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On Sublinear Quasi-Metrics and Neighborhoods in Locally Convex
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Abstract. We consider the topological structure of the sublinear quasi-metrics in locally convex cones and
define the notion of a locally convex quasi-metric cone. The presence of upper bounded neighborhoods,
gives necessary and sufficient conditions for the quasi-metrizability of locally convex cones. In particular,

we investigate the boundedness and separatedness of locally convex quasi-metric cones and characterize
the metrizability of locally convex cones.

1. Introduction

The theory of locally convex cones carries a certain topological structure which generalizes the concept
of (ordered) topological vector spaces. In the similar way that the topology of a locally convex space is
defined by a family of seminorms, a locally convex topological structure on a cone can also be defined
through a family of sublinear quasi-metrics [1, Ch I, 5.6]. In this paper, we define the unit neighborhood of
a sublinear quasi-metric which leads to the notion of a locally convex quasi-metric cone topology. Then we
investigate the sublinear quasi-metrics induced by neighborhoods and discuss the quasi-metrizable locally
convex cones. Also, we study the boundedness and separatedness of locally convex quasi-metric cones
and present necessary and sufficient conditions for (quasi) metrizability of locally convex cones.

An ordered cone is a set P endowed with an addition (4, b) — a+b and a scalar multiplication (A, a) — Aa
for real numbers A > 0. The addition is supposed to be associative and commutative, there is a neutral
element 0 € $, and for the scalar multiplication the usual associative and distributive properties hold, that
is, A(ua) = (Ap)a, A+ pwa =Aa+pua, Ma+b)=Aa+Ab, la=a, 0a =0foralla,be Pand A,u > 0. In
addition, the cone P carries a (partial) order, i.e., a reflexive transitive relation < that is compatible with the
algebraic operations, thatisa < bimpliesa+c <b+cand Aa < Abforalla,b,c € P and A > 0. For example,
the extended scalar field R = R U {+0co} of real numbers is a preordered cone. We consider the usual order
and algebraic operations in R; in particular, A + co = +oo for all A € R, A- (+00) = 400 for all A > 0 and
0 (+0c0) = 0. In any cone P, equality is obviously such an order, hence all results about ordered cones apply
to cones without order structures as well.

Let (P, <) be an ordered cone. An abstract neighborhood system in P is a subset V of positive elements
that is directed downward, closed for addition and multiplication by (strictly) positive scalars. If the all
elements of P are bounded below, i.e., for everya € P and v € V wehave 0 < a+Av for some A > 0, then (P, V)
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is called a full locally convex cone. The elements v of V define upper (lower) neighborhoods for the elements
of Pby v(a) = {b € P :b < a+ v} (respectively, (a)v = {b € P : a < b+ v}), creating the upper, respectively
lower topologies on P. Their common refinement is called the symmetric topology. Finally, a locally convex
cone (P, V) is a subcone of a full locally convex cone, not necessarily containing the abstract neighborhood
system V. Endowed with the neighborhood system V = {e € R : € > 0}, R is a full locally convex cone.

A collection U of convex sets of U C $? is called a convex quasi-uniform structure, if the following
conditions hold:

(Uy) acUforallUeU, A ={(a,a):aeP}.

(Up) Forall U,V € U thereis W e Usuchthat WC U N V.

(Us) AUopl € (A+p)U forall A,u > 0and U € U, where AU o uU = {(a,b) € P* : Ic € P with (a,¢) €
AU and (c,b) € plU}.

(Uy) AUeUforallUeUandA > 0.

If (P, V) is a locally convex cone, then the collection of all sets v C P?, where v = {(a,b) : a < b+ v} for
all v € V, defines a convex quasi-uniform structure on £. On the other hand, if a convex quasi-uniform
structure on a cone P has the extra property
(Us) foralla € P and U € U, there is some A > 0 such that (0,a) € AU,

then it leads to a full locally convex cone, including # as a subcone and induces the same convex quasi-
uniform structure [1, Ch I, 5.2].

2. Sublinear quasi-metrics, neighborhoods and quasi-metrizablity

Let P be a cone, P? = P X P be the product cone with the pointwise addition and scalar multiplication
with non-negative scalars A > 0 and R, := [0, +]. According to [1, Ch I, 5.6], the function d : P2 5 R, is
called a sublinear quasi-metric, if it satisfies:

(M;) d(a,a) =0 foralla e P.

(My) d(a,b) <d(a,c) +d(c,b) forall a,b,ceP.

(M3) d((a,b) + (a’, V")) <d(a,b) +d(a’,b’) forall a,b,a’,b €P.
(My) d(A(a, b)) = Ad(a,b) forall a,be®P and A > 0.

A family of sublinear quasi-metrics (d;);cr on P is called directed, if for every i, j € 1, there are k € 7 and
A > 0 such that max{d;(a, b),d;(a, b)} < Ady(a,b) forall a,be P.

Definition 2.1. Let ’ be a cone and (d;);cr a directed family of sublinear quasi-metrics on % satisfying;:
(Ms) di(0,a) < +oo forallae Pandie 1.
If for every finite subset F of 7 and A > 0, we put

Uar = {(a,b) € P2 : di(a,b) < 1/A forall i € F)

and Uy = {Ujr : A > 0 and F C 7 is finite}, then Uy forms a convex quasi-uniform structure on £ with
condition (Us) (cf. [1, Ch I, Proposition 5.7]).

For every finite set F C 7 and A > 0, we seta < b+ v,r for elements 4, b € P if and only if (a,b) € U,r and
put Vr:={var: A >0 and F C I is finite}. Then according to [1, Ch I, 5.4], there exists a full cone P & V,
with abstract neighborhood system V; = {0} @ V;, whose neighborhoods yield the same quasi-uniform
structure on P. The elements of V' form a basis for V in the following sense: For everya,b € £ and A > 0,
a < b+ v)r implies that a < b @ v,r. The locally convex cone topology on ¥ induced by V; is called the
locally convex cone generated by (d;)icr and denoted by (P, Vr). In particular, let d be a sublinear quasi-metric
on P satisfying (Ms). If we define the unit neighborhood v; for alla, b € £ on P by

a<b+v; ifandonlyif d(a,b)<1

and put V; = {vyg : A > 0}, then V,; induces a locally convex cone topology on  which is called the locally
convex quasi-metric cone generated by d and denoted by (P, Vy) (cf. [4, Definition 2.1]).
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We say that a locally convex cone (P,V) is quasi-metrizable if there is a sublinear quasi-metric on #
satisfying (Ms) such that (P, V) is equivalent to the locally convex quasi-metric cone (P, V).

Remark 2.2. Suppose (E,p) is a semi-normed space with unit ball B and let Conv(E) be the cone of all
non-empty convex subsets of E with the usual addition and scalar multiplication of sets. If we define the

function D : Conv(E)?> — R, for all A, B € Conv(E) by
D(A,B) = inf{l > 0: A C B + ABg),

then clearly D satisfies (M1)-(M4). We note that D(A, B) := +oo0, whenever {A > 0: A C B+ ABg} = 0.

For every A € Conv(E), there is A > 0 such that ABE N A # 0 so {0} C A + ABg, i.e., D satisfies (Ms).
Thus (Conv(E), Vp) is a locally convex quasi-metric cone, where Vp = {v,p : A > 0}. Via the embedding
x = {x} : E — Conv(E), we may consider E as a subcone of Conv(E) hence (E, Vp) is also a locally convex
quasi-metric cone. We note that D({a}, {b}) = p(a — b) for all a,b € E, consequently a < b + vp if and only if
p(a — b) <1 so the lower, upper and symmetric topologies of (E, Vp) are identical to the given topology of
(E,p) (cf. [9,2.1 (0)]).

Example 2.3. Let Conv(R) be the cone of all non-empty convex subsets of R with the usual addition and
scalar multiplication of sets by non-negative scalars A > 0. We define the function D : Cono(R)? — R for
all A, B € Conv(R) by
D(A,B) =inf{A >0: A c| B+ ABR},

where | B={a € R:a < b forsomeb € B}. Since A c| A+ ABg for all A > 0 and A € Conv(R), we have
D(A,A) = 0, i.e., (M;) holds. Let A,B,C € Conv(R). If D(A,B) = +c0 or D(B,C) = +co, then clearly (My)
holds. If D(A,B) = A and D(B,C) = u for some A, > 0, then A c| B + ABr and B c| C + uBr which
yields A c| C+ (A + u)Bg, i.e., D(A, C) < D(A, B) + D(B, C). The condition (M3) is similar to (M;) and (M)
is trivial. For every A € Conv(R), there is A > 0 such that 0 €| A + ABg so D({0}, A) < +, i.e., (Ms) is also

satisfied for D. Thus (Conv(R), Vp) is a locally convex quasi-metric cone. In particular, (Conv(R), Vp) and
(Conv(R,), Vp) are locally convex quasi metric cones.

We may consider R as a subcone of Conv(R) so (R, V) is also a locally convex quasi-metric cone, where
the sublinear quasi-metric d : ﬁz — R, forall (x, y) € ﬁz is given by d(x, y) = D({x}, {y}), i.e.,

p 3 max {x — y,0}, if  y#+oo,
(xy) = 0, if  y=+4oo.

In particular, (R, V;) and (R, V) are locally convex quasi-metric cones.

If (P, V) is a locally convex cone then V, = {Av : A > 0} is a neighborhood system on # for all v € V,
and (P, V,) is again a locally convex cone [8, p. 13].

Proposition 2.4. If (P, V) is a locally convex cone and v € V, then
(a) the function d, : P> — R, defined by
dy(a,b) =inff]A >0:a < b+ Av} forall (a,b)e P2

is a sublinear quasi-metric on P satisfying (Ms),
(b) (P, V) is quasi-metrizable.

Proof. (a)Sincea < a+Avforalla € £ and A > 0, we haved,(a,a) = 0,i.e., (M;) holds. For (M»), leta, b,c € P.
If dy(a,c) = 400 or dy(c,b) = +oo then clearly (M») holds. If dy(a,c) = A and dy(c,b) = u for some A, u > 0,
thena < c+ Av,c < b+ puv,soa < b+ (A+ p)v, hence dy(a,b) < dy(a,c) + dy(c,b). In a similar way, we can
verify (M3) and the condition (My) is clear. Thus d, is a sublinear quasi-metric. Since every element a €
is bounded below, 0 < a + Av for some A > 0, hence d,(0,4) < A < +o0 i.e., d, satisfies (Ms). For (b), we have
a < b+vy, forelementsa, b € P if and only if a < b + v, that is, V, and V,, are equivalent to each other. [
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We say that a sublinear quasi-metric is a sublinear metric, if it also satisfies:

(Mg) dYa,b) = d(a,b) for all a,b € P, where d~(a, b) = d(b,a).
(My) d(a,b) # 0 fora,be Pifa+#D.

If a sublinear metric d on ¥ satisfies (Ms) then (P, V;) is called the locally convex metric cone generated
by d on P.

Proposition 2.5. If (P, V) is a locally convex quasi-metric cone and d(a,0) < +oo for all a € P, then the function
d* : P? — R, defined by
d*(a,b) = max{d(a,b),d " (a,b)} forall (a,b)eP?

is a sublinear quasi-metric on P satisfying (Ms) and (P, V) is a locally convex quasi-metric cone.

Proof. Clearly, d° satisfies (M;)-(My), so it is a sublinear quasi-metric. By the assumption, for every a € P,
there is A > 0 such that d(a,0) < A. On the other hand, by the condition (Ms) for d, we have d(0,a) < A’ for
some A’ > 0. Thus d°(0,4) < max{A, A’} < 400, s0 d° satisfies (Ms) and (P, V) is a locally convex quasi-metric
cone. [J

A locally convex cone (P, V) is called separated if @ = b for a,b € P implies a = b, where 4 is the closure
of {a} with respect to the lower topology [1, Ch I, 3.8]. We recall that according to the Proposition 3.9 in
[1], P is separated if and only if the symmetric topology is Hausdorff (equivalently the upper topology
is To), i.e, @° = {a} for all a € P, where @ is the closure of {a} in the symmetric topology. The separating
families of linear mappings have been studied for polar (or weak) topologies in [3]-[7]. Here, we consider
the separating families of sublinear quasi-metrics and discuss the metrizability of locally convex cones. We
say that a family of sublinear quasi-metrics (d;);cr on a cone P is separating if for all a,b € P with a # b there
is i € I such that d:(a, b) # 0.

Proposition 2.6. If P is a cone and (d;)icr is a directed family of sublinear quasi-metrics on P satisfying (Ms), then
(di)ier is separating if and only if (P, V1) is separated.

Proof. Let (P,Vr) be separated and let a # b. The symmetric topology of # is Hausdorff by [1, Ch I,
Proposition 3.9], so there is a finite set F € 7 and A > O such thata < b+v;rbutb £ a+v,r, henced;(b,a) > A
for some i € F. For the converse, leta, b € P with a # b. By the assumption, thereisi € 1 such that d:(a, b) # 0,
which implies that di(a,b) # 0 or d;(b,a) # 0,i.e.,a £ b+ vy or b £ a + v,,. That is, the upper topology of
(P,Vr)is Ty, so (P, Vr) is separated by [1, Ch I, Proposition 3.9]. [

In particular, a sublinear quasi-metric d on P is separating, if for alla, b € P witha # b we have d°(a, b) # 0,
i.e., if and only if d° satisfies in (My). Hence:

Corollary 2.7. A locally convex quasi-metric cone (P, V) is separated if and only if (P, V) is a locally convex
metric cone.

An element a € P is called v-bounded if a < Av for some A > 0, and a is called bounded if it is v-bounded
forallv € V[1, Chl, 2.3]. If all elements of # are bounded, then they are bounded below with respect to
the symmetric topology. Thus the symmetric convex quasi-uniform structure defines a locally convex cone
topology as well. Let us denote this by (P, V*), i.e., fora,b € P and v € V, we have a < b + ¢° if and only if
a <b+vandb <a+v. By a simple verification, we notice that the upper, lower and symmetric topologies
of (P, V?) coincide to the original symmetric topology [1, P. 35].

Remark 2.8. If (P, V) is a locally convex cone, then

(i) If 0 € V, then (P, V) is equivalent to (P, Vy), where V, = {0}. Indeed, for vy = 0, if a < b + vy for
a,bePthena<b+vforallveV,ie., Vyisfiner than V, but Vy C V so V is equivalent to V.

(i) If the elements of # are bounded and 0 € V, then (P, V) is separated if and only if ¥ = {0}; for, we

have0<a+vganda < vy forallae P,ie., a €0 = {0}.
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Proposition 2.9. If (P, V) is a locally convex cone and v € V is upper bounded, then

(@) (P,V) is equivalent to (P, Vy),
(b) if (P, V) is separated, then (P,V,) is also separated.

Proof. (a) If 0 € V, the assertion holds by Remark 2.8 (i). Let 0 ¢ V. For every u € V, there isa A > 0 such
that %ZJ < u, so the neighborhood system V, is equivalent to V. Part (b) is clear by (a). O

Theorem 2.10. A locally convex cone (P,V) is quasi-metrizable if and only if V contains an upper bounded
neighborhood.

Proof. 1f0 € V, then by Remark 2.8 (i), V is equivalent to V = {0}, but Vy is equivalent to V4, by Proposition
2.4 (b), where dy : P? — R, for all (a,b) € P? is given by

0, if a<b,

do(a, b) =
(@, b) {+oo, if ath,

ie., (P, V) is quasi-metrizable. Suppose 0 ¢ V and let v € V be upper bounded. By Proposition 2.9
(a), the neighborhood system V is equivalent to V,, so (P, V) is quasi-metrizable by Proposition 2.4 (b).
Conversely, let (P, V) be quasi-metrizable and let d be a sublinear quasi-metric on  with condition (Ms)
such that (P, V) is equivalent to (P, Vy). Fix v € V. Then for every u € V there exist A, u > 0 such that
v < vy < Au, ie., vis upper bounded. [

Proposition 2.11. If (P, V) is a locally convex cone and v € V, then
(a) the function ds : P* — R, defined by
d5(a,b) = max{d,(a,b),d;(a,b)} forall (a,b)e P>

is a sublinear quasi-metric on P satisfying (Ms),
(b) d; satisfies (Ms) if and only if the elements of P are bounded,
(c) (P, V) is alocally convex metric cone if and only if (P, V,) is separated and the elements of P are bounded,
(d) (P,V,) is metrizable if and only if it is separated and d,, = d*.

Proof. The proof of (a) is similar to Proposition 2.4 (a). For (b), if b € P is bounded, then there is A > 0
such that 0 < b + Av, b < Av which yields 45(0,0) < A, i.e., d;, satisfies (Ms). Conversely, if 4; satisfies (Ms)
then by a similar verification the elements of # are bounded. By Proposition 2.4 (b), (P, V,) is equivalent
to (P, V4,), so part (c) follows from (b) and Corollary 2.7. For (d), if (P, V») is metrizable, then obviously it
is separated and d, = d;, 1. For the converse, if v = 0 then (P, V) is equivalent to (P, (Vdg ) by Proposition 2.4

(b), where the sublinear metric d5 : P> > R, for all (4, b) € P? is given by
0, if a=b,

+00, if a#b,

d(a,b) = {

ie., (P, Vy) is metrizable. Letv # 0 and a,b € P with a # b. If d5(a,b) = 0 then d,(a,b) = d,(b,a) = 0, i.e.,
a<b+Avand b <a+ Avforall A > 0 which yieldsa’ = b where 7° is the closure of 4 in the lower topology
induced by V,, hence a = b; since (P, V,) is separated, i.e., d;, satisfies (M7). Thus (P, V) is a locally convex
metric cone, since d, = d;! so (P,V,) is metrizable. [J

Theorem 2.12. A locally convex cone (P,V) is metrizable if and only if P is separated and V contains an upper
bounded neighborhood v with d, = d.

Proof. Suppose (P, V) is separated and let d, = d;'. If 0 € V then (P,V) is metrizable by Remark 2.8 (i)
and Proposition 2.11 (d). Suppose 0 ¢ V and let v € V be upper bounded. Then (P, V) is equivalent to
(P, V,) by Proposition 2.9 (a), so (P, V) is metrizable by Proposition 2.11 (d). The converse evidently holds
by Theorem 2.10. O
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As a consequence of Theorem 2.12 and Proposition 2.11, we have:

Corollary 2.13. If (P, V) is separated and the elements of P are bounded, then (P, V*) is metrizable if and only if
V contains an upper bounded neighborhood.

Example 2.14. (i) With the sublinear quasi metric d introduced in Example 2.3, the locally convex cone
(ﬁ, V) is quasi-metrizable, where V = {€ € R : € > 0}; indeed, for every € > 0, we havea < b+ e fora,b € R
if and only if d(a,b) < €, i.e., ‘V is equivalent to V;. In particular, (R, V), (R, V) are equivalent to (IR, V,)
and (R, Vy), respectively hence they are quasi-metrizable. We note that d does not satisfies (M), (M7); so
these cones are not metrizable. )

The sublinear function @° : R — R, is given by

Ix —yl, if xy#+oo,
F(x,y) = 0, if x,y=+oo,
+00, if x=+4o00o0ry=+oo,

which satisfies (My) so (R, Vi) is a locally convex metric cone. We note that d°(x, y) = [x — y| forall x, y € R
so (R, V) and (Ry, V) coincide to the usual metric space on R and R,.

(ii) With the singleton neighborhood system V, = {0}, the subcone R, of R is also a full locally convex
cone and the symmetric topology of (R+, Vy) is the discrete topology on R, [9, Example 2.1 (b)]. With the

sublinear quasi-metric dy in Theorem 2.10, (II_{+, V,,) is a locally convex quasi-metric cone; indeed, for vy = 0
and A > 0, we have a < b + Avy if and only if dy(a,b) = 0 < 1/A, i.e.,, a < b+ v,y,. Thatis, Vy is equivalent to

V4, The function dj : ﬁi — R, is given by

0, if x=v,
dy(x, y) = { /

+oo, if x#y,
which induces the discrete topology on ..
Example 2.15. For 1 < p < 400, we define the zp—norm of a sequence x = (x;)ienN in R by

1 :
= 4 GEkbrif xR,
y +00, if FielN,x; =+oo,

and for p = +o0 as

sup; lxil, if xCcR,
Il = -
+00, if dieN,x; = co.

If we set Zp(ﬁ) = {(x)ien CR : I(x; )ienlly < 400}, then with the following operation Z’p(ﬁ) is a cone:
X+y=®+VYiien, Ax=(Axi)ien forall x,ye Zp(ﬁ) and A>0

(cf. [10,Ch1I, 1.4 (f)]). We define the functiond,, : Z’p(ﬁ)xz,,(ﬁ) — R, forallx, yE Ep(ﬁ),x = (¥)ien, ¥ = (V)iew
by
I = y)ienlly,  if Fi€ N,y < +o0,

+00, if dielN, x; = +oo.
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It is easy to verify that d, satisfies (M;)-(My). For every x € Zp(ﬁ), x = (X;)ien, we have
dp(0,%) = [I(0 = x;) )ienllp = I(x} )ienllp < +o0,

so d,, also satisfies (Ms). Thus (Z,, (ﬁ)/vdp) is a locally convex quasi-metric cone.

The function d; : Zp (ﬁ) X Zp (ﬁ) - ﬁJr forallx,y € Zp(ﬁ), x = (xi)ien and y = (¥i)ien is given by

-y, if xycR,
d;(x/ y) = 0, lf VZ € N, xi = ]/i = +OO/
+00, if HiGN, X; = +00 Oor yl. = 400

and satisfies (My7) so (Ep (R), (Vd;) is a locally convex metric cone. In particular, (ZP(IR), (Vd;) and (Zp(]RJr), (Vd;)
are identical to the usual spaces £,(IR) and £,(IRy).

We note that a locally convex cone is not necessary to be quasi-metrizable:

Example 2.16. Let P be the cone of all sequences x = (x;)en in R with the pointwise operations of addition
and scalar multiplication by non-negative scalars A > 0. For every n € IN, we set

1 _

Py 1—1,2,...,1’1,
Uy = (€))ien € P, where ¢ = )

0, otherwise,

and Vi := {v, : n € N}. For elements x, y € £ and n € IN, we define
. 1 .
x<y+v, if xiSyf+E for i=1,2,..,n

If wesetU, = {(x,y) € P2y < y + vy} for all n € IN then Uy = {U,, : n € IN} forms a convex quasi-uniform
structure on P with condition (Us); indeed, for every x € £,x = (xj)ien and n € IN, we have 0 < x + Av,,
where A = max{|x;| : i = 1,2,...,n}, ie, (0,x) € AU,. Thus according to [1, Ch I, 5.4], there exists a full
cone P ® Vi, with abstract neighborhood system Vi = {0} © Vi, whose neighborhoods yield the same
quasi-uniform structure on $. The elements of Vi form a basis for Vi in the following sense: For every
a,bePandn € N,a < b+ v, implies that a < b ® v,,. Therefore (P, V) is a locally convex cone with the
countable base Vi (cf. [2, Example 2.3.25]).

We claim that V,, does not have any upper bounded neighborhood and (P, V) is not quasi-metrizable.
For every n € IN, if we choose x, y € P, x = (x)ien, ¥ = (Vi)ien such that

o 2, for i=n+1, d = 1, for i=n+1,
Xi = 0, for i#n+1, and  ¥i = 0, for i#n+1,
then
x<y+oy, but X£Y+Up (1)

i.e., v, is not upper bounded. Now, assume to the contrary that (P, V) is quasi-metrizable and let d be a
sublinear quasi-metric on P satisfying (Ms) such that Vy is equivalent to V. If we choose n € N such that
vy < 7y, then (1) yields 0 < d(x, y) < 1. On the other hand, for every A > 0, we have

Ax <Ay +v, <Ay +1,,

so d(A(x, y) < 1. Thus Ad(x, y) # d(A(x, y)) for all A > d(%/y) which is a contradiction.
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