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Defect-Deferred Correction Method for the Non-Stationary Coupled
Stokes/Darcy Model

Yanan Yang?, Pengzhan Huang?®

?College of Mathematics and System Sciences, Xinjiang University, Urumqi 830046, P.R. China

Abstract. This paper develops the defect-deferred correction method to solve the non-stationary coupled
Stokes/Darcy model. This method is a combination of defect correction method and deferred correction
method. And it can not only achieve the second order accuracy in time, but also be applied to the problem
with small viscosity and hydraulic conductivity coefficients. The theoretical proof of the stability and
the second order accuracy in time are shown. Some numerical experiments are given to verify the error
convergence order in time. In addition, compared with the standard Galerkin finite element method, the

advantages of the presented method in calculating small viscosity and hydraulic conductivity coefficients
will also be reflected in the numerical experiments.

1. Introduction

In recent years, the coupling between incompressible flow and porous media flow has received more
and more attention in many current industries, such as soil pollution problem, oil drilling simulation and
filtering surface water and so on. Therefore, it is practical and necessary to develop some effective numerical
methods to investigate the Stokes/Darcy model.

In fact, the Stokes/Darcy model has different governing equations in different regions and possesses mul-
tiple physical quantities. These characteristics have caused various difficulties and problems in the numer-
ical simulation of the model. Nevertheless, many numerical calculation methods for solving Stokes/Darcy
model have been proposed [1, 7, 11, 17-19, 25]. Qin and Hou have added time filter to the backward Euler
scheme of the Stokes/Darcy model to improve the accuracy of the time from the first order to the second
order. Also, They achieved that the addition of the time filter can increase the BDF2 scheme from the
second order to the third order [21]. Further, Li, Zheng and Layton have analyzed a multi-rate decoupling
algorithm that allows different time steps to be used in different sub-domains and improves the calculation
accuracy and efficiency [26]. There are also the discontinuous Galerkin methods [23], interface relaxation
methods [4] and decoupled methods based on two-grid or multi-grid finite element [5, 9, 16, 20] and so on.

The defect-deferred correction method was first proposed by Aggul, Connors, Erkmen, and Labovsky
when solving the problem of fluid-fluid interaction [2]. For this method, it is a combination of defect
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correction method and deferred correction method. The defect correction method starts from a stable, low-
order, and inexpensive method, and proceeds by calculating a series of approximate solutions on the same
grid, gradually improving the accuracy. It uses a simple and effective artificial viscosity approximation
to increase the viscosity coefficient of the flow. After that, a deferred correction method was established
on this basis and applied to the data-passing scheme [8, 10] to create an unconditionally stable second-
order precision partition time method. The combination of the defect correction and deferred correction
was successfully tested in application to the one-domain Navier-Stokes equations [3] and the two-domain
convection dominated convection diffusion problem [10].

In this paper, the defect-deferred correction method is mainly used to solve the numerical solutions
of the Stokes/Darcy model with small viscosity and hydraulic conductivity coefficients. As the viscosity
coefficient and hydraulic conductivity coefficient become smaller, the error of the standard Galerkin finite
element method will increase rapidly. The defect-deferred correction method proposed not only achieves
the second order accuracy in time, but also keeps the calculation results stable when the viscosity and
hydraulic conductivity coefficients in the Stokes/Darcy model are small.

The rest of the paper is arranged as follows: The second section of this article mainly describes
Stokes/Darcy model and preliminary work. The third section is devoted to the proof of stability and
the error estimates of the fully discrete scheme. Finally, two numerical experiments verify the second order
accuracy in time and the superiority of the algorithm for small viscosity/hydraulic conductivity coefficients
in the Stokes/Darcy model.

2. Coupled Stokes/Darcy model

Let us take into account the model for coupling fluid and porous media flows in a bound smooth domain
Q c R?, which consists of two sub-domains Qf and Q, simply. Interface I' divides Q into ), and Q, i.e.
Q =Q,UQy. Next, theboundary I'y = dQ;NJQ, T, = dQ,NJIQ and interface I' = dQr NI, are introduced.
In the rest of this paper, we always use boldface characters to denote vectors or vector valued spaces. n,
and ny represent the unit outward normal vectors of dQ2, and d(¢, respectively. The motion in fluid region
Q) is governed by the Stokes equations [21, 22]:

al.If .

W—V'(Tv(uffpf))=gf/ in Qy,

Veoup =0, in Qy, 1)
us(x,0) = u?((x), in Qy,

where T, (uf, ps) = —pyIl + 2vID(uy) is the stress tensor and D(uy) = %(Vuf + VTuf) is the deformation rate
tensor. I is the identity tensor and is expressed as

10
Ry

v is the kinetic viscosity and gy(x,t) is the external force. The motion in porous medium region Q, is
governed by

Sody .
T -V KV¢P = 9ps mn QP’ 2)
Pp(x,0) = PH(x), inQ,,

where S is the water storage coefficient. K represents the hydraulic conductivity in ,, which is the
positive symmetric tensor, and is allowed to change in space. The g,(x, ) is a source term with a solvability

condition fQ gp(x,t) = 0. The above equations (1) and (2) are coupled together by the following boundary
4
conditions,

ur=0, onTy, ¢,=0, onI), 3)
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and the interface conditions on T,
uf-nf—H(V¢p-np =0,
— [Ty (ur, ps) - ngl-ng = gy,
V2av
—[T(us,ps) - nfl 7= ———
1P / Vtracell

where 7 is the orthonormal tangential unit vectors along I'. « is an experimentally validated parameter
and IT represents the permeability. Here g represents the gravitational constant. The interface condition is
called the Beavers-Joseph-Saffman interface condition [6, 13, 15, 24].

Then, let us introduce some function spaces:

Xp={vy e HY(Qp) : vflr, =0}, X, = {1, € H(Q) : Pylr, =0},
Qf = LX(Qy), U=X;xX,.

(4)

uf'T,

We equip the domain D (D = Q, or Qy) with the usual L*-scalar product (-,-)p and L?>-norm || - ||p, which is
expressed as || - [|;2. On the interfaceI’, the L2 inner product is defined as (-, -)r. Besides, the space X and X,
are equipped with the following norms

Ivelly = IIVVlle = (J(VVg, Vvp)a,, YveeXy,
”ll)p”p = ”Vl;bp”Lz = \’(Vlgbp/ VI]bp)Qr,/ Vl#p € Xp-

And the space U equipped with the norms: Yu = (uy, ¢,)" € U,
lullo = /(@ up)ey + [750(Dp Dp)os

lully = \[¥(Vuy, Vo, + 7KV, Voy)a,.

For functions v(x, t), we define the norms,

T 2
[0llc20,m:2(2)) = (f [lo(, t)”izdt) , Mollz=,r12(2)) = ess sup |[o(-, )]z
0 (0<t<T)

Then the variational formulation for the time-dependent Stokes/Darcy model as follows: For g; €
L*(0, T; L*(Qy)) and g, € L*(0, T; L*(CY)), find u = (us, ¢p)" € L*(0, T; Xy) N L¥(0, T; L*(Qy)) X L*(0, T; X,) N
L>(0, T; L*(€)y)) and ps € L*(0, T; Qy) such that ¥(v, 4¢) € U X Qs satisfying
(w,v) +a(w,v) = b(v, ps) + b(w, 45) = (F, V),

0 ®)
u(x,0) = u’,

where
(u, v) = (ugs, ve)a, + (Sodpt Ppla,,  a(w,v) = vag(w,v) +ar(u, v),

vag(u, v) = WQf(uf/Vf) + Kag, (Pp, Pp), ”Qp(¢pr ¥p) = g(Vopp, V‘PP)QW

aVd
ao,(ur,ve) = (Vus, Vv + | ———((ur,vy) — ((ur,vy) -ns)n ,
o,(uf, vy) = (Vuyg, Vvyp)a, m(( 7, Vf) — ((uy, vy) -mp)ny) )

<F/!>U/ = (gf/Vf)Qf + g(!]pr lgbp)Qpr al‘(E,X) = g(¢)p/vf : nf)r - g(ll)p/ uf : nf)F/
b(v,pr) = (s, V- vy,

where U’ is the dual space of U. The bilinear forms are continuous and coercive (refer to [7]). Yu,v € U,

a(u,v) < Cenllullullvllu, a(uw,w) > Ceoellull?;, ©)

ar(w,v) < Crllullulvilu, Yuvel,
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where Cgn, Ceoe and Cr are positive constants and not dependent on the data of the problem. Additionally,
ar(u,v) = —ar(v,u) and ar(u,u)=0, Yuvel. )

For the theoretical analysis, we introduce the trace and Poincaré inequalities. There exist positive
constants C, and C, that depend on the domain Qf and (2, respectively, such that for all v; € Xy and

Yp € Xy,
Ivelle < Colivelly, Il < Colliplly (8)

3. Two step defect-deferred correction

Firstly, let {t, = nAt}ﬁ’:O be the mean of the time interval [0, T], and the time step At = % Secondly,
T, is constructed as regular triangles of ()r in 2D domain with max diameter ¢. Further, for Q,, we also
define 7, with max diameter /,. Then h = max{hy, h} is set as the maximum diameter of Q. For simplicity,
we assume that Qf and (), are smooth domains. Let Xz, € X, Qs € Qf and Xy, C X, are finite element
spaces. Furthermore, the finite element space pair (Xg,, Q) is assumed to satisfy the usual discrete inf-sup

condition or LBB condition for stability of the discrete pressure:

b(vh/ I )
inf YA g5,
47€Qpn v,ex , IVallx Nl eullo,

where f is a constant and is independent of k. In fact, many finite element space pairs satisfy the discrete
inf-sup condition, such as Taylor-Hood elements (P2-P1, P3-P2) and Scott-Vogelius element. In this paper,
the theoretical analysis and numerical experiments are based on Taylor-Hood element (P2-P1). Then, we
define U, = (Xp, X Xp) € (X X X)). Throughout the remainder of this paper we will use tu = (tuy, t¢,) and
tps, oy, = (G, ¢p) and p 7, cu, = (cuy, cp) and cpy to denote the true solution, the defect step approximation
and the defect-deferred correction step approximation respectively.

Fort € [0,T], QZ and cu, will denote the discrete approximation to tu” (n = 0,1,...,N). The artificial
viscosity H is positive and chosen as a stabilization item. In order to facilitate the theoretical analysis below,
we set (v + H)ag(w, v) = (v + H)aq,(uf, vy) + (K + HDaq, (¢p, ). Discretely, divergence-free velocities will
be sought in the test space

V, = {Vh e U, : quhv -Vth =0, Vl]fh S th}.
Q
In addition, there always exists the mesh-independent constant C and the finite elements (uy,, p¢) € (Uy, Qg),
that satisfy the following optimal approximation property [27]:
l[tu — wyllo < CH|Itullps),  ltw — wllu < Ch|ltullpeq).- )

After that, we will introduce the defect-deferred correction algorithm: Given QZ € Uy, cu, € Uy, find
(gzﬂ,ﬁ?ﬂ) S (Uh, th), (CEZ“, CP?H) S (Uh, th) withn=0,1,2---N -1, V(!h, th) S (Uh, th), satisfying

~n+l _ an

(W,gh) + (v + Hag(@;™, v,) +ar(@", v,) - b(v,, f;™) = F"* v )y, (10)
and
1
CEIZH B CEZ H n+1 n+1 b n+ly _
— Y|+ Wt Hao(ew, ™, v,) +arew, ™, v,) — by, cpp) =
ﬁn+1 + ﬁn Fn+1 + Fn ﬁn+1 _ ﬁn
Hag [%,Vh) <T/‘_7h>u + (v + H)ag %,Xh (11)

ﬁn+1 _ﬁn At ﬁ]’l+1 _ﬁ”
le(u,!h)__b !w% ,
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(10) is the defect step and (11) is the defect-deferred correction step. The terms on the right hand side of
(11) are written in a form that hints at the reason for the increased accuracy of the defect-deferred correction
step solution. Note also that the matrix of the system is identical for (10) and (11) because of the similar
structure on the left. Thus, a simple artificial viscosity data-passing approximation is computed twice to
achieve higher accuracy while also having unconditional stability.

4. Stability and convergence

In this section, we prove the unconditional stability of both the defect step and the defect-deferred
correction step approximations. Also the accuracy of defect step and defect-deferred correction step and
time derivative step are shown.

Theorem 4.1. (Stability of defect approximation) Let G
-, N —1}. Then we get

A”“ with initial data g2 satisfy (10) for each n € {0,1,2,- -

N-1 2 N-1
A A P
la "+1||0+At<v+H)ccer]|| < o ZIIF”“II + 1R,

Proof. Taking v, = @' € V}, in (10), it follows that

ﬁ‘rl+1 AN
=Zh _h A A A~
[ n+1 +(U+H)LIQ(UZ+1 Z+1)+ﬂr( Z+1’_;11+1) _ Fn+1 n+1>U/. (12)

Using the Cauchy-Swcharz and Young's inequalities gives

+1112 a2 2 4 2
” " ” - ” n” ( + H)C ”Al’H-l” < CCOE(U +H)”An+1”2 p + ) ”Fn+1||
2At coellFyy Mg = 2 U " 2C.e(v + H) L2
Multiplying by 2At and summing over the time levels, there holds
N-1 ey NF
~n+1y12 ~n+12 n+1
6B + Al + H)Cooe Z;‘ a1 < m( Z IE 12, + a2, (13)

O

Theorem 4.2. (Stability of defect-deferred correction approximation) Let cu!'*! with initial data cgg satisfy (11) for
eachn €{0,1,2,--+,N —1}. Then AC > 0 is independent of h and At such that cu}'*! satisfies

1 v 12 012 v R 0112
llew* ||0 +@+H)At Y Ceellew) I < Collewplls + At ) l——=——I7 + lla,)lI5 ¢ -
u, uy, I > L h

n=0 n=0

Proof. Taking v, = cu’*! € V; in (11) obtains

h
cu — cu”
—h —h

At

1 1 1 1 1 Fl+ B 1
n+ n+ n+ n+ n+ — n+
sew, ™ [+ (v + H)ag(ew, ™, cwy ™) +ar(cw, ™, cu, ™) = — o,

v

An+1 + ﬁ ﬁn+1 _ ﬁn ﬁn+1 ﬁ” (14)
+ Hag [% CuZ”) + (v + H)ag [% CuZ”] +ar (% cuZ“].

Using the Cauchy-Swcharz and Young’s inequalities, the right-hand sides of (14) are bounded as follows
G+C) pHlp "

4€Cepe(v + H) 2 L2

Fn+1 +F"
<T’C—Z+1 < €Cooe(v + H)lleuy I3 +
U
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:ZH T, 1 1 H>C 112 2
= n+ n+ con AT+ A
Haq (—2 cu, ] < 2e(v + H)Ceelleu) |3, + T6eCon(v + H) H)(Ilgh g + G, 115),

and

An+1 Al

W+ Hag | Z—= cu™! | < 2e(v + H)Copyllcu |2, +
2 ~h - coell™>=2y U

(v + H)C,,

An+1 A2
+ |ju
e G + 1R,

2

u, T
16e(v + H)Cpe

An+1 ANl
ar (—‘h cg;f”) < 2e(v + H)Ceoellew) ™17, + (I + 18 17)-

2
Choosing € = & and multiplying by 2At, we obtain

7(C2 + CZ)At F*l 4+ F"
1 2 1
llew G = llewy5 + At + H)Cpellew) M IF; < o+ H) > :

TH2C2 At 7CZAt
$(II”’“IIU +[E)1R) + ———
4(v + H)Cooe 4(v + H)Coe
7(v + H)C
M(IIA”HIIU + IIthlﬁ)-

4CCU€

(a1, + 1ag1) (15)

|
Next, we start by proving the accuracy estimate of the defect solution.

Theorem 4.3. (Accuracy of defect step) Let tu be smooth enough and ¢, = 0. Then AC > 0 is independent of h and
At such that for any n € {0,1,2,- - -,N — 1}, the solution @ A”“ of (11) satisfies

N-1
™ = @2 + At + H)Cooo Y It = @1, < C(i* + AP + H),
n=0

Proof. Write (5) at time f,,41 as

n+l _ n
tu tu nl nl 4l
T Wt 0+ Haotu™, v,) +ar(tu™, v,) - b(v,, tp7")
16
n+1 tEn+1 B h'_ln n+1 n+1 i
=(F", v)u + A tu/", v, | + Hag(tu"",v,).

n+l _ (ontl_ an+l =n+l n+ly — An+l _ i+l nel _ ' -tu” n+l
The errors are decomposed as e, ™ = (@, " —@,"")— (7" —tu""") = ¢;* —n;"". Denote p"*" = =—F——tu]"",

subtract (10) from (16) to obtain the equation for the error.

en+1 _ ol

(% vhJ+ (v + Hyaa(ej™!, v,) + ar(e) ™, v,) = by, tpf = p) = (0", v,) -
+ Hao(tu""!, v,).
Taking v, = /"' € V},, we have
n+1 (P
[ N h n+1)+(U+H)ﬂQ((Pn+1 ¢Z+l) +a (¢n+1 ¢n+l (pn+l (Pn+1
(18)
nn+1 T]n
+H€lg(tgn+1, ¢Z+1)+[ h " h/ Z+1 +a n+1 ¢Z+1)+(U+H)ﬂg(nn+l ¢Z+1)'
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On the one hand, the left-hand sides of (18) are shown as follows:

“¢Z+1”(2) B “qb;ll“é n+1(12 n+l s n+l n+l n+l
EEEEwee—— (v + H)Ccoe”th ”U < (P ’¢h ) + HaQ(tE /th )

2At
nn+1 nn (19)
+( h = h, Z+1)+ n+1 ¢Z+1)+ (U+H)ﬂQ(TI”+1 (PZH)'

On the other hand, we find a bound on the right term with the Cauchy-Swcharz inequalities and Young
inequalities,

)
ntl pntly n+1112 P n+112
(p r¢h )<e(+ H)Ccoenﬁbh ”U + de(v + H)Cwe”p ”0/
Hag(tu"™", ;") < e(v + H)Cooellp " IIF; + ﬂlltumllz
= /T 7= U 4e(+ H)Cpo ' — Y
n+1 n (Cz + CZ) n+1 n
AT 1) < v+ H)Canll g IR + o e
At " 4e(v + H)Coe At
Similarly,
2
n+l on+ly - n+12 n+1
(™, 93) < € + H)Cal0 I+ g eI IR
n n n (v + H)CCOVI n
(v+ H)“Q(rl , h+1) <e(w+ H)Ccoe”(th”% + T” +1||2 .
Choosing € = 7 and multiplying by 2At, we have
2
"M 1I5 = Iy 5 + Ab(v + H)Coaelldy ™ I ¥II "3
n o nllo h U_(+H)Cco€ 0
202 2 4 B2y ol
+ SAtH Ccon ||t n+1||2 SAt(C +C ) n T]h ”2 (20)
W+H)Cp — Y (v+ H)Cwe At 0
5At(v + H)Ccon ” +1|| SAt “ +1”2 5At(v + H) con ” +1”2
CCOQ U ( + H) coe CCOE
Summing over the time levels allow us to obtain
= 5A(Ca + (D)
n+12 n+12 p p
iy 1lg + At(v + H)Ceoe nZ:(; llpp T MIG < m” tt||Lz(0TU)
- 2 2 n+l _ on
% ||tun+1||2 5A (C +C ) Z ”nh+ ~ ”2
T HCwe & T 0 H)Co 0

, SAHw + H)c2 =

5AtC2 \ 5At(v 5AH + H)C2, N |
z Zu IR e Zn PR+ ) Zn IR

Finally, combine 7 < and the triangle inequality to obtain
N-1
™ = @2 + At(v + H)Cooo Y lIbw™! = @13 < C(i* + AP + H),
n=0



Y. Yang, P. Huang / Filomat 36:1 (2022), 15-29 22

Before providing the accuracy estimate for the defect-deferred correction approximation, we need to
give

Theorem 4.4. (Accuracy of time derivative of the error in the defect step) Let the assumption of Theorem 4.3 holds.
Then AC > 0 is independent of h and At such that for any n € {0,1,2 - --, N — 1}. The discrete time derivative of the

n+l__an

e
h h 1afq
error -——" satisfies

e]I;H—l _ eZ N-1 In+1 e’
1R+ At + H)YCoe Y I < OOt + AP + FP),
n=0
¢n+1 ¢)”

Proof. Taking v, = € V;, in (17) leads to
1 1 141 1
(elZH % D ; ki ] + (v + H)ag (enﬂ P’ t (Ph] ( nl b th]

At A A At
¢n+1 ¢ n+1 (P (21)
n+1 Th Th n+1 Th  Th
= H
Also, take v, = (7)” % in (17) at the previous time level, and subtract the resulting equation from (21).
n+1_
Denoting S*! = (P” to get

syt -sy, s"“) + At(v + Hag(S)*, ST + Atar(S)H, Sp+)
n+1

T]ZH 27]2 + T]Z_l n+1 pn+1 P n+1 T]h nZ n+1
< - - 7
_At( 2 Sy | AL ; , S, | + Atar " Sy
n+1

tu‘rl+l — tu” n _ T]n
= = 1 1
+ AtHar ( S ) + At + H)ag (T’ s ) :

(22)

Followed by the Cauchy-Swcharz and Young's inequalities, and combine the conclusion of (9) to obain

(2 ) n+1
2w+ H)Com Iy 15,

n+l _

At(nh

n n 2 /2 1 n
[ pge . AHG+C) ™ —p
At| —— <A H .
t( S| = e+ BNCallSIIG + o eI b

20+t
AP

,sg”) < Ate(v + H)CeoellS] 17 +

Similarly,

n+1

Atar [nh
n+l _ t

tu u' +1
AtHap | ———— S" < Ate(v +H)Ccoe||5" ||U

At

2
Ze(v +H)Cm”’7
AtH?C?, Htg““ - tu" 2
4e(v + H)Ceoe AtV

( H) con
4 CCDE

n+1
sl

- il S"“] < Ate(v + H)CanellS; ™3 +

n+l _

n
A + Hyag (% s;;“) < Ate(v + H)CalllS} I + I 18-

Choosing € = 3 leads to

IS 411G = IS} + At + H)CeoellS) 11

5CG+C) ), SAHC, +C) pl —pt 5C2 "
< — n
S 0BG Ml e, A o e, e I

SHZC(Z:on ||t n+1|| (U+H)Ccon n+1||
U

—_— + —_—
( + H)Ccoe L2t b ;U) Ceoe ” h
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Summing over the time levels obtain

= 5C2+CH) H 5A(C2 + C2)
1112 1 p p 112 P 4 2
1S 1lg + At(v + H)Ceoe Z IS Ig < 0+ H)Co Z e Il + m”tﬂﬁﬂ S(OTL2(Q)
n=0

: i 23)
con | |t

> 5H?C 5 + H)Ccon
(v + H)Cwe Z I 1t + (v + H)Ceor ”LZ(O T,U) Z gt Iy + 1S3

COL’

In order to get a bound on ||} I3, consider (22) at n = 0. We choose 4] so that (tu’ — @), v,) = 0. Thus,

1_
e’ =-n° S)=0and ¢) = 0. We takev, = S} = ¢"A;7)” = q)" €V, to obtain

ISHIE + At(v + H)a(S,, S;) + Atar(S,, S;)

h’
1~
At

(24)

< (p',S}) + Har(tu!, 51)+[ i 51} (v + Hyaa(n}, Sh) +ar(n}, Sh).

The application of the Cauchy-Schwarz and Young inequalities gives the bounds

nh

IS5 + AtV + H)CeaelIS Iy < C[II g + Hlltu

1
”Lz(to t1,U) (25)
+ Af2||tutf||po(t0 ) T @+ EDImIE + Ny lIE + ||52||§].

Combine (23), triangle inequality and — < 2 to complete the proof

n+l _ an N-1 n+l _ an

e e e e
=1+ AR + H)Cae ) I

7 I, < C(h* + AP + H?). (26)

n=0

|
We finally give the proof of accuracy of the defect-deferred correction step solution.

Theorem 4.5. (Accuracy of defect-deferred correction step) Let the assumption of Theorem 4.3 and Theorem 4.4 hold
and c) = 0. Then C > 0 is independent of h and At such that for any n € {0,1,2 - --,N — 1}, the solution cu}*! o
(11) satisfies

N-1

b = cu* 2 + AH + H)Cooe ) It = cut* |, < C[AE + 1t + HY + 12H + APH? + APR|. (27)
n=0

Proof. Summing (5) at time levels ¢, and t,,1 and dividing by 2, we obtain

tun+1 — tu"
(#,gh) + (v + Hyag(tu™!, v,) + ar(tu™!, v ) — b(v,, tpf”)
Fn+1 +F" tEn+1 _ tgn tE,TfH—l + tl;l:l tEnH + tEn
a1 v ) A @)

n+1

tEn+1 _ tEn tEn+1 _ tEn At p — tp?
+ v+ Hyag [ =———v, | +ar | =3, | - Sb|v,, T |.
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n+1 +
Denote y"*! = X L ;tu , subtract (11) from (28) to obtain the equation for the error. Decompose

n+l — (ean+l n+1 n+1 n+ly — n+1 n+1 n+1
the error ce] ™ = (i)™ — cuy™) — (i) —tu"") = c¢” — ™. Forv, = ¢, € Vj, we have

n+1
—C
[ (P N (Ph c n+l]+(v+H)aQ(C¢n+1,C¢)Z+1)+ar(c¢n+l C¢Z+1) =a (Cnn+1,C¢Z+l)
n+1 n n+1 n
+ (" el +Hﬂg(—h 5 L ”+1]+—(U+H)QQ(—At L Z“] (29)

At en+1 — el n+1 n
+ ?ﬂr(%,c Z+1 % n+1 + (U + H)ElQ(Cﬂn+1 ¢n+1 )

Using the Cauchy-Swcharz and Young's inequalities, the right-hand sides of (29) are bounded as follows

2

S S n+1
%@+Hmw”mlb

+C2)

p
%@+Hmm

ar(en*, e ™) < (v + H)Cooelled) 117 +

1 1
(", cpp™) < e(v + H)Cooelleoy I + ™5,

2 2 2 2

e+l 4 ot C: H C, H
H, h h n+1 <2 +H)C n+1(12 + con n+1 con
ag(—z o)™ | < 26w + H)Calledy I + 1ot el I * Toe s me el

and

n+1 n

mw+mqmﬁ“ %F
16€Ceop At U

A
S+ Hyag ( ,cq>”“] < e(v + H)Canlleqy I +

n+l _ gn
€

Iz,

At (e - CrA# €
_ P < + H)C n+1,12 +
> ﬂr( A /C(Ph <e( ) coe”C(Ph HU 16(v + H)Cono I

Ci(v+ H)
4€Cepe

(v + Hyaq(en}™, cpi') < e(v + H)Ceoelleg) % + llen 112,

Similarly,

(C§+C~,‘f,) aptt — e )
Ut ewrmcn ' A !

c n+1 C
[u (PHH] < e(v + H)Ccoe”C(PnH”

Choosing € = and multiplying by 2At, we have

con n+1y2 ny2
—(II I + lley i)
v+ H)Cepe Wiy

1
G 204 ) Sy MG 6 e
(v+H)CCO€ 0 Ceoe At U Cepe(v + H) At u
2 4 2 2
L BG HI“W 8th”mmw+8q@+mm
TG M 0 e o e

CZ
llegpy ™ 11§ + (v + H)AtCeaclledpys Iy — llegpjIIf < w

8(C2 + Cz)At IABC2

(30)

112
llem 11 -
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Take = and sum over the time levels to obtain

v+H

A 8(C2 + C2)AH
12 1 4 4
llei 13 + At(v + H CmeZ eI < =0 e Ml raren

2C2 H2At & 2AC2 (v + H) —e
o Z(u R+ e + Y1
coe
n=0

L _2APC NZj”e;;“ ;;” 8(C2+C2)NZ|| R 8C2At N1” _
Ccoe(U+H) At vt ( +H)C ht 0 (U+H)Ccoe ~ CU/

8C2(v + H)AtY
— Z ey 1R,

(31)

Then, combine the conclusions of Theorem 4.3, Theorem 4.4 and triangle inequality to complete the
proof. [

5. Numerical experiments

In this section, some numerical tests are presented to verify the theoretical results obtained in the previous
sections for the defect-deferred correction method. We use the well-known Taylor-Hood elements (P2-P1)
for the fluid equation and the piecewise quadratic polynomials (P2) for the porous equation. Furthermore,
we implemented the code using the software package FreeFEM++ [12].

5.1. Computational testing

All the physical parameters p,g,v,a, S are simply set to 1, and K is simply set to I. The final time is
chosen as T = 1. The initial conditions, boundary conditions and the source terms follow from the exact
solutions. We assume the area as Qy = [0,1] X [1,2], Q, = [0,1] X [0,1], T = (0,1) X {1} and give the exact
solution:

= ((xz(y -1+ y)cos(t), —%x(y —1)3cos(t) + (2 — nsin(nx))cos(t)),
= (2 — msin(x))sin(0.5mty)cos(t),
¢p = (2 — msin(rtx))(1 — y — cos(my))cos(t).

To confirm the accuracy, we seth = At = H = 1, g, 1¢, 35/ 6—4 and calculate the errors and convergence
rates for the variables uy, pr and ¢,. Table 1 and Table 2 show the error and the convergence rates of the
defect step iy and defect-deferred correction step cuy, respectively. Table 3 and Table 4 provide the error

and convergence rates of the defect step ¢, and the defect-deferred correction step c¢,.

Table 1: Errors for defect step @y approximations

1/At ||uf—ﬁf||Lz Rate ||uf _ﬁfHU Rate
4 1.48E-2 — 1.84E-1 —
8 8.16E-3 0.86 8.49E-2 1.12
16 4.40E-3 0.89 4.31E-2 0.98
32 2.29E-3 0.94 2.21E-2 0.96

64 1.17E-3 0.97 1.13E-2 0.97
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Table 2: Errors for defect-deferred correction step cuy approximations

1/At lluy — cugll;- Rate lluy — curlly Rate
4 7.02E-3 — 1.37E-1 —
8 1.91E-3 1.88 3.77E-2 1.86
16 5.71E-4 1.74 1.02E-2 1.89
32 1.64E-4 1.80 2.69E-3 1.91
64 4.50E-5 1.86 7.05E—-4 1.93

Table 3: Errors for defect step ¢, approximations

1/At lpp — Ppllr2 Rate lpp — Ppllu Rate
4 1.81E-1 — 6.92E-1 —
8 1.03E-1 0.81 3.76E-1 0.88
16 5.53E-2 0.89 2.00E-1 0.91
32 2.88E-2 0.94 1.04E-1 0.95
64 1.47E-2 0.97 5.30E-2 0.97

Table 4: Errors for defect-deferred correction step c¢, approximations

1/At b, — c,ll2 Rate 16, — cd,llu Rate
4 5.90E-2 — 326E-1 -
8 1.79E-2 1.72 9.39E-2 1.79
16 5.08E-3 1.82 2.55E-2 1.88
32 1.37E-3 1.89 6.72E-3 1.92
64 3.62E—4 1.92 1.74E-3 1.94

From the four tables above, we can see that the error of defect-deferred correction steps is smaller than
that of defect steps. In addition, the rates of the defect steps of Stokes velocity us and Darcy hydraulic
head ¢, are all close to the first order. And the rates of the defect-deferred correction steps are all close to
the second order. The numerical simulation calculation results are consistent with the theoretical analysis
results.

5.2. Small parameters problem

In order to illustrate the advantage of the defect-deferred correction method in calculating small viscos-
ity/hydraulic coefficients, we compare the discrete errors of the standard Galerkin finite element method
and the defect-deferred correction method with the example mentioned in [14]. Specifically we consider
the model problem on I' = (0, 7) x {0}, where Qf = [0, ] X [0,1] and Q, = [0, ] X [-1,0]. We take a =1,
g=1,50 =1, varying v, and

_ Ky 0
IK‘[ 0 Ky ]

The boundary condition functions and the source terms are chosen to follow the exact solutions,

ur = (%sin(Zny)cos(x)et, (2K + %sinz(ny))sin(x)et),

p=0,
¢ = (¢! — e ¥)sin(x)e’.
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numerical results below are for the final time T = 1. We consider four groups of simulated
numerical calculations (Figure 1-4) on Kj; and Ky, taking 1072, 1073, 10~ and 107° separately. The results
of each set of numerical simulations are shown in two graphs, which are the respective absolute errors of
velocity and hydraulic head changes of the standard Galerkin finite element method and the defect-deferred
correction method when the v is 1072, 1073, 10~* and 107°. The errors shown below are all calculated when
h = At = 1/32. The stabilization item H in Figure 1 is 1/32, and in Figure 2—4 is 1/270. Before the numerical
tests, e’; pand e’(;/h represent the discrete errors of velocity and hydraulic head, respectively. The results are

as follows:

1015

1010

T 10'° T

—£—1Znorm error of the Galerkin method —A—12norm error of the Galerkin method
L |~ Lnom ertor of the DDC method

——H'-norm error of the Galerkin method
—#—H'-norm error of the DDC method

1010+ ~—12nom error of the DDC method
—7—H'-nom error of the Galerkin method

—#—H"-norm error of the DDC method
108 b 10°F
10° 1 10° ]
% 4 7 !
)i ———— q — v Y
0ot i ! 105 I I
001 0.001 0.0001 0.00001 001 0.001 0.0001 0.0001
v v
() (b)
Figure 1: e’l‘l ,h(a) and e’(;,h(b) when Kj; = Ko = 1072,

1040 1040
———X
2l — - —A—Znom error of the Galerkin method 0 — T [“A %rom error of the Galerkinmethod |
10 —_ 4~ L2nom error of the DD method 10 — 0 Lo err o the DOC method
~ 57— H'nom ertor ofthe Galerkin methad = —— H"-nomm erro of the Galerkin method|
_— —%—H'-nom error of the DDC method = —%— H'-nom errorof the DDC method
oL — | N
10 = 10 2 5
102 L L 102 | |
0.01 0.001 0.0001 0.00001 0.01 0.001 0.0001 0.00001
v v
(@) (b)
Figure 2: e’;h(a) and e’;h(b) when Kj; = Koy = 1073,
108 1060
{
10F ‘L 10% ——.

—A— o error of the Galerkin method
—&— 2nom ertor of the DDC method

—A—2n0m error o the Galerkin method
& LZ-nom error of the DDC method

102 =" : 1 102 : ]
> —7— H'"norm eror of the Galerkin method| —— H-norm ertr of the Galekin method
e —#— H'-nom error of the DDC method —#— H'norm error of the DDC method
[ 33— 10%: &
102 | | 02 | |
0.01 0.001 0.0001 0.00001 0.01 0.001 0.0001 0.00001

v v
(@) (b)

Figure 3: e’l‘l /h(a) and e’é} /h(b) when Ky; = Ky = 1074,
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1060

1040 .

—-— Znomm ermor of the Galerkin method
£ L2nom errorof the DDC method
—— H'norm error of the Galerkin method| |
—%—H'-nor ertor of the DDC method

) L%nom ertorof the DDC method
—57H'norm error of the Galerkin method|
——H'norm error of the DDC method

1020

— 10

10%

0.00001 0.01 0.0001 0.00001

Figure 4: e’;h(a) and ei;h(b) when Kj; = Koy = 1075,

From the above four sets of results, we can see that when Kj; = K» = 1072 and v = 1073 /1074, the

L?-norm error and H'-norm error of velocity and hydraulic head in the defect-deferred correction method
has a slight advantage over the standard Galerkin finite element method. However, as v becomes smaller,
the calculation results of the standard Galerkin finite element method became divergent. But the calculation
results of the defect-deferred correction method are convergent. This situation is more obvious in the other
three sets of experiments where K3 = Ky = 1072/1074/107°.
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