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Abstract. The main object of this paper is to characterize the perfect fluid spacetimes if its metrics are Ricci
solitons, gradient Ricci solitons, gradient A-Einstein solitons and gradient Schouten solitons.

1. Introduction

Let M be an n-dimensional Lorentzian manifold equipped with the Lorentzian metric 1 of signature
(+,+, . . . ,+︸      ︷︷      ︸

(n−1)times

,−). The notion of generalized Robertson-Walker (GRW) spacetimes was introduced by Alı́as,

Romero and Sánchez [1, 2] in 1995. An n-dimensional Lorentzian manifold with n ≥ 3 is termed as a GRW
spacetime if it can be written as a warped product of an open interval I of R (set of real numbers) and a
Riemannian manifoldM∗ of dimension (n − 1), that is, M = −I × f2M∗, where f > 0 is a smooth function,
named as warping function or scale factor. If the dimension of M∗ is three and possesses the constant
curvature, then the spacetime reduces to Robertson-Walker (RW) spacetime. Thus, the GRW spacetime is
a natural extension of RW spacetime on which the standard cosmology is modeled. It also includes the
Einstein-de Sitter spacetime, the Friedman cosmological models, the static Einstein spacetime, the de Sitter
spacetime, and have applications as inhomogeneous spacetimes admitting an isotropic radiation [36]. The
geometrical and physical properties of GRW spacetimes have been exhaustively presented in ([12], [13],
[14], [20], [26], [28], [34]-[36]). In this series, Chen [14] and Mantica and Molinari [28] have given the
following deepest results on GRW spacetime. We write their results in the following theorems.

Theorem 1.1. [14] A Lorentzian n-manifold with n ≥ 3 is a generalized Robertson-Walker spacetime if and only if
it admits a timelike concircular vector field.

Theorem 1.2. [28] A Lorentzian manifold of dimension n ≥ 3 is a GRW spacetime if and only if it admits a unit
timelike torseforming vector field: ∇ku j = ϕ(1i j + u jui), that is also an eigenvector of the Ricci tensor.
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An n-dimensional Lorentzian manifold is said to be a perfect fluid spacetime if its non-vanishing Ricci
tensor S satisfies

S = α1 + βA ⊗ A, (1)

where α, β are scalar fields (not simultaneously zero), ρ is a vector field metrically equivalent to the 1-form
A, that is, 1(X, ρ) = A(X) for all X and 1(ρ, ρ) = −1. Here ρ is the unit timelike vector field (also called the
velocity vector field) of the perfect fluid spacetime. Every RW spacetime is a perfect fluid spacetime [31],
although in case of n = 4, the GRW spacetime is a perfect fluid spacetime if and only if it is a RW spacetime.
In differential geometry, the Ricci tensor satisfying equation (1) is known as a quasi Einstein manifold [11].
For more details, we refer ([6], [15], [27], [37], [41]) and the references therein.

The problem of finding a canonical metric on a smooth manifold motivates Hamilton [22] to introduce
the notion of Ricci flow. A metric of a (semi-) Riemannian manifold M satisfying an evolution equation
∂
∂t1i j(t) = −2Si j is called Ricci flow [22]. The self-similar solutions to the Ricci flow are the Ricci solitons. A
metric of M is said to be a Ricci soliton [21] if it satisfies

LV1 + 2S + 2λ1 = 0 (2)

for some vector field V and real scalar λ. Here LV denotes the Lie derivative operator along the soliton
vector field V. We denote (1,V, λ) as a Ricci soliton on M. If λ is positive, negative, or zero, then the Ricci
soliton to be expanding, shrinking, or steady, respectively. Particularly, if V is Killing or identically zero,
then the Ricci soliton is trivial and the manifold is Einstein. Also, if the soliton vector V of the Ricci soliton
is the gradient of some smooth function − f , that is, V = −D f , then equation (2) reduces to

Hess f − S − λ1 = 0, (3)

where Hess denotes the Hessian and D is the gradient operator of 1. The metric satisfying equation (3) is
said to be a gradient Ricci soliton. The smooth function f is called the potential function of the gradient
Ricci soliton.

The metric 1 of a (semi-)Riemannian manifold M satisfying the equation

LV1 + 2S + (2λ − r)1 + 2µ1η ⊗ η = 0 (4)

is called an η-Einstein soliton [5]. Here r is the scalar curvature of 1, V is the Einstein soliton vector of
η-Einstein soliton, η is a 1-form and µ1 ∈ R. If we replace the 1-form η with A in (4), then we call η-Einstein
soliton as A-Einstein soliton. If r = constant, then A-Einstein soliton reduces to A-Ricci soliton. Also, if
r = constant and µ1 = 0, then A-Einstein soliton converts into the Ricci soliton. If the Einstein soliton vector
of A-Einstein soliton is the gradient of a smooth function, then A-Einstein soliton becomes the gradient
A-Einstein soliton.

Let M be an n-dimensional (semi)-Riemannian manifold and ξ, ρ ∈ R, ξ , 0. Then the metric 1 of M is
said to be ξ-Einstein soliton [10] if it satisfies the equation

2S + LV1 = 2ξr1 + 2λ1.

The ξ-Einstein soliton is said to be shrinking, steady, or expanding if λ is positive, zero, or negative. If
the soliton vector field of the ξ-Einstein soliton is the gradient of some smooth function f , then ξ-Einstein
soliton reduces to gradient ξ-Einstein soliton and above equation takes the form

S + ∇2 f = ξr1 + λ1, (5)

where ∇2 f = Hess f . The gradient ξ-Einstein soliton is said to be a gradient Schouten soliton if ξ = 1
2(n−1)

and λ is the real constant.
Although most of the works of solitons have been done in Riemannian setting, the Ricci solitons and

gradient Ricci solitons have been considered in the Lorentzian category ([3], [4], [7]).
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In [10], Catino and Mazzieri proved that every complete gradient steady Schouten soliton is trivial,
hence Ricci flat and a complete three-dimensional gradient shrinking Schouten soliton is isometric to a
finite quotient of either S3 or R3 or R × S2 (see, Theorem 1.5 and Theorem 1.6 of [10]). Pina and Menezes
[32] showed that if a gradient Schouten soliton is both complete, conformal to a Euclidean metric, and
rotationally symmetric, then it is isometric to R × Sn−1.

The above studies motivate us to study the properties of perfect fluid spacetimes if the Lorentzian
metrics are Ricci, gradient Ricci, gradient A-Einstein and gradient Schouten solitons. We structure the
present paper as:
Section 2 is devoted to the study of Ricci solitons in a perfect fluid spacetime. The properties of the gradient
Ricci solitons and gradient A-Einstein solitons in a perfect fluid spacetime are presented in Section 3 and
Section 4, respectively. In Section 5, we study the geometrical and physical properties of gradient Schouten
soliton in a perfect fluid spacetime.

2. Ricci soliton in perfect fluid spacetimes

This section deals with the study of Ricci solitons in perfect fluid spacetimes M.
Since 1(ρ, ρ) = −1 and therefore its covariant derivative gives 1(∇Xρ, ρ) = 0 for all X ∈ X(M), where
X(M) denotes the collection of all smooth vector fields of M. Now, (∇YA)(X) = ∇YA(X) − A(∇YX) =
∇Y1(X, ρ) − 1(∇YX, ρ) = 1(X,∇Yρ), ∀ X, Y ∈ X(M). From (1), we get

r = nα − β (6)

and

QX = αX + βA(X)ρ, ∀ X ∈ X(M). (7)

The Einstein’s field equations without cosmological constant assume the form

2S = 2κT + r 1, (8)

whereκ is the gravitational constant and T is the energy momentum tensor. In case of perfect fluid spacetime
T is defined as

T = p1 + (p + µ)A ⊗ A, p + µ , 0, µ > 0 (9)

where p andµ represent the isotropic pressure and energy density of the perfect fluid spacetime, respectively
(see p. 69, [23]).
A Lorentzian manifold, whose Ricci tensor is of the form (1) is often called a perfect fluid spacetime with

β = κ(p + µ), α =
κ(p − µ)

2 − n
, (10)

where equations (8) and (9) are used.
The notion of torse-forming vector field on a Riemannian manifold has been introduced by Yano [40]. A

vector field ν on a (semi-)Riemannian manifold M is said to be a torse-forming vector field if for X ∈ X(M)
it satisfies the equation

∇Xν = φX + l(X)ν,

where φ is scalar and l is a 1-form such that 1(X, ν) = l(X) for all X. For more details we refer [16], [30] and
the references therein.

Now, we prove the following theorem.

Theorem 2.1. A Lorentzian manifold of dimension n ≥ 4 admitting a Ricci soliton, whose soliton field is a unit
timelike torseforming vector field, is a perfect fluid spacetime.
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Proof. Let M be a Lorentzian manifold of dimension n and ν = V is a unit timelike torse-forming vector
field. Then from the above equation we can easily deduce that ∇XV = φ{X + A(X)V}, where φ is a scalar
and A is a 1-form such that 1(X,V) = A(X) for all X. Since (LV1)(X,Y) = 1(∇XV,Y) + 1(X,∇YV), therefore the
last equation with (2) assume the form

S(X,Y) = −(φ + λ)1(X,Y) − φA(X)A(Y),

which implies that the Lorentzian manifold with Ricci soliton is a perfect fluid spacetime. Hence the
statement of Theorem 2.1 is proved.

The Theorem 1.2 together with Theorem 2.1 state the following:

Corollary 2.2. A GRW spacetime admitting Ricci soliton is a perfect fluid spacetime.

Remark 2.3. It may be mentioned that Mantica, Molinari and De [29] proved that a GRW spacetime with div C = 0
is a perfect fluid spacetime, where C denotes the conformal curvature tensor. In Corollary 2.2, we replaced the
curvature condition div C = 0 by Ricci soliton.

Theorem 2.4. A Ricci soliton (1, ρ, λ) in a perfect fluid spacetime is shrinking, expanding, or steady ifα >, <, or = β,
respectively. Also, the integral curves generated by ρ are geodesics.

Proof. From equations (1), (2) and V = ρ, we have

1(∇Xρ,Y) + 1(X,∇Yρ) + 2S(X,Y) + 2λ1(X,Y) = 0. (11)

Setting Y = X = ρ in equation (11), we have

S(ρ, ρ) + λ1(ρ, ρ) = 0,

since 1(∇Xρ, ρ) = 0. Again, from (1) we infer S(ρ, ρ) = −α+β, since 1(ρ, ρ) = A(ρ) = −1. Thus, λ = β−α. This
shows that the Ricci soliton on a perfect fluid spacetime is expanding, shrinking, or steady if β >, <, or = α,
respectively. Again, putting Y = ρ in equation (11), we find

∇ρρ = 2(β − α − λ). (12)

Since λ = β − α, therefore the above equation becomes ∇ρρ = 0. This reflects that the integral curves
generated by the unit timelike vector field are geodesics.

Remark 2.5. It is observed that α and β defined in (1) are smooth functions, but α − β is a constant.

Next, we prove the following corollaries.

Corollary 2.6. Let an n-dimensional perfect fluid spacetime with n ≥ 4 admit a Ricci soliton (1, ρ, λ). Then the soliton
(1, ρ, λ) is shrinking, expanding, or steady if the equation of state of the perfect fluid spacetime is (n − 1)p + (n − 3)µ
< 0, > 0, or = 0, respectively.

Proof. Let an n (≥ 4)-dimensional perfect fluid spacetime M admit a Ricci soliton (1, ρ, λ). From Theorem 2.4
and equation (10), we conclude that the soliton (1, ρ, λ) to be steady, shrinking or expanding if the equation
of state of the perfect fluid spacetime is governed by (n− 1)p + (n− 3)µ = 0, < 0 or > 0 , respectively, where
µ > 0 and p + µ , 0 (p. 69, [23]).

Remark 2.7. For n = 4, if the soliton (1, ρ, λ) is
(i) shrinking, then the equation of state w =

p
µ < −

1
3 is required for acceleration of cosmic inflation. More generally,

the expansion of the universe is accelerating for any equation of state w < − 1
3 ([9], [24]).

(ii) expanding, then the equation of state w =
p
µ > −

1
3 > −1 describes the scienrio of non-phantom dark energy.

(iii) steady, then the equation of state w =
p
µ = − 1

3 , which shows the limiting case of dark energy and the limiting case
of violating the strong energy condition in the context of perfect fluid spacetimeun.
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Corollary 2.8. Let a perfect fluid spacetime M admit a steady Ricci soliton (1, ρ, λ). Then the velocity vector field ρ
of M is Ricci inheritance vector if and only if it is Killing. Additionally, if α is a non-zero constant then ρ is Ricci
collineation if and only if ρ is Killing.

Proof. Let the perfect fluid spacetimes confess a steady Ricci soliton. Then from Theorem 2.4, we find
λ = 0 =⇒ α = β , 0. Using this relation in (1) and then taking the Lie derivative of the obtained equation
along the velocity vector field ρ, we have

(LρS)(X,Y) = ρ(α){1(X,Y) + A(X)A(Y)}
+α{(Lρ1)(X,Y) + (LρA)(X)A(Y) + (LρA)(Y)A(X)} (13)

for all X,Y ∈ X(M). Again, the Lie derivative of A(X) = 1(X, ρ) along ρ gives

(LρA)(X) = (Lρ1)(X, ρ) + 1(X,Lρρ). (14)

In consequence of equations (1), (12), (14), (Lρ1)(X, ρ) = 1(∇Xρ, ρ) + 1(X,∇ρρ) and 1(∇Xρ, ρ) = 0, equation
(13) assumes the form

LρS =
ρ(α)
α

S + αLρ1.

A vector field U on a perfect fluid spacetime is said to be a Ricci inheritance vector (briefly, RIV) ([19], p.
161) if it satisfies the relation LUS = 2aS, where a is some smooth function on M. A RIV reduces to Ricci
collineation (briefly, RC) if a = 0, otherwise it is called a proper RIV. Hence the proof.

3. Gradient Ricci soliton in a perfect fluid spacetime

Theorem 3.1. Let the perfect fluid spacetimes admit a gradient Ricci soliton and its velocity vector field ρ is Killing.
Then the state equation of the perfect fluid spacetime is governed by either
(i) p = 3−n

n−1µ and the soliton is steady, or
(ii) p = −µ + constant or the gradient Ricci soliton is trivial.

Proof. Let us suppose that the soliton vector field V of the Ricci soliton (1,V, λ) in an n-dimensional perfect
fluid spacetime M is a gradient of some smooth function − f . Then equation (2) takes the form

∇XD f = QX + λX (15)

for all X ∈ X(M). The equation (15) along with the relation

R(X,Y)D f = ∇X∇YD f − ∇Y∇XD f − ∇[X,Y]D f (16)

give

R(X,Y)D f = (∇XQ)(Y) − (∇YQ)(X). (17)

The covariant derivative of (7) gives

(∇XQ)(Y) = X(α)Y + X(β)A(Y)ρ + β(∇XA)(Y)ρ + βA(Y)∇Xρ. (18)

In view of equations (17) and (18), we lead

R(X,Y)D f = X(α)Y − Y(α)X + {X(β)A(Y) − Y(β)A(X)
+β(∇XA)(Y) − β(∇YA)(X)}ρ + β{A(Y)∇Xρ − A(X)∇Yρ}. (19)

Taking a set of orthonormal frame field and contracting equation (19) along the vector field X, we have

S(Y,D f ) = (1 − n)Y(α) + Y(β) + ρ(β)A(Y) + β[(∇ρA)(Y) − (∇YA)(ρ) + A(Y) divρ]. (20)
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Again, from (1) we have

S(Y,D f ) = αY( f ) + βA(Y)ρ( f ). (21)

Setting Y = ρ in equations (20) and (21) and then equating the values of S(ρ,D f ), we find

(α − β)ρ( f ) = (1 − n)ρ(α) − β divρ. (22)

Suppose that the velocity vector field ρ of the perfect fluid spacetime is Killing, that is, Lρ1 = 0. Then we
get divρ = 0, Lρp = 0 and Lρµ = 0 (see [19], p. 89). Thus, from equations (10) and (22) we get

(α − β)ρ( f ) = 0, (23)

which shows that either α = β or ρ( f ) = 0 on a perfect fluid spacetime with the gradient Ricci soliton. Now,
we divide our study into two cases as:
Case I. We suppose that α = β and ρ( f ) , 0 and therefore from equation (10), we conclude that

p =
3 − n
n − 1

µ.

This gives the equation of state in a perfect fluid spacetime. If n = 4, then the equation of state is µ+ 3p = 0,
which implies that it is the limiting case of dark energy and limiting case of violating the strong energy
condition in the context of perfect fluid spacetimes. Also, λ = β−α = 0 and hence the gradient Ricci soliton
is steady.
Case II. We consider that ρ( f ) = 0 and α , β. The covariant derivative of 1(ρ,D f ) = 0 along the vector field
X gives

1(∇Xρ,D f ) = −[λ + (α − β)]A(X), (24)

where equations (7) and (15) are used. Since the velocity vector field ρ is Killing in a perfect fluid spacetime,
that is, 1(∇Xρ,Y) + 1(X,∇Yρ) = 0. Setting Y = ρ in this equation, we find that 1(X,∇ρρ) = 0 because
1(∇Xρ, ρ) = 0. Thus, we conclude that ∇ρρ = 0. Changing X with ρ in equation (24) and using the last
equation, we infer that

λ = β − α. (25)

This reflects that the gradient Ricci soliton in a perfect fluid spacetime is shrinking or expanding if β < α or
β > α, respectively. Next, the equations (20) and (21) together with the hypothesis take the form

S(Y,D f ) = αY( f ) (26)

and

S(Y,D f ) = (1 − n)Y(α) + Y(β). (27)

In view of (25)-(27), we conclude

αY( f ) + (n − 2)Y(α) = 0⇐⇒ αD f + (n − 2)Dα = 0. (28)

Considering a set of orthonormal frame field and contracting equation (17) along the vector field X and
using the fact that trace{Y −→ (∇YQ)X} = 1

2∇Xr, we lead

S(Y,D f ) = −
1
2

Y(r) = αY( f ), (29)

where equation (26) has been used. Again from equations (6) and (25), we infer that

Y(r) = (n − 1)Y(α). (30)
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In consequence of equations (28)-(30), we conclude that

(n − 3)Y(α) = 0. (31)

Since the dimension of the perfect fluid spacetime is greater than or equal to four, therefore equation (31)
shows that α = constant. Consequently, β = constant and the scalar curvature of the perfect fluid spacetime
is constant. Now, using equation (31) in (28) we have

αY( f ) = 0,

which implies that either α = 0 or Y( f ) = 0 =⇒ f = constant. If α = 0 and f is a non-zero non-constant
function on a perfect fluid spacetime, then from equation (1) we have

S = −rA ⊗ A, (32)

where r = −β = constant , 0 (see equation (6)). From equations (10) and (32), we observe that the state
equation of the perfect fluid spacetime is given by p = −µ + constant. Next, we consider that α , 0 and
D f = 0 and therefore f = constant. Thus, the gradient Ricci soliton on a perfect fluid spacetime is trivial.

Corollary 3.2. Suppose the perfect fluid spacetime M admits a gradient Ricci soliton with α , β. If the velocity
vector field of M is Killing, then M possesses the constant scalar curvature.

Proof. Follows from the above theorem.

Corollary 3.3. Let the metric of a perfect fluid spacetime M is a non-trivial gradient Ricci soliton. If the velocity
vector field ρ of M is Killing and α , β, then M possesses the cyclic parallel Ricci tensor.

Proof. Let the perfect fluid spacetimes admit a non-trivial gradient Ricci soliton. Also, we suppose that the
smooth functions α and β defined in (1) are not equal, that is, α , β. Then from equations (1) and (23), we
can easily derive equation (32). Taking covariant derivative of equation (32), we have

(∇XS)(Y,Z) = β[(∇XA)(Y)A(Z) + A(Y)(∇XA)(Z)], (33)

since β is constant. The cyclic sum of (33) for vector fields X, Y and Z gives

(∇XS)(Y,Z) + (∇YS)(Z,X) + (∇ZS)(X,Y) = β{A(X)[(∇YA)(Z)
+(∇ZA)(Y)] + A(Y)[(∇XA)(Z) + (∇ZA)(X)]
+A(Z)[(∇XA)(Y) + (∇YA)(X)]}. (34)

Since the velocity vector field ρ of the perfect fluid spacetime is Killing. Then we have

1(∇Xρ,Y) + 1(X,∇Yρ) = 0

for arbitrary vector fields X and Y. Since (∇XA)(Y) = 1(Y,∇Xρ), therefore the above equation takes the form

(∇XA)(Y) + (∇YA)(X) = 0. (35)

By considering equations (34) and (35), we lead to

(∇XS)(Y,Z) + (∇YS)(Z,X) + (∇ZS)(X,Y) = 0.

This shows that the Ricci tensor of the perfect fluid spacetime is cyclic parallel. Thus, we get the corollary.

Corollary 3.4. If a perfect fluid spacetime admitting a non-trivial gradient Ricci soliton and a Killing vector field ρ,
then it possesses the cyclic parallel energy momentum tensor.
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Proof. It is well-known that a cyclic parallel Ricci tensor possesses the constant scalar curvature and therefore
the above equation together with equation (8) reflect that

(∇XT)(Y,Z) + (∇YT)(Z,X) + (∇ZT)(X,Y) = 0.

This shows that the energy momentum tensor of the perfect fluid spacetime is cyclic parallel. For more
details about the energy momentum tensor, we cite [25] and the references therein. Thus, we get the
result.

Theorem 3.5. If the velocity vector field of a perfect fluid spacetime is Killing, then it is parallel, provided α ≥ β.

Proof. In [39], Watanabe proved that for a vector field X in M∫
M

[S(X,X) − |∇X|2 − (divX)2]dV ≤ 0.

The equality holds if and only if X is a Killing vector field. For a Killing vector field X we have divX = 0
and therefore the above equation becomes∫

M
[S(X,X) − |∇X|2]dV = 0.

Let X = ρ be a Killing vector field, then from the above equation we have∫
M

[S(ρ, ρ) − |∇ρ|2]dV = 0,

which gives∫
M

[β − α − |∇ρ|2]dV = 0, (36)

where equation (1) is used. It is well known that if the Ricci tensor S(X,X) ≤ 0, then a Killing vector field X
in M has vanishing covariant derivative [8]. This result together with equation (36) completes the proof.

Since the velocity vector field ρ of the perfect fluid spacetime is Killing, therefore from equation (1) we have

(∇ZS)(X,Y) = Z(α)1(X,Y) + Z(β)A(X)A(Y)
+β{(∇ZA)(X)A(Y) + (∇ZA)(Y)A(X)},

which gives

(∇ZS)(X,Y) + (∇XS)(Y,Z) + (∇YS)(Z,X) = Z(α)1(X,Y) + X(α)1(Y,Z)
+Y(α)1(Z,X) + Z(β)A(X)A(Y) + X(β)A(Z)A(Y) + Y(β)A(X)A(Z)
+β[A(Z){(∇XA)(Y) + (∇YA)(X)} + A(Y){(∇XA)(Z)
+(∇ZA)(X)} + A(X){(∇ZA)(Y) + (∇YA)(Z)}].

In view of (35), the above equation assumes the following form

(∇ZS)(X,Y) + (∇XS)(Y,Z) + (∇YS)(Z,X) = Z(α)1(X,Y) + X(α)1(Y,Z)
+Y(α)1(Z,X) + Z(β)A(X)A(Y) + X(β)A(Z)A(Y) + Y(β)A(X)A(Z),

which implies that the Ricci tensor is conformal Killing [33], provided β is constant. In [28], Mantica
and Molinari proved that a perfect fluid spacetime with conformal Killing Ricci tensor is governed by the
following equation of state,

p = −µ
n + 1
n − 1

+ constant.

The equation of state with constant = 0 violates the weak energy condition | pµ | ≤ 1. In n = 4, the equation

of state is p = − 5
3µ. The matter with p

µ ≤ −1 is named as ”photon energy”.



U. C. De et al. / Filomat 36:3 (2022), 829–842 837

Corollary 3.6. If the velocity vector field ρ of a perfect fluid spacetime M is Killing, then the equation of state is
governed by p = −µ n+1

n−1 + constant, provided β is constant. Also, if the constant is zero and dim M = 4, then matter
is named as photon energy.

4. Gradient A-Einstein soliton in perfect fluid spacetimes

Proposition 4.1. Let a perfect fluid spacetime M admit a gradient A-Einstein soliton and the velocity vector field of
M is Killing. Then M possesses the constant isotropic pressure.

Proof. This section is concerned with the study of perfect fluid spacetimes with a gradient A-Einstein metric.
Throughout this section, we suppose that the Einstein potential function f satisfies ρ( f ) , 0. Let us put
V = D f in equation (4), we have

Hess f + S + (λ −
r
2

)1 + µ1A ⊗ A = 0,

which gives

∇XD f = −QX −
(
λ −

r
2

)
X − µ1A(X)ρ (37)

for all X ∈ X(M). The covariant derivative of (37) together with (16) give

R(X,Y)D f = (∇YQ)(X) − (∇XQ)(Y) +
1
2
{X(r)Y − Y(r)X}

−µ1{(∇XA)(Y)ρ − (∇YA)(X)ρ + A(Y)∇Xρ − A(X)∇Yρ}. (38)

Taking an orthonormal frame field on a perfect fluid and contracting equation (38) for X, we infer

S(Y,D f ) = −
n − 2

2
Y(r) − µ1[(∇ρA)(Y) + A(Y)divρ], (39)

where Y(r)
2 = (div Q)(Y) = trace{X −→ (∇XQ)(Y)}. Again, in view of equation (18), equation (38) assumes the

form

R(X,Y)D f = −X(α)Y − X(β)A(Y)ρ − β(∇XA)(Y)ρ
−βA(Y)∇Xρ + Y(α)X + Y(β)A(X)ρ + β(∇YA)(X)ρ

+βA(X)∇Yρ +
X(r)

2
Y −

Y(r)
2

X

−µ1[(∇XA)(Y)ρ − (∇YA)(X)ρ + A(Y)∇Xρ − A(X)∇Yρ]. (40)

Considering an orthonormal frame field and contracting equation (40) for X, we lead

S(Y,D f ) = (n − 1)Y(α) − Y(β) − ρ(β)A(Y) −
(n − 1)

2
Y(r)

−(β + µ1)[(∇ρA)(Y) + A(Y)divρ]. (41)

In consequence of equations (39) and (41), we find

1
2

Y(r) = (n − 1)Y(α) − Y(β) − ρ(β)A(Y) − β[(∇ρA)(Y) + A(Y)divρ]. (42)

If possible, we suppose that the velocity vector field ρ is Killing on a perfect fluid spacetime. Then, we have
ρ(p) = 0, ρ(µ) = 0 and divρ = 0, which implies that ∇ρρ = 0, andρ(α) = ρ(β) = 0. Thus, the equation (42)
becomes

2(n − 1)Y(α) − 2Y(β) = Y(r). (43)
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From equation (18), we have

(∇XQ)(Y) − (∇YQ)(X) = X(α)Y + X(β)A(Y)ρ + β(∇XA)(Y)ρ
+βA(Y)∇Xρ − Y(α)X − Y(β)A(X)ρ − β(∇YA)(X)ρ − βA(X)∇Yρ.

Considering an orthonormal frame field and contracting the above equation for X, we lead

Y(r) = 2Y(α), (44)

where equation (6) and Y(r)
2 = (div Q)(Y) = trace{X −→ (∇XQ)(Y)} have been used. By considering equations

(43) and (44), we conclude that

(n − 2)Y(α) − Y(β) = 0 =⇒ (n − 2)α − β = constant, (45)

which gives
p = contant,

where equation (10) has been used. This shows that the isotropic pressure of the perfect fluid spacetime
under assumption is constant.

Proposition 4.2. Every gradient A-Einstein soliton on a perfect fluid spacetime is a gradient A-Ricci soliton, provided
the velocity vector field of the perfect fluid spacetime is Killing and ρ( f ) , 0.

Proof. Again, from equation (1) we get

S(Y,D f ) = α1(Y,D f ) + βA(Y)ρ( f ). (46)

In view of equations (43) and (44), equation (41) takes the form

S(Y,D f ) = −Y(β)

and therefore the above equation together with equation (46) infer that

αY( f ) + βA(Y)ρ( f ) + Y(β) = 0 =⇒ (α − β)ρ( f ) = 0. (47)

Since ρ( f ) , 0 (by hypothesis), therefore from equation (47) we conclude that α = β. This relation along
with equations (6) and (45) show that r, α and β are constants. Since r = constant, therefore the gradient
A-Einstein soliton becomes a gradient A-Ricci soliton. Hence,the theorem

Theorem 4.3. Every perfect fluid spacetime admitting a gradient A-Einstein soliton is a GRW spacetime, provided
the velocity vector field ρ of the perfect fluid spacetime is Killing and ρ( f ) , 0.

Proof. Thus, equation (47) together with Proposition 4.2 assume the form

D f = −ρ( f )ρ.

Taking covariant derivative of the above equation and then making use of (37), we lead

QX +
(
λ −

r
2

)
X + µ1A(X)ρ = X(ρ( f ))ρ + ρ( f )∇Xρ. (48)

Taking the inner product of equation (48) with the velocity vector field of the perfect fluid spacetime, we
have (

λ −
r
2

)
A(X) − µ1A(X) = −X(ρ( f )), (49)

where equation (7) and hypothesis that α = β are used. Using the last equation and (7) in equation (48), we
find

∇Xρ = ϕ[X + A(X)ρ],

whereϕ = 1
ρ( f )

(
α + λ − r

2

)
. The last equation together with Theorem 1.2 state that the perfect fluid spacetime

under consideration is a GRW spacetime.
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Suppose that the perfect fluid spacetime admits a gradient A-Einstein soliton. Also, the velocity vector field
ρ is Killing and ρ( f ) , 0, then equation (49) is satisfied. Hence we can state the following:

Corollary 4.4. Let the perfect fluid spacetimes admit a gradient A-Einstein soliton. If the velocity vector field ρ of
the perfect fluid spacetime is Killing and ρ( f ) , 0, then the gradient of the Einstein potential function is pointwise
collinear with the velocity vector field ρ.

Now replacing X with ρ in equation (49), we find

λ −
r
2
− µ1 = ρ(ρ( f )).

Let us take ρ = ∂
∂t , then the above equation becomes

∂2 f
∂t2 = ψ, (50)

where ψ = λ − r
2 − µ1 = constant. Thus we have

Corollary 4.5. Let the metric of a perfect fluid spacetime M be a gradient A-Einstein soliton. If the velocity vector
field ρ of M is Killing and ρ( f ) , 0, then M satisfies the partial differential equation (50).

5. Gradient Schouten soliton on perfect fluid spacetimes

Theorem 5.1. If the Lorentzian metric of a perfect fluid spacetime M is a gradient Schouten soliton, then either
(i) the gradient of the Schouten potential function is pointwise collinear with the velocity vector field of M, or
(ii) the soliton is trivial or M is Ricci simple.

Proof. We discuss the properties of the gradient Schouten soliton on a perfect fluid spacetime M in this
section.

From equation (5) we have

∇XD f = −QX +

(
r

2(n − 1)
+ λ

)
X (51)

for all vector field X on M. In consequence of equations (51) and (16), we find

R(X,Y)D f = (∇YQ)(X) − (∇XQ)(Y) +
1

2(n − 1)
[X(r)Y − Y(r)X]. (52)

Taking an orthonormal frame field and contracting equation (52) along the vector field X, we lead

S(Y,D f ) = 0. (53)

With the help of equation (18), equation (52) takes the form

R(X,Y)D f = Y(α)X + Y(β)A(X)ρ + β(∇YA)(X)ρ + βA(X)∇Yρ

−X(α)Y − X(β)A(Y)ρ − β(∇XA)(Y)ρ − βA(Y)∇Xρ

+
1

2(n − 1)
[X(r)Y − Y(r)X]. (54)

Considering an orthonormal frame field and contracting equation (54) along the vector field X, we infer

S(Y,D f ) = (n − 1)Y(α) − Y(β) − ρ(β)A(Y) − β(∇ρA)(Y) −
1
2

Y(r) − βA(Y)divρ.
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The above equation along with equations (6) and (53) assumes the form

−
1
2

Y(r) = −Y(α) − ρ(β)A(Y) − β(∇ρA)(Y) − βA(Y)divρ. (55)

Setting Y = ρ in equation (55) we lead

(n − 2)ρ(α) + ρ(β) + 2βdivρ = 0, (56)

where equation (6) is used. Again, from equation (1) we have

S(Y,D f ) = αY( f ) + βA(Y)ρ( f ). (57)

In view of equations (53) and (57), we infer

αY( f ) = −βA(Y)ρ( f ). (58)

Replacing Y with ρ in equation (58) we get (α − β)ρ( f ) = 0, which shows that either α = β or ρ( f ) = 0. If
possible, we suppose that α = β , 0 and ρ( f ) , 0, then equation (58) gives

Y( f ) = −A(Y)ρ( f )⇐⇒ D f = −ρ( f )ρ. (59)

This confesses that the gradient of Schouten potential function is pointwise collinear with the velocity vector
field of the perfect fluid spacetime. Next, we consider that α , β and ρ( f ) = 0 and therefore equation (58)
infers that either α = 0 =⇒ S = βA ⊗ A or Y( f ) = 0 =⇒ f = constant. A semi-Riemannian manifold M is
said to be Ricci simple [18] if its non-vanishing Ricci tensor S satisfies the equation S = βA ⊗ A. From the
expression S = βA ⊗ A, it is obvious that β = −r.

Remark 5.2. The geometrical and physical interpretations of the expression S = −rA⊗A are given in [26]. Actually,
the relation S = −rA ⊗A, 1(ρ, ρ) = −1, A(X) = 1(X, ρ) for any vector field X represents the stiff matter fluid ([38],
p. 601) and the mass-less scalar field spacetimes with timelike gradient ∇ jψ. It is also proved that if S = −rA ⊗ A
and quasi-conformal curvature tensor is harmonic on a Lorentzian manifold M of dimension n > 3, then M is a GRW
spacetime [17].

Theorem 5.3. Let the perfect fluid spacetimes admit a gradient Schouten soliton with ρ( f ) , 0, then it satisfies the
differential equations (63) and (64). Also, the soliton is shrinking, steady, or expanding as α >

=
<

ρ(α)ρ( f )
α , respectively.

Proof. Let us assume that the potential Schouten function on a perfect fluid spacetime satisfies ρ( f ) , 0,
then from Theorem 5.1 it is clear that the equation (59) is satisfied. Taking covariant derivative of (59) along
the vector field X, we find

QX −
(

r
2(n − 1)

+ λ

)
X = X(ρ( f ))ρ + ρ( f )∇Xρ, (60)

where equation (51) is used. The inner product of equation (60) with ρ reflects that(
r

2(n − 1)
+ λ

)
A(X) = X(ρ( f )), (61)

which gives

ρ(ρ( f )) = −
(
λ +

α
2

)
, (62)

where equations (1), (6) and our hypothesis (α = β) have been used. Since ρ( f ) , 0, therefore equation (59)
shows |D f | , 0. Let ρ = ∂

∂t , then equation (62) becomes

∂2 f
∂t2 = −

(
λ +

α
2

)
. (63)
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This reflects that the non-trivial gradient Schouten soliton on a perfect fluid spacetime satisfies the second
order partial differential equation (63). From equation (56) we have

(n − 1)ρ(α) + 2α divρ = 0. (64)

Again, considering an orthonormal frame field and contracting equation (60) along the vector field X, we
conclude that

λ =
1
2

[
α −

ρ(α)ρ( f )
α

]
,

where equation (6) is used. Thus, the gradient Schouten soliton on a perfect fluid spacetime is shrinking,
steady, or expanding accordingly as α >

=
<

ρ(α)ρ( f )
α , respectively.

Theorem 5.4. Let the metric of a perfect fluid spacetime M is a gradient Schouten soliton. Then M is a GRW
spacetime, provided λ , α

2 and ρ( f ) , 0. Also, if 2λ − α = 0 then the velocity vector field of M is parallel and the
gradient Schouten soliton is shrinking.

Proof. Equations (1), (6), (60) and (61) together with our hypothesis that ρ( f ) , 0 give

∇Xρ =
1
ρ( f )

[
λ −

α
2

]
{X + A(X)ρ}, (65)

provided 2λ − α , 0. Thus, the above equation together with Theorem 1.2 tell us that the perfect fluid
spacetime under consideration is a GRW-spacetime. Next, we suppose 2λ − α = 0, then from (65) it is
obvious that the velocity vector field of the perfect fluid is parallel and λ = κ

(n−1)(n−2)µ > 0, where equation
(10) is used. This infers that the gradient Schouten soliton on a perfect fluid spacetime is shrinking.

Let us suppose that the perfect fluid spacetimes admit a gradient Schouten soliton with ρ( f ) , 0, and
2λ − α = 0. Thus, from equation (65), we have ∇ρ = 0 =⇒ (Lρ1)(X,Y) = 1(X,∇Yρ) + 1(X,∇Yρ) = 0. This
shows that the perfect fluid spacetime, under consideration, is Killing. Duggal and Sharma listed in their
book that if the velocity vector field ρ of the perfect fluid spacetime is Killing, then divρ = 0, Lρp = 0 and
Lρµ = 0 (see [19], p. 89). This shows that p and µ are invariant along ρ. Now, we conclude our results in
the following:

Corollary 5.5. If a perfect fluid spacetime M admits a gradient Schouten soliton with ρ( f ) , 0 and 2λ−α = 0, then
the isotropic pressure and energy density of M are invariant along the velocity vector field of M.

Let us consider that the perfect fluid spacetimes admit a gradient Schouten soliton and ρ( f ) , 0, then
equations (58) and (65) infer that α = β , 0 and

∇Xρ = σ{X + A(X)ρ}, (66)

where σ = 1
ρ( f )

[
λ − α

2

]
, 0. The Lie derivative of (1) along the velocity vector field ρ together with hypothesis

α = β give

(LρS)(X,Y) = ρ(α)[1(X,Y) + A(X)A(Y)] + α{(Lρ1)(X,Y)
+(LρA)(X)A(Y) + (LρA)(Y)A(X)} (67)

for all vector fields X and Y. Again, the Lie derivative of A(X) = 1(X, ρ) along ρ gives (LρA)(X) =
(Lρ1)(X, ρ) + 1(X,Lρρ). Making use of this fact, (LZ1)(X,Y) = 1(∇XZ,Y) + 1(X,∇YZ) and equation (66) in
equation (67), we obtain

LρS = 2σ1S,

where σ1 =
ρ(α)+2σα

2α . Thus we can state the following:

Corollary 5.6. Let a perfect fluid spacetime admit a gradient Schouten soliton with ρ( f ) , 0, then the velocity vector
field of the perfect fluid spacetime is RIV. In particular, the velocity vector field of the perfect fluid spacetime is RC if
ρ(α) + 2σα = 0.
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