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Abstract. We present new conditions under which Cline’s formula and Jacobson’s lemma for g-Drazin
inverse hold. LetA be a Banach algebra, and let a, b ∈ A satisfying akbkak = ak+1 for some k ∈ N. We prove
that a has g-Drazin inverse if and only if bkak has g-Drazin inverse. In this case,

(bkak)d = bk(ad)2ak and ad = ak[(bkak)d]k+1.

Further, we study Jacobson’s lemma for g-Drazin inverse in a Banach algebra under the preceding condition.
The common spectral property of bounded linear operators on a Banach space is thereby obtained.

1. Introduction

Let R be an associative ring with an identity. The commutant of a ∈ R is defined by comm(a) = {x ∈
R | xa = ax}. The double commutant of a ∈ R is defined by comm2(a) = {x ∈ R | xy = yx for all y ∈ comm(a)}.
An element a ∈ R has g-Drazin inverse if there exists b ∈ R such that

b = bab, b ∈ comm2(a), a − a2b ∈ Rqnil.

The preceding b is unique if it exists, we denote it by ad. Here, Rqnil = {a ∈ R | 1 + ax ∈ R−1 for every x ∈
comm(a)}. If we replace Rqnil by the set Rnil of all nilpotents in R, we call such b the Drazin inverse of a, and
denote it by aD. The set of all g-Drazin invertible elements in R will be denoted by Rd.

Let a, b ∈ R. Then ab ∈ Rd if and only if ba ∈ Rd and (ba)d = b[(ab)d]2a. This was known as Cline’s formula
for g-Drazin inverse (see [7, Theorem 2.1]). Lian and Zeng extended Cline’s formula for generalized Drazin
inverse to the case when aba = aca (see [6]). We refer the reader for further extensions of Cline’s formula to
[6, Theorem 2.3] and [14, Theorem 2.2].

For any a, b ∈ R, Jacobson’s lemma for g-Drazin inverse states that 1 + ab ∈ Rd if and only if 1 + ba ∈ Rd

(see [15, Theorem 2.3]). Corach et al. extended Jacobson’s lemma to the case that aba = aca(see [2, Theorem
1]). Further extensions of Jacobson’s lemma can be found in [12, Theorem 3.1] and [2, Theorem 1].

In [4, Theorem 2.20], Gupta and Kumar studied Cline’s formula for Drazin inverse under the condition
akbkak = ak+1. By the analysis technique, they investigated common spectral properties of linear operators
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A and B satisfying AkBkAk = Ak+1 and BkAkBk = Bk+1. The common spectral properties under the preceding
operator equations are investigated by many authors. For instance, Schmoeger [9] considered the common
spectral properties of bounded linear operators A and B under ABA = A2 and BAB = B2.

LetA be a Banach algebra, and let a, b ∈ A satisfying akbkak = ak+1 for some k ∈N. The motivation of this
paper is to investigate whether Cline’s formula holds for g-Drazin inverse under the preceding equations.
In Section 2, we proved that a has g-Drazin inverse if and only if bkak has g-Drazin inverse. In this case,

(bkak)d = bk(ad)2ak and ad = ak[(bkak)d]k+1.

In Section 3, we further study Jacobson’s lemma for g-Drazin inverse in a Banach algebra under the
assumption that akbkak = ak+1 for some k ∈ N. Finally, in the last section, the common spectral property of
bounded linear operators on a Banach space for g-Drazin inverse is thereby obtained. Let A,B ∈ L(X) such
that AkBkAk = Ak+1 and BkAkBk = Bk+1 for some k ∈ N. We prove that σd(A) = σd(AkBk) = σd(BkAk) = σd(B),
where σd is the g-Drazin spectrum.

Throughout the paper, all rings are associative with an identity and all Banach algebras are complex.
We use R−1 and Rqnil to denote the set of all units and the set of all quasinilpotents of the ring R, respectively.
C stands for the field of all complex numbers.

2. Cline’s Formula

In this section we propose to give Cline’s formula for the g-Drazin inverse under the conditions akbkak =
ak+1 for some k ∈N. The following lemma is crucial in the sequel.

Lemma 2.1. LetA be a Banach algebra, and let a, b ∈ A satisfying akbkak = ak+1 for some k ∈N. If a has g-Drazin
inverse, then bkak has g-Drazin inverse. In this case,

(bkak)d = bk(ad)2ak.

Proof. Let y = bk(ad)2ak.
Step 1. ybkaky = y. We see that

ybkaky = bk(ad)2ak(bkak)bk(ad)2ak

= bk(ad)2(akbkak)bkak(ad)2

= bk(ad)2ak+1bkak(ad)2

= bk(ad)2a(akbkak)(ad)2

= bk(ad)2aak+1(ad)2

= bk(ad)2ak

= y.

Step 2. We claim by induction that

[bkak
− (bkak)y(bkak)]n+1 = bk(1 − aad)ak+n.

Let n = 1
[bkak

− (bkak)y(bkak)]2 = bk(1 − aad)akbk(1 − aad)ak

= bk(1 − aad)ak+1.

And for n we have,
[bkak

− (bkak)y(bkak)]n+1

= [bkak
− (bkak)y(bkak)]n[bkak

− (bkak)y(bkak)]
= bk(1 − aad)ak+n−1bk(1 − aad)ak

= bk(1 − aad)ak+n.
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As a has g-Drazin inverse then, a − a2ad
∈ A

qnil. Let α = a − a2ad and β = ak. It is obvious that α2β = αβα
and β2α = βαβ. Then we deduce by [16, Lemma 2.11] that αβ = ak(a − a2ad) ∈ Rqnil. Hence akbkak(1 − aad) =
ak+1(1 − aad) = ak(a − a2ad) ∈ Aqnil. By using Cline’s formula,

[bkak
− (bkak)y(bkak)]k+1 = bk(1 − aad)a2k = bkak(1 − aad)ak

∈ A
qnil,

and so

bkak
− (bkak)y(bkak) ∈ Aqnil.

Step 3. y ∈ comm2(bkak). Let x ∈ comm(bkak). Then xbkak = bkakx, and so ak(xbkak) = ak(bkakx). Hence
(akxbkak)bkak = (akbkakx)bkak. That is, akxbkak+1 = ak+1xbkak. Thus (akxbkak)a = a(akxbkak), and then ak+1x =
akxbkak

∈ comm(a). This shows that (ak+1x)ad = ad(ak+1x). We directly compute that

yx = bkak(ad)2x
= bk(ad)3(ak+1x)
= bk(ak+1x)(ad)3

= bkak+1x(ad)3

= (bkak)(bkak)x(ad)3

= x(bkak)(bkak)(ad)3

= xbkak+1(ad)3 = xbkak(ad)2

= xy.

Therefore y ∈ comm2(bkak), and so y = (bkak)d, as required.

We are ready to generalize [4, Theorem 2.10] to g-Drazin inverse as follow.

Theorem 2.2. Let A be a Banach algebra, and let a, b ∈ A satisfying akbkak = ak+1 for some k ∈ N. Then a has
g-Drazin inverse if and only if bkak has g-Drazin inverse. In this case,

(bkak)d = bk(ad)2ak and ad = ak[(bkak)d]k+1.

Proof. =⇒ This is proved in Lemma 2.1.
⇐= Let p = (bkak)d and z = akpk+1.
Step 1. z ∈ comm(a). We see that

za = akpk+1a
= akpk+2bkak+1

= akpk+2(bkak)bkak

= akpk+1(bkak)
= ak(bkak)pk+1

= ak+1pk+1

= az,

as desired.
Step 2. zaz = z. We compute that

zaz = akpk+1ak+1pk+1 = akpk+1ak(bkak)pk+1 = (akpk+1)akpk = a2kp2k+1

= ak−1ak+1p2k+1 = ak−1akp2k = ak−2akp2k−1 = · · · = akpk+1 = z,

as required.
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Step 3. a − a2z ∈ Aqnil. We check that

(a − a2z)k+1 = ak+1(1 − ak+1pk+1)
= akbkak

− (ak+1)2pk+1

= akbkak
− ak(bka2k)bkakpk+1

= akbkak
− ak(bkak+1)ak−1bkakpk+1

= akbkak
− ak(bkak)2ak−1bkakpk+1

= akbkak
− ak(bkak)3ak−2bkakpk+1

...
= akbkak

− ak(bkak)k+1bkakpk+1

= ak
[
bkak
− (bkak)2p

]
.

We easily see that
[bkak

− (bkak)2p]ak = bka2k
− (bkak)p(bka2k)

= (bkak)2ak−1
− (bkak)p(bkak)2ak−1

= (bkak)3ak−2
− (bkak)p(bkak)3ak−2

...
= (bkak)k+1

− (bkak)p(bkak)k+1

= (bkak)
[
bkak
− (bkak)2p

]
.

Since bkak has g-Drazin inverse, bkak
− (bkak)2p ∈ Aqnil and so (bkak)(bkak

− (bkak)2p) ∈ Aqnil. Hence, [bkak
−

(bkak)2p]ak
∈ A

qnil. By using Cline’s formula (see [7, Theorem 2.1]), we have (a − a2z)k+1
∈ A

qnil, and so
a − a2z ∈ Aqnil. Therefore ad = z = akpk+1, as asserted.

Corollary 2.3. Let A be a Banach algebra, and let a, b ∈ A satisfying akbkak = ak+1 and bkakbk = bk+1 for some
k ∈N. Then a has g-Drazin inverse if and only if b has g-Drazin inverse. In this case,

bd = bk[ak(bk(ad)2ak)2bk]k+1.

Proof. In view of Theorem 2.2, a has g-Drazin inverse if and only if bkak has g-Drazin inverse, b has g-Drazin
inverse if and only if akbk has g-Drazin inverse. In light of Cline’s formula, akbk has g-Drazin inverse if and
only if bkak has g-Drazin inverse. Therefore a ∈ Ad if and only if b ∈ Ad. Moreover we have,

bd = bk[(akbk)d]k+1,
(akbk)d = ak[(bkak)d]2bk,
(bkak)d = bk(ad)2ak.

Therefore,
bd = bk[ak((bkak)d)2bk]k+1

= bk[ak(bk(ad)2ak)2bk]k+1,

as desired.

Corollary 2.4. Let A be a Banach algebra, and let a, b ∈ A satisfying akbkak = ak+1 and bkakbk = bk+1 for some
k ∈N. Then a ∈ Aqnil if and only if b ∈ Aqnil.

Proof. Since a ∈ Aqnil, we have ad = 0. Then bd = 0 by Corollary 2.3, which implies that b ∈ Aqnil. The other
direction is proved in the similar way.

Example 2.5.



H. Chen, M. Sheibani Abdolyousefi / Filomat 35:15 (2021), 5083–5091 5087

Let R =M3(C). Choose

A =

 0 0 1
0 1 0
0 0 0

 ,B =
 0 0 0

0 1 0
1 0 0

 ∈ R.

Then A2B2A2 = A3,B2A2B2 = B3. In view of Theorem 2.2, (B2A2)d = B2(Ad)2A2 =

 0 0 0
0 1 0
0 0 0

. Clearly we

have,

Ad =

 0 0 0
0 1 0
0 0 0

 ,Bd =

 0 0 0
0 1 0
0 0 0

 .
3. Jacobson’s lemma

In this section we study Jacobson’s lemma in the case that akbkak = ak+1 for some k ∈ N. We begin with
the following theorem which is a part of our main results in this paper.

Theorem 3.1. Let R be a ring, and let a, b ∈ R satisfying akbkak = ak+1 for some k ∈N. Then 1− a ∈ R−1 if and only
if 1 − bkak

∈ R−1. In this case,

(1 − bkak)−1 = 1 + bk(1 − a)−1ak,
(1 − a)−1 = 1 + a + · · · + ak−1 + ak(1 − bkak)−1.

Proof. =⇒ Set s = (1 − a)−1. Then

(1 − bkak)(1 + bksak) = 1 + bksak
− bkak

− bk(akbkak)s
= 1 + bksak

− bkak
− bksak+1

= 1 + bk(s − 1 − sa)ak

= 1 + bk[s(1 − a) − 1]ak

= 1.

Moreover, we have
(1 + bksak)(1 − bkak) = 1 − bkak + bksak

− bksak+1

= 1 − bk(1 − s)ak
− bksak+1

= 1 − bks(s−1
− 1)ak

− bksak+1

= 1.

Therefore (1 − bkak)−1 = 1 + bk(1 − a)−1ak.
⇐= One easily checks that

(1 − a)
[
1 + a + · · · + ak−1 + ak(1 − bkak)−1

]
= 1 − ak + (1 − a)ak(1 − bkak)−1

= 1 − ak + (ak
− akbkak)(1 − bkak)−1

= 1.

In view of [12, Corollary 2.5], 1 − akbk
∈ R−1. Clearly, (1 − akbk)ak = ak(1 − bkak); hence,

ak(1 − bkak)−1 = (1 − akbk)−1ak.
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By direct computation, we have [
1 + a + · · · + ak−1 + ak(1 − bkak)−1

]
(1 − a)

= 1 − ak + ak(1 − bkak)−1(1 − a)
= 1 − ak(1 − bkak)−1

[
1 − bkak

− (1 − a)]
= 1 − ak(1 − bkak)−1(a − bkak)
= 1 − (1 − akbk)−1ak(a − bkak)
= 1 − (1 − akbk)−1(ak+1

− akbkak)
= 1.

This completes the proof.

Corollary 3.2. Let R be a ring, and let a, b ∈ R satisfying akbkak = ak+1 and bkakbk = bk+1 for some k ∈ N. Then
1 − a ∈ R−1 if and only if 1 − b ∈ R−1. In this case,

(1 − b)−1 =

k+1∑
i=0

bi + bk+1(1 − a)−1akbk.

Proof. In view of Theorem 3.1, 1 − a ∈ R−1 if and only if 1 − bkak
∈ R−1. Furthermore, we have

(1 − b)−1 = 1 + b + · · · bk−1 + bk(1 − akbk)−1,

(1 − bkak)−1 = 1 + bk(1 − a)−1ak.

In light of Jacobson’s lemma, we get

(1 − akbk)−1 = 1 + ak(1 − bkak)−1bk.

Therefore we have

(1 − b)−1 =

k−1∑
i=0

bi + bk[1 + ak(1 + bk(1 − a)−1ak)bk],

=

k+1∑
i=0

bi + bk+1(1 − a)−1akbk.

as asserted.

For a Banach algebraA, it is well known that

a ∈ Aqnil
⇔ lim

n→∞
‖ an
‖

1
n= 0⇔ λ − a ∈ A−1 for any scarlar λ , 0.

Many papers discussed Jacobson’s lemma for g-Drazin inverse in the setting of matrices, operators and
elements of Banach algebras.

Theorem 3.3. Let A be a Banach algebra, and let a, b ∈ A satisfying akbkak = ak+1 for some k ∈ N. If 1 − a has
g-Drazin inverse, then 1 − bkak has g-Drazin inverse. In this case,

(1 − bkak)d

= 1 + bk
[
(1 − a)d

− (1 − a)π(1 − (1 − a)π(1 − a))−1
]
ak.
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Proof. =⇒ Let y = 1 + bk
[
(1 − a)d

− (1 − a)π(1 − (1 − a)π(1 − a))−1
]
ak. We shall prove that (1 − bkak)d = y.

Step 1. y(1 − bkak)y = y. We see that

y(1 − bkak)
= 1 − bkak + bk

[
(1 − a)d

− (1 − a)π(1 − (1 − a)π(1 − a))−1
]

(ak
− akbkak)

= 1 − bkak + bk
[
(1 − a)d

− (1 − a)π(1 − (1 − a)π(1 − a))−1
]

(1 − a)ak

= 1 − bk
[
(1 − a)π + (1 − a)π(1 − a)(1 − (1 − a)π(1 − a))−1

]
ak

= 1 − bk(1 − (1 − a)π(1 − a))−1
[
(1 − a)π(1 − (1 − a)π(1 − a))

+(1 − a)π(1 − a)
]
ak

= 1 − bk(1 − (1 − a)π(1 − a))−1(1 − a)πak.

Then we have
1 − y(1 − bkak) = bk(1 − (1 − a)π(1 − a))−1(1 − a)πak.

Therefore we check that

y − y(1 − bkak)y
=

[
1 − y(1 − bkak)

]
y

= bk(1 − (1 − a)π(1 − a))−1(1 − a)πak + bk(1 − (1 − a)π(1 − a))−1

(1 − a)πakbk
[
(1 − a)d

− (1 − a)π(1 − (1 − a)π(1 − a))−1
]
ak

= bk(1 − (1 − a)π(1 − a))−1(1 − a)πak + bk(1 − (1 − a)π(1 − a))−1

(1 − a)π)(akbkak)
[
(1 − a)d

− (1 − a)π(1 − (1 − a)π(1 − a))−1
]

= bk(1 − (1 − a)π(1 − a))−1(1 − a)πak
− bka(1 − (1 − a)π(1 − a))−1

(1 − a)π(1 − (1 − a)π(1 − a))−1ak

= bk(1 − a)π
[
(1 − (1 − a)π(1 − a)) − a

]
(1 − (1 − a)π(1 − a))−2ak

= bk(1 − a)π
[
(1 − a) − (1 − a)π(1 − a)

]
(1 − (1 − a)π(1 − a))−2ak

= 0;

hence, y = y(1 − bkak)y, as required.
Step 2. (1 − bkak) − (1 − bkak)y(1 − bkak) ∈ Aqnil. We verify that

(1 − bkak) − (1 − bkak)y(1 − bkak)
= (1 − bkak)[1 − y(1 − bkak)]
= (1 − bkak)bk(1 − (1 − a)π(1 − a))−1(1 − a)πak

= (1 − bkak)bkak(1 − (1 − a)π(1 − a))−1(1 − a)π

= bkak(1 − a)(1 − (1 − a)π(1 − a))−1(1 − a)π

= bkak(1 − a)π(1 − a)(1 − (1 − a)π(1 − a))−1

By induction, we have [
(1 − bkak) − (1 − bkak)y(1 − bkak)

]n

= bkak+n
[
(1 − a)π(1 − a)

]n
[1 − (1 − a)π(1 − a)]−n.

Therefore
‖

[
(1 − bkak) − (1 − bkak)y(1 − bkak)

]n
‖

1
n≤‖ bk

‖
1
n ‖ a ‖1+

k
n

‖

[
(1 − a) − (1 − a)2(1 − a)d

]n
‖

1
n ‖ [1 − (1 − a)π(1 − a)]−1

‖ .

Accordingly,
lim
n→∞
‖

[
(1 − bkak) − (1 − bkak)y(1 − bkak)

]n
‖

1
n= 0,
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and so (1 − bkak) − (1 − bkak)y(1 − bkak) ∈ Aqnil.
Step 3. y ∈ comm(1 − bkak). We directly compute that

(1 − bkak)y
= (1 − bkak)

[
1 + bk((1 − a)d

− (1 − a)π(1 − (1 − a)π(1 − a))−1
)
ak

]
= 1 − bkak + bk(1 − a)ak

[
(1 − a)d

− (1 − a)π(1 − (1 − a)π(1 − a))−1
]

= 1 − bk
[
1 − (1 − a)((1 − a)d

− (1 − a)π(1 − (1 − a)π(1 − a))−1)ak]
= 1 − bk

[
(1 − a)π + (1 − a)π(1 − a)(1 − (1 − a)π(1 − a))−1)ak]

= 1 − bk(1 − (1 − a)π(1 − a))−1(1 − a)πak.

Therefore (1 − bkak)y = y(1 − bkak), as desired.

Corollary 3.4. Let A be a Banach algebra, let λ ∈ C and let a, b ∈ A satisfying akbkak = ak+1 for some k ∈ N. If
λ − a has g-Drazin inverse, then λ − bkak has g-Drazin inverse. In this case,

(λ − bkak)d

=

−bk(ad)2ak λ = 0
1
λ +

1
λbk[(λ − a)d

− (λ − a)π(λ − (λ − a)π(λ − a)−1]ak λ , 0

Proof. Case 1. λ = 0. The result follows by Theorem 2.2,
Case 2. λ , 0. Set c = a

λ and d = λ1− 1
k b. Then ckdkck = ck+1. By virtue of Theorem 3.3, 1− dkck

∈ A
d if and

only if 1 − c ∈ Ad. We see that
1 − dkck = 1

λ (λ − bkak),
1 − c = 1

λ (λ − a).

Therefore λ − a ∈ Ad if and only if λ − bkak
∈ A

d. Moreover, we have

(λ − bkak)d = 1
λ (1 − dkck)d

= 1
λ +

1
λdk[(1 − c)d

− (1 − c)π(1 − (1 − c)π(1 − c)−1)]ck

= 1
λ +

1
λλ

k−1bk[λ(λ − a)d
− (λ − a)π(1 − 1

λ (λ − a)π(λ − a)−1) 1
λk ak]

= 1
λ +

1
λbk[(λ − a)d

− (λ − a)π(λ − (λ − a)π(λ − a))−1ak],

as asserted.

4. Common spectral property

Let X be a Banach space, and let L(X) denote the set of all bounded linear operators from Banach space
to itself, and let A ∈ L(X). The g-Drazin spectrum σd(A) are defined by

σd(A) = {λ ∈ C | λI − A < L(X)d
}.

The aim of this section is to concern on common spectrum property of L(X). We now ready to prove the
following.

Theorem 4.1. Let A,B ∈ L(X) such that AkBkAk = Ak+1 for some k ∈N., then

σd(A) = σd(BkAk).

Proof. Case 1. In view of Theorem 2.2, BkAk < L(X)d if and only if A < L(X)d. Hence, 0 ∈ σd(BkAk) if and
only if 0 ∈ σd(A).

Case 2. Let λ , 0. If λ ∈ σd(BkAk), then λ ∈ accσ(BkAk). Hence,

λ = lim
n→∞
{λn | λnI − BkAk < L(X)−1

}.
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If λ ∈ σd(A), anagously, we have
λ = lim

n→∞
{λn | λnI − A < L(X)−1

}.

For any λn , 0, we have

(λ−1
n A)k(λ

k−1
k

n B)k(λ−1
n A)k = (λ−1

n A)k+1.

In light of Theorem 3.1,

I − (λ
k−1

k
n B)k(λ−1

n A)k
∈ L(X)−1

if and only if
I − λ−1

n A ∈ L(X)−1.

That is, λnI − BkAk
∈ L(X)−1 if and only if λnI − A ∈ L(X)−1. Accordingly, σd(BkAk) = σd(A).

Corollary 4.2. Let A,B ∈ L(X) such that AkBkAk = Ak+1 and BkAkBk = Bk+1 for some k ∈N, then

σd(A) = σd(B).

Proof. By Theorem 4.1, σd(A) = σd(BkAk) and σd(B) = σd(AkBk). It is clear that σd(AkBk) = σd(BkAk) which
implies that σd(A) = σd(B).

Example 4.3.

Let R =M2(C). Choose

A =
(

2 0
0 0

)
,B =

(
1 1
1 1

)
.

Then ABA = A2,BAB = B2. In view of Theorem 4.1, σd(A) = σd(B). In this case, A2 , B2.
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