

We can choose {nk} as an increasing sequence inN. Define {ym} as follows

ym =


xm, 1 ≤ m ≤ n1,

xm, nk < m ≤ nk+1, i1, i2, ..., il−1 ≤ nk+1, 1(x, xi1 , xi2 , ..., xil ) <
1
2k ,

x, otherwise.

Choose k ∈N such that 1
2k < ϵ. It is clear that {ym} converges to x. Fix n ∈N, for nk < n ≤ nk+1, we have,

{(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ n; xi j , yi j }

⊆ {(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ n}

− {(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ nk, 1(x, xi1 , xi2 , ..., xil ) <
1
2k
}.

So

lim
n→∞

l!
nl
|{(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ n; xi j , yi j }| ≤ lim

n→∞

l!
nl

(
n
l

)
− lim

n→∞

l!
nl
|{(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ n; 1(x, xi1 , xi2 , ..., xil ) <

1
2k
}|

≤ 1 − (1 −
1
2k

) =
1
2k
< ϵ.
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Hence
δl({(i1, i2, ..., il) ∈Nl : xi j , yi j }) = 0 (almost all).

(2 =⇒ 3)
Suppose that {yn} be a convergent sequence in X such that xn = yn for almost all n ∈ N. Set A = {n ∈
N : xn = yn}. Since xn = yn for almost all n , hence δl(A) = 1 and therefore {yn; n ∈ A} is convergent and
statistically dense subsequence of {xn}.

(3 =⇒ 4)
It is direct consequence of Theorem 2.5.

(4 =⇒ 1)
Suppose {xnk } be a statistically dense subsequence of the sequence {xn} such that statistically converges to
x ∈ X, i.e., 1s − limk→∞ xnk = x ∈ X and set A = {nk; k ∈N}, then δl(A) = 1. For ϵ > 0
{(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ n, 1(x, xi1 , xi2 , ..., xil ) < ϵ}
⊇ {(i1, i2, ..., il) ∈Nl : i j ∈ A, i1, i2, ..., il ≤ n, 1(x, xi1 , xi2 , ..., xil ) < ϵ},
and

lim
n→∞

l!
nl
|{(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ n, 1(x, xi1 , xi2 , ..., xil ) < ϵ}|

≥ lim
n→∞

l!
nl
|{(i1, i2, ..., il) ∈Nl : i j ∈ A, i1, i2, ..., il ≤ n, 1(x, xi1 , xi2 , ..., xil ) < ϵ}|

= 1.

Hence 1s − limn→∞ xn = x.

The following corollary is a direct consequence of Theorem 2.10.

Corollary 2.11. In 1-metric spaces, every statistically convergent sequence has a convergent subsequence .

Theorem 2.12. Every statistically convergent sequence is statistically 1-Cauchy.

Proof. Let {xn} be a statistically convergent sequence in 1-metric space (X, 1) and ϵ > 0, then,

lim
n→∞

l!
nl
|{(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ n, 1(x, xi1 , xi2 , ..., xil ) <

ϵ
l(l + 1)

}| = 1

By the monotonicity condition for the 1-metric and parts (4) and (7) of Theorem 1.3, it follows that,

1(xiϵ , xi1 , xi2 , ..., xil ) ≤
l∑

k=0

1(xik , x, ..., x) ≤
l∑

k=0

l1(x, xik ..., xik ).

So

{(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ n, 1(x, xi1 , xi2 , ..., xil ) <
ϵ

l(l + 1)
}

⊆ {(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ n, 1(xiϵ , xi1 , xi2 , ..., xil ) < ϵ}.

Therefore

lim
n→∞

l!
nl
|{(i1, i2, ..., il) ∈Nl : i1, i2, ..., il ≤ n, 1(xiϵ , xi1 , xi2 , ..., xil ) < ϵ}| = 1.

Thus, {xn} is a statistical 1-Cauchy sequence in (X, 1).

Definition 2.13. Let (X, 1) be a 1-metric space, if every statistically Cauchy sequence be statistically convergent,
then (X, 1) is said to be statistically complete.
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Corollary 2.14. Every statistically complete 1-metric space is complete.

Proof. Let (X, 1) be a statistically complete 1-metric space. Suppose {xn} be a Cauchy sequence in (X, 1),
then it is statistically Cauchy sequence in (X, 1). Since (X, 1) is statistically complete so {xn} is statistically
convergent. By Corollary 2.11, there is a subsequence {xnk } of {xn} that converges to a point x ∈ X.
Since {xn} is Cauchy, hence, for ϵ > 0, there exist N ∈N and xiϵ ∈ {xn} such that for i1, i2, ..., il ≥ N we have,

1(xiϵ , xi1 , xi2 , ..., xil ) <
ϵ

2l(l + 1))
.

On the other hands, {xnk } converges to x, Hence there exists k0 ≥ N such that for i1, i2, ..., il ≥ k0,

1(x, xin1
, xin2
, ..., xinl

) <
ϵ
2
.

For i1, i2, ..., il ≥ N and applying parts (3) and (4) of Theorem 1.3, it follows that,

1(x, xi1 , xi2 , ..., xil ) ≤ 1(x, xiϵ , xiϵ , ..., xiϵ ) +
l∑

j=1

1(xi j , xiϵ , xiϵ , ..., xiϵ )

≤ 1(x, xni1
, xni1
, ..., xni1

) + l(1(xiϵ , xni1
, xni1
, ..., xni1

))

+

l∑
j=1

l1(xiϵ , xi j , xi j , ..., xi j )

<
ϵ
2
+ l(

ϵ
2l(l + 1)

) + l2(
ϵ

2l(l + 1)
) = ϵ.

3. Conclusion

Recall that G-metric space is a special case of 1-metric space with degree l = 2. So, the main definitions
and results of statistical forms of convergence for sequences was preferred to be applied for 1-metric spaces.
In this case, all results that have been discussed in this paper can be used for G-metric spaces specially.
On the other hand, if l takes 1 in the definitions of statistical notion of convergence introduced in this paper,
then these definitions exactly coincide with the statistical forms in ordinary metric spaces. Therefore, it can
be said that this study is more comprehensive in terms of definitions and results.
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