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Some Tauberian Theorems for Cesaro Summability of Double Integrals
over R?

Goksen Findik?, ibrahim Canak?

Ege University, Department of Mathematics, Izmir, Turkey

Abstract. In this paper, we obtain one-sided and two-sided Tauberian conditions of Landau and Hardy
types for (C, 1,0) and (C, 0, 1) summability methods for improper double integrals under which convergence
of improper double integrals follows from (C, 1,0) and (C, 0, 1) summability of improper double integrals.
We give similar results for (C,1,1) summability method of improper double integrals. In general, we
obtain Tauberian conditions in terms of the concepts of slowly decreasing (resp. oscillating) and strong
slowly decreasing (resp. oscillating) functions in different senses for Cesaro summability methods of real
or complex-valued locally integrable functions on [0, o) X [0, o) in different senses.

1. Introduction

Cesaro summability for double sequences has been investigated by Méricz [3] and Totur [6]. Méricz
[3] obtained one-sided and two-sided Tauberian conditions for double sequences. Later, Totur [6] obtained
one-sided Tauberian conditions based on the difference between the double sequences and its means in
different senses under which convergence of double sequences follow from Cesaro summability of double
sequences. Moreover, Totur [6] proved the generalized Littlewood Tauberian theorem for double sequences.

Cesaro summability for double improper integrals was studied by Moricz [4] and he obtained one-
sided Tauberian conditions for real-valued functions and two-sided Tauberian conditions for complex-
valued functions under which convergence of improper double integral follows from Cesaro summability
of improper double integrals. Totur and Canak [7] introduced (C, @, f) summability method where a > -1
and > —1 and they proved that (C, o, f) summability implies (C, @ + I,  + k) summability for all & > 0 and
k > 0. In addition to that, they obtained that (C, a, ) summability method is regular. Using the proving
techniques of Laforgia [2], they proved a Tauberian theorem for (C,1,1) summability method. Recently,
Findik and Canak [1] has introduced the weighted mean method of type (a, f) determined by two weighted
functions p(x) and g(x) and obtained analogous results as in [7] for this summability method.

In this paper, we obtain one-sided and two-sided Tauberian conditions of Landau and Hardy types
for (C,1,0) and (C, 0, 1) summability methods for improper double integrals under which convergence of
improper double integrals follows from (C,1,0) and (C,0,1) summability of improper double integrals.
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We give similar results for (C,1,1) summability method of improper double integrals. In general, we
obtain Tauberian conditions in terms of the concepts of slowly decreasing (resp. oscillating) and strong
slowly decreasing (resp. oscillating) functions in different senses for Cesaro summability methods of real
or complex-valued locally integrable functions on [0, o0) X [0, o0) in different senses.

2. Preliminaries

Suppose that f is a real or complex-valued locally integrable function on R2 := [0, ) X [0, ) and
s(u,v) = fou fov f(x, y)dxdy for 0 < u,v < co. The mean (C,1,1) (or Cesaro mean in sense (1, 1)) of s(u,v) is
defined by

a(s(u, v))

e M

[ (=) (1= 4) e iy (1)

for u,v > 0. The integral

fo i fo i f(x, y)dxdy (2)

is said to be (C, 1, 1) summable (or Cesaro summable in sense (1, 1)) to a finite number L if
lim o(s(u,v)) = L. (3)

Throughout this work, convergence is always used in Pringsheim’s sense for convergence of improper
double integral [5]. Namely, both 1 and v tend to co independently of each other in (3).
The mean (C, 1,0) (or Cesaro mean in sense (1, 0)) of s(u, v) is defined by

o10(s(u, v)) = %[} s(x, v)dx = I) fo (1 - g)f(x, y)dxdy 4)

for u,v > 0. The integral (2) is said to be (C, 1,0) summable (or Cesaro summable in sense (1,0)) to a finite
number L if

lim o10(s(u,v)) = L.
U,0—00

Similarly, the mean (C, 0, 1) (or Cesaro mean in sense (0, 1)) of s(u, v) is defined by

oo (s(u,v)) = % fov s(u, y)dy = [)u j:] (1 - %)f(x, y)dxdy (5)

for u,v > 0. The integral (2) is said to be (C,0, 1) summable (or Cesaro summable in sense (0, 1)) to a finite
number L if

lim og1(s(u,v)) = L.
U,0—>00
A function s(u, v) is bounded if there exists a real number H > 0 such that |s(u,v)| < H for all u,v > 0. In
this case, we write s(u,v) = O(1). Moreover, a real-valued function s(u, v) is said to be one-sided bounded

if there exists a real number H > 0 such that s(u, v) > —H for all u,v > 0.
It is clear from the definition of s(u, v) that

a 0
sutu,0) = 252 = [ g,y

sul0) = 200 fo s,

Ps(u,v)
dudv f(u,0)

Suv(u/ ?J) =
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for u,v > 0.
The Kronecker identities for double integrals take the following forms. For u,v > 0, we have

S(M, '0) - 0'1()(5(1/1, U)) — 001 (S(M, U)) + 011(5(1/!, U)) = Vll (Suv(ur U)) (6)

1 1 % .
where V11(s,,(1,v)) = pyo 01 J(.) xyf(x, y)dxdy. We note that Vi1(s,,(1,v)) is the (C,1,1) mean of uvs,,(u,v).
Moreover, in analogy to the Kronecker identity for double sequences, we have

s(u,v) = 010(5(u, v)) = Vio(su(u, v)) @)
1 U U
where Vio(su(1,0)) = — [ Jy xf(x, y)dxdy and
s(u,v) — 001(s(u, v)) = Vo (s0(1, )
where Vi(s,(1,0)) = % fou fov yf(x, y)dxdy. We note that V1o(s,(u, v)) and Vi (sy(u,v)) are the (C,1,0) mean
of us,(u,v) and the (C, 0, 1) mean of vs,(u, v), respectively.

The generalized de la Vallée Poussin mean of a real or complex-valued function s(u, v) defined on R2
are given as follows:

1 Au Av
77 (s(u,v),A) = mﬁ f; s(x, y)dxdy

for A > 1 and
1 U 1
< —
(s(u,v),A) = —(u =) j;u f}m s(x, y)dxdy
for0< A <1.

Assume that s(u, v) is bounded on R2. If the limit

lim s(u,v) =L (8)
U,0—>00

exists, then the limit (3) also exists. The converse of this implication is not true in general, even if s(u, v)
is bounded on R%2. We may get the converse implication if we add some suitable condition(s) imposed on
s(u,v), which is called a Tauberian condition. Any theorem which states that convergence of the improper
double integral follows from its Cesaro summability in sense (1, 1) and some Tauberian condition is said to
be a Tauberian theorem for Cesaro summability in sense (1,1). Similar situations are valid for the (C, 1,0)
and (C, 0, 1) summability methods.

3. Auxiliary Results

We need the following auxiliary results for the proofs of our main results.
Lemma 3.1. ([4]) If (2) is (C,1,1) summable to a finite number L, then

lim 77(s(u,v),A) = L
and
lim ©<(s(u,v),A) = L.

u,0—o00
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Lemma 3.2. Let s(u, v) be a double integral over the rectangle [0, u] X [0, v]. For sufficiently large u and v,
@ IfA>1,

2

51, 0) — 011 (s(u, v)) = (A/\ 1) (011(s(Au, Av)) — o11(s(u, ))) + (Ai\ 1)

Au Av
— L (on(s(t, 9)) — 011 (5(at, Av))) — m f f (5(x, y)  s(u, v)) ddy.

(0‘11(5(14, U)) - O-11(5(/\1’1/ U)))

e
(i) Ifo<A<1,
S0,9) = (500,9) = (12 ) (0105010, A0) = 01S00,00) + —— (a1 (50, 2) ~ o (A, )
, o= (2 , M+ et ,
(011(s(1, v)) — 011 (5(u, Av))) + m ﬁu fM (s(u,v) = s(x, y)) dxdy.

N A
(1-2)?

Proof. For A > 1, we have
s(u,0) — o11(s(u, 0)) = T (s(u, v), A) — o11(5(1, V) = (T (s(w, v), A) = 5(u, ). ©)

From the expression of the generalized de la Vallée Poussin mean of s(u, v), we have

1 Au Av
m ‘fu jv‘ s(x, y)dxdy

Sz VR N (AR B

= () ontstn, 2o -

7 (s(u,v), A)

A
mﬁn(s(/\ul 0))

A
- mcm(s(u, Av)) + ﬁdn(S(u, v))

1\
= (m) (011(s(Au, Av)) = 011(s(u, v)))

’ ﬁ (011(5(u, 0)) = on(s(Au, v)))

* ﬁ (011(s(u, v)) = 011 (s(u, AV)))
+  on(s(u,0)).

From the identity above, we get

2
60, ~ o, 0) = (727 (on i A0) - on(s0s )

+ g (onls(,0) ~ sl )

+ ﬁ (011(s(u, v)) — o11(s(u, Av))) . (10)

We obtain the identity (i) from (10).
The identity (ii) can be shown in a similar way. O

The following Lemma represents some relations between (C, 1,0), (C,0,1) and (C, 1, 1) means of s(u, v).
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Lemma 3.3. Let s(u, v) be a double integral over the rectangle [0, u] X [0, v]. Then we have

010(001(8(1, 0))) = 001(010(8(1, ))) = 011(5(1, V) (11)

o10(011(s(1, v))) = 011(010(5(1, ))) (12)

001(011(8(1, ))) = o11(001(8(1, V))) (13)
foru,v > 0.

Proof. First, we prove the identity (11). By (4) and (5), we have

suontstwon = [ [ (1= )(1-¥) s sy
_ fo‘ufov(l—%)(l—g)f(x,y)dxdy
= 001(010(s(1, 0)))-
By (1), we get
swnswon = [ [ (1-2)(1- L) s vy
= o1(s(u,0)).

Now, we prove the identity (12). By (1) and (4), we have

L0200 5) e ey
L =)= 20 3) ey

o11(010(s(&, 0)))-

o10(o11(s(u, 0)))

The identity (13) can be shown similarly. O

4. Tauberian theorems for Cesaro summability methods of real-valued continuous functions on ]Rf_

We need the following definitions for the real-valued functions defined on IR2:
A real-valued function s(i, v) defined on R? is said to be slowly decreasing in sense (1,0) [4] if

lim liminf min [s(x,v) — s(u,v)] > 0
A=1t uv—00 y<x<Au

or equivalently

lim liminf min [s(u, v) — s(x,v)] > 0.
A—=1" u,v—00 Ausx<u

Analogously, a real-valued function s(u,v) defined on IR? is said to be slowly decreasing in sense (0, 1)
[4] if

S . 3 S
Ahj% 1%1 _}Elof Z7131;510[5(% y)—s(u,0v)] >0

or equivalently

S . _ >0.
A it i o) = sl 1 20
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A real-valued function s(i, v) defined on R? is said to be strong slowly decreasing in sense (1,0) if

lim liminf min [s(x, v) — s(u >0
A—1t u,v—00 MSXS/\u[ ( ’y) ( /y)] =
v<y<Av

or equivalently

lim liminf min [s(u, y) — s(x > 0.
A—1- uv—co Ausxsu[ ( /]/) ( /y)] 20
Av<y<v

Analogously, a real-valued function s(u, v) defined on IR? is said to be strong slowly decreasing in sense
0,1) if

lim liminf min — >
A—1t upv—c0 qus/\u[S(x, y) S(.X, 'U)] = O
v<y<Av

or equivalently

lim liminf min [s(x,v) —s(x, y)] > 0.
A—=1" up—00 Ausx<u
Av<y<v

In the following theorem, we give one-sided Tauberian conditions of Landau type for improper double
integrals under which convergence follows from (C, 1,0) and (C, 0, 1) summability of (2).

Theorem 4.1. Let the double integral s(u, v) be bounded. If (2) is (C,1,0) and (C, 0, 1) summable to a finite number
L and there exist constants H > 0 and xo > 0 such that conditions

uVi1, (Suo(u,v)) = —H (14)
and

Vi1, (Sup(u,v)) = —H (15)
are satisfied for all (u,v) € R2 with u,v > xq, then s(u,v) is convergent to L.

The following two theorems are Tauberian theorems of Landau type for (C, 1, 1) summability of improper
double integrals.

Theorem 4.2. Let the double integral s(u, v) be bounded. If (2) is (C,1,1) summable to a finite number L and there
exist constants H > 0 and xy > 0 such that conditions

us,(u,v) > —H (16)
and

vs,(u,v) > —H (17)
are satisfied for all (u,v) € R2 with u,v > xo, then s(u,v) is convergent to L.

Theorem 4.3. Let the double integral s(u,v) be bounded. If (2) is (C, 1, 1) summable to a finite number L and there
exist constants H > 0 and xy > 0 such that conditions

uvllu (Suv(u/ U)) 2 _H/ lelv(suv(u/ U)) = _H/ (18)
uVi, (5u(1,v)) = —=H, ovVqo,(s4(u,v)) = —H, (19)
uVmn,(so(u,v)) = -H, vV, (so(u,v)) = -H (20)

are satisfied for all (u,v) € R2 with u,v > xq, then s(u,v) is convergent to L.
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In the next three theorems, Tauberian conditions are given in terms of slow decreasing and strong slow
decreasing in different senses for Cesaro summability methods in different senses.

Theorem 4.4. Let the double integral s(u, v) be bounded. If (2) is (C,1,0) and (C, 0, 1) summable to a finite number
L and V11(suo(u, v)) slowly decreasing in sense (0, 1) and strong slowly decreasing in sense (1,0) or slowly decreasing
in sense (1,0) and strong slowly decreasing in sense (0, 1), then s(u,v) is convergent to L.

Theorem 4.5. Let the double integral s(u,v) be bounded. If (2) is (C,1,1) summable to a finite number L and s(u, v)
is slowly decreasing in sense (0,1) and strong slowly decreasing in sense (1,0) or slowly decreasing in sense (1,0)
and strong slowly decreasing in sense (0, 1), then s(u, v) is convergent to L.

Theorem 4.6. Let the double integral s(u,v) be bounded. If (2) is (C,1,1) summable to a finite number L and
V11 (5un(u, 0)), Vio(su(u, v)) and Vi (s,(u, v)) are slowly decreasing in sense (0, 1) and strong slowly decreasing in
sense (1,0) or slowly decreasing in sense (1,0) and strong slowly decreasing in sense (0, 1), then s(u, v) is convergent
toL.

5. Proofs

Proof of Theorem 4.1 Suppose that a bounded double integral s(u,v) is (C,1,0) and (C,0,1) summable
to L and conditions (14) and (15) hold. It can be easily verified that (C,1,0) and (C,0,1) summability
of (2) implies (C,1,1) summability of (2) by Lemma 3.3. Since (C, 1,1) summable method is regular and
ulgr_{loo 011(s(u,v)) = L, 011(s(u, v)) is (C, 1, 1) summable to L. Analogously, 010(s(1, v)) and o1 (s(u, v)) are (C, 1, 1)

summable to L. Hence it follows from Kronecker identity (6) that V11(s..(¢, v)) is (C,1,1) summable to O.
For A > 1, if we replace s(u, v) by V11(sus(1, v)) in (9), we have

Vi1(8uo(u, 0)) = 011 (V11 (8104, 0))) = (77 (V11 (Su0(1t, 0)), A) = 011 (V11 (Su0(11, ))))

Au Av
i | | (V) - Vit o) dxdy. @)

Taking the lim sup of both sides of the previous equation as u,v — oo, we get

lim sup (V11(5u0(1, 0)) = 011 (V11 (8u0(11, 0)))) < limsup (77 (V11(Su0(, 0))) , A) = 011 (V11(Su0(1t, 0))))

U,v—00 Uu,v—00

. 1 Au Av
+ hm sup (—m i: jz: (Vll(sxy(x/ y)) - Vll(suv(u/ U))) dXd]/) . (22)

u,0—00

The first term on the right-hand side of the previous inequality is vanished by Lemma 3.1 and we have

lim sup (V11 (540 (1, v)) — 011 (V11 (5u0(14, ©))))

U,0—00

1 Au Av
<timsup (- [ [ (Vatoutn) = Vatsutu, o) asdy). @9

U,v—00

In addition, we obtain by (14) and (15) that

x y
V1162 (x, y)) = V11 (Suo(u, 0)) fV11,(Sry(7’/y))d7’+f Vi, (Sue(u, t))dt (24)

v

A%
- a3 )

v
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for some H > 0. From (23) and (24), we have
lim sup (V11 (Sup(u, ) — 011 (V11(Su0(, v)))) < Hlim sup (ln (%) +1In (%)) .

1U,uv—00 1,v—00
Taking the limit of both sides of the previous inequality as A — 1%, we get

lim sup (Vll(suv(u/ U)) — 011 (Vll(suv(u/ U)))) < /\hn;r 2HIn A

Uu,0—00
and we obtain

lim sup (Vll(suv(u/ ?))) — 011 (Vll(suv(ur Z))))) <0. (27)

For 0 < A <1, in a similar way from Lemma 3.2 (ii) we have

lim inf (V11(Suo (1, 0)) = 011 (V11 (8uo(t, 0)))) 2 0. (28)
By (27) and (28), we obtain lim,, y—co V11(540(#t,v)) = 0. Thus, s(u, v) is convergent to L by Kronecker identity
6). O

Proof of Theorem 4.2 Assume that bounded double integral s(u, v) is (C, 1, 1) summable to L and conditions
(16) and (17) hold. By (C, 1, 1) summability of s(u,v), we write lim o(s(u,v)) = L.

For A > 1, using the identity (9) we have
1 Al Av
s(u,v) — o11(s(u, v)) = ©7(s(u, v), A) — 511(s(u, v)) — u—ww=0) fu ] (s(x, y) — s(u, v))dxdy.

Taking the lim sup of both sides of the previous equation as #,v — oo, we get

lim sup (s(u, v) — 011(s(u, v))) < lim sup (”(s(1, ), A) — 011(s(14, V)))

U,v—00 Uu,0—00

) 1 Au Av
+ lim sup (—m j; ) (s(x, y) = s(u, v))dxdy) .

U,0—00

The first term on the right-hand side of the previous inequality vanishes by Lemma 3.1, and we have

Au Av
lim sup (s(u, v) — 011(s(u, v))) < limsup (—m f (s(x, y) —s(u, v))dxdy) . (29)

In addition, we obtain by (16) and (17) that

s(x, y) —s(u, y) + s(u, y) — s(u,v)

f ' f yf(r,t)dtdr+ f ' f ’ f(r, t)dtdr
u Jo 0 Jo

Y dr Y dt
H(f ! ?)

—2HInA (30)

s(x, y) — s(u,v)

\%

\%

for some H > 0. Taking (30) into consideration, we obtain from (29)

lim sup (s(u, v) — 011(s(1, v))) < 2HIn A.

U,v—00
Hence taking the limit of both sides of the last inequality as A — 1%, we have

lim sup (s(u, v) — g11(s(u, v))) < 0. (31)

u,0—o00
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For 0 < A <1, we have

lim inf (s(u, v) — 011(s(u, v))) = 0. (32)

U,u—00

By the inequalities (31) and (32), we obtain s(u, v) is convergent to L. [
Proof of Theorem 4.3 Assume that bounded double integral s(u, v) is (C, 1, 1) summable to L and conditions
(18)-(20) hold. By (C,1,1) summability of s(u, v), we have lim o(s(u,v)) = L.
U,v—00

Taking (C,1,1) means of the Kronecker equality (7), we get
011(s(1, v)) — o10(011(5(1, ))) = 011(V10(5u(11, V))) (33)

by Lemma 3.3. Since (C, 1,0) summability method is regular under the boundedness condition, we obtain
that Vio(s.(u,v)) is (C, 1, 1) summable to 0 by taking (33) into consideration. Similarly, it can be easily seen
that Vi1 (sy(1, v)) is (C, 1, 1) summable to 0.

From Kronecker equality (6), we get

(s(u,v) = 010(5(1t, v))) + (s(u, v) — g01(s(1, ©))) — (8(ut, V) — 011 (5(1, )))
= Vi1(Suo(u, v)).

From the previous identity and Kronecker identity, we have

S(M, U) - 0'11(5(14, U)) = VlO(Su(u/ U)) + VOl (Sv(ur U)) - Vll (Suv(ur U)) (34)

Since Vio(s.(u,v)) and Vi (s,(1, v)) are (C, 1, 1) summable to 0, taking (C, 1, 1) means of the previous equality
we obtain that V11(su(1,v)) is (C,1,1) summable to 0. If we replace s(u,v) by Vi1(s.(1,v)), Vio(su(u,v))
and Vi (sy(u,v)) in Theorem 4.2 respectively, we obtain that V11(s,,(1, v)), Vio(s. (1, v)) and Vi (sy(u, v)) are
convergent to 0. Hence taking the limit of both sides of (34) as #, v — co we obtain that s(i, v) is convergent
to L.

Proof of Theorem 4.4 In the same way as in the proof of Theorem 4.1, we can show that V11(s,(1, v)) is
(C,1,1) summable to 0.

For A > 1, if we replace s(u, v) by V11(su(u,v)) in (9), we have . Taking the lim sup of both sides of (21)
as u,v — oo, we get (22). The first term on the right-hand side of (22) vanishes by Lemma 3.1 and we have

lim sup (V11 (Su0(1, 0)) — 011 (V11(Su0 (14, 0))))

U,v—00

Au Av
<- ltrgl_}gf (m f f (Vll(sxy(xr y)) = Vi1 (suo(u, U))) dXdy) . (35)

Moreover, we have

Au Av
m f f (Vll(sxy(x, ¥)) = Vi (Suo(u, U))) dxdy
> min (VH(Sxy(X, y)) - Vll(suv(u/ U))) . (36)

ux<Au
v<y<Av

Taking the lim inf of both sides of (36) as 1, v — oo, we get

Au Av
lim inf % f f (Vll (Sxy(%, ) = Vir (Suo(t, U))) dxdy

uo—oo (Au—u

> 1%‘1/'21;1_}2f uls-r;isl;\lu (Vll(sxy(xr y)) - Vll(suy(ur y)))
v<y<Av

+ liminf min (Vll(suy(u, Y) = Vi1 (Suo(u, U)))

u,v—00 y<y<Av
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Since V11 (sup(1, v)) is slowly decreasing in sense (0, 1) and strong slowly decreasing in sense (1,0), we get

o 1 Au A
lllle;l_%glof m jb: fv‘ (V]l(sxy(xl y)) - V11(Suv(u, U))) dXdy >0 (37)
by taking the limit of both sides of the last inequality as A — 1*. Hence from (35) and (37), we obtain
lim sup (V11(su0(1, ) — 011 (V11 (S0, 0)))) < 0. (38)

For 0 < A <1, in a similar way from Lemma 3.2 (ii) we have

1%1_%gf(vl1(5uv(u, 0)) — 011 (V11(5u0(11, 0)))) > 0. (39)

By (38) and (39), we obtain limy ;e V11(Suw0(#,v)) = 0. Thus, s(u,v) is convergent to L by the Kronecker
identity (6). O

Proof of Theorem 4.5 Assume that bounded double integral s(u, v) is (C,1,1) summable to L and slowly
decreasing in sense (0, 1) and strong slowly decreasing in sense (1,0). If we apply a similar calculation for
V11(su0(u, v)) as in the proof of Theorem 4.4 to s(u, v), we obtain that s(u, v) is convergent to L. [J

Proof of Theorem 4.6 In the same way as in the proof of Theorem 4.3, we can show that V11(sy,(1, v)),
Vio(su(u,v)) and Vi (s,(u, v)) are (C,1,1) summable to 0. If we replace s(u, v) by Vi1(su(u,v)), Vio(su(u, v))
and V1 (s»(1,v)) in Theorem 4.5 respectively, we obtain that Vi1 (s,0(1, v)), Vio(su(u,v)) and Vi (s,(1, v)) are
convergent to 0. Hence taking the limit of both sides of (34) in Theorem 4.3 as u,v — oo, we obtain that
s(u,v) is convergentto L. [

6. Tauberian theorems for Cesaro summability methods for complex-valued functions on ]Ri

We need the following definitions for the complex-valued functions defined on R2:
A complex-valued function s(u, v) defined on IR? is said to be slowly oscillating in sense (1,0) [4] if

lim lim sup max [s(x,v) —s(u,v)| = 0
A1 0o USXLAU

or equivalently

lim lim sup max IS(u v) —s(x,v)| =
A=1" s Aus

Analogously, a complex-valued function s(u,v) defined on R? is said to be slowly oscillating in sense
(0,1) [4] if

lim limsup max |su suv|
lim M%pv<< (u,y) —s(u,v)

or equivalently

lim limsup max |s u,v) —s(u, | =
A-1* uv—>oop Av<y<v ( ) ( y

A complex-valued function s(u, v) defined on R? is said to be strong slowly oscillating in sense (1,0) if

hrrll limsup max Is(x, y) —s(u, y)l = 0

upu—oo USXS
< y<Av

or equivalently

lim limsup max |s(u, y) — s(x,
A—1- uv—)oop Au<x<u | ( y) ( y)
Av<y<v
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Analogously, a complex-valued function s(u,v) defined on IR? is said to be strong slowly oscillating in
sense (0, 1) if
lim li - =
A1—>r?+ lgitlop uggi\(u |S(x’ y) S(x’ Z))| 0
. v<y<Av

or equivalently

lim limsup max |s(x,v) —s(x, y)| = 0.

A=1"  pse0 Al

Av<y<v

As a corollary of Theorem 4.1, we give two-sided Tauberian conditions of Hardy type for improper
double integrals under which convergence follows from (C, 1, 0) and (C, 0, 1) summability of double integrals.

Theorem 6.1. Let the double integral s(u, v) be bounded. If (2) is (C,1,0) and (C, 0, 1) summable to a finite number
L and there exist constants H > 0 and xo > 0 such that conditions

uViy, (suo(u, v)) = O(1) (40)
and

oV, (Su(u, v)) = O(1) (41)
are satisfied for all (u,v) € R2 with u,v > xo, then s(u,v) is convergent to L.

As a corollary of Theorem 4.2, we give Hardy type Tauberian theorem for (C,1,1) summability of
improper double integrals.

Theorem 6.2. Let the double integral s(u,v) be bounded. If (2) is (C,1,1) summable to a finite number L and there
exist constants H > 0 and x¢ > 0 such that conditions

usy (u,v) = O(1) (42)
and

vs,(u, v) = O(1) (43)
are satisfied for all (u,v) € R2 with u,v > xo, then s(u, v) is convergent to L.
As a corollary of Theorem 4.3, we give Hardy type Tauberian theorem for (C, 1, 1) summability of (2).

Theorem 6.3. Let the double integral s(u, v) be bounded. If (2) is (C,1,1) summable to a finite number L and there
exist constants H > 0 and x¢ > 0 such that conditions

uVi, (Suw(,0)) = 0(1),  vV1,(Su0(u, v)) = O(1), (44)
uVio,(su(u,v)) = O(1),  vVig,(su(u,v)) = O(1), (45)
uVoy, (so(u,)) = O(1), vV, (s0(u,v)) = O(1) (46)

are satisfied for all (u,v) € R2 with u,v > xo, then s(u,v) is convergent to L.

In the next three theorems, Tauberian conditions are given in terms of slow oscillating and strong slow
oscillating in different senses for Cesaro summability methods in different senses.

Theorem 6.4. Let the double integral s(u, v) be bounded. If (2) is (C,1,0) and (C, 0, 1) summable to a finite number
L and V11(su0 (1, v)) slowly oscillating in sense (0, 1) and strong slowly oscillating in sense (1, 0) or slowly oscillating
in sense (1,0) and strong slowly oscillating in sense (0, 1), then s(u, v) is convergent to L.

Theorem 6.5. Let the double integral s(u, v) be bounded. If (2) is (C,1,1) summable to a finite number L and s(u, v)
is slowly oscillating in sense (0, 1) and strong slowly oscillating in sense (1, 0) or slowly oscillating in sense (1,0) and
strong slowly oscillating in sense (0, 1), then s(u, v) is convergent to L.

Theorem 6.6. Let the double integral s(u,v) be bounded. If (2) is (C,1,1) summable to a finite number L and
V11 (5uo(u, v)), Vio(su(u, v)) and Voi(s,(u, v)) are slowly oscillating in sense (0, 1) and strong slowly oscillating in
sense (1,0) or slowly oscillating in sense (1,0) and strong slowly oscillating in sense (0, 1), then s(u, v) is convergent
to L.
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7. Proofs

Proof of Theorem 6.1 It is clear that conditions (40) and (41) imply (14) and (15) in Theorem 4.1, respectively.

Proof of Theorem 6.2 It is clear that conditions (42) and (43) imply (16) and (17) in Theorem 4.2, respectively.

Proof of Theorem 6.3 1t is clear that conditions (44), (45) and (46) imply (18), (19) and (20) in Theorem 4.3,
respectively.

Proof of Theorem 6.4 In the same way as in the proof of Theorem 4.1, we can show that V11(s,(1,v)) is
(G, 1,1) summable to 0.

For A > 1, if we replace s(u, v) by V11(5u0(1, v)) in (9), we have

Vi1(Suo(u, 0)) = 011 (V11 (8104, 0))) = (77 (V11 (Su0(1t, 0)), A) = 011 (V11 (Su0(11, ))))

Au Av
- m f f (Vll(sxy(xr y) — Vii(Suo(u, U))) dxdy.

From above equality, we get

V11 (Suo (14, 9)) = 011 (Vi1 (Suo (11, )| < |77 (Va1 (Suo(14, ), A) = 011 (Vi1 (50011, 0)))|

Au Av
—m f f (Vll(sxy(xr Y) — Vi (Suwo(u, U))) dxdy‘ .

Taking the lim sup of both sides of the previous equation as #,v — oo, we get

Hm sup | Vi1 (su0(14, 0)) = 011 (Vi (Suo(1t, 0))| < Himsup [0 (Var (suo(it, 0)), 1) = 011 (Vi1 (Su0(ut, 0)))|

U,v—00 Uu,v—00

Au Av
i | f(w@NMPWMMMMMM-MD

The first term on the right-hand side of (47) is vanished by Lemma 3.1. Moreover,

+ lim sup

u,v—00

Au Av
< max )Vu (5xy(%, ) = Vi1 (suo(ut, Z?))| (48)

usx<Au
v<y<Av

Taking lim sup of both sides of (48) as u,v — oo, we have

lim sup

u,0—00

Au Av
m f f (VH(SW(X’ ]/)) - Vi (Suv(u' U))) dxdy
< limsup n}(ax |V11(sxy (5, ) = Vi (8uy(u, y))|

up—oo US

v<y<Av

+ lim sup me<1x ‘Vu (Suy(u, v)) — V11(Sm,(u,v))|.

wy—oo USY
Since V11 (sup(1, v)) is slowly oscillating in sense (0, 1) and strong slowly oscillating in sense (1,0), we get

lim sup

Uu,0—00

Au Av
[ (vt = Vit o) dry| <0 (49)

(Au — u)(/\v v)
by taking the limit of both sides of the last inequality as A — 1*. From (47) and (49), we obtain
lim sup V11 (810 (1, 0)) — 011 (V11 (Su0 (14, 0)))| < 0.

U,v—00
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Hence lim Vi1(su(u,0)) = 011 (V11(Sue(1,v))) = 0 and the proof is completed by the Kronecker identity

6). O

Proof of Theorem 6.5 Assume that bounded double integral s(u,v) is (C,1,1) summable to L and slowly
oscillating in sense (0, 1) and strong slowly oscillating in sense (1,0). If we apply a similar calculation for
V11(sup(u, v)) as in the proof of Theorem 6.4 to s(u, v), we obtain that s(u, v) is convergent to L. [

Proof of Theorem 6.6 In the same way as in the proof of Theorem 4.3, we can show that the integral
V11 (5u0(u, v)), Vio(su(u,v)) and Voi(s,(u, v)) are (C,1,1) summable to 0. If we replace s(u, v) by Vi1(su(u, v)),
Vio(su(u,v)) and Vi (sy(1,v)) in Theorem 6.5 respectively, we obtain that Vi1(su(1,v)), Vio(su(1,v)) and
Vo1(so(u, v)) are convergent to 0. Hence taking the limit of both sides of (34) in Theorem 4.3 as 1,7 — oo we
obtain that s(u, v) is convergent to L. [
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