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Embedding Besov Type Spaces Bp(λ) into Tent Spaces and Volterra
Integral operators

Ruishen Qiana

aSchool of Mathematics and Statistics, Lingnan Normal University, Zhanjiang 524048, Guangdong, P. R. China

Abstract. In this paper, the boundedness and compactness of embedding from Besov Type spaces Bp(λ)
into tent spaces Tq,s(µ) are investigated (1 ≤ p ≤ q < ∞ and 0 < λ, s < ∞). As an application, the boundedness
and compactness of Volterra integral operator T1 and integral operator I1 from Besov Type spaces Bp(λ) to
F(q, q − 2 +

q
p (1 − λ), s) spaces are also studied.

1. Introduction

As usual, let D be the unit disk in the complex plane C, ∂D be the boundary of D, H(D) be the class
of functions analytic in D and H∞ be the set of bounded analytic functions in D. The Hardy space Hp

(0 < p < ∞) is the sets of f ∈ H(D) with

‖ f ‖pHp = sup
0<r<1

1
2π

∫ 2π

0
| f (reiθ)|pdθ < ∞.

Suppose that 0 < p < ∞ and α > −1. Let Ap
α denote the Bergman spaces of function f ∈ H(D) satisfies

‖ f ‖p
Ap
α

=

∫
D

| f (z)|p(1 − |z|2)αdA(z) < ∞.

Let 1 ≤ p < ∞ and 0 < λ < 1. The Besov Type spaces Bp(λ) consist of the function f ∈ H(D) satisfies

‖ f ‖pBp(λ) = | f (0)|p + ‖ f ′‖p
Ap

p−1−λ

< ∞.

Bp(λ) spaces have been studied extensivly, we refer to [6, 14–16] and the paper referinthere.
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Suppose that 0 < p < ∞, −2 < q < ∞ and 0 < s < ∞. The space F(p, q, s) is defined by those f ∈ H(D)
with

‖ f ‖pF(p,q,s) = | f (0)|p + sup
a∈D

∫
D

| f ′(z)|p(1 − |z|2)q(1 − |ϕa(z)|2)sdA(z) < ∞,

where ϕa(z) = a−z
1−az . This space was first introduced by Zhao in [38]. When p = 2 and q = 0, it gives Qs

spaces (see [35, 36]). It is well known that F(p, p − 2, s) is equivalent to Bloch space for all s > 1, where the
Bloch space B is the class of all f ∈ H(D) for which

‖ f ‖B := | f (0)| + sup
z∈D

(1 − |z|2)| f ′(z)| < ∞.

The little Bloch space B0, consists of all f ∈ H(D) such that

lim
|z|→1−

(1 − |z|2)| f ′(z)| = 0.

Let S(I) be the Carleson box based on I with

S(I) = {z ∈: 1 − |I| ≤ |z| < 1 and
z
|z|
∈ I}.

If I = ∂D, let S(I) = D. For 0 < p < ∞, we say that a non-negative measure µ onD is a p-Carleson measure
if

sup
I⊆∂D

µ(S(I))
|I|p

< ∞.

When p = 1, it gives the classical Carleson measure.
Let 0 < q, λ < ∞. T∞q,λ(µ) is the spaces of function f ∈ Lq consists of

sup
I⊆∂D

1
|I|λ

∫
S(I)
| f (z)|qdµ(z) < ∞.

T∞2,λ(µ) was first introduced by Xiao in [32]. Xiao proved that the Qp space (0 < p < 1) is continuously

contained in T∞2,λ(µ) if and only if supI⊆∂D
µ(S(I))
|I|p (log 2

|I| )
2 < ∞. Pau and Zhao studied Möbius invariant Besov

type space F(p, p − 2, s) embedding to tent spaces T∞p,s(µ) in [23], generalized the main results of [32]. Liu
and Lou studied the emdedding from Morrey spaces L2,λ to T∞2,λ(µ) in [21]. For more information relate to
tent spaces, we refer to [21, 23, 31, 32] and the paper referinthere.

For any 1, f ∈ H(D), the integral operator T1 and I1 are defined as

T1 f (z) =

∫ z

0
f (w)1′(w)dw, I1 f (z) =

∫ z

0
f ′(w)1(w)dw.

For 1 ∈ H(D), the multiplication operator M1 is defined by M1 f (z) = f (z)1(z). It is easy to see that M1 is
related with I1 and T1 by

M1 f (z) = f (0)1(0) + I1 f (z) + T1 f (z).

Aleman, Cima and Pommerenke in [1, 2, 22], showed that T1 is bounded on Hardy spaces if and only if
1 ∈ BMOA. Aleman and Siskakis in [3] showed that T1 is bounded on the Bergman space Ap if and only if
1 ∈ B. Siskakis and Zhao in [26] proved that T1 is bounded on BMOA if and only if 1 ∈ BMOAlog. For more
information related to these operators, we refer to [2], [3], [11], [20], [26] and [32].

In this paper, we prove that identity operator I : Bp(λ)→ T∞q,s(µ) is bounded (resp. compactly) if and only

if µ is a (resp. vanishing) (s +
q(1−λ)

p )-Carleson measure, when 1 ≤ p ≤ q < ∞, 0 < λ < 1 and 0 < s < ∞. As an
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application, we studying Volterra integral operator T1 acting from Bp(λ) to F(q, q−2 +
q
p (1−λ), s). The paper

is organize as following: Section 2, we give some auxillary results. Section 3, we studied boundedness and
compactness of embedding from Besov Type spaces Bp(λ) into tent spaces Tq,s(µ), where 1 ≤ p < q < ∞.
Section 4, we investigated the boundedness and compactness of integral operator T1, I1 and M1 acting from
Bp(λ) to F(q, q − 2 +

q
p (1 − λ), s).

In this paper, the symbol f ≈ 1means that f . 1 . f . We say that f . 1 if there exists a constant C such
that f ≤ C1.

2. Preliminaries

In this section, we will give some auxiliary results.

Lemma 1. Suppose that 1 ≤ p < ∞, 0 < λ < 1 and f ∈ Bp(λ). Then

| f (z)| .
‖ f ‖Bp(λ)

(1 − |z|2)
1−λ

p

, z ∈ D.

Proof. By growth of Bergman spaces Ap
p−1−λ, we have

| f ′(z)| .
‖ f ′‖Ap

p−1−λ

(1 − |z|2)
p+1−λ

p

, f ∈ Bp(λ).

Thus, we can get our desire result by integral of z on both side of above. The proof is completed.

Lemma 2. ([40, Lemma 3.10]) Suppose that α > 0, then we have∫
D

(1 − |z|2)α

|1 − az|2+α
dA(z) .

1
(1 − |a|2)α

.

Lemma 3.Let 1 ≤ p < ∞, 0 < λ < 1 and z, w ∈ D. Then

fw(z) =
(1 − |w|2)

p−1+λ
p

(1 − wz)
∈ Bp(λ).

Fw(z) =
(1 − |w|2)

p−1+λ
p

w(1 − wz)
∈ Bp(λ).

Proof. Combine with Lemma 2, we have∫
D

| f ′w(z)|p(1 − |z|2)p−1−λdA(z)

.

∫
D

(1 − |w|2)p−1+λ

|1 − wz|2p (1 − |z|2)p−1−λdA(z) . 1.

Fw can be verified in similar way. The proof is completed.
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Lemma 4.Let 1 ≤ p < ∞ and 0 < λ < 1. Then

f ◦ ϕa ∈ Bp(λ), f ∈ Bp(λ).

Moreover, ∥∥∥ f ◦ ϕa

∥∥∥
Bp(λ)
.
‖ f ‖Bp(λ)

(1 − |a|2)
1−λ

p

and ∥∥∥ f ◦ ϕa − f (a)
∥∥∥

Bp(λ)
.
‖ f ‖Bp(λ)

(1 − |a|2)
1−λ

p

.

Proof. Since

‖ f ◦ ϕa‖
p
Bp(λ) = | f (a)|p +

∫
D

|( f ◦ ϕa)′(z)|p(1 − |z|2)p−1−λdA(z).

Making change of variable w = ϕa(z), combine with the well known fact that

|ϕ′a(z)| =
1 − |ϕa(z)|2

1 − |z|2
,

we have∫
D

|( f ◦ ϕa)′(z)|p(1 − |z|2)p−1−λdA(z)

=

∫
D

| f ′(ϕa(z))|p|ϕ′a(z)|p(1 − |z|2)p−1−λdA(z)

=

∫
D

| f ′(ϕa(z))|p
(

1 − |ϕa(z)|2

1 − |z|2

)p−2

|ϕ′a(z)|2(1 − |z|2)p−1−λdA(z)

=

∫
D

| f ′(w)|p
(

1 − |w|2

1 − |ϕa(w)|2

)p−2

(1 − |ϕa(w)|2)p−1−λdA(w)

=

∫
D

| f ′(w)|p(1 − |w|2)p−2(1 − |ϕa(w)|2)1−λdA(w).

Note that
1 − |z|2

|1 − az|2
.

1
1 − |a|2

.

Thus, ∫
D

| f ′(w)|p(1 − |w|2)p−2(1 − |ϕa(w)|2)1−λdA(w)

.
1

(1 − |a|2)1−λ

∫
D

| f ′(w)|p(1 − |w|2)p−1−λdA(w)

The proof is completed.

3. Carleson embedded

Theorem 1. Suppose that 1 ≤ p < ∞, 0 < λ < 1 and λ ≤ s < ∞. Let µ be a nonnegative Borel measure onD. The
identity operator I : Bp(λ)→ T∞p,s(µ) is bounded if and only if µ is a (s + 1 − λ)-Carleson measure.
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Proof. Suppose that the identity operator I : Bp(λ)→ T∞p,s(µ) is bounded. For any given arc I ⊆ ∂D, set

fw(z) =
(1 − |w|2)

p−1+λ
p

(1 − wz)
,

where w = (1 − |I|)ξ and ξ is the center point of I. By Lemma 3, we see that fw ∈ Bp(λ). In addition, it is
easily to see that

|1 − wz| ≈ 1 − |w|2 ≈ |I|, z ∈ S(I).

Thus,
| fw(z)| ≈ |I|

λ−1
p

when z ∈ S(I). By the boundedness of I : Bp(λ)→ T∞p,s(µ), we have

‖ fw‖
p
T∞p,s(µ) = sup

I⊆D

1
|I|s

∫
S(I)
| fw(z)|pdµ(z) < ∞,

i.e.,

sup
I⊆D

µ(S(I))
|I|s+1−λ

< ∞.

Hence µ is a (s + 1 − λ)-Carleson measure.
Conversely. If µ is a (s + 1 − λ)-Carleson measure.
(1). When s = λ. Then µ is a Carleson measure. For any given I ⊆ ∂D, denote by w = (1 − |I|)ξ, where ξ

is the midpoint of I. For any f ∈ Bp(λ). Lemma 1 gives

| f (w)| .
1

|I|
1−λ

p

‖ f ‖Bp(λ).

Since µ is a Carleson measure, by the well known fact that∫
D

∣∣∣1(z)
∣∣∣p dµ(z) ≤ ‖µ‖p‖1‖pHp , 1 ∈ Hp.

We obtain

1
|I|s

∫
S(I)
| f (z)|pdµ(z)

.
1
|I|s

(∫
S(I)
| f (z) − f (w)|pdµ(z)

)
+ | f (w)|p

µ(S(I))
|I|s

≤ (1 − |w|2)2−s
(∫
D

∣∣∣∣∣ f (z) − f (w)
(1 − wz)2/p

∣∣∣∣∣p dµ(z)
)

+
µ(S(I))
|I|

≤ (1 − |w|2)1−s
(∫

∂D
| f (ξ) − f (w)|p

1 − |w|2

|1 − wξ|2
|dξ|

)
+
µ(S(I))
|I|

≤ (1 − |w|2)1−s
(∫

∂D
|( f ◦ ϕw)(ξ) − f (w)|p|dξ|

)
+
µ(S(I))
|I|

≤ (1 − |w|2)1−s
‖ f ◦ ϕw − f (w)‖pHp +

µ(S(I))
|I|

.

By [6, Lemma 2.4], we can deduce that

‖ f − f (0)‖Hp . ‖ f − f (0)‖Bp(λ).
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Thus,

1
|I|s

∫
S(I)
| f (z)|pdµ(z)

≤ (1 − |w|2)1−λ
‖ f ◦ ϕw − f (w)‖pHp +

µ(S(I))
|I|

. (1 − |w|2)1−λ
‖ f ◦ ϕw − f (w)‖pBp(λ) +

µ(S(I))
|I|

. (1 − |w|2)1−λ(1 − |w|2)−1+λ
‖ f ‖pBp(λ) +

µ(S(I))
|I|

. ‖ f ‖pBp(λ) +
µ(S(I))
|I|

.

Therefore, I : Bp(λ)→ T∞q,s(µ) is bounded.
(2). When s > λ. Checking above proof, we only need to show that

A =:
1
|I|s

∫
S(I)
| f (z) − f (w)|pdµ(z) < ∞.

Since µ is a (s + 1 − λ)-Carleson measure, by the well known fact that∫
D

∣∣∣1(z)
∣∣∣p dµ(z) ≤ ‖µ‖p‖1‖p

Ap
s−1−λ

, 1 ∈ Ap
s−1−λ.

Note that Bp(λ) ⊆ Hp
⊆ Ap

s−1−λ. Now, we consider the case s − 1 − λ ≥ 0 and −1 < s − 1 − λ < 0 separately.
Case 1. s − 1 − λ ≥ 0. Let η = ϕw(z). Combine with [7, Lemma 2.1], we have

A ≈(1 − |w|2)3−λ
∫

S(I)

∣∣∣∣∣∣∣ f (z) − f (w)

(1 − wz)
s
p +

(1−λ)
p + 2

p

∣∣∣∣∣∣∣
p

dµ(z)

. (1 − |w|2)3−λ
∫
D

| f (z) − f (w)|p

|1 − wz|s+(1−λ)+2
(1 − |z|2)s−1−λdA(z)

≤ (1 − |w|2)1−λ
∫
D

| f (z) − f (w)|p(1 − |w|2)2

|1 − wz|4
dA(z)

= (1 − |w|2)1−λ
∫
D

| f ◦ ϕw(η) − f (w)|pdA(η)

. (1 − |w|2)1−λ
∫
D

|( f ◦ ϕw)′(η)|p(1 − |η|2)pdA(η)

. (1 − |w|2)1−λ
∫
D

| f ′(ϕw(η))|p(1 − |ϕw(η)|2)pdA(η)

. (1 − |w|2)1−λ
∫
D

| f ′(z)|p(1 − |z|2)p (1 − |w|2)2

|1 − wz|4
dA(z)

= (1 − |w|2)1−λ
∫
D

| f ′(z)|p(1 − |z|2)p (1 − |w|2)2

|1 − wz|3−λ+1+λ
dA(z)

. (1 − |w|2)3−λ
∫
D

| f ′(z)|p(1 − |z|2)p−1−λ 1
|1 − wz|3−λ

dA(z).

Thus, we can deduce that A . ‖ f ‖pBp(λ).
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Case 2. −1 < s − 1 − λ < 0. Then

A ≈ (1 − |w|2)4
∫

S(I)

∣∣∣∣∣∣∣ f (z) − f (w)

(1 − wz)
4
p + s

p

∣∣∣∣∣∣∣
p

dµ(z)

. (1 − |w|2)4
∫
D

| f (z) − f (w)|p

|1 − wz|4+s (1 − |z|2)s−1−λdA(z)

≤ (1 − |w|2)2−s
∫
D

| f (z) − f (w)|p(1 − |w|2)2

|1 − wz|4
(1 − |z|2)s−1−λdA(z)

= (1 − |w|2)2−s
∫
D

| f ◦ ϕw(η) − f (w)|p(1 − |ϕw(η)|2)s−1−λdA(η)

= (1 − |w|2)1−λ
∫
D

| f ◦ ϕw(η) − f ◦ ϕw(0)|p(1 − |η|2)s−1−λdA(η)

. (1 − |w|2)1−λ
∫
D

|( f ◦ ϕw)′(η)|p(1 − |η|2)p−1−λ+sdA(η)

. (1 − |w|2)1−λ
∫
D

| f ′(ϕw(η))|p(1 − |ϕw(η)|2)p(1 − |η|2)s−1−λdA(η)

. (1 − |w|2)1−λ
∫
D

| f ′(z)|p(1 − |z|2)p(1 − |ϕw(z)|2)s−1−λ (1 − |w|2)2

|1 − wz|4
dA(z)

≤

∫
D

| f ′(z)|p(1 − |z|2)p−1−λdA(z) . ‖ f ‖pBp(λ).

Theorem 2. Suppose that 1 ≤ p < q < ∞, 0 < λ < 1 and 0 < s < ∞. Let µ be a nonnegative Borel measure onD.
The identity operator I : Bp(λ)→ T∞q,s(µ) is bounded if and only if µ is a s +

q
p (1 − λ)-Carleson measure.

Proof. Suppose that I : Bp(λ)→ T∞q,s(µ) is bounded. The proof is similar to Theorem 1, thus we omitted the
proof.

On the other hand. Combine with the proof of Theorem 1, we deduce

1
|I|s

∫
S(I)
| f (z)|qdµ(z)

.
1
|I|s

(∫
S(I)
| f (z) − f (w)|qdµ(z)

)
+ | f (w)|q

µ(S(I))
|I|s

.
1
|I|s

(∫
S(I)
| f (z) − f (w)|qdµ(z)

)
+
µ(S(I))

|I|s+
q(1−λ)

p

≈ (1 − |w|2)
q(2−λ)

p

∫
S(I)

∣∣∣∣∣∣∣ f (z) − f (w)

(1 − wz)
(2−λ)

p + s
q

∣∣∣∣∣∣∣
q

dµ(z) +
µ(S(I))

|I|s+
q(1−λ)

p

.

If µ is a s +
q
p (1 − λ)-Carleson measure, by [16, Theorem 1], we known that Dp

p−1−λ+
ps
q
⊆ Lq(dµ). Note that
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Bp(λ) ⊆ Dp
p−1−λ+

ps
q

. Hence,

(1 − |w|2)
q(2−λ)

p

∫
S(I)

∣∣∣∣∣∣∣ f (z) − f (w)

(1 − wz)
(2−λ)

p + s
q

∣∣∣∣∣∣∣
q

dµ(z)

.(1 − |w|2)
q(2−λ)

p

| f (0) − f (w)|p +

∫
D

∣∣∣∣∣∣∣
 f (z) − f (w)

(1 − wz)
(2−λ)

p + s
q


′
∣∣∣∣∣∣∣
p

(1 − |z|2)p−1−λ+
ps
q dA(z)


q/p

.
(
(1 − |w|2)2−λ

| f (0) − f (w)|p
)q/p

+

(1 − |w|2)2−λ
∫
D

∣∣∣∣∣∣∣
 f (z) − f (w)

(1 − wz)
(2−λ)

p + s
q


′
∣∣∣∣∣∣∣
p

(1 − |z|2)p−1−λ+
ps
q dA(z)


q/p

.

By growth of Bp(λ), we have

(1 − |w|2)1−λ
| f (0) − f (w)|p . 1.

Since

 f (z) − f (w)

(1 − wz)
2−λ

p + s
q

′ =
f ′(z)(1 − wz)

2−λ
p + s

q + w( 2−λ
p + s

q )( f (z) − f (w))(1 − wz)
2−λ

p + s
q−1

(1 − wz)
4−2λ

p + 2s
q

.

We deduce that

M = (1 − |w|2)2−λ
∫
D

∣∣∣∣∣∣∣
 f (z) − f (w)

(1 − wz)
(1−λ)

p + s
q


′
∣∣∣∣∣∣∣
p

(1 − |z|2)p−1−λ+
ps
q dA(z)

. I1 + I2,

where

I1 =: (1 − |w|2)2−λ
∫
D

| f ′(z)|p

|1 − wz|2−λ+
sp
q

(1 − |z|2)p−1−λ+
ps
q dA(z)

and

I2 =: (1 − |w|2)2−λ
∫
D

| f (z) − f (w)|p

|1 − wz|2−λ+
sp
q +p

(1 − |z|2)p−1−λ+
ps
q dA(z).
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Clearly I1 . ‖ f ‖pBp(λ). Making change of variable η = ϕw(z), combine with [7, Lemma 2.1], we have

I2 = (1 − |w|2)2−λ
∫
D

|( f ◦ ϕw)(η) − ( f ◦ ϕw)(0)|p

|1 − wϕw(η)|2−λ+
sp
q +p

(1 − |ϕw(η)|2)p−1−λ+
ps
q

(1 − |w|2)2

|1 − wη|4
dA(η)

= (1 − |w|2)2−λ
∫
D

|( f ◦ ϕw)(η) − ( f ◦ ϕw)(0)|p
(1 − |η|2)p−1−λ+

ps
q

|1 − wη|p−λ+
ps
q

dA(η)

. (1 − |w|2)2−λ
∫
D

|( f ◦ ϕw)′(η)|p
(1 − |η|2)2p−1−λ+

ps
q

|1 − wη|p−λ+
ps
q

dA(η)

. (1 − |w|2)2−λ
∫
D

| f ′(ϕw(η))|p(1 − |ϕw(η)|2)p (1 − |η|2)p−1−λ+
ps
q

|1 − wη|p−λ+
ps
q

dA(η)

. (1 − |w|2)2−λ
∫
D

| f ′(z)|p(1 − |z|2)p (1 − |ϕw(z)|2)p−1−λ+
ps
q

|1 − wϕw(z)|p−λ+
ps
q

(1 − |w|2)2

|1 − wz|4
dA(z)

. (1 − |w|2)2−λ
∫
D

| f ′(z)|p
(1 − |z|2)p−1−λ+p+

ps
q

|1 − wz|p+2−λ+
ps
q

dA(z)

=

∫
D

| f ′(z)|p(1 − |z|2)p−1−λ (1 − |z|2)p+
ps
q (1 − |w|2)2−λ

|1 − wz|p+2−λ+
ps
q

dA(z) . ‖ f ‖pBp(λ).

Thus, combine with I1 and I2, we get our desire results. The proof is completed.

Theorem 3. Suppose that 1 ≤ p ≤ q < ∞, 0 < λ < 1 and 0 < s < ∞. Let µ be a nonnegative Borel measure onD.
The identity operator I : Bp(λ)→ T∞q,s(µ) is compacted if and only if µ is a vanishing s +

q
p (1 − λ)-Carleson measure.

Proof. Let identity operator I : Bp(λ)→ T∞q,s(µ) is compacted. Let {In} be a sequence arcs with limn→∞ |In| = 0.
Denote by wn = (1 − |In|)ξn, where ξn is the midpoint of arc In. Set

fn(z) =
(1 − |wn|

2)
p−1+λ

p

(1 − wnz)
∈ Bp(λ),

Note that { fn} converges to 0 uniformly on compact subsets ofD. Then

µ(S(In))

|In|
s+ q(1−λ)

p

.
1
|In|

s

∫
S(In)
| fn(z)|qdµ(z)→ 0,

as n→∞. Since In is arbitrary, we see that µ is a vanishing s +
q(1−λ)

p -Carleson measure.

On the other hand, suppose that µ is a vanishing Carleson measure. We also assume that ‖ fn‖Bp(λ) . 1
and { fn} converge to 0 uniformly on compact subsets ofD. Note that if µ is a vanishing Carleson measure,
by [19, Lemma 2.2], we have

‖µ − µr‖s+ q(1−λ)
p
→ 0, r→ 1,
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where µr(z) = µ(z) for |z| < r and µr(z) = 0 for r ≤ |z| < 1. Then

1
|I|s

∫
S(I)
| fn(z)|qdµ(z)

.
1
|I|s

∫
S(I)
| fn(z)|qdµr(z) +

1
|I|s

∫
S(I)
| fn(z)|qd(µ − µr)(z)

.
1
|I|s

∫
S(I)
| fn(z)|qdµr(z) + ‖µ − µr‖

q

s+ q(1−λ)
p

‖ fn‖
q
Bp(λ)

.
1
|I|s

∫
S(I)
| fn(z)|qdµr(z) + ‖µ − µr‖

q

s+ q(1−λ)
p

.

Letting n→ ∞ and then r→ 1, we have limn→∞ ‖ fn‖T∞q,s(µ) = 0. Therefore I : Bp(λ)→ T∞q,s(µ) is compact. The
proof is complete.

4. Boundedness and compactness of T1, I1 and M1 operators

Theorem 4. Let p, λ, q, s be the same as Theorems 1 and 2. Suppose that 1 ∈ H(D), then T1 is bounded (resp. compact)
from Bp(λ) to F(q, q − 2 +

q
p (1 − λ), s) if and only if 1 ∈ F(q, q − 2, s +

q
p (1 − λ)) (resp. 1 ∈ F0(q, q − 2, s +

q
p (1 − λ))).

Proof. Suppose that f ∈ Bp(λ) and 1 ∈ F(q, q − 2, s +
q
p (1 − λ)). Then, dµ1(z) = |1′(z)|q(1 − |z|2)q−2+s+ q

p (1−λ)dA(z)
is a s +

q
p (1 − λ)-Carleson measure. Combine with Theorem 1, we deduce that

1
|I|s

∫
S(I)
|(T1 f )′(z)|q(1 − |z|2)q−2+s+ q

p (1−λ)dA(z)

=
1
|I|s

∫
S(I)
| f (z)|q|1′(z)|q(1 − |z|2)q−2+s+ q

p (1−λ)dA(z)

=
1
|I|s

∫
S(I)
| f (z)|qdµ1(z)

.‖ f ‖2Bp(λ)‖1‖
q
F(q,q−2,s+ q

p (1−λ))
.

On the other hand. For any I ∈ ∂D, let w = (1 − |I|)ζ ∈ D, where ζ is the center of I. Then

1 − |w| ≈ |1 − wz| ≈ |I|, z ∈ S(I).

If T1 is bounded from Bp(λ) to F(q, q − 2 +
q
p (1 − λ), s) and fw is defined as in Lemma 3. We have

1

|I|s+
q
p (1−λ)

∫
S(I)
|1′(z)|q(1 − |z|2)q−2+s+ q

p (1−λ)dA(z)

.
1
|I|s

∫
S(I)
| fw(z)|q|1′(z)|q(1 − |z|2)q−2+s+ q

p (1−λ)dA(z)

.
1
|I|s

∫
S(I)
|(T1 fw)′(z)|q(1 − |z|2)q−2+s+ q

p (1−λ)dA(z)

.‖T1Fw‖
q
F(q,q−2+

q
p (1−λ),s)

< ∞.

Thus, 1 ∈ F(q, q − 2, s +
q
p (1 − λ)).
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Now, we consider the compactness. To prove T1 is compact if and only if for any bounded sequence { fn}
is Bp(λ) with fn → 0 uniformly on compact subsets ofD, we have

lim
n→∞
‖T1( fn)‖F(q,q−2+

q
p (1−λ),s) = 0.

Hence, similar to above, we get our desire result. The proof is complete.

Theorem 5. Let p, λ, q, s be the same as Theorems 1 and 2. Suppose that 1 ∈ H(D), then I1 is bounded (resp.
compact) from Bp(λ) to F(q, q − 2 +

q
p (1 − λ), s) if and only if 1 ∈ H∞ (resp. 1 = 0).

Proof. Let f ∈ Bp(λ) and 1 ∈ H∞. By the growth of Bp(λ), we have

| f ′(z)| .
‖ f ‖Bp(λ)

(1 − |z|2)1+ 1−λ
p

.

Then ∫
D

| f ′(z)|q|1(z)|q(1 − |z|2)q−2+
q
p (1−λ)

(
1 − |ϕa(z)|2

)s
dA(z)

.‖1‖
q
H∞

∫
D

| f ′(z)|q(1 − |z|2)q−2+
q
p (1−λ)

(
1 − |ϕa(z)|2

)s
dA(z)

=‖1‖
q
H∞

∫
D

| f ′(z)|p+(q−p)(1 − |z|2)q−2+
q
p (1−λ)

(
1 − |ϕa(z)|2

)s
dA(z)

.‖1‖
q
H∞‖ f ‖q−p

Bp(λ)

∫
D

| f ′(z)|p(1 − |z|2)q−2+
q
p (1−λ)−(q−p)(1+ 1−λ

p )
(
1 − |ϕa(z)|2

)s
dA(z)

.‖1‖
q
H∞‖ f ‖pBp(λ).

On the other hand. If I1 is bounded from Bp(λ) to F(q, q − 2 +
q
p (1 − λ), s), using the function Fw as in

Lemma 3, subharmonic property of |1|q, we easy to calculate that

∞ >‖I1Fw‖
q
F(q,q−2+

q
p (1−λ),s)

& sup
a∈D

∫
D

|F′w(z)|q|1(z)|q(1 − |z|2)q−2+
q
p (1−λ)

(
1 − |ϕa(z)|2

)s
dA(z)

&

∫
D

|F′w(z)|q|1(z)|q(1 − |z|2)q−2+
q
p (1−λ)

(
1 − |ϕw(z)|2

)s
dA(z)

&

∫
D(w,r)

|F′w(z)|q|1(z)|q(1 − |z|2)q−2+
q
p (1−λ)

(
1 − |ϕw(z)|2

)s
dA(z)

&
1

(1 − |w|2)2

∫
D(w,r)

|1(z)|qdA(z) & |1(w)|q.

Since w ∈ D is arbitrary, we have

∞ > ‖I1Fw‖
q
F(q,q−2+

q
p (1−λ),s)

& ‖1‖
q
H∞ .

Now, we prove the compactness of I1. It is clear that if 1 = 0, I1 is compact. Conversely. Suppose that
I1 : Bp(λ) → F(q, q − 2 +

q
p (1 − λ), s) is compact. From above, we know that 1 is bounded on D. If 1 , 0.

Follow the maximum principle, we have 1|∂D , 0. Thus, there exists a constant δ > 0 and a sequence
{zk} ⊆ D such that zk → b ∈ ∂D and |1(zk)| > δ. Using Schwarz’s lemma for H∞, we have

|1(z1) − 1(z2)| ≤ 2‖1‖H∞ |ϕz1 (z2)|, z1, z2 ∈ D.
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The inequality shows that there is a sufficiently small number ε > 0 such that |1(z)| ≥ δ
2 holds for all k and

z with |ϕzk (z)| < ε. Notice the fact that each pseudo-hyperbolic ball {z ∈ D : |ϕzk (z)| < r} is contained in a
Carleson box S(I j) with |Ik| ≈ 1 − |zk|

2. Let

Fk(z) =
(1 − |wk|

2)
p−1+λ

p

wk(1 − wkz)
.

Thus, we have

‖I1Fk‖F(q,q−2+
q
p (1−λ),s)

≥
1
|Ik|

s

∫
S(Ik)
|F′k(z)|q|1(z)|q(1 − |z|2)q−2+

q
p (1−λ)+sdA(z)

&
1
|Ik|

s

∫
{z∈D: |ϕzk (z)|<r}

|1(z)|q(1 − |z|2)−2+sdA(z)

≈δq.

The compactness of I1 gives that ‖I1(Fk)‖F(q,q−2+
q
p (1−λ),s) → 0. That is a contradiction with δ > 0. Thus, 1 ≡ 0.

The proof is completed.

Theorem 6. Let p, λ, q, s be the same as Theorems 1 and 2. Suppose that 1 ∈ H(D), then M1 is bounded (resp.
compact) from Bp(λ) to F(q, q − 2 +

q
p (1 − λ), s) if and only if 1 ∈ F(q, q − 2 +

q
p (1 − λ), s) ∩H∞ (resp. 1 = 0).

Proof. Given 1 ∈ F(q, q− 2 +
q
p (1−λ), s)∩H∞. It follows from Theorems Theorems 4 and 5 that both integral

operators

T1 : Bp(λ)→ F(q, q − 2 +
q
p

(1 − λ), s), I1 : Bp(λ)→ F(q, q − 2 +
q
p

(1 − λ), s)

are bounded. So M1 : Bp(λ)→ F(q, q − 2 +
q
p (1 − λ), s) is bounded.

On the other hand. If f ∈ F(q, q − 2 +
q
p (1 − λ), s). It easily to deduce that

(1 − |a|2)q+
q(1−λ)

p | f ′(a)|q .
∫
D

| f ′(z)|q(1 − |z|2)q−2+
q(1−λ)

p (1 − |ϕa(z)|2)sdA(z).

Thus,
| f (z)|(1 − |z|2)

1−λ
p . ‖ f ‖F(q,q−2+

q
p (1−λ),s).

Using the boundedness of M1, we have

|(M1 fw)(z)|(1 − |z|2)
1−λ

p . ‖M1 fw‖F(q,q−2+
q
p (1−λ),s).

Let z = w. Hence, we have
|1(w)| . ‖M1 fw‖F(q,q−2+

q
p (1−λ),s).

That is, 1 ∈ H∞. Note that
T1 f = M1 f − f (0)1(0) − I1 f .

It gives the boundedness of T1, that is, 1 ∈ F(q, q − 2 +
q
p (1 − λ), s).

Now, let us consider the compactness. If 1 = 0, it is clearly that M1 is compact. On the other hand. Suppose

that M1 : Bp(λ)→ F(q, q− 2 +
q
p (1− λ), s) is compact. Let fn(z) =

(1−|wn |
2)

p−1+λ
p

(1−wnz) and |wn| → 1. Then ‖ fn‖Bp(λ) . 1
and fn → 0 uniformly on any compact of D. Thus, ‖M1 fn‖F(q,q−2+

q
p (1−λ),s) → 0. Follow the some proof as

above, we have
|1(wn)| . ‖M1 fn‖F(q,q−2+

q
p (1−λ),s) → 0.

Since 1 is bounded analytic function onD, we deduce that 1 = 0. The proof is completed.
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