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Abstract. We establish the characterisations of the classes of bounded linear operators from the generalised
Hahn sequence space h,, where d is an unbounded monotone increasing sequence of positive real numbers,
into the spaces wy, w and w. of sequences that are strongly summable to zero, strongly summable and
strongly bounded by the Cesaro method of order one. Furthermore, we prove estimates for the Hausdorff
measure of noncompactness of bounded linear operators from h,; into w, and identities for the Hausdorff
measure of noncompactness of bounded linear operators from /1, to wy, and use these results to characterise
the classes of compact operators from I, to w and wj. Finally, we provide an example for an application of
our results.

1. Introduction and notations

The Hahn space h was originally introduced and studied by Hahn [9] in connection with the theory of
singular integrals, and generalised by Goes [8]. More recently, a number of papers have been published
on matrix transformations on the Hahn space. Many of these results were used in the determination of
various types of spectra of operators from the Hahn space into itself, for instance in [5, 13].

Here, we characterise, for the first time, the classes of bounded linear operators from the generalised
Hahn space h; into the spaces wy, w and we. Since each one of these operators can be represented by
an infinite matrix of complex numbers, these characterisations are achieved by establishing necessary and
sufficient conditions on the entries of the matrices to map between the respective spaces. We also derive a
formula for the operator norm in each case.

We also establish, for the first time, formulas for the Hausdorff measure of noncompactness of bounded
linear operators from h; into w and wyp, and use these results to characterise the respective subclasses of
compact operators. Finally, we present an example of our results, in which we show that the operator of
the arithmetic means maps h, into wy, determine its operator norm, and show that the operator is compact.

Measures of noncompactness play an important role in fixed point theory; they are extensively use in
the study of differential and integral equations. We refer the interested reader to [1-3, 17, 18, 28]. Our results
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could also be used in the study of sequence spaces equations and sequence spaces inclusion relations; for
related results we refer to [7].

We use the standard notations w for the set of all complex sequences x = (xx),2,, and {«, ¢, ¢o and ¢ for
the sets of all bounded, convergent, null and finite sequences, that is, sequences terminating in zeros. We
also write e = (g);>, and e = (e,(:l));il (n € IN) for the sequences with ¢, = 1 for all k, and ¢! = 1 and e;:l) =0
for k # n.

We recall that a BK space X is a Banach sequence space with continuous coordinates P, : X — C (n € IN),
where P, (x) = x, for all x = (x¢);2, € X. A BK space X D ¢ is said to have AK if x = lim,—, £ for all
x = (), € X, where xI"l = ¥/ xe® denotes the m-section of the sequence x. It is well known that
the sets {w, ¢, and cg are BK spaces with their natural norms ||x|l = sup, |xl, co has AK, every sequence
x =Xk, €EC has a unique representation x = &e + Y10, (xx — &)e®, where & = limy_,« X, and finally, £ is
not separable and consequently has no Schauder basis.

Let X C w. Thentheset XF = {a € w : Y7, axxx converges for all x € X} is the f—dual of X. Let A = (a,,k)]‘;‘,’k=1
be an infinite matrix of complex numbers, A, = (a,);2, and A* = (a,4), be the sequences in the n* row
and the k™ column of A, and X and Y be subsets of w. Then we write A,x = Y2, aux and Ax = (A,%)% |
for x = (x¢);2, provided all the series converge. The set X4 = {x € w : Ax € X} is called the matrix domain
of A in X, and (X, Y) denotes the class of all matrix transformations from X into Y, that is, A € (X, Y) if and
only if X C Ya.

The reader interested in the theory of sequence spaces and matrix transformations is referred to the
monographs [4, 11, 19, 27, 29, 30].

If X and Y are Banach spaces, we use the standard notation B(X, Y) for the Banach space of all bounded
linear operators L : X — Y with the operator norm ||L|| = sup{|L(x)| : [[x|| = 1}; the space X* = B(X,C) is
called the continuous dual of X; its norm is [|f]| = sup{|f(x)| : lIx|| = 1} for all f € X*. Also K (X, Y) denotes
the class of all compact operators in B(X, Y).

The following well-known result gives the relation between (X, Y) and 8(X, Y).

Proposition 1.1. Let X and Y be BK spaces.

(@) If A e (X)Y), then Ly € B(X,Y), where La(x) = Ax for all x € X, that is, matrix maps between BK spaces are
continuous ([29, Theorem 4.2.8]).

(b) If X has AK, then every operator L € B(X,Y) can be represented by a matrix A € (X,Y) such that

Ax = L(x) for all x € X ([10, Theorem 1.9]). (1.1)

The operator A : w — w of the so—called forward differences is defined by Axy = x — x%41 (k=1,2,...).
The set h = {x € w : Yo  klAxi| < o} N ¢y was defined by Hahn in 1922 ([9]) in connection with the
theory of singular integrals; Hahn showed that / is a BK space with ||x||" = Y.;2; klAxx| + sup, |xx| for all
x = (x¢);2, € h. Rao [24] showed that the Hahn space is a BK space with AK with the norm ||x|| = Yrq klAX]
for all x = (xi);2, € h.

Goes [8] introduced and studied the generalised Hahn space h; for arbitrary complex sequences d =
(di)p2, withdy # 0 forallkby hy = {x € w: Yooy ldil - 1Axi| < 0} N ¢y with the norm

||x|l4 = Z |di| - |Axy| for all x = (xx);2; € ha. (1.2)
k=1

The following result is known.

Proposition 1.2. Let d be a increasing unbounded sequence of positive reals.
(a) Then hy with the norm in (1.2) is a BK space with AK ([20, Proposition 2.1]).
(b) We write

n

1 Zﬂk

bsd:{aew:supd—
n (N =y

n

Zﬂk

k=1

foralla € bs,.

1
} and ||a|lps, = sup N

Then hg = bs; and h’/; and I, are norm isomorphic ([20, Proposition 2.3]).
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Recent research on the Hahn space and its generalisations can be found, for instance, in [6, 12, 23, 25, 26]
and the survey paper [13].
Let

1 n
woz{xew:hmﬁ |xk|:0},

w=wyde={x€w:x—& € wyforsome & € C}

and

1 n
Weo = xea):sup—Zka|<oo
n i3

denote the sets of sequences that are strongly summable C; to zero, strongly summable C; and strongly
bounded C;, first introduced by Maddox in [14], and later studied in [16, 21, 22].
The following result is well-known.

Proposition 1.3. ([17, Proposition 3.44]) The sets wy, w and we are BK spaces with

1 n
1|0, = sup — z |xkl;
n n
k=1

wo is a closed subspace of w, and w is a closed subspace of we,; wo has AK and every sequence x = (xi);2, € w has a
representation

x=get ) (w- e, (13)

k=1

where & is the unique complex number such that x — &e € wy, the so—called w-limit of x.

In this paper, we characterise the classes B(4, wo), B(h4, w) and B(h4, we), when d is monotone increasing
unbounded sequence of positive real numbers. Furthermore, we establish estimates for the Hausdorff
measure of noncompactness of operators in the class B(h4, w), and identities for for the Hausdorff measure
of noncompactness of operators in the class B(hy, wp). Finally, we characterise the classes K(hy, w) and
W(hd ’ ZUO).

2. The classes B(h;, Y) for Y € {wo,, w, wp}

Throughout let d be an unbounded increasing sequence of positive real numbers.

We are going to characterise the classes B(hy,Y) and compute the operator norm of L € B(hy, Y) for
Y € {we, w,wp}. Since hy is a BK space with AK by Proposition 1.2 (a), and each space Y is a BK space
by Proposition 1.3, each operator L € B(h,,Y) can be represented by a matrix A € (hy,Y) as in (1.1) by
Proposition 1.1 (b). We will use this fact and notation throughout the paper.

We need the following definition and results which we state here for the reader’s convenience.

Definition 2.1. ([29, Definition 7.4.2])
Let X be a BK space and Bx denote the closed unit ball in X. A subset E of the set ¢ called a determining set for X
if D(X) = Bx N ¢ is the absolutely convex hull of E.

Proposition 2.2. ([29, Theorem 8.3.4]) Let X be a BK space with AK, E be a determining set for X, and Y be a BK
space. Then A € (X,Y) if and only if:
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(i) The columns of A belong to Y, that is, A* = (a,)>>., € Y for all k,
and

(ii) L(E) is a bounded subset of Y,where L(x) = Ax for all x € X.

Proposition 2.3. ([20, Proposition 3.2]) The set

Ez{di-e[m]:melN}

m

is a determinig set for hy.

Theorem 2.4. We have
(a) L € B(hy, weo) if and only if

1
1 1
Aoy, 000) = sEnp 7 E T

(b) L € B(hg, w) if and only if (2.2) holds and
for each k € IN, there exists oy € C such that

11
im — Y |au — axl = 0;

SIS =

(c) L € B(hy, wy) if and only if (2.2) holds and

I
im % Zf |a,x| = O for each k.

(A IfL € Bhy,Y)forY € {we,w, wo}, then

LI = A1y, 0.0)-

Proof. (a) Let L € B(hy, weo).

500

.1)

2.2)

2.3)

2.4)

(2.5)

Since the set E in (2.1) is a determining set for /; by Proposition 2.3, we apply Proposition 2.2, and show

that the matrix A that represents L satisfies the conditions in (i) and (ii) of Proposition 2.2.

Let m € N be given and y™ = (1/d,,)el™! € E. Then we have

00 m
Ay = Zﬂ " = L Z Ak,
k=1 tdm k=1
hence
1 1 1 1 1 m
||Ay(m)||woo = sup 7 Z )A”y<m)| = 7 Z d_ Apk| -
! n=1 n=1 k=1

So (2.2) is the condition in (ii) of Proposition 2.2.
It remains to show that the condition in (i) of Proposition 2.2 is redundant.
We have |a,;| = |[di Ay y(k) - dk_lAny(k‘l)I for all n and k, hence

1 ¢ 1< 1< ]
”Ak”wm = Slllp 1 ; |an| < Slllp 7 ; dy )Any(k)| + sgp T ; 4y |Any(k 1)|
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< 2di - |Alln w0y < 0 for all k.

This completes the proof of Part (a).

(b) and (c) Since hy is a BK space with AK and wy and w are closed subspace of the BK space w. by
Proposition 1.3, Parts (b) and (c) follow by [29, Theorem 8.3.6].

(d) Finally we assume that L € B(hy,Y), where Y € {wy, w, we}. Then A, € hg for all n and hfl = bs; by
Proposition 1.2 (b).

First we show that we obtain for A, = L,(x) (x € hy)

) k
IAnx] < Z dk|Axk|dlk 4, foralln € N and all x € hy. (2.6)
k=1 =1

To prove (2.6), let m € IN be given. Then Abel’s summation by parts yields

m m—1 k m
Ln(x[m]) = Anx[m] = Z AnkXk = Axy Z Anj + Xm Z Anj
k=1 k=1 j=1 =1
m—1 1 k 1 m
= dkAxkd— Z anj + dmxmd— Z Anj
k=1 k3 m 3

Since h; has AK and x € hy, it follows that

0 < dyxul = i dAxd™) < i di | (<0 = )| + i diAx]
k=m k=1 k=m

= ”x[m] - xth + delekl — 0 (m - o).

k=m

Since A, € bsg, the continuity of L, yields

which is (2.6).
Now (2.6) yields for all / € N and all x € hy

ly A <1 l c>odA L

7; nx|_7;Z -
k
L

lxlln, = WAl 1,000 XL,

that is,
LI < 1A 14, 000)- (2.7)

Now let m € N be given and x™ = (1/d,,)e!™. Then we have

1 w d,,
™| = — Y di|Ax™] = 22 =1,
ha o ; k| k | o,
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and

m
2w

k=

1w 1
e, = Sup 7 Z 4] = sup 7 Yo

m
n=1

< IL.

—_

Since m € IN was arbitrary, we conclude that ||Al|g, w..) < lILll, and this and (2.7) imply (2.5). O

Now we establish a formula for the w-limits of L(x) and x € hy, when L € B(h;, w).
Theorem 2.5. Let L € B(hy, w) and oy for k € IN be the complex numbers in (2.3). Then the w-limit n(x) of L(x) for

each sequence x € hy is given by

ne) =) o 2.8)
k=1

Proof. Let L € B(hy, w). We define the matrix B = (bnk);‘jk=1 by by = an — ay for all n and k, and show

B € (ha, wo). (2.9)
First we show

(a)p2; € bsa. (2.10)

We have forall [,m € N

1 m 1 1 m 1 1 l m 1 1 / m
— 1) =57 M| < — - 7 @ — )|+ 7 - 7 Ank
D RIS A DD M AR
1 m 1 !
<= Y2 @ = a0l + 1Al - (211)
d k=1 ! n=1

Since the first term in the last inequality above tends to 0 as [ tends to infinity for each fixed m by (2.3), it
follows that sup, (1/d)l Liy ail < 1Al we) < 0, and so (2.10) is satisfied and (), € hg by Proposition

1.2 (b). Also A € (hg, w) implies A, € h§ for each n, and consequently B, = A, — (a);2; € hg for each n.

It follows as in (2.11) and by (2.10) that [IBllg,w.) < IAllg,we) + @) lles, < 2 - 1Allg,0.) < o0, hence
B € (hy, we) by Theorem 2.4 (a).

Furthermore, lim;_,(1/]) ZL=1 |buk| = 0 for each k, by definition of the matrix B, that is, the condition in (2.4)
also holds, and so (2.9) is satisfied by Theorem 2.4 (c).

Finally (2.8) is an immediate consequence of (2.9). O

3. The Hausdorff measure of noncompactness of operators

In this section, we establish an identity for the Hausdorff measure on noncompactness of operators in
B(ha, wy) and an estimate for the Hausdorff measure of noncompactness of operators in B(h;, w). We also
characterise the classes K'(h;, wg) and K(hy, w).

We list the necessary, known concepts and results concerning the Hausdorff measure of noncompactness.
First we recall the definition of the Hausdorff measure of noncompactness of bounded sets in complete
metric spaces ([28, Definition I1.2.1]), and the Hausdorff measure of noncompactness of operators between
Banach spaces ([19, Definition 7.11.1]).

Let X be a complete metric space and Mx be the class of bounded subsets of X. Then the function
X @ Myx — [0,00) with x(Q) = inf{e > 0 : Q has a finite e-net in X} is called the Hausdorff measure of
noncompactness on X.
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Let x; and x, be Hausdorff measures of noncompactness on the Banach spaces X and Y, repectively.
Then an operator L : X — Y is said to be (x1, x2)-bounded, if L(Q) € My for all Q € Mx and there exists a
non-negative real number ¢ such that

x2(L(Q)) < ¢ x1(Q) for all Q € Mx. (3.1)
If an operator L is (x1, x2)-bounded, then the number
ILll 1, 00) = inffc > 0 : (3.1) is satisfied}

is called the (x1, x2)-measure of noncompactness of the operator L. If x1 = x», we write ||L||,, = ||Ll|y,y), for short,
and refer to ||L||, as the Hausdorff measure of noncompactness of the operator L.
We need the following known results.

Proposition 3.1. Let X and Y be Banach spaces and L € B(X,Y) and Sx denote the unit sphere in X. Then we have
IILIl, = x(L(Sx)) ([19, Theorem 7.11.4]) (3.2)
and L € K(X,Y) if and only if
IILIl, = 0 ([19, Theorem 7.11.5]). (3.3)

Proposition 3.2. ([15, Proposition 5]) (a) Let the operators R, : w — w for n € IN be defined by R,(x) =
Yoo Gk = &)e® forall x = (Xk)i, € w, where & is the w-limit of the sequence x. Then we have for all Q € My

1 .. .
5 - lim (Sup ||Rn(x)||ww) < X(Q) < lim (Sup ||Rn(x)||ww]. (34)
n— oo xeQ n—oo x€Q

(b) Let the operators R,, : wo — wy for n € N be defined by Ry (x) = Y121 Xke® for all x = ()2, € wy. Then we
have for all Q € My,

x(Q) = lim (sug IIRn(X)Ilwm)- (3.5)

Now we prove an estimate for ||L||,, if L € B(hy, w), and an identity |[Ll|,, if L € B(hy, wo).

Theorem 3.3. (a) Let L € B(hy, w). Then we have

1 -

7 lim (j};g " Z kZ;mnk ~ J <|ILll, < lim [sup - Z kZ e — ) ] (3.6)
where the complex numbers ay. are defined in (2.3).
(b) Let L € B(hy, wy). Then we have

||L”)( = hm {31,115 ldm ; ; Ayk ] (3.7)

Proof. Let A = (au),;,_, be any infinite matrix and » € N. We write A~ = (a77) _, for the matrix with the
rows A;y”> =0forl <n<rand A;” = A, forn >r+1.

(a) Let L € (hg,w), B = (buk);,_, be the matrix with by = @y — ax for all n and k, and L= € B(hg, w) be the
operator with L<"> = R, o L. We denote the unit sphere in h; by Sj,,. Then L (x) = B~>x for all x € h; by
(1.3) and (2.8) and we obtain by (2.5)

u(r) = sup [|(Ry o L) (¥)ll,. = IB¥ ll1y00) = SUp

xES;,d Im

—_ =
&lH
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l

—sup;d1 Z

M =r+1

1

it

I>r+1;m [ —]

m

Z(ﬂnk - ag)

k=1

m

Z‘(ank - ak) .

k=1

Finally we get by (3.2) and (3.4) (1/2) lim,, p(r) < |ILll, < lim,_,e p(r), which is (3.6).
(b) The proof is similar to that of Part (a) with aj = 0 for all k and (3.5) instead of (3.4). O

Finally the characterisations of the classes K(h;, w) and K'(hy, wy) are immediate consequences of (3.3)
and Theorem 3.3.

Corollary 3.4. (a) Let L € B(hy, w). Then L € K(hy, w) if and only if

o - 73 0] | <0

m;l>r n=r k=1
where the complex numbers ay, are defined in (2.3).
(b) Let L € B(hy, wo). Then L € K(hg, w) if and only if

sup Zkf ]

m;l>r
We close with an application of our results.

lim

r—00

lim

r—o00

Example 3.5. We consider the classical Hahn space h = dg, where dy, =k for all k = 1,2,..., and the Cesiro matrix
C1=A = (aw);,_, of order 1, where ay, = 1/nfor 1 <k <nanday=0fork>nmn=12,...).
Then we have | Y.} aw| < m/n for all m and n, hence

1 v | 1 ¢ 1
= i | < T L S
n=1 | k=1 n=1
and so
Al #,w.) = sup i < 1, (3.8)

Im
that is, the condition in (2.2) is satisfied. Furthermore, for each k € IN,

1

I

n=

1

1
1 1 1 1 1\
=72557;;=Al((;)n:1)*°(l*°°>'

n=k

<L
=1

since A = C1 € (co, ¢o). Thus the condition (2.4) is also satisfied and consequently Cy € (h,wy) by Theorem 2.4 (c).
Now c11 = 1, and so we have ||Al|gw.) = ILc, || = 1 by Theorem 2.4 (d) and (3.8).
Finally, we have

le l_;rJrl S%foruller,mandr,

=

n=r

hence

0< hm(supc ]—lim1 =0,

=00\ sy r—0 1

and so L¢, € K(h, wo) by Corollary 3.4 (b).
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