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On Maps Preserving Skew Symmetric Operators
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Abstract. Given a conjugation C on a separable complex Hilbert space H, a bounded linear operator T
on H is said to be C-skew symmetric if CTC = —T". This paper describes the maps, on the algebra of all

bounded linear operators acting on H, that preserve the difference of C-skew symmetric operators for every
conjugation C on H.

1. Introduction

The fundamental Hua’s theorems of the geometry of matrices characterize the general form of bijective
maps @ on various spaces of matrices (Hermitian matrices, symmetric matrices, skew-symmetric matrices,
etc.) that preserve adjacent matrices in both directions, that is A — B is of rank one if and only if ®(A) — P(B)
is of rank one for every A, B. Specially, the well-known Hua’s theorem from [9] states that a bijective map

® on M, (K), the space of all n X n matrices over the field K = R or C, preserves adjacent matrices in both
directions if and only if ® has one of the following two forms

[aj] = Plz@)IQ+ R or  [ay] > Plr(@;)]"Q +R,

where P, Q, R € M, (K) with P, Q invertible, A" denotes the transpose of A, and 7 is an automorphism of K.
This beautiful theorem has many applications, for example in the theory of Jordan automorphisms and Lie
automorphisms. For other applications of results on adjacency preserving maps, particularly in the theory
of local homomorphisms, linear preserver problems, and graph theory, we refer to [3, 6, 10] and to Wan’s
book [18], where most of the known results on the geometry of matrices are collected.

Hua'’s theorem has motivated other researchers to consider general and similar situations in connection
with the so-called non-linear preservers problems that require to describe the general structure of all maps on
matrix algebras, linear bounded operators algebras or more generally Banach algebras, leaving invariant
certain functions, subsets, or relations, without assuming in advance algebraic conditions such as linearity
or additivity. While in the beginning, these problems were formulated for finite-dimensional vector spaces,
and later more sophisticated non-linear preservers problems defined in the infinite-dimensional context

have been investigated. In the meantime, the interested reader can find in [1-3, 5, 13], and the references
within, more through results on such problems.
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Throughout this paper, H is a separable complex Hilbert space of dimension at least four, and B(H) is
used to refer to the algebra of all bounded linear operators acting on H. Recall that a conjugation C on H is
a conjugate-linear operator satisfying C> = I and (Cx, Cy) = (y,x) for all x, y € H. An operator T € B(H) is
called C-symmetric (resp. C-skew symmetric) if CTC = T* (resp. CTC = —T") where T* denotes the adjoint of
T, and it is called a complex symmetric operator (resp. skew symmetric operator) if there exists a conjugation C
for which T is C-symmetric (resp. C-skew symmetric).

It is shown in [7] that an operator is skew symmetric if and only if it admits a skew symmetric matrix
representation with respect to some orthonormal basis of H. Thus skew symmetric operators can be viewed
as an infinite dimensional analogue of skew symmetric matrices. Skew symmetric operators have been
studied for many years in the finite dimensional setting. Recently, there has been growing interest in skew
symmetric operators in the infinite dimensional case, and some interesting results have been obtained in
[12,16, 17].

The concept of skew symmetric operators and complex symmetric operators has numerous applications
in complex analysis, matrix theory, differential equations, function theory and even in quantum mechanics,
see for instance [7, 8, 11, 12, 15-17]. The examples of complex symmetric operators are numerous and
quite diverse. Besides the expected normal operators, we quote as complex symmetric operators: bi-
normal operators, diagonal operators, quadratic operators, Hankel operators, truncated Toeplitz operators
and many standard integral operators such as the Volterra integration operator. As for skew symmetric
operators, the most examples are inspired from the previous ones; for instance the commutator of two
C-symmetric operators is C-skew symmetric.

Recently, in [2] the authors considered a non-linear preserver problem involving complex symmetric
operators. More precisely, they showed that if ® is a map on B(H) satisfying

T —Sis C-symmetric = O(T) — O(S) is C-symmetric,
for every T, S € B(H) and every conjugation C on H, then it must have the following form
T aT + BT + f(T)I + D(0),

where o, € C and f is a functional on B(H) that vanishes at 0.

In this paper, we propose an analogue study for skew symmetric operators. Our arguments are influ-
enced by ideas from [2] and the approaches given therein, but the proofs of our main results require new
ingredients. The fundamental results of this paper can be stated as follow:

Theorem 1.1. Assume that H is infinite dimensional, and let @ : B(H) — B(H) be a map. Then the following
statements are equivalent:

(i) Forevery T,S € B(H) and every conjugation C on H,
T — S is C-skew symmetric =  D(T) — D(S) is C-skew symmetric.
(if) There exist two complex scalars a, B such that
D(T) =aT + BT+ D) forall T € B(H).

We say that a map @ : B(H) — B(H) preserves strongly skew-symmetric operators if, for every conjugation
Con Hand T € B(H),

T is C-skew symmetric =  @O(T) is C-skew symmetric.

In [1, Theorem 3], it was shown that a unital linear continuous map on B(H) preserves strongly skew-
symmetric operators if and only if it is the identity map of B(H). We extend this result, as an immediate
consequence of the previous theorem, to additive maps only.
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Corollary 1.2. Assume that H is infinite dimensional, and let ® : B(H) — B(H) be an additive map. Then O
preserves strongly skew-symmetric operators if and only if there exist o, p € C such that ®(T) = aT + BT* for all
T € B(H).

Unfortunately, the approach used here does not allow us to obtain an analogue result of Theorem 1.1
in the setting of finite-dimensional Hilbert spaces. However, we focus to describe additive maps on B(C"),
with 1 > 4, preserving strongly skew-symmetric operators as an extension of [1, Theorem 4].
Theorem 1.3. Let @ : B(C") — B(C") be an additive map. Then the following statements are equivalent:

(i) D preserves strongly skew-symmetric operators.
(ii) Thereexist a, B € C and an additive map ¥V : B(C") — B(C") vanishing on sl,,(C), the subspace of all operators
with trace zero, such that
D(T)=aT + BT +W(T) forall T € B(C").

In the next section, we shall establish some useful results to prove the above two theorems.

2. Proof of main results

Throughout the rest of the paper, @ : B(H) — B(H) is a map satisfying the first assertion of Theorem 1.1.
Moreover, as the map @ — (0) satisfies the same property as @, there is no loss of generality in assuming
that ®(0) = 0. In this case, ® preserves strongly skew symmetric operators.

For simplicity of notations, we make the following definition.
Definition 2.1. Let T, S € B(H). We will write T ~ S if for every conjugation | on H,
T is J-skew symmetric = S is J-skew symmetric.

Note that our map @ satisfies A — B ~ ®(A) — P(B) for every A, B € B(H). In particular, since $(0) = 0,
we have also A ~ ®(A) for every A € B(H).

In what follows, the symbol @ will always stand for an orthogonal sum. We reformulate the result of [1,
Lemma 7] as follow.

Lemma 2.2. Let T,S € B(H) be such that T = F & 0 with respect to an orthogonal decomposition of H and F is a
skew symmetric operator for some conjugation C. If T ~ S, then S = R ® 0 with respect to the same decomposition of
H and R is a C-skew symmetric operator.

Remark 2.3. (i) Let T,S € B(H). If JT] = S* for every conjugation | on H, then T = S = ul for some p € C.
Moreover, if T is skew symmetric, thus T = 0. Indeed, since |'|T = T]'] and every unitary operator is the
product of two conjugations (see [8, Theorem 1]), we get that T commutes with every unitary operator in B(H).
This implies that T = S = ul for some scalar .

(ii) Let T,S be bounded linear operators between Hilbert spaces. If JT]' = S for every conjugations ], ], then
T =S = 0. Indeed, as in the the previous assertion, we get that UT = TV for every unitary operators U, V,
andsoT =S =0.

The next lemma will be needed throughout the paper.

Lemma 2.4. Consider an orthogonal decomposition H = Hy @ - - - @ Hs where dim Hy = dim H; and dim H; =
dim Hy, and let E,, F, € B(H) be the operators defined by

Ec=10o-1900000 and F,=000010-100.
For every A,B € B(H), if A — B = AE, + uF, for some A, i € C, then there exist A’, u’ € C such that
D(A) - D(B) = A'E, + ('F,.
Moreover, if y is zero, then so is y’, and ®(A) — O(B) = A”"(A — B) for some A" € C.
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Proof. Let A,B € B(H) be such that A — B = AE, + uF, forsome A,y € C,and set F = Al ® Al & ul & —ul
with respect to the subspace G := H; & - - - ® Hy. Fix unitary operators U : H; — Hy and V : H; — Hy. Now,
take two arbitrary conjugations 1, J3 on Hy, H3 respectively, and put

0 HU 0 0
u, 0 0 0

0 0 0 v

0 0 V3 0

C=

Itis easy to check that C is a conjugation on G for which the operator F is skew symmetric. Since A—B = F®0
and A — B ~ ©(A) — O(B), it follows from Lemma 2.2 that

D(A) - D(B) = R®0

accordingly to the decomposition H = G @ Hs, where R is a C-skew symmetric operator on G. Taking into
account that CRC = —R*, and by writing

T, To S S
T Ty 53 54

R= ,
Ri Rp Q1 Q
Ry Ry Qs Qs
simple matrix calculations show that
hU Tl [WUTshu [USV]js  USssV* T T, R} R;
UntUpy  ULZThUT ULS Vs ULS V| - |T, T, R, K|
* * JsV'QuV]s 3V QsfsV* o Q Q5
* * VIsQV]s V]3Q1JsV" « ox Q) Q)

Accordingly,
US4V ==K}, JhUS: 3V =-R,, UhSV]3=-R,, U5V =-K,

UhTUh =-T,, hUT:HhU =-T;, J5V'QsfsV' =-0Q;, VQV]5=-0Q;,
JU'TU]y =-T7, J3V'Q4V]3=-Q;.
As Ji and J; are arbitrary, we get easily from Remark 2.3 (ii) that S; = R; = O for 1 < i < 4. On
the other hand, considering the equality UJ;ToUJ; = —T;, we see that T>U is skew-symmetric, and so
T, = 0 by Remark 2.3 (i). In a similar way, we obtain that T3 = Q3 = Q,» = 0. Furthermore, we get from

JUT U]y = —Tj that U'T4U is a scalar multiple of the identity, and hence so is Ty. Thus, Ty = —A’I and
T1 = A'I for some A’ € C. Analogously, we have Q4 = —p’l and Q; = p’I for some p’ € C. Therefore,

DA)-DPB)=Re0=Ne-NIouIle—-uy'1e0=NE, + u'F,.
Finally, if 4 = 0, then A — B is zero on (H; @ H,)*, and so is ®(A) — ®(B) by the previous lemma because
(A = B)jm,oH, = Al © —Al is skew-symmetric with respect to the conjugation C = ( L?h J 15[ * ) Thus, ¢’ =0. O

Given two non-zero vectors u,v € H, we denote by u ® v the rank one operator given by (1 ® v)(x) =<
x,v > uforall x € H.

Let #>(H) denote the subset of B(H) of all operators of the forme®e — f ® f wheree, f € H are linearly
independent unit vectors.

Remark 2.5. Each operator A € F>(H) can be represented by
A=a(l®-100)

with respect to an orthogonal decomposition H = H1 ® Hy @ Hs with dim H; = dim H, = 1and « € C. Indeed, since
A is a normal operator of trace zero, we can find orthonormal vectors ey, e, in the range of A and a non-zero a € C
such that A = a(e; ® e1 — e, ® ep). Thus, it suffices to take H; = Spanl{e;}, H, = Spanle,} and H3 = Spanf{e;, e>}*.
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The next result gives us a partial information on the form of @, and it will be extremely useful for other
lemmas.

Lemma 2.6. There exists a map h : C — C such that
® (AA + uB) = h(A)A + h(u)B,
for all linearly independent operators A,B € Fr(H) and all A, u € C.

Proof. First, we claim that there exists a map /1 : C — C such that ® (1A) = h(A)A for every A € F,(H) and
AeC.

Let A = u®u — v ®v be an operator in F>(H). According to the previous remark and Lemma 2.4, for
every A € C, there exists a unique scalar h, (1) such that

D (AA) = hyo(MA.

Let us show that &, does not depend on u and v. For this, we start by showing that we can replace
in h,, the vector u (resp. v) by another unit vector linearly independent with v (resp. u). Without loss of
generality, we take a unit vector w € H such that {v, w} is a linearly independent set, and we will establish
that 1, = hy,. Observe that if # and w are linearly dependent, then u = aw for some unimodular a € C
and so hy,p = hawo = hwp. Hence, we may assume that # and w are linearly independent. Clearly

AM-Aw®w—-vQ0v) =AU U —-wQw).
Hence, we get by Lemma 2.4 and Remark 2.5 that
DNA) - DA w®w—-vQ0)) =c(Uu®u—wew)

for some c € C. That is
hyy(MA = hy (MD)W Qw -v®0) =c(u®u—wew).
Hence, it may be concluded that
(hyo(A) =) u @ u + (hyu(A) = hyo(A) 2@ 0 = (hy (L) —c)w @ w

Since v and w are linearly independent, we can find a vector e satisfies {¢,v) = 1 and (¢, w) = 0. Applying
the above operator equality to ¢, we get

(huo(A) = c)e, it + (Mo (A) = huo(A))o = 0,

and so h,,,(A) = hyp(A).

Now let u’,v" € H be two other linearly independent unit vectors, and let us show that h,, = hy .
Obviously, either {u’, u} or {1, v} is a linearly independent set. Without loss of generality, we may suppose
that {1/, v} is a linearly independent set. Hence, it follows by what has already been proved that

hu,v = hu’,v = hu’,v’-

Therefore, ® (AA) = h(1)A for every A € F»(H) and A € C.
Now, let u € C, and let B € #,(H) be linearly independent with A. Since AA + uB — AA = uB and
AA + uB — uB = AA, we infer by Lemma 2.4 that

@ (AA + uB) - D(AA) = D (AA + uB) — h(\)A = cB

and
D (AA + uB) — P(uB) = P(AA + uB) —h(u)B =c’'A

for some ¢, ¢’ € C. Consequently h(u)B — h(A)A = ¢cB — c’A, and so h(A) = ¢’ and h(u) = ¢, which establishes
the desired result. O
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Now, we describe explicitly the form of the map & obtained in the previous lemma.
Lemma 2.7. There exist two complex numbers a and B such that
h(z) =az+pz foreveryz e C. (1)

Proof. We begin by proving that h is additive. Let z,z" € C, and consider A,B € ,(H) given by A =
e1®e; —e;®ey and B = e3 ® e3 — e4 ® 64 where {e1, €3, €3, €4} is an orthonormal set. On account of the previous
lemma, we have

O((z+2)A+zB)=h(z+2Z)A+h(z)B and D(Z'A) = h(z')A.

But, since (z + z')A + zB — zZ’A = z(A + B) = zI ® (—zI) ® 0 with respect to H = Span{e;, e3} ® Spanle;, e4} ®
Spanfey, ..., es}*, Lemma 2.4 implies that

D((z +2")A + zB) — D(Z'A) = ¢(A + B)
for some c € C. This implies that
h(z +z')A + h(z)B — h(z')A = ¢(A + B),

and so h(z + z’) — h(z’) = ¢ = h(z). Thus, h is additive as claimed.

Now, we establish the form of h. For this, we start by proving that & restricted to real numbers is a scalar
multiple of the identity. There is no loss of generality in assuming that h(fy) is non-zero for a certain real
number f.

Let t € R be non-zero, and choose two operators F, K € F,(H) linearly independent and having the
same range. Under the fact that foF + {K is a normal operator of rank two and trace zero, there exist two
orthonormal vectors eq, e; and a non-zero ¢ € C such that {oF + tK = c(e; ® e; — e ® e2). Hence,

O(toF + tK) = h(to)F + h(t)K = h(c)(e1 ® e1 — e2 ® €3).
It follows that

h(c)toF + h(c)tK — h(to)cF — h(t)cK = h(c)toF + h(c)tK — c (h(to)F + h(t)K)
= h(c)toF + h(c)tK — h(c)c(er ® e1 — e2 ® €3)
= h(c)toF + h(c)tK — h(c)(toF + tK) = 0,

and so
h(to) _ h(c) _ h(t)

t() Cc t,

because F, K are linearly independent. Consequently, for 69 = h%), we get h(t) = Ot for every t € R.

Note that the operator ¢F + K remains normal of rank two and trace zero if ty and t are replaced by
purely imaginary non-zero numbers. Accordingly, we obtain in the same way the existence of a complex
number ¢’ satisfying h(it) = 0’it for every t € R. Therefore, by setting 61 = 6’i, we obtain that h(it) = 01t for
every t € R.

Letting z = a + ib € C where 4 and b are real numbers, we get that

h(z) = h(a)+ h(ib) = Soa + 61b

_ 50 - 161 . 60 + 161
= 5 (a +ib) + >

= az+fz,

(a —1ib)

where a = 271(5p — i61) and B = 271(8p + i61). This finishes the proof. [

For an operator T € B(H), write ran(T) for its range and ker(T) for its kernel.
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Lemma 2.8. Consider an orthogonal decomposition H = Hy @ - - @ Hs where dim Hy = dim H; and dim H; =
dim Hy. Let E,, F, € B(H) be defined by

Eo=19-19000®0 and F,=0008[0-140.

Then
D(AE, + uFo) = h(A)Eo + h(u)F,  for every A, u € C.

Proof. Let A,y € C, and put A = AE, + uF,. By Lemma 2.4, we can write ®(A) = A'E, + u'F,. Choose an
orthonormal system {e;, ..., es} wheree; € H;, and set F = ¢; ® ¢; — e, ® e and K = e3 ® e3 — e4 ® 4. Note that
we can represent

A-AF+uK)y=Ale-Aloule—-ula0

with respect to the new decomposition H = H} @ --- ® H, where H, = H; © Span{e;} for 1 < i < 4 and
H. = Spanley, ..., e4} ® Hs. It follows by Lemma 2.6 that ®(AF + uK) = h(A)F + h(u)K, and by Lemma 2.4 that

(D(A) = OAF + uK))py, = (D(A) = HA)F = h(p)K)y, = 0.
Computing for e; and ez, we obtain that A’ = h(A) and ' = h(u). O

In the sequel, H is assumed to be infinite dimensional. Recall that an orthogonal projection is said to be
a proper projection if its kernel and range are infinite dimensional subspaces. We denote by P (H) the set of
all proper projections in B(H).

Lemma 2.9. We have
D(AP) = h(A)P  for every P € Poo(H) and A € C.

Proof. Let P € P(H)and A € C. Then, P = 0® @ 0® 0 ® 0 with respect to an orthogonal decomposition of
H into infinite-dimensional subspaces. Consider Q, R € P« (H) defined by

Q=00I0I9060 and R=000604I60.
Since A(Q—-R)-AP =A(Q-R-P) =A0®081®-1490), Lemma 2.4 ensures the existence of ¢ € C such that
D(A(Q - R)) = DP(AP) =c(Q—R-DP).

Note that, with respect to a suitable orthogonal decomposition of H into infinite-dimensional subspaces,
wemay write Q =I/®000and R=00160,so that Q — R =1® -I®0. Thus, by Lemma 2.8, we have

D(A(Q - R)) = h(A)(Q - R).
It may be concluded that
O(AP) = P(AQ — R)) —c(Q =R = P) = cP + (h(A) — 0)Q + (c — h(A))R.
Replacing Rby R’ = 0@ 0@ 0® 0 @ I, we get in a similar way that
D(AP) = ¢'P + (h(A) - )Q + (" = h(A)R’

for some ¢’ € C. Since {P,Q,R, R’} is a linearly independent set, we infer that ¢’ = ¢ = h(A). Therefore,
D(AP) = h(A)P as desired. [

In order to establish the form of @ for a linear combination of proper projections, we start by the
following special case.

Lemma 2.10. Let P,Q € Po(H) be such that codim ran(P) + ran(Q) = co. Then
D(AP + pQ) = h(A)P + h(u)Q  forevery A, u € C.
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Proof. Suppose first that PQ = 0. The fact that codim ran(P) + ran(Q) = co leads to P =19 0000006000
and Q=001 0® 0 0® 0 on a suitable orthogonal decomposition of infinite-dimensional subspaces. As

AP +uQ - (A +u)Q = AP -Q),
Lemma 2.4 implies that
DAP + pQ) = D((A + w)Q) = c(P - Q)
for some c € C. But, by the previous lemma ®((A + u)Q) = h(A + u)Q, and then
DAP + uQ) = cP + (h(A + u) — 0)Q.
Consider A = AI® ul ® Al & —AI & ul ® —ul. Since
A-(AP+pQ)=0000 A @ -AlDule® —ul,

we infer by Lemma 2.4 that (®(A) — (AP + AuQ))Iran(P) =0, and thus ®(A)jranp) = cI. According to Lemma
2.8, we have
D(A) = h(A) @ h(p)l & h(A)I & —h(A) @ h(u)] & —h(w)l,

that is ®(A)jran(p) = h(A)I. Therefore, c = h(A) and so P(AP + uQ) = K(A)P + h(u)Q.
Now, for the general case, we can choose a proper projection R such that RP = RQ = 0. Hence, Lemma
2.4 asserts that
DAP + uQ) — P(AR + pQ) = ¢'(P - R)

for some ¢’ € C. Taking into account the previous case, we get that
O(AP + uQ) = h(MR + h(p)Q + ¢’ (P - R).
Since the choice of R is arbitrary, we obtain necessary that #(1) = ¢, and thus
OUP + uQ) = h(W)P + h(p)Q.

This completes the proof. O

Lemma 2.11. Let P; € Po(H), 1 < i < n, be such that codim ran(P;) + -+ + ran(P,) = oo. Then, for every
A1, ..., A, € C, we have

@ [Z /\,Pl-} = Z h(A;)P;. )
i=1 i=1

Proof. The proof is by induction on n. According to Lemmas 2.9 and 2.10, we can assume that (2) holds for
a fixed n > 2.

Let A; e Cand P; € Po(H), 1 <i < n+ 1, where codimran(P;) + - - - + ran(P,4+1) = co. The fact that & is
additive allows to assume, without loss of generality, that P; # P; fori # j.

Firstly, consider the particular case when PP, = P,41P1 = 0. Let K € {Py, P,}. Clearly, the operator
P, -1—K canbe written as I&—I®0 with respect to a suitable orthogonal decomposition of infinite-dimensional
subspaces, and hence by Lemma 2.4 we have

n+l

Z AiP;
i=1

for some cx € C. From induction hypothesis, we obtain

O -9

n
Y AP+ AMKJ = cx(Pus1 — K)
i=1

O]
i=1

Z AiP; + An-%—lK] = Z h(Al)Pi + h(/\n-#l)K-
i=1
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Consequently,
n+1

D Z Aip,-] = Y WA)P; = h(Ays)K + ck(Ppat — K).
i=1 i=1

Writing this equality for K = P; and for K = P,,, we get that
h(An+1)P1 + c1(Ppa1 — P1) = h(Aps1) Py + Cu(Praa — Pr).
The multiplication by P, leads to ¢; = ¢, and so
(h(Ans1) = c1)P1 = (h(Ans1) = 1) Py
As Py # P,, we obtain h(A,41) = ¢c; and

O

n+1 n+1
Z )L,-Pi] = Z h(A;)P;.
i=1 i=1

Now, we consider the general case. As codimran(P) + - -+ + ran(P,+1) = o0, we can choose Q € P (H)
such that QP; = 0 for every 1 <i < n + 1. From Lemma 2.4, there is ¢ € C such that

n+1
o (Z AP;
i=1

On the other hand, by the previous case, we have

- (D[Z AiP; + /\n+1Q] =c(Ppy1 - Q).
i=1

) (Z AiP; + /\n+1Q] = Z h(Ai)P; + h(A,41)Q.

i=1 i=1

Therefore,

O]

n+1 n

Y AiPi] = Y BAP; + Pt + (h(Ans1) = Q.
i=1 i=1

Since Q is not unique, we necessary get that ¢ = h(A,41), and so

n+1 n+1
Z /\ipi] = Z h(A)P;,
=1 =1

O

as desired. [

Remark 2.12. Given two subspaces M, N C H of infinite dimension and codimension, there exist two orthogonal
subspaces My, M, of M such that

dimM; = dimM e M; = codim M; + N = oo, fori € {1,2}.

Indeed, take an orthonormal basis {u, : n > 1} of N* and write u, = x, + y, where x, € M and y, € M".

Choose a subsequence {xy, }x of {xn}n so that the subspace K = M © Span{x,, : k > 1} has infinite dimension. Then
Uy, € K+ NN+ for every k > 1. Therefore, every orthogonal infinite-dimensional subspaces My, My of K satisfy the
requirement properties.

Lemma 2.13. LetP; € Poo(H), 1 <i < n,andlet Q; € Po(H), 1 < j < m, besuchthat codimran(Q1) + - -+ + ran(Q,) =
oco. Then, for every A1, ..., Ay, 1, ..., im € C, we have

cp{; AP + ; 1,Qj

= Y AP+ Y h())Q;. ()
i=1 =1
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Proof. We proceed by induction on 7. It is customary to use the standard convention that the sum over an
empty set is zero, and hence the case n = 0 is proved in Lemma 2.11.

Suppose that (3) holds for n > 0. Let P; € P(H), 1 <i <n+1,and let Q; € P(H), 1 < j < m, be
such that codimran(Q;) + ... + ran(Q,,) = co. Taking M = ran(P,;1) and N = ran(Q;) + - - - + ran(Q,,) in the
previous remark, we can easily construct proper projections R; and R, that fulfill {Ry, Ry, P,+1} is a linearly
independent set, ran(Ry) C ran(P,+1) and

dim ran(P,,+1 — Rx) = codimran(Ry) + ran(Q1) + - - - + ran(Qy,) = oo,

fork =1,2. Fixk € {1,2}, and set

n+l1

m n m
A= Z AP + Plej and B-= Z AiPi + 24,01 R + Z [J]‘Q]‘.
i=1 j=1 i=1 j=1

Since ran(Ry) C ran(Py+1), we can write Pj,.1 — 2Ry = [® —1®0 with respect to the orthogonal decomposition
H = ran(P,41 — Ry) @ ran(Ry) @ ker(Py41). As A — B = A11(Py+1 — 2Ry), it follows from Lemma 2.4 and
induction hypothesis that

D(A) — D(B)

D(A) = | Y HADP; +2(An)Re + Y (p)Q;
i=1

=

Cx(Prs+1 — 2Ry)

for some ¢, € C, and so

n m

O(A) = Y HADP;+ ) h(p)Q; + Pust + (A1) = 20)Rs.

i=1 j=1
We deduce that
C1Pps1 + (2h(Au41) — 2¢1)Ry = c2Pyyq + (2h(Ani1) — 2¢2)Ro,
and hence 2h(A,11) — 2¢1 = 0, that is ¢; = h(A,41). Therefore

n+1 m

D(A) = )" WP+ ) h(p)Q;,
i=1

j=1
the desired equality. [

From [14, Corollary 2.3], every operator on H is a linear combination of sixteen orthogonal projections.
It follows that every operator on H is a finite linear combination of proper projections. Indeed, for a given
projection P, H can be decomposed as an orthogonal sum of ran(P) and ker(P). When ran(P) (resp. ker(P))
has infinite-dimension, we decompose it as an orthogonal sum of two infinite-dimensional subspaces, and
wewrite P=10100=10000+00100(resp. P=10000=10100-00100).

Now, we present the proof of Theorem 1.1.
Proof. [Proof of Theorem 1.1] (i)=(ii). Let & and 8 be the complex numbers obtained in Lemma 2.7, and let

T € B(H). Then, there are complex numbers Ay, ..., A, and proper projections P; € P (H), 1 <i < n, such
that T = Y., A;P;. Taking m = 1 in the previous lemma, we get that

i /\iP,' nZ_l Aip,' + /\nPnJ = i h(/\,’)Pi
i=1 i=1

(T)

O] =

i=1

a [Z )\iPi] + ﬁ[ I-Pj) = aT + BT".
i=1

n
i=1
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The implication (ii)=(i) follows immediately from the fact that for a fixed conjugation C on H, the set of
C-skew symmetric operators forms a *-closed subspace of B(H). [

For T € B(C"), we denote by tr(T) the trace of T. We present now the proof of Theorem 1.3.

Proof. [Proof of Theorem 1.3] (i)=(ii). First, we establish the form of ® on the set of scalar multiple of
rank-one projections. Let u € C" be a unit vector, and let A € C. We can choose an orthonormal basis
{ext1<k<n of C" such that e; = u. It follows from Lemma 2.6 that ®(A(e; ® e1 — e ® ¢ex)) = h(A)(e1 @ €1 — ex Q ex)
for every 2 < k < n, and hence

n n
O (nAu®u— Al ) Z/\(el ®e — ek®ek)] = Z(D(/\(el ®e1 —er®e))
k=2 k=2

1=

h(A) (e1®e1 — e ®ex) = nh(A)u @ u — h(A)L.

=

=2

Therefore, we get that
PAu®u)=h(ADu®u+ % [D(AL) = R(M)I].
Note that (1) = aA + A for every A € C by Lemma 2.7. Since, by the spectral theorem [4, Theorem

I1.7.6], every normal operator N on C” is a linear combination of rank-one projections u; ® u;, it may be
concluded that

O(N)

i Aitt; ® ui] = i D(Aiu; @ u;)
i=1 i=1

Y (@i + R @i+ Y, L [O(AD) ~ A

i=1 i=1

aN +pN" + % (@(tr(N)I) — h(tr(N))]) .

O]
n

This form of ®@ remains true for every T € B(C") because every operator is the sum of two normal ones. If
we let W(T) = % (D(tr(T)I) — h(tr(T))I) for every T € B(C"), then clearly VW is an additive map on B(C") that
vanishes on sl,(C), and

D(T) = aT + pT" + W(T).
(ii)=(i) follows from the fact that every skew-symmetric operator T has trace zero. Indeed, if M is the

representation matrix of T in some orthonormal basis that satisfy M = —M, with M"" being the transpose
of M, then we should have

tr(T) = tr(M) = —tr(M') = —tr(M) = 0.

O

We close this paper by the following question:

Question 2.14. It would be interesting to know if an analogue result of Theorem 1.1 can be obtained in the setting
of finite-dimensional Hilbert spaces.
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