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Abstract. We introduce a quarter-symmetric projective conformal non-metric connection family and study
its geometrical properties. Further we investigate the geometries of a symmetric-type quarter-symmetric
projective conformal non-metric connection satisfying the Schur’s theorem.

1. Introduction

The study of geometries and topologies of a manifold associated with a semi-symmetric (metric or
non-metric) connection has been an active field over the past seven decades. In particular, the problem of
geometric classifications based on the transformation groups has always been the main research topics of
classical geometries. From the isometric transformation group, the conformal transformation group and
the projective transformation group, the isometric geometry, the conformal geometry and the projective
geometry come into being. We have reasons to believe that the study of transformation groups based on
semi-symmetric connection is bound to have the important theoretical significance and potential application
value for the study of related geometric classification problems.

Since the concept of the semi-symmetric connection was introduced by Friedman and Schouten in [10]
for the first time, the relevant research on semi-symmetric connections has been springing up with great
success. Many geometricists have devoted themselves to this field and have made great achievements.
There are many celebrated works related to semi-symmetric connections. For instance, Hayden in [16]
introduced the metric connection with torsion, and Yano in [27] defined a semi-symmetric metric connection
and studied its geometric properties. N. Agache and M. Chafle [1] investigated the semi-symmetric non-
metric connection. Before long, a quarter-symmetric connection in [12] was defined and studied. A linear
connection is said to be a quarter-symmetric connection if its torsion tensor T̃ is of the form

T̃(X,Y) = U(Y)ϕX −U(X)ϕY, (1.1)
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where U is a 1-form and ϕ is a tensor of type (1, 1). Afterwards, several types of a quarter-symmetric metric
connection were studied ([8, 15, 21, 25, 28]). In [11, 20, 22, 26, 31, 32], the geometric and physic properties
of conformal and projective the semi-symmetric metric recurrent connections were studied. And in [23, 24]
a projective conformal quarter-symmetric metric connection and a generalized quarter-symmetric metric
recurrent connection were studied. In [9] a curvature copy problem of the symmetric connection was
studied. And in [24] the mutual connection of a semi-symmetric connection was studied.

Recently, De, Han and Zhao in [5] introduced and studied the geometrical natures of a manifold with a
semi-symmetric non-metric connection; Barman and De [2] investigated the quarter-symmetric non-metric
connection on Sasakian manifolds; Chaubey and De [3], Chaubey, Suh and De [4] and De, Zhao, Mandal and
Han [6], respectively, considered the geometrical features of a manifold associated with semi-symmetric
connections.

Following this concept and the related researches, Zhao, Ho, An [29], Zhao, Jen and Ho [30] further
studied the geometrical properties of a manifold with Ricci quarter-symmetric recurrent connections and
mutual connections. For this topics, one can also see [2, 8, 15, 23, 24, 28] for details.

On the other hand, the Schur’s theorem of a semi-symmetric non-metric connection is well known ([17,
18]) based only on the second Bianchi identity. A semi-symmetric metric connection that is a geometrical
model for scalar-tensor theories of gravitation was studied ([7]) and a conjugate symmetry condition of the
Amari-Chentsov connection with metric recurrent was also studied.

Especially, Han, Fu and Zhao in [14] further studied the similar topics in sub-Riemannian manifolds.
The readers can refer to [13, 19] for further understanding on geometry and analysis on sub-Riemannian
spaces in details.

Motivated by the statements above, we define one class of quarter-symmetric non-metric connection
family obtained by applying certain rules to the covariance derivative of the metric, and consider the major
geometrical properties for this new type of quarter-symmetric non-metric connection family.

The paper is organized as follows. Section 2 studies the property of a quarter-symmetric projective
conformal non-metric connection family; Section 3 considers the geometric characteristics of a manifold
associated with a symmetric-type quarter-symmetric non-metric connection satisfying the Schur’s theorem.

2. Geometries of a manifold with a quarter-symmetric projective conformal non-metric connection
family

Let (M, 1) be a Riemannian manifold (dimM ≥ 3), 1 be the Riemannian metric on M and
0
∇ be the

Levi-Civita connection with respect to 1. Denote T(M) by the collection of all vector fields onM.

Definition 2.1. A connection
n
∇ is called a quarter-symmetric non-metric connection if it satisfies the relation

(
0
∇Z1)(X,Y) = −π(X)U(Y,Z) − π(Y)U(X,Z),

n
T(X,Y) = π(Y)ϕX − π(X)ϕY

The local expressions of this relations are as follows

n
∇k1 ji = −πiU jk − π jUik,

n
T k

ji = π jϕ
k
i − πiϕ

k
j ,

and the connection coefficient is
n
Γ k

i j = {ki j} + π jUk
i − πiVk

j .

Definition 2.2. A connection family
t
∇ is called a quarter-symmetric non-metric connection family if it satisfies

(
t
∇Z1)(X,Y) = (t − 1)[π(X)U(Y,Z) + π(Y)U(X,Z)],

t
T(X,Y) = π(Y)ϕX − π(X)ϕY

where t ∈ R is a family parameter.
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The local expressions of this relations above are below

t
∇k1 ji = (t − 1)[πiU jk + π jUik],

t
T k

ji = π jϕ
k
i − πiϕ

k
j ,

and the connection coefficient is
t
Γ k

i j = {ki j} + π jUk
i − πiVk

j − tUi jπ
k.

Remark 2.1. The quarter-symmetric non-metric connection family
t
∇ is a connection homotopy of the quarter-

symmetric metric connection
q
∇ in [30] and the quarter-symmetric non-metric connection

n
∇. Namely if t = 0, then

t
∇ =

n
∇ and if t = 1, then

t
∇ =

q
∇.

The connection
c
∇ is called a quarter-symmetric conformal non-metric connection family, if

c
∇ is conformally

equivalent to a quarter-symmetric non-metric connection family
t
∇. The coefficient of the connection

c
∇ is

c
Γ k

i j = {ki j} + σiδ
k
j + σ jδ

k
i − 1i jδ

k
− πiVk

j + π jUk
i − tUi jπ

k

where the conformal metric 1̄i j = e2σ1i j and σi = ∂iσ.

The connection
p
∇ is called a quarter-symmetric projective non-metric connection family, if

p
∇ is projec-

tively equivalent to a quarter-symmetric non-metric connection family
t
∇. The coefficient of the connection

p
∇ is

p
Γ k

i j = {ki j} + ψiδ
k
j + ψ jδ

k
i + πiUk

j − πiVk
j − tUi jπ

k,

where ψi is a projective component.

Definition 2.3. A connection ∇ is called a quarter-symmetric projective conformal non-metric connection family, if

∇ is projectively and conformally equivalent to a quarter-symmetric non-metric connection family
t
∇.

In a Riemannian manifold, a quarter-symmetric projective conformal non-metric connection family ∇
satisfies the relation

∇Z1(X,Y) = −2[ψ(Z) + Zσ]1(X,Y) − ψ(X)1(Y,Z) − ψ(Y)1(X,Z)
+(t − 1)[π(X)U(Y,Z) + π(Y)U(X,Z)],

T(X,Y) = π(Y)ϕX − π(X)ϕY
(2.1)

The local expression of this relation is{
∇k1 ji = −2(ψk + σk)1i j − ψi1 jk − ψ j1ik + (t − 1)(πiU jk + π jUik),
T k

ji = π jϕk
i − πiϕk

j
(2.2)

and its coefficient is

Γ k
i j = {

k
i j} + (ψi + σi)δk

j + (ψ j + σ j)δk
i − 1i jσ

k + π jUk
i − πiVk

j − tUi jπ
k (2.3)

Remark 2.2. If ψi = 0, then ∇ =
c
∇ and if σi = 0, then ∇ =

p
∇. If ψi = σi = 0, then ∇ =

t
∇. And if t = 1 and

ψi = σi = 0, then ∇ =
q
∇ and if ψi = σi = 0 and t = 0, then ∇ =

n
∇. And if ϕX = X, then a quarter-symmetric

projective conformal non-metric connection family ∇ is a projective conformal semi-symmetric non-metric connection
family.
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From the expression (2.3) we find that the curvature tensor of ∇ is

Ri jk
l = Ki jk

l + δl
jaik − δ

l
ia jk + 1ikbl

j − 1 jkbl
i + Ul

jcik −Ul
ic jk + Uikdl

j −U jkdl
i

+ δl
k(

0
∇iψ j −

0
∇ jψi) − t(∇iU jk − ∇ jUik)πl + (∇iUl

j − ∇ jUl
i)πk + πiVl

jk − π jVl
ik (2.4)

− Vl
k(

0
∇iπ j −

0
∇ jπi),

where Ki jk
l is the curvature tensor of

0
∇ of 1i j, and

aik =
0
∇i(ψk + σk) − (ψi + σi)(ψk + σk) −Uip(ψp + σp)πk + tUik(ψp + σp)πp + 1ik(ψp + σp)σp,

bik =
0
∇iσk − σiσk + Uikπpσp − tUp

i σpπk,

cik =
0
∇iπk − πi(σk + ψk) −Up

i πpπk + tUikπpπp

dik = t(
0
∇iπk − πiσk − tUp

i πkπp),

Vl
ik =

0
∇iVl

k − Vl
i(ψk + σk) + Ul

iV
p
kπp −Up

i Vl
pπk + t(UikVl

pπ
p
−UipVp

kπ
l)

+ Vikσl + 1ikVl
pσ

p + δl
iV

p
k (ψp + σp)

(2.5)

From the expression (2.2), the mutual connection
m
∇ of the quarter-symmetric projective conformal non-

metric connection family ∇ satisfies
m
∇k1 ji = −2(ψk + σk)1i j − ψi1 jk − ψ j1ik + 2πkUi j + π j(Uki + tUki) + π j(Vki + tVki),
m
T k

ji = π j(Uk
i + Vk

i ) − πi(Uk
j + Vk

j ),
(2.6)

and its coefficient is
m
Γ k

i j = {ki j} + (ψi + σi)δk
j + (ψ j + σ j)δk

i − 1i jσ
k + πiUk

j − π jVk
i − tUi jπ

k (2.7)

The curvature tensor of
m
∇ is

m
Ri jk

l = Ki jk
l + δl

j
m
aik − δ

l
i
m
a jk + 1ik

m
b l

j − 1 jk

m
b l

i + δl
k(

0
∇iψ j −

0
∇ jψi)

+ (
m
c l

jUik −
m
c l

iU jk) + dl
ikπ j − dl

jkπi + Ul
k(

0
∇iπ j −

0
∇ jπi) (2.8)

+ t(
0
∇iU jk −

0
∇ jUik)πl + Vl

ie jk − Vl
jeik + (Vl

ji − Vl
i j)πk

where

m
aik =

0
∇i(ψk + σk) − (ψi + σi)(ψk + σk) + tUik(ψp + σp)πp

− πiU
p
k (ψp + σp) + 1ik(ψp + σp)σp,

m
bik =

0
∇iσk − σiσk − tUipσpπk + πiUkpπp,

m
c ik = t(

0
∇iπk − πiσk + πiUkpπp

− tUipπpπk),

d l
ik =

0
∇iUl

k −Ul
i(ψk + σk) + Uikσl

− tUipUp
kπ

l,

eik =
0
∇iπk − πi(ψk + σk) − πiU

p
kπp + Vp

i πpπk + tUikπpπp + 1ikπpσp,

V l
i j =

0
∇iVl

j + δl
iV

p
j (ψp + σp) + Vi jσl + πiV

p
j Ul

p − tUp
i V jpπl.

(2.9)

Let α, β and γ be of 1-forms with its components

αi = Uk
iπk, βi = Uk

kπi, γi = Vk
i πk (2.10)
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Theorem 2.1. A Riemannian manifold (M, 1,∇) associated with 1-form ψ and α being of closed, then it is Ricci-like
flat with respect to the quarter-symmetric projective conformal non-metric connection family ∇, namely, there holds

Pi j = 0 (2.11)

where Pi j=̂Ri jkl1
kl is a volume (or Ricci-like) curvature tensor of ∇.

Proof. Contracting the indices k and l of the expression (2.4), then we obtain

Pi j =
0
Pi j + ai j − a ji + b ji − bi j −Uk

i c jk + Uk
j cik −U jkdk

i −Uikdk
j + (

0
∇iU jk −

0
∇ jUik)πk

− t(
0
∇iU jk −

0
∇ jUik) + n(

0
∇iψ j −

0
∇ jψi) + πiVk

jk − π jVk
ik − Vk

k(
0
∇iπ j −

0
∇ jπi), (2.12)

where
0
Pi j is the volume (Ricci-like) curvature tensor of the Levi-Civita connection

0
∇ of 1i j. At the same

time,
0
Pi j = 0,Vk

k = 0. Using (2.5), we have

ai j − a ji + b ji − bi j = (
0
∇iψ j −

0
∇ jψi) + [πiU jp(ψp + σp) − π jUip(ψp + σp)] − t(πiU

p
jσp − π jU

p
i σp),

Uk
j cik −Uk

i c jk = U jkdk
i −Uikdk

j + Uk
j

0
∇iπk −Uk

i

0
∇ jπk − [πiUk

j (ψk + σk) − π jUk
i (ψk + σk)]

+t(Uik
0
∇ jπ

k
−U jk

0
∇iπ

k) + t(πiU jkσ
k
− π jUikσ

k),

Vk
ik = 0.

Substituting these statements above into (2.12) and using (2.10) we have

Pi j = (n + 1)(
0
∇iψ j −

0
∇ jψi) + (1 − t)(

0
∇iα j −

0
∇ jαi) (2.13)

If a 1-form ψ and a 1-form α are of closed, then
0
∇ jψi =

0
∇iψ j and

0
∇ jαi =

0
∇iα j. From (2.13), we know that

(2.11) is tenable.

Remark 2.3. Formula (2.13) implies that if t = 1 and ψ is a closed form, then
c
Pi j =

n
Pi j = 0.

Theorem 2.2. For a Riemannian manifold (M, 1,
m
∇), if 1-form ψ, α, β and γ are of closed, then the Riemannian

manifold (M, 1,
m
∇) is Ricci-like flat with resect to the mutual connection

m
∇, namely

m
Pi j = 0, (2.14)

where is a volume (Ricci-like) curvature tensor of
m
∇.

Proof. Contracting the indices k and l of the expression (2.8), then we have

m
Pi j =

0
Pi j +

m
ai j −

m
a ji +

m
b ji −

m
bi j + n(

0
∇iψ j −

0
∇ jψi) + (Uik

m
c k

j −U jk
m
c k

i )

+ Uk
k(

0
∇iπ j −

0
∇ jπi) + (dk

ikπ j − dk
jkπi) − t(

0
∇iU jk −

0
∇ jUik)πk (2.15)

− t(
0
∇iU jk −

0
∇ jUik)πk + Vk

i e jk − Vk
j eik + (Vk

ji − Vk
i j)πk

From (2.9) we arrive at

m
ai j −

m
a ji +

m
b ji −

m
bi j = (

0
∇iψ j −

0
∇ jψi) − [πiU

p
j (ψp + σp) − π jU

p
i (ψp + σp)] − (t − 1)(πiU jpσ

p
− π jUipσ

p),
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Uik
m
c

k

j −U jk
m
c

k

i = t(Uik
0
∇ jπ

k
−U jk

0
∇iπ

k) + t(πiU jkσ
k
− π jUikσ

k) − t(πiU jkUk
pπ

p
− π jUikUk

pπ
p),

dk
ikπ j − dk

jkπi = [πiUk
j (ψk + σk) − π jUk

i (ψk + σk)] + (πiU jkσ
k
− π jUikσ

k)

+ t(πiU jpUp
kπ

k
− π jUipUp

kπ
k) + (

0
∇iUk

kπ j −
0
∇ jUk

kπi),

Vk
i e jk − Vk

j eik = (Vk
i j − Vk

ji)πk − [
0
∇i(Vk

jπk) −
0
∇ j(Vk

i πk)].

Substituting these formulaes above into (2.15) and using (2.10), one gets

m
Pi j = (n + 1)(

0
∇iψ j −

0
∇ jψi) − t(

0
∇iα j −

0
∇ jαi) + (

0
∇iβ j −

0
∇ jβi) − (

0
∇iγ j −

0
∇ jγi). (2.16)

If a 1-form ψ, α, β and γ are of closed, then there holds
0
∇iα j −

0
∇ jαi = 0,

0
∇iβ j −

0
∇ jβi = 0 and

0
∇iγ j −

0
∇ jγi = 0.

From (2.16), it is not hard to see that (2.14) is tenable.

Set by

Ai jk
l=̂δl

jaik + 1ikbl
j + (Ul

jcik + Uikdl
j) +

0
∇iUl

jπk − t
0
∇iU jk + δl

k

0
∇iψ j + πiVl

jk − Vl
k

0
∇iπ j,

and

m
Ai jk

l=̂δl
j
m
aik + 1ik

m
b

l

j + Uik
m
c l

j + dl
ikπ j + δl

k

0
∇iψ j + Ul

k

0
∇iπ j − t

0
∇iU jkπ

l + Vl
ie jk + Vl

i jπk,

From these formulaes, we know that (2.4) and (2.8) are exactly as follows

Ri jk
l = Ki jk

l + Ai jk
l
− A jik

l,

and
m
Ri jk

l =
m
Ki jk

l +
m
Ai jk

l
−

m
A jik

l,

respectively.
Thus we get the following.

Theorem 2.3. When Ai jk
l = A jik

l, then the curvature tensor will keep unchanged under the connection trans-

formation
0
∇ → ∇ and when

m
Ai jk

l =
m
A jik

l, then the curvature tensor will keep unchanged under the connection

transformation
0
∇ →

m
∇.

From (2.2) and (2.3), the connection coefficient of dual connection
∗

∇ of the quarter-symmetric projective
conformal non-metric connection family ∇ is

∗

Γ k
i j = {ki j} − (ψi + σi)δk

j + σ jδ
k
i − 1i j(ψk + σk) + tπ jUk

i − πiVk
j −Ui jπ

k,

and the curvature tensor of
∗

∇ is
∗

Ri jk
l = Ki jk

l + δl
jbik − δ

l
ib jk + 1ikal

j − 1 jkal
i + (Ul

jdik −Ul
id jk −U jkcl

i + Uikcl
j)

− δl
k(

0
∇iψ j −

0
∇ jψi) + t(

0
∇iUl

j −
0
∇ jUl

i)π
k
− (

0
∇iU jk −

0
∇ jUik)πl (2.17)

+ πi
∗

V l
jk − π j

∗

V l
ik − Vl

k(
0
∇iπ j −

0
∇ jπi),

where
∗

V l
jk =

0
∇iVl

k − Vl
iσk + UikVl

pπ
p
−UipVp

kπ
l + δl

iV
p
kσp + tUl

iV
p
kπp − tUp

i Vl
pπk + Vik(ψl + σl)
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+ 1ikVl
p(ψp + σp),

From (2.4) and (2.17), we obtain
∗

Ri jk
l = Ki jk

l + δl
i(a jk − b jk) − δl

j(aik − bik) + 1ik(al
j − bl

j) − 1 jk(al
i − bl

i) + Ul
i(c jk − d jk) −Ul

j(cik − dik)

+ Uik(cl
j − dl

j) −U jk(cl
i − dl

i) + (t − 1)[(
0
∇iUl

j −
0
∇ jUl

i)πk − (
0
∇iU jk −

0
∇ jUik)πl] (2.18)

+ πi(
∗

V l
jk − V l

jk) − 2δl
k(

0
∇iψ j −

0
∇ jψi) − π j(

∗

V l
ik − V l

ik).

From (2.6) and (2.7), the connection coefficient of dual connection
m∗
∇ of the mutual connection

m
∇ of the

quarter-symmetric projective conformal non-metric connection family ∇ is
m∗
Γ k

i j = {ki j} − (ψi + σi)δk
j + σ jδ

k
i − 1i j(ψk + σk) − πiUk

j + tπ jUk
i + Vi jπ

k

and the curvature tensor of
m∗
∇ is

m∗
R i jk

l = Ki jk
l + δl

j

m
bik − δ

l
i

m
b jk + 1ik

m
a l

j − 1 jk
m
a l

i − δ
l
k(

0
∇iψ j −

0
∇ jψi) + Ul

j
m
c ik −Ul

i
m
c jk

− Ul
k(

0
∇iψ j −

0
∇ jψi) + (

∗

d l
jkπi −

∗

d l
ikπ j) + t(

0
∇iUl

j −
0
∇ jUl

i)πk (2.19)

+ (V jkel
i − Vikel j) + (

∗

Vi jk −
∗

V jik)πl,

where
∗

d l
jk =

0
∇iUl

k −Ul
iσk −Up

i Ul
pπk −Uik(ψl + σl),

∗

Vi jk =
0
∇iV jk + Vi jσk − Vipπ jU

p
k + 1ikV jp(ψp + σp) − tVipUp

jπk.

From (2.8) and (2.19), we obtain
m∗
R i jk

l =
m
Ri jk

l + δl
i(

m
a jk −

m
b jk) − δl

j(
m
aik −

m
bik) + 1ik(

m
a l

j −
m
b l

j) − 1 jk(
m
a l

i −
m
b l

i)

+ (
m
c ikUl

j −
m
c jkUl

i + U jk
m
c l

i −Uik
m
c l

j) + (
∗

d jk
l + d jk

l)πi − (
∗

dik
l + dik

l)π j (2.20)

− 2δl
k(

0
∇iψ j −

0
∇ jψi) + t[(

0
∇iUl

j −
0
∇ jUl

i)πk + (
0
∇iU jk −

0
∇ jUik)πl]

− 2Ul
k(

0
∇iπ j −

0
∇ jπi) + V jkel

i − Vikel
j + Vl

jeik − Vl
ie jk + (

m
Vi jk −

m
V jik)πl

− (Vl
i j − Vl

ji)πk,

Denote by

Bi jk
l = δl

i(a jk − b jk) + 1ik(al
j − bl

j) + Ul
i(c jk − d jk) + Uik(cl

j − dl
j) + (t − 1)(

0
∇iUl

jπk +
0
∇iU jkπ

l)

+ πi(
∗

V l
jk − V l

jk) − 2δl
k

0
∇iψ j

and
m
Bi jk

l = δl
i(

m
a jk −

m
b jk) + 1ik(

m
a l

j −
m
b l

j) + (Ul
j
m
c ik + U jk

m
c l

i) + πi(
∗

d l
jk + d l

jk) − 2δl
k

0
∇iπ j

+ t(
0
∇iUl

jπk +
0
∇iU jkπ

l) + Vk
j e

l
i + Vl

jeik +
∗

Vi jkπ
l + Vi j

lπk − 2Ul
k

0
∇iπ j

From these formulaes above, we get (2.18) and (2.20) are given below

∗

Ri jk
l = Ri jk

l + Bi jk
l
− B jik

l,
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and
m∗
R i jk

l =
m
Ri jk

l +
m
Bi jk

l
−

m
B jik

l,

respectively.
So there exists the following.

Theorem 2.4. When Bi jk
l = B jik

l, then the quarter-symmetric projective conformal non-metric connection family ∇

is a conjugate symmetry and when
m
Bi jk

l =
m
B jik

l, then the mutual connection
m
∇ of the quarter-symmetric projective

conformal non-metric connection family ∇ is a conjugate symmetric.

3. Geometries of a manifold with symmetric-type quarter-symmetric non-metric connections
For convenience, we assume in this subsection ψi j is a symmetric tensor, and ψi j = Ui j.

Definition 3.1. A connection
s
∇ is called a symmetric-typequarter-symmetric non-metric connection, if the connec-

tion
s
∇ satisfies

s
∇Z1(X,Y) = −π(Y)U(X,Z) − π(X)U(Y,Z),
s
T(X,Y) = π(Y)UX − π(X)UY.

(3.1)

where U is a symmetric tensor of type (1,1) and π is a 1-form.

Remark 3.1. If U(X,Y) = 1(X,Y), then this connection is the semi-symmetric non-metric connection that was
considered in [1].

The local expression of (3.1) is
s
∇k1i j = −πiU jk − π jUik,

s
T k

i j = π jUk
i − πiUk

j , (3.2)

and the connection coefficient is
s
Γ k

i j = {ki j} + π jUk
i , (3.3)

and the curvature tensor is
s
Ri jk

l = Ki jk
l + Ul

jπik −Ul
iπ jk + (

0
∇iUl

j −
0
∇ jUl

i)πk, (3.4)

where πik =
0
∇iπk −Up

i πpπk.

Theorem 3.1. A Riemannian manifold (M, 1,
s
∇) associated with a form α being closed, then the manifold (M, 1,

s
∇)

is Ricci-like falt, that is, the volume curvature tensor of
s
∇ is zero, namely

s
Pi j = 0, (3.5)

where
s
Pi j is a (Ricci-like) volume curvature tensor of

s
∇.

Proof. Contracting the indices k and l of the expression (3.4) and using
0
Pi j = 0 and (2.10), we have

s
Pi j =

0
Pi j + Uk

jπik −Uk
iπ jk + (

0
∇iUk

j −
0
∇ jUk

i )πk

=
0
Pi j + Uk

j (
0
∇iπk −Up

i πpπk) −Uk
i (

0
∇ jπk −Up

jπpπk) + (
0
∇iUk

j −
0
∇ jUk

i )πk

=
0
∇i(Uk

jπk −
0
∇ j(Uk

iπk) =
0
∇iα j −

0
∇ jαi.

If a 1-form α is a closed form, then
0
∇iα j −

0
∇ jαi = 0. Hence we obtain (3.5) is tenable.
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From (3.2) and (3.3) the connection coefficient of dual connection
s∗
∇ of

s
∇ is

s∗
Γ k

i j = {ki j} −Ui jπ
k, (3.6)

and the curvature tensor of is

s∗
Ri jk

l = Ki jk
l + Uikπ

l
j −U jkπ

l
i − (

0
∇iU jk −

0
∇ jUik)πl. (3.7)

Thus we have the following.

Theorem 3.2. In a Riemannian manifold (M, 1), the first Bianchi identity and the second Bianchi identity of the

curvature tensor of dual connection
s∗
∇ of

s
∇ are

s∗
Ri jk

l +
s∗
R jik

l +
s∗
Rki j

l = 0,
s∗
∇h

s∗
Ri jk

l +
s∗
∇i

s∗
R jhk

l +
s∗
∇ j

s∗
Rhik

l = 0.
(3.8)

From (3.2) and (3.3), the connection coefficient of mutual connection
sm
∇ of the connection

s
∇ is

sm
Γ k

i j = {ki j} + πiUk
j , (3.9)

where the mutual connection
sm
∇ satisfies

sm
∇k1i j = −2πkUi j,

sm
T i j

k = πiUk
j − π jUk

i , (3.10)

and the curvature tensor of
sm
∇ is

sm
R i jk

l = Ki jk
l +

0
∇i(π jUl

k) −
0
∇ j(πiUl

k), (3.11)

From (3.9) and (3.10), the connection coefficient of dual connection
sm∗
∇ of

sm
∇ is

sm∗
Γ k

i j = {ki j} − πiUk
j , (3.12)

and the curvature tensor of
sm∗
∇ is

sm∗
R i jk

l = Ki jk
l +

0
∇i(π jUl

k) −
0
∇ j(πiUl

k), (3.13)

So there exists the following.

Theorem 3.3. In a Riemannian manifold (M, 1), if there holds

0
∇i(π jUl

k) =
0
∇ j(πiUl

k) (3.14)

then the curvature tensor will keep unchanged under the connection transformation
0
∇ →

sm
∇ and the mutual connection

sm
∇ of

s
∇ is a conjugate symmetric connection.

Theorem 3.4. If a Riemannian manifold (M, 1) associated with a symmetric-type quarter-symmetric non-metric

connection
s
∇ admits zero curvature tensor with respect to the mutual connection

sm
∇, then the Riemannian manifold

(M, 1,
sm
∇) is flat.
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Proof. Considering (3.11) and (3.13), we obtain
sm
R i jk

l +
sm∗
R i jk

l = 2Ki jk
l, (3.15)

If
sm
R i jk

l = 0, then
sm∗
R i jk

l = 0. From (3.15) we have Ki jk
l = 0. Hence the Riemannian metric 1 is flat.

It is well known that if a sectional curvature at a point p in a Riemannian manifold (M, 1) is independent
of E(2-dimensional subspace of Tp(M)), then the curvature tensor is as below

Ri jk
l = k(p)(δl

i1 jk − δ
l
j1ik), (3.16)

In this case, if k(p) = const, then the Riemannian manifold (M, 1) is a constant curvature manifold.

Theorem 3.5. (Schur’s Theorem) Suppose that (Mn, 1)(dimM ≥ 3) is a connected Riemannian manifold asso-

ciated with an isotropic mutual connection
sm
∇. Then the Riemannian manifold (Mn, 1,

sm
∇) is a constant curvature

manifold.

Proof. Substituting (3.16) into the second Bianchi identity of the curvature tensor of the mutual connection
sm
∇ of the symmetric-type quarter-symmetric non-metric connection

s
∇, we have

sm
∇hRi jk

l +
sm
∇ iR jhk

l +
sm
∇ jRhik

l =
sm
T p

hiR jpk
l +

sm
T p

ijRhpk
l +

sm
T p

jhRipk
l,

By a direct computation, we obtain
sm
∇hk(p)(δl

i1 jk − δ
l
j1ik) +

sm
∇ ik(p)(δl

j1hk − δ
l
h1 jk) +

sm
∇ jk(p)(δl

h1ik − δ
l
i1hk)

+ k(p)[(δl
i

sm
∇h1 jk − δ

l
j

sm
∇h1ik) + (δl

j

sm
∇ i1hk − δ

l
h

sm
∇ i1 jk) + (δl

h

sm
∇ j1ik − δ

l
i

sm
∇ j1hk)]

= k(p)[(πhUp
i − πiU

p
h)(δl

j1pk − δ
l
p1 jk) + (πiU

p
j − π jU

p
i )(δl

h1pk − δ
l
p1hk) + (π jU

p
h − πhUp

j )(δ
l
i1pk − δ

l
p1ik)].

Using (3.10), then we obtain
sm
∇hk(p)(δl

i1 jk − δ
l
j1ik) +

sm
∇ ik(p)(δl

j1hk − δ
l
h1 jk) +

sm
∇ jk(p)(δl

h1ik − δ
l
i1hk)

− 2k(p)[πh(δl
iU jk − δ

l
jUik) + πi(δl

jUhk − δ
l
hU jk) + π j(δl

hUik − δ
l
iUhk)]

= k(p)[(δl
jπhUik − δ

l
jπiUhk − πhUl

i1 jk + πiUl
h1 jk) + (δl

hπiU jk − δ
l
hπJUik − πiUl

j1hk + π jUl
i1hk)

+ (δl
iπ jUhk − δ

l
iπhU jk − π jUl

h1ik + πhUl
j1ik)].

Contracting the indices i, l, we have

(n − 2)[1 jk
sm
∇hk(p) − 1hk

sm
∇ jk(p) − 2k(p)(n − 2)(πhU jk − π jUhk)]

= k(p)[(n − 3)(π jUhk − πhU jk) − 1hk(Ui
hπi −Ui

iπ j) + 1 jk(Ui
hπi −Ui

iπh)].

Multiplying both sides of this expression again by 1 jk, then we arrive at

(n − 1)(n − 2)
sm
∇hk(p) = 0.

According to dimM ≥ 3, we have k = const. The connected condition implies that Theorem 3.5 is tenable.
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