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Abstract. Our aim is to define modified Szész type operators involving Charlier polynomials and obtain
some approximation properties. We prove some results on the order of convergence by using the modulus
of smoothness and Peetre’s K-functional. We also establish Voronoskaja type theorem for these operators
Moreover, we prove a Korovkin type approximation theorem via g-statistical convergence.

1. Introduction and background

It is immensely acknowledged that the most studied positive linear operators are Bernstein operators
which have a lot of generalizations over the time. The Szdsz-Mirakyan operators were introduced by Otto
Szész in 1950 [20] and G. M. Mirakjan in 1941 [17] to overcome the disadvantage of Bernstein polynomials

which were defined only for finite intervals. The Szdsz-Mirakyan operators are generalizations of Bernstein
polynomials to infinite intervals which are defined as follows

Su(£30) = *’“Z (n)" ( )

for each positive n and f € C[0, o), the space of continuous functions on [0, c0). Many authors generalize
the above operators under different conditions and variations depending upon the nature of functions to

be approximated by these polynomials. One of such polynomials are the Charlier polynomials [8] which
have the generating function of the form

t u
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k r
where (E,(fl)(u) = Eo( I; )(—u), (%) and (u)o = 1, (u); = u(u+1)...(u+j—1), for j > 1. The Szdsz type operators
involving Charlier polynomials [22] were defined by

DufCh =15 .

l

t-mnc = ¢V (1 - 1)nC
1) Z o (=( n )f(g) 3)

k=0

wherel > 1and C > 0.

There are several generalizations and variants of the Szdsz operators given by (1) depending on the sit-
uation under consideration for approximating certain functions. For more details about the generalizations
and variations of the Szasz operators, one can refer to [2, 4, 10-15, 18, 23]. One of the general classes are the
following operators which were studied in [9, 19, 21, 24]

0 k
Sulf,an, pui Q) = ¢ Y %f (ﬁﬁ) .
k=0 !

known as the generalized Favard-Szdsz type operators, where a, and f, denote the unbounded and
increasing sequences of positive numbers such that

lim ;' =0, a,B;' =1+0 (ﬁ;l). (5)

n—oo

The case a, = B, = n gives the operators (1). The approximation properties of (4) have been studied in [9]
and [24].
We define here a more general class of operators (3) as follows
1\ D¢ & €0 - Dand) [ k
s 17 _ 2 k —
Dfica=et(i-2) Y f(ﬁn), ©

for f € Cpl0, o0), the space of continuous and bounded functions on [0, o). We establish some approximation
properties for these operators and also find the rate of convergence. Note that if a, = §, = nforalln € N
then the operators (6) are reduced to the operators (3).

k=0

2. Moments
We first obtain the moments of the operators (6).

Lemma 2.1. We have

(i) D;(1;,C,a) =1,

. . ay, 1
(it) Dy, (t;C,a) = ﬁ_nf + B
(i) Di(%;C,a) = %cz + “—2 (3 + %)c n 52
(i) Dy(F;C,a) = “—%@ + “—i (6 + a%l)cz + ;‘—3 (10 " % + (Q_Ll)z)c " %
(v) D;,(tC,a) = a—ijc4+ a—;j 10 + afl)CB + ;—2(32+ a3_01 + (111—11)2)@
tn 32 20 6 15
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Proof. With the help of (2), we get

7

(1) i w _ 6(1 1 )—(ﬂ—l)ang

e k! a
< kEW(~(a - 1)a,0) 1\~ @ Dan
i) Y ——— =1~ (1 +a,0),
k=0 ’
< 1269 (=(a - 1)a,0) 1\-Dant 1
(iii) k =ef1-= P+ ax 3+ —= )+ 24,
5O e ()
< BEW(—(a - 1)a,0) 1\-@Dan
o JEEE I
k=0 ’
373 2 i i 2
x{anc +an(6+a 1)C an(10+ 1+( )2)C+5},
co (S(ﬂ)( (Ll - Da,0) 1\~@Dand
(v) =ell--
% i}
44 3, ﬂ 11 2
{ 2O ta, (10+ )C (32+ 3 (a—l)Z)C

32 20 6
+an(37+ p— + @-17 + (a—1)3)C+15}'

Using the above relations, we get the required moments. [

Lemma 2.2. We have

(i) D, (t-CCa) = (——1)C+—

Pn B’
i oy (0-0re0) = (32 -1) @+ S e Lg)- 2 e 2,
(iii) D}, ((t - 0% ¢, )-(% —1)4 ¢t
+2{g—§(5+%)—6‘§ (2+ %) + % (3+ﬁ)—ﬁz’1}(,3
+ {Z—i (32+ % + gliy) - G (10+ 25 + ) + ;T%}Cz
(

32 _20 6 20 15
37+—+ +?)——3}C+—4.

3. Approximation in weighted spaces

Let B, = {f :| f(O) |< Myp(C), My > 0} with the norm || f ||,= SUPL50 55
continuous} and Ck {f € C, : limpeo i(C) = kf} where p(C) = 1+ %, C € (—o0, c0) (see [71, [16]).

Theorem 3.1. ([7]) Let (B,)n>0 be the sequence of positive linear operators which acts from C, to B, such that

lim [|B,(t;0) = C'll, =0, i€{0,1,2}.
Then

JEI;Han _f”p =0,

5151
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for f € C}, and there exists f* € C,\Cl, such that

;}ij{}olanf* - fll, =1
Theorem 3.2. For f € C, we have

lim [ID3(f; C,2) = (Ol = 0.
Proof. From Lemma 2.1(i), it is immediate that

lim [ID;,(1;C,a) = 1ll, = 0.
Using Lemma 2.1(ii) and (5), we have

an 1 1

C
ﬁn 1)supm+ ——sup TCZ

D}, (t;C,a) = Cllp = ( p Bn ¢
>0 moc0

Hence we obtain
lim [ID; (5;C,0) — Clly = 0.
By means of Lemma 2.1(iii) and (5), we get
\ID;,(£; ¢, a) = Cly
2 2
(5 hre b e e
lim |IID; (% €, a) = I, = 0.
From (7), (8) and (9), for i € {0,1,2}, we have
lim ID;,(¢; C,a) = C'll, = 0.

Using Theorem 3.1, we get the desired result. [

4. Order of convergence

Definition 4.1. The modulus of continuity of second order is defined by
@(f,0) = sup sup |f(C+h)=2f(C)+ f([C-h), f € Cp[0, ).

0<h<d C€[0,00)

Definition 4.2. [5] The Peetre’s K-functional of f € Cg[0, 00) is defined by

K(f,0):= in {If = gl + Sllgllc2 |,

C2[0,00)

5152

(®)

where C3[0, 00) is the space of all g € Cp[0, 00) such that g, g € Cp[0, o) with I9llcz = llglleo + 19" lleo + 11" lco-

Note that
K(f,6) < M{@y(f, V5) + min(1, 5)lflle}, 6 > 0,

where the constant M is independent of f and 0.

(10)
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Theorem 4.3. Let f € C[0, c0) and |f(C)| < Me ¢, A € R, M € R*. Then
lim D (f; C, a) = f(C)
and the operators (6) converge uniformly in each compact subset of [0, 00).

Let Cp[0, 00) = { f :[0,00) = R such that f is uniformly continuous and bounded},
1 fllcy 0,000 = SUP¢[0,00) If (Ol

Theorem 4.4. For f € C3[0, o), we have
e RO VO U\
ID; ;) = fO1 < {1+ 51+ il
Proof. By using the Taylor formula and the linearity of ID;,, we have
1
D,(f;C,0) - Q) = Dyt - GLa)f © + 51, (= 0% C,a) £7(©) ()

where C < & < t. From Lemma 2.2 (i)-(ii) and (11), we obtain

ID,(f; € a) = fO

< [(ﬁ_n - 1)C+ —]Ilf llc,
L [(Z_ _ 1) 24 {g_z (3+-25)- ﬁi}c * ﬁ%] 1 llcy-

For sufficiently large 1, we obtain

ID;(f;C,a) — F(O)
< L1fle, +

11 1 21. .,
3 ﬁ_n (1 + m)Jr —] £ Mlcs
1 1 "
<5 {142 (1 =) e + 177
This completes the proof. [J
Theorem 4.5. For f € Cg[0, o), we have
D5, (f; C,a) — f(O

<oM [CDz [ £ 3 (@ c>) +min{(1, St o) ||f||m]

T, B ©) = (ﬁn )Zcz+é{an(“ﬁ)_(ﬁﬁz)}“ﬁ %z

where

and M > 0 is a constant.

Proof. We have

fB) = £(©) = f(B) = g(&) + g(8) = 9(C) + g(0) = f(O).
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Then using the linearity property of ID;,, we get

ID,(f € a) = f(O)l
<D (f = ;¢ o)l +1D,(g; C,a) — g(O)1 + 1£(C) — g(O).

Consider the function g € C%[O, o0). By Theorem 4.4, we have
1D, (f;Ca) = fOI < 2llf = gll + ©en, Br; Ollgllc2
< 2K(fi gelan pr0),
and using (10), we obtain the result. [

Let f € C [0, o), the space of uniformly continuous functions on [0, o). Then

w(f,0)=  sup () = f(y)l.

Ce[0,00),IC~yl<o6
Theorem 4.6. If f € C[0, o) and |f(C)] < Me”C, then
£ a) - R PR P P
ID(f:6.) - fO < {1 + \/(1 +—)cx ﬁn}“’(f' \/ﬁ_] (12
for sufficiently large n.

Proof. According to Lemma 2.1 (i) we have

D5, (f; C,a) — f(O
@D, & §D(—(z -1 ;
Se_l(l—l) Z  (—(a )aC)lf(IB%)_f(C)‘

a k!
k=0

ID;,(f;C,a) = f(O)
(=Dl 2 D (_(g
S{l+%€_1(1_1) ! Zw‘ﬁﬁ_c‘}@(ﬂ@), (13)

a k!
k=0

By using the Cauchy-Schwarz inequality and Lemma 2.1 and (5), we have

§ e ek
. k! Bn
1 —(@a-1a,C (= (Slia)(—(ﬂ—l)anC) k g :
-2 Y (BT

IR | 1 2
=ell-= —(1 =.
6(1 a) ﬁn( +a—1)C+ 2

By choosing 6 = 6, = —=, (13) leads to
y g \/ﬁ—n( )

ID,(fC a) = f(O)l

IN |
—N— ——
—_ —_

+
Q S
— é_
+ | PI=
—_—
— —_
~— AN
™Y | —_
+ [
N —
F|N ~
—— +
2
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?f\ S——
IS0
~~
o- 2
~———— >



A.A.H. Al-Abied et al. / Filomat 35:15 (2021), 5149-5159 5155

This completes the proof. [J

We define a weighted modulus of continuity Q(f; 0) for the function f € C’; by

[f(t) = f(OI
Q,(f;06) = .
0= S o T+ (= OPIp(©

Note that lims_,g Q(f;6) = 0.
Lemma 4.7. Let f € Cl. Then we have

(1) Q(f;0) is a monotonically increasing function of 6 > 0.
(if) For each positive value of A

Q,u(f; A8) < 2(1 + A)(1 + *)Q(F; 6). (14)
From (14), we get

f6) - for<2(1+ D) a s a1+ e - o7) o) (15)

forevery f € C’; and C,t € [0, 0).

Theorem 4.8. If f € C’;, then

IDL(F;C,0) - FO) g
A or SKQ[’C’\/E)

holds for a sufficiently large n, where K is a constant independent of o, P.

Proof. From (15), we get

ID;,(f;C,a) = f(O)
1 (a-1)a,C
< 2(1 + &)Q(F;6,)(1 + P)e! (1 - 6—{)

o 60— a0 | [E-{ S
XZ k o 1+ 5, (1+(ﬁ_n_C)J

k=0

< 4Q(f; 6,1+ O)

1 B 1 (@a-1a,C X (Sl(cg)(_(a — 1)anC) k
x{1+ae (1—5) ;T ﬁ_n_c‘
1 @-1a,C X2 G:(H)(—(ﬂ — 1)anC) k g

1 k
+e (1—;) ZT(E_C)

1 1\l & €@ -Dal) [k (kY
et (13 R I k(]

k=0

for any 0, > 0. Applying Cauchy-Schwartz inequality, we obtain

ID3(f5C,a) = FO1 < 40(68,)(1 + )1+ = VB + By + 5By (16)
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where
1\@ Dt & €D (—(a - 1), Q) { k ’
B —1 1 _ = k— (_ - C) 7
1 e ( a) kZ:O‘ k! ,Bn
1\@Danl & (S(”)(—(a - Dan0) [ k *
B, 5—1(1—5) ZkT(ﬁ_n_C)'

k=0

From Lemma 2.2 (ii)-(iii) and using condition (5) in Lemma 2.2 (ii)-(iii), we can write

B = O(ﬁl—n)«:%o,
B, = O(%)(C4+C3+C2+C)-

Substituting these results in (16), we have
ID;,(f; C,a) = £(O)l

1

Bu

1

2 O
)(C +0)+ (ﬁn

)(CZ+C)

< 4Q(f; 6,)(1 + ) {1 + 63 o(

1 1\ s, 3,
+aO(ﬁ—n)(C +C+C +C)}-

1

Choosing 6, = , for sufficiently large 1, we obtain

\B:
ID;,(f;C,a) — f(O) 1
SUP 5 SKQ(f' «E]

where K is a constant independent of a,,, f,. [

5. Voronoskaja type theorem

Theorem 5.1. If f € C3[0, o), then
lim a,[ID;,(f;C,a) = f(O1 = £/(©) + Cf(0)

holds for every C € [0, a].

Proof. For a fixed point (g € [0, o0) and for all C € [0, o0), by the Taylor formula we have

FO = FC0) = (€= T (@) + 5(C =~ P (C) + (T, T)C ~ )’
where ¢(C, C) € C3[0, 00) and lime_.c, ¢(, Co) = 0.
o[ D} (f; Co,8) = £(C0)]
= ayD}((e1 = Co); o) f/(Co) + %anlD;(@l — C0)?; Co,a) £ (Co)
+a,D;((C, Q)T — 003 Cova)

holds for (g € [0, o). Using Lemma 2.2 (i) and (ii), we have

;}g?o a,,]D;((ﬁ - Co); Colﬂ) =1,

5156
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lim a,D},((e1 = Co)’; Co,a) = Co.

Now, we consider the ID;, ((p(C, Co)(C = Co)%; o, a). Use the Cauchy-Schwarz inequality to get

@D ((C, C)(C — Co)?s Lo, ) < yJa2Dj (e — Co)*s Co, @)D (2(C, Co)s o).
One has from Lemma 2.2 (iii) that

lim 31D}, ((e1 = Co)*; Co,a) = 4G

Since for the function (C, (o) = (p2(C, Co), C =20, we have 1(C, (o) € Cp[0, o0) and lim_,¢, P(C, Cp) = 0.

lim D},(¢*(€, Co); Co,a) = (€, Co),

lim ID;(¥(C, ©0); Co, ) = $(Co, Co) = 0
holds. Consequently, we have
lim a,D;,(¢(C, Co)(C - Co); Cova) = 0.
Now, taking the limit as 71 — oo, we have
lim a,[D;(f; Co, @) — f(C)] = £(Co) + Cof " (Co).

This completes the proof. [J

6. Approximation via g-statistical convergence

The g-integer (g > 0) of any positive integer n is defined by

-7 #1
[n]=[nl,={ 1-q° 7%
n, g=1

5157

Recently, Aktuglu and Bekar [3] studied the notion of density and statistical convergence via g-calculus.

Let E be subset of the set of natural numbers IN. Then
04(E) = 6c1(E) = lim inf (Clxem =1,

(o)

defines the g-density, where C'(g) = (c}ik(qk))n’k=0

is the g-Cesaro matrix (see [1], [3]) defined by

ifk<mn,

0 otherwise.

qk
crlqh) = {[”*”ﬂ

A sequence x = (x;) is said to be g-statistically convergent to the number [ if 6,(L.) = 0, where L,

n:|x — 1| > e} for every ¢ > 0 and we write St; — limx; = L.

k<

Note that for an infinite set E, 6(E) = 0 implies 6,(E) = 0. Hence statistical convergence [6] implies

g-statistical convergence but not conversely (c.f. [3, Example 15]).
Theorem 6.1. For f € Cg[0, o), we have

Sty = 1im D, (£;€, ) = flle = 0.
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Proof. From Lemma 2.1(i), it is immediate that

lim |[ID},(1; C,4) — 1]l = 0. (17)

Using Lemma 2.1(ii) and (5), we have
a, 1 1

D;(tCa) =l =(— —1)sup —— + — sup ——.

ID;,0) = Clle = (g =)0 75 + g S0

Now, for a given positive € > 0, let

D := {n DG a) = Clee 2 6},

ay, €
D, = n:—-1>=4,
’ { B 2}

D3 := {n:ﬁl—nzg}.

Then D; € D, |J D3 which implies that 6,(D1) < 64(D2)+ 64(D3). Hence, we have

Sty — ’}g{}o ID}(t; C,a) = Clleo = 0. (18)
By means of Lemma 2.1(iii) and (5), we get

”D:z(tzr Cr Cl) - CZHDO

a? 2 a 1 C 2 1
— _"_1 - -n - — 4+ — P —
e Pt R et e

For a given positive € > 0, let
Eq := {n : ‘ > e},
a? €
E; = {n:(—Z—l)Zg},
n
ay, 1 ) €
= = 2z
B {” ﬁn(3+a—1 —3}’

2 €
E4 = {Tl:ﬁ—%’Z§},

Then E; C E» J E3 U E4, which implies that 6,(E1) < 04(E2)+ 64(E3) + 04(E4). Hence

]D;(tzl C/ a) - Cz

Sty — lim [IID;,(#; C,a) — Clle = 0. (19)
From (17), (18) and (19), for i € {0, 1,2}, we have
Sty = lim [[D(#;,@) = Clle = 0.

Using Theorem 3.1, we get the desired result.
O
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