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On D-Invariant Points and Local Taylor Interpolation on Algebraic
Hypersurfaces in RY
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Abstract. We give the definition of D-invariant points on an irreducible algebraic hypersurface V in RV.
We show that every regular point on irreducible quadratic hypersurface in RN is D-invariant. We prove

that the local Taylor interpolation projector at a regular point a € V is an ideal projector if and only if a is
D-invariant.

1. Introduction

Let P%(RN) be the vector space of all polynomials of degree at most d on RN. It is well-known that the
dimension my(RN) of P¥(RY) is equals to (Nﬁd). Let g be an irreducible polynomial on RN and V = V(g)
the algebraic hypersurface {x € RN : g(x) = 0}. The set of all regular points on V is denoted by V’. When
V0 # 0, it forms an analytic manifold of dimension N — 1. We will also consider P*(V) = {pjv : p € P/(RN)}.
Bos [5] shows that the dimension 114(V) of the vector space P?(V) is given by

ma(V) = ma(RY) = my_gegq(RY),

where we make a convention that 72, (RN) = 0 when k < 0.

In [6,7], Bos and Calvi studied polynomial interpolation on algebraic hypersurfaces in C. They obtained
many beautiful results. The authors also showed in [6] that, with simple adaptations, everything remains
true in the real variable case. Here we recall notations and results of Bos and Calvi in the real settings. Let
L = (2, U, R) be a local parametrization of a regular point a on an irreducible algebraic hypersurface V in
RN (see Section 2 for precise definition). We consider the least space PdL ,ata induced by PdL = PYRN)oR,

following [6]. It is a subspace of P(RN"!) generated by least terms of functions in PYRN) o R. Using
this least space, we can define a linear space of local differential operators Dif(L, d) acting on sufficiently
smooth functions in neighborhoods of a in V. The authors in [6] used Dif(L, d) as interpolation conditions
to define the local Taylor interpolation projector TdL. This type of interpolation inherits many properties of
the ordinary Taylor polynomial (see [6] for details).
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In [7], the authors continued studying the least space and the local Taylor interpolation in C2. They
introduced the notation of Taylorian points on algebraic curves. A point a on V is called to be Taylorian if,
for some local parametrization £ = (a, U, R), we have

Pil = span{l, (t—-a),..., (t- a)md(v)_l}. (1)

In this case, any local parametrization gives the same set of powers {0, 1, ...,m,(V) — 1}. It is showed in [7],
for d > 1, every point on irreducible quadratic curve in C? is d-Taylorian and all but finitely many points
on an irreducible algebraic curve in C? are d-Taylorian. The local Taylor interpolation at a Taylorian point
has many interesting properties. Theorem 3.2 in [7] points out that a regular point a € V is Taylorian if and
only if ker TdL is an ideal in the space of analytic functions ata on V c C2. Itis an important characterization
of a d-Taylorian point. Bos and Calvi also claimed in [7, p. 546] that analogous results still hold when one
works with real algebraic curves in R?.

Our purpose is to generalize the definition of d-Taylorian points in the higher dimension and to study
the properties of generalized points. Relation (1) suggests an extension of the concept of d-Taylorian
points. That is, in the multivariate case, the space SD"IL | is invariant under differentiations (D-invariant for
short). Fortunately, the D-invariant property is independent of the choice of the local parametrization and
depends only on a. This enables us to define D-invariant points on algebraic hypersurfaces in RN. We show
in Proposition 2.8 that the set of D-invariant points of order d = 1 on an irreducible algebraic hypersurface
Vin RN is open and dense in V. On a quadratic hypersurface in RN, Theorem 3.1 asserts that every regular
point is D-invariant of order d > 1. Moreover, we can find a basis for the least space P‘i .- Using this, we

show that the local approximation order of Pd[ is d + 1 in sense of de Boor and Ron [4]. Next we extend [7,

Theorem 3.2] to the case of algebraic hypersurfaces in RN. In Theorem 4.2 we show that ker TdL is an ideal if
and only if a is a D-invariant point. We also prove that, at a D-invariant point, the local Taylor interpolation
projectors obey the Leibniz property (see Proposition 4.4).

After this paper had finished, we realized that analogous problems was studied by Izumi. In [13], the
author used deep tools from complex geometry to investigate the least spaces, Taylorian projectors, etc.
on complex manifolds X in CV. He showed that the set of points which are not D-invariant of order oo
are contained in a countable union of thin analytic subsets of X. He also pointed out that the kernel of a
local Taylor interpolation projector at a point a € X is an ideal if and only if a is D-invariant. Note that
the methods used in [13] are quite abstract and different from ours. Izumi utilized results of the complex
geometry to deal with the complex case, whereas we use direct methods to compute least spaces and study
the local Taylor interpolation projectors in the real case. In [13, p. 5], Izumi also noted that all results
remain valid also in the real analytic category. We hope that our results are of independent interests and
meaningful. We finally note that D-invariant spaces and ideal interpolation have been studied in many
papers [1-4]. The notations of the least spaces, their properties and applications can be found in remarkable
works of de Boor and Ron.

2. Least spaces and D-invariant points

2.1. Least spaces
The partial derivatives in R" are defined by D* = 3 I(,‘ ‘

_J%
ay an
x) 0y

The linear differential operator with constant coefficients induced by p € P*(R") is given by

p(D) = Z c,D* with p(x) = Z Cax”.

a a

fora = (a,...,a,) € N, |a| = a7 + -+ + ay.

Let ¥ be a finite-dimensional vector space of analytic functions on neighborhoods of a € R". For f € ¥, we
can uniquely expand it in a Taylor series about a,

(o]

f0) =Y clx-a)", cyeR

la|=0



P. V. Manh at el. / Filomat 35:14 (2021), 4715-4730 4717

If f is nonzero, then the order of f at 4, denoted by ord,(f), is the lowest non-vanishing a-homogenenous
polynomial of the Taylor series,

ord,(f) = min {k : Z lcal # 0}.

o=k

The least term of f at a, denoted by f; |, is defined by

fa1 = 2 Co(x —a)”.

lal=orda(f)
Hence, we can write
f(x) = fa,1(x) + (terms of higher a-order).

If f =0, then we set f; | = 0. The least space of ¥ at a is the vector space spanned by least terms,

Fal = span{fm 1 fe 77}.
A theorem of de Boor and Ron [2, p. 291] asserts that
dim ¥, = dim¥. (2)

Definition 2.1. A subspace Q of P(IR") is said to be D-invariant if it is invariant under differentiations. Equivalently,
for every differential operator p(D), we have

PD)Q c Q.
More generally, a vector space & of analytic functions in neighborhoods of 0 € R" is called D-invariant if

pD)YF)cF, VYpeP@").

Obviously, ¥ is D-invariant if and only if % e F foralli =1,...,nand f € F. The following result is
showed in [2].

Theorem 2.2. If ¥ is D-invariant, then so is Fo,|.

2.2. D-invariant points on algebraic hypersurfaces

In this subsection, we always assume that g is an irreducible polynomial on RN and V = V(q) with
VO#0.

Definition 2.3. A local parametrization of V (and of V°) at a € V° is a 3-tuple L = (a, U, R), where a € RN,
U is a domain in RN™! containing a and R : U — RN an analytic mapping such that R(a) = a, R(U) c V° and
R = (Ry,...,RN) is a diffeomorphism from U onto R(U).

Note that R; is analytic on U for every i = 1,...,N. Next, we consider the finite-dimensional space of
analytic functions in neighborhoods of g,

P‘i =PI RN)oR = {poR ‘pE Pd(]RN)}.
Therefore, we get the corresponding least space at a,
— N-
P = (PL),, PR
From (2) and [6, Lemma 3.2], we have

dim P, = dim P, = my(V).
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Proposition 2.4. Let L1, L, be two local parametrizations at a € Vo, If Psz . is D-invariant then so is PdLl .
Moreover, if

Pk(]RN 1) C PL P
then P‘il | also has the same property.

Proof. By Lemma 2.2 in [6], there exists an affine automorphism @ : RV"! — RN™! such that
P Pd L° O. 3)

We write @ = (¢1,...,¢n-1) where ¢; : RN! — R are affine functions, i = 1,...,N - 1. For P € Pdﬁli with
P=Qo®,Q E‘Pd&l,wehave

N—

JoP 8Q 9¢z’
o axk(Q o ®) = Z , 1<k<N-1 4)

i=

By the hypothesis, g—g € Pd , and hence 2 a CRORS SDd . On the other hand, ¢7x - is a real number. It follows

that the polynomials in (4) belongs to Pdl This Completes the proof of the first part. The second assertion
follows directly from (3) since @ is an affine automorphism. [J

Definition 2.5. A point a € V? is called D-invariant of order d if, for any (or some) local parametrization L of V at

d . _ . .
a, P L 18 D-invariant.

The following result points out that D-invariant points are invariant with respect to affine automorphisms.

Lemma 2.6. Let a € VO be D-invariant of order d and ® : RN — RN an affine automorphism. Then ®(a) is a
D-invariant point on (V) of order d.

Proof. The proof follows directly from the computation in [6, p. 42]. Indeed, let £ = (a, U, R) be a local
parametrization of V at a. Then L = (a, U, @ o R) is a local parametrization of ®(V) = {g o @~ = 0} at ®(a).
Since @ is an affine automorphism of RN, we have PdL = Pdlq,' Hence

Pd P‘.jﬁ(pl ©)

The proof is complete. [

Example 2.7. 1) It is easy to show that a finite-dimensional subspace Q of P(R) is D-invariant if and only if there
exists k such that

Q= span{l, t,...,tk}.

Hence, on an algebraic curve in R?, a point is D-invariant if and only if it is Taylorian.
2) Example 3.4 in [6] points out that all points on hyperplanes in RN are D-invariant of order d for d > 1.

Proposition 2.8. Let V(q) be an irreducible algebraic hypersurface of degree d > 2 in RN with VO(q) # 0. Then the
set of D-invariant points of order 1 on V(q) is open and dense in V°(g).

)
Proof. Leta € V°, V = V(g). Without loss of generality, we assume that %(a) # 0. By the implicit function
N

theorem, there exists a local parametrization R : U — RN, R(x) = (x, p(x)) with x = (x,xy), a = (a,ay) and
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R(a) = a. Remark that p is real analytic on U and D?p is not identical to 0 on U since deg g > 2, where D?p(x)
is the second-order total derivative of p at x € U. It follows that

Pp(b
Uy ={beU:Dp(b) # 0} = beU:[ p()] #0
0xi0x; 1<i j<N-1

is open and dense in U, and hence R(U)) is open and dense in R(U). It suffices to show that
Uy =1{b e U: I,is D-invariant},

where 1, is the least space of order 1,

Iy, = span{(p(x, p(x)))b/l 1pE Pl(IRN)}.

Evidently, 1 € 7,. Since m;(V) = N + 1, we need to find N non-constant independent elements in 7.
Note that R is also a parametrization of b € R(U) with b = R(b),b € U. For b = (by,...,bn-1) € U, let

p(x) = YN i — by) + en(xen — p(b)). We have

N-1
P, p(0) = ) cilxi = bi) + en(p(x) - p(b)).

i=

Therefore, if we take cy = 0, then (p(x, p(x)))b L= Zfi}l ci(xi—b;). It follows that N—1 polynomials x1, ..., xn-1
belong to 7. Let us choose cy =1 and ¢; = —agf) fori=1,...,N — 1. Then, the Taylor series of p about b

gives

Pl p0) = Y £DFp ) - b,
k=2

where ka(b) stands for the kth total derivative of p at b and ka(b)(x — b)f means ka(b)(x -b,...,x=b). It
follows that

1

(P ), | = D PO~ 1),

where k > 2 is the smallest integer such that ka(b)(x — b)* does not vanish. Since dim 7, = m(V) = N + 1
we get

I, = span{l,xl, .. .,xN_l,ka(b)(x - b)k}.

Evidently, 7} is D-invariant if and only if k = 2. Equivalently, sz(b) # 0, ie, b € Uyp. The proof is
complete. [

Let g be an irreducible polynomial of degree at least 2 on RY with V(q) # 0. We conjecture that the
set of D-invariant points of order d on V(g) is open and dense in V°(g) for any d > 1. Izumi [13] gave
the affirmative answer for the case of complex manifolds in CN. In the next section, we will confirm the
conjecture in the special case when deg g = 2.

3. D-invariant points on quadratic hypersurfaces

In this section, we study the set of D-invariant points on irreducible quadratic hypersurfaces in RN with
N > 3. The main result of the section is the following.
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Theorem 3.1. Let q be an irreducible quadratic hypersurface on RN with V(q) # 0. Then every regular point on
V(q) is D-invariant of order d for d > 1.

The idea of the proof is as follows. By applying a coordinate transformation in RN if necessary, we may
assume that that the equation g(x) = 0 takes one of the following canonical forms:

)] x%+--~+xf—xf+1—-~—x§—1:O, 1<r<s<N;
) xj+-+xi-x2, - —x2=0, 1<r<s<N, sx3;

S
U xy-) ex?=0, 1<s<N-1, g==+1, i=1,..,:s
i=1
Moreover, a is assumed to be a special point on V%(g) so that we can compute the least space directly.

Hence we reduce the proof of Theorem 3.1 into the proofs of three special cases which are presented in the
following lemmas.

Lemma3.2. Let N>3,1<m<N-landd>1. Lete;==+1fori=1,...,m. Set

m
2\M ;
Fo@) = (Y ) []xr, o =(ar,...,av0), o124,
i i=2

3
7

Gr =x(Y ) [, B=@upv) Bl<d-1.

i=1 i=2
Then the set D = {Fy,Gg : |a'| < d,|p’| < d — 1} consists of (NI\J;d) - (N%_Z) independent polynomials on RN7L.
Moreover, span(D) is D-invariant.

Proof. Without loss of generality we assume that Q := {(x2,..., %) € R™1 . >, e,-xiz > 0} is non-empty
open set in R, where Y., .s,-x].2 is taken as 1 when m = 1. Otherwise, we work with '/, —(—:ixi2 instead of
Y.Ly €ix?. We first see that

D #Fo || <d}+H{Gp - || <d -1}
N-1+d N N-1+d-1\_(N+d| (N+d-2
N-1 N-1 ) \ N N )
Next we show that D is linearly independent. We learn the method of Bos and de Marchi [8, p. 372-373].
Assume that

m

m
2 2
Pl(xz,...,xN_l,Zeixi)+x1P2(x2,...,xN_1,Zeixi)=O, X1,...,XN-1 € R. (6)
i=1 i=1

Here P;, P, € P(RN-1). We need to show that P; = 0 and P, = 0. Since (6) is an algebraic identity, it also
holds for all xy,...,xy-1 € C. In particular, taking x; = it /Y7, e,-xf, t € R, where i is the imaginary unit,

we obtain the following identity for (xz,...,xn-1) € QX RN and t € R,

o

||
N

m m
Pl(xz, vee, XN=1, (1 - €1t2) Z eix?) + it €,‘xl.2P2(XQ, eee s, XN=-1, (1 - €1i’2) Z €ixi2) =0. (7)
i=2 i=2

1

Hence, both real part and imaginary part of the left hand side is identically zero,

Pk<x2,...,xN_1,(1—eltz)Zeix?>EO, (xz,...,xN_l)EQX]RN_m, telR, k= 1,2.

m
i=2
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Since Q is non-empty open set in R"~!, the above relation holds in RN~!. But t € R is arbitrary, it follows
that P; = 0 and P, = 0 in RN, and the claim is proved.
Now, to show that span(®) is D-invariant, it is sufficient to check that

a—Pespan(Z)), YPeD, 1<k<N-1
8xk

We first treat the case where P = F, |&’| < d. We have

m N-1
8FM 5\@1—1 @
(x) Zalelxl( eixl.) X,

i=1 i=2

Ifm+1<k<N-1,then
m
aq -
0 = an( Y o) .

i=1

On the other hand, if 2 < k < m, then

BF , a a _ i @
() =a Z enf) gt T a2 ) ed) Ayt g
i= i=1
Above computations evidently give ‘gj’ € span(D) for all k=1,...,N—1. The same arguments apply to
the case P = Gy, || < d — 1. Here, we only verify that € span(Z)) Since e1x? = L% ex? — YL, €ix?, we
have
8G,3/ N-1 N-1

()=

—
o
=
~Jo
SN—
=

Il
—_
Z >
[
_ N
I
—
o~
L
N

I
—
1=

o
=
=~
SN—
=
»Rl_m

+

N
=)

[t
—
1=

Al

=
~ N
~—

=
=
2

|

B

= —
o :
o
M§ T

-
||

N
1l

—_

N
I\
_
-
il
N

2\ g B Bi42 B Bna
e,xl) Xy xf_lxj Xip XN

The last polynomial belongs to span{F, : |a’| < d} since |f’| < d—1. Hence, a()x € span(P), which completes
the proof.

O

Lemma3.3. Let1 <7 <s<N. Letg(x) = x2 +---+x7 —x? | —---—x2 =1 be an irreducible quadratic polynomial on
RN and a € V with V = V(q). Here x?, + - - - + x2 is taken as 0 when r = s. Then there exists a linear automorphism
@ : RN — RN such that

O(V)=V and O(a)=(1,0,...,0).
Proof. Let us take affine isomorphisms ¢1, ¢, ¢3 such that

T

¢ RT SR, diay, ... a) = Z 0,...,0) = (b,0,...,0);

i=1

(Pz :Rs_r —>Rs_r/ ¢2(ar+1/--~/as) = ( Z al’zlol"'/o) = (CIOI"'IO)/ 1’<S;
Ji:rﬂ



P. V. Manh at el. / Filomat 35:14 (2021), 4715-4730 4722
¢3 : RN?S - I[{Nis/ ¢)3(xs+1/ .. ,XN) = (xs+l —As41,-+ -, XN — ﬂ]\]), s <N.

Define an affine automorphism ®; of RN by

(1, P2, P3) if 1<r<s<N

_ (@1, ¢2) if 1<r<s=N
' (1, P3) if r=s<N
d1 if r=N

Assume that1 < r <s < N. We have
D1 (x1, .-, 2n) = (G161, 20), Parsa, -, X5), a(Xern, -, XN)).
It is easily seen that
O (V)=V and ®y(a)=(b,0,...,0,c,0...,0) = a".
We consider the linear mapping @, : R¥ — RN defined by
Dy(x1,...,xN) = (bx1 — CXpi1, X2, .+ -, Xp, CX1 — DXp11, .. ., XN)-

Since > —c? =1, ®, is an automorphism. Evidently, ®,(a*) = (1,0, ...,0). Moreover, if we set y = ®,(x) then

2

2 2 2 _ .2
Yit+ ot Yo~ T Ys =X

2
toetx r+1

. — =X

5*

Therefore, ®,(V) = V, and hence it suffices to choose ® = @, o ®;. The case where 1 < r <s = N can be
done in the same way as above. In two remaining cases, we take @ = ®;. The details of the proof are left to
the reader. [

Lemma 3.4. Every point on the irreducible quadratic hypersurface V = V(q) is D-invariant of order d for d > 1,

= 2 2_ .2 2
where q(x) = x;+ - +x;—x5 , —--—x5—1,1<r<s<N.

Proof. By Lemmas 2.6 and 3.3, it suffices to prove the assertion for a = (1,0,...,0). For convenience, we
write g(x) = Y5, (~:1~xi2 —1withe; =1,6 = £1 fori > 2. A local parametrization of V at ais £ = (0, U, R)
where U is a neighborhood of 0 in R¥N"' and R : U — RY given by

S

R(yz,..-,yN)=( 1—Zeiy?,yz,.--,yw), y=®2...,yn) €U (8)

i=2
Since x2 = €, — €, Y.} €ix7, we can write each polynomial p € $4(V) into the form
p(x) = pl(xl - 1/ X2y eee s Xs—1, Xs41sev+y xN) + xspz(xl - 1/ X2y ooy Xs—1, Xs41sev+y xN)l (9)

where p; € PHRN1), p, € PL(RN). Hence

PoR) (2 yn) = pi 1—Zeiyf—l,yz,..-,ys_l,ys+1,.--,yN)
i=2

+ ysp2< 1- Z €Y =1, Y2, Y1, Ysils -+, yN). (10)

i=2
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We have

S S

1
12 = iy i -
1 E ey — 1 5 E €;y; + (terms of higher 0-order). (11)

i=2 =2

It follows from (10) that Pd contains the following polynomials

Pa(y) = ( Ze,y, Hy T= (., Qo1 Qi an), @l <d

i=2 i=2,i#s

and

N
51 B 3 _
Q[g(y) _ys H y ’ ‘B:(,61/'"IﬁS*llﬁS*’ll"'lﬁN)l |ﬁ|§d—1
i= i=2,i#s
Remark that the s-index does not appear in @ and f. Let us set

Dy =Py, Qg :al < d,|pl <d—1}.

By Lemma 3.2, D; consists of (%, +d) (N *4-2) independent polynomials on RN~! and span(D,) is D-invariant.
On the other hand

N+d\ (N+d-2 .

( N )—( N )zmd(V)zdldeu.

It follows that D, forms a basis for Pd and P’i is D-invariant. The proof is complete. [
Lemma3.5. Let g(x) = x7 + -+ x7 —x*  —---—x2,1 <r <s <N, s > 3, be an irreducible quadratic polynomial
onRN and a € VO with V = V(q). Then there exists a linear automorphism @ : RN — RY such that

V)=V and P(a)=(1,0,...,0,1,0,...,0),

where the first and s-th entries are equal to 1.

Proof. Since a = (a1,...,ay) € V°, \/Zle az = \/Zf:r 1147 denoted shortly by b is different from 0. Let us
take linear isomorphisms ¢, ¢, @3 such that

r

(Pl:Rr_)Rr/ (Pl(al/ . a?’)_( Z ,...,O)=:(b,0,...,0);

i=1

[ R — RS—}’, (PZ(ar+1/ .. .,ﬂs) = (01 s /0/ Z alz) = (0/ . '/0/ b)/

i=r+1
. RN*S RN*S — _ — N.
Q3 - ;o P3(Xss1, oo, XN) = (Xs41 — Ao, ..., XN —an), S<N.

We define a linear automorphism of RN by

P, = (@1, P2, P3) if 1<r<s<N,
' (P1, P2) if 1<r<s=N.

Then @1(V) = V and ®4(a) = (b,0,...,0,b,0,...,0), where the first and s-th entries are equal to b. Let @, be
the dilation defined by ®,(x) = 3. Then CD2(V) V and

D,(b,0,...,0,0,0,...,0)=(1,0,...,0,1,0,...,0).
The composed mapping @ := O, o O; satisfies the desired properties, and the proof is complete. [
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Lemma 3.6. Every reqular point on the irreducible quadratic hypersurface V = V(q) is D-invariant of order d for
d>1, whereq(x) =x2 + -+ x> —x*  —---—x3,1<r<s<N,s>3.

Proof. Analysis similar to that in the proof of Lemma 3.3 shows that we need only to prove the assertion
fora = (1,0,...,0,1,0...,0) in which the first and s-th entries are equal to 1. For simplicity, we write
q(x) = Yi_j €ix? withe; = 1,6, = —1 and €; = 1. Leta = (0,...0,1,0,...,0) € RN"! where only s-th entry is
equal to 1. We denote by £ = (4, U, R) the local parametrization of V at a, U is a neighborhood of 2 in RN
and R : U — RN defined by

S

R(yz,...,yN):( —Zeiyl?,yz,...,yN), y=(a...,yn) € U

i=2
For each @ € NV, |a| < d, let us consider the polynomial

Fal0) = (11 = )R x5 (s = 1)y

Evidently,

N
@ o R = ([~ Y €2 —w) -1 [T v

i=2 i=2,i#s

We have

\[~ Y it - v
i=2

—_

S—

Jl +2(ys D+ (ys =12~ ) ey? —ys

i

I\
N

s—1

= -y +1+ (2(ys 1)+ (ys —1)* - e,-y?)
i=2

—_

S—

L (205 -1 1)? 2l f high d
_ §( (s =1+ (ys — 1) = zeiyi) + (terms of higher a-order)
1 s—1
= -3 €iy? + (terms of higher a-order).
i=2

It follows that

s 1 N

(92 0 R)ar(y) = (<1720 ( Y e?) e =1 [ v lni<d

i=2 i=2,i#s

By definition, we obtain
s—1 N
P D span ely My — 1) H v, lal< d
i=2,i#s
— a N
= span{( eiyf) H v, lal < d}
i=2 i=2
= Q.
Let us consider the special polynomials in @y
s—l a
(y) - eiy H ]/ ZX\: (all"'laS—ZIaS/"'laN)l |Eﬂ Sd

ﬁ
N

i=2,i#s—1
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and
s—1
Q) =y Y e)’ H W B= @ fea o BN), Bl<d-1
i=2 i=2,i#s—1
By Lemma 3.2, the set

Dy =P, Qy: [l <d, jpl<d 1)
are linearly independent and 4D, = ma(V). Consequently,
my(V) = dim span(f)d) <dim@Q; < dim Pd& =my(V).

It follows that _
P =Cu= span(i)d).

Lemma 3.2 also implies that PdL | is D-invariant. The proof is complete. [J

Lemma3.7. Let x = (x,xy) € RN xR, g(x) = xy — Lijex? with1 < s <N—land e = 1 fori=1,...,s
Then every point on V(q) is D-invariant of order d for d > 1.

Proof. Leta = (a,ay) be a point on V(q). We denote by £ = (2, RN"!, R) the trivial parametrization of V(g) at

a,
S

R(ct, - xne) = (o2, 3 €0), (o, Xyer) € RN
i=1

Define
N-1 s an
pa) = [ [ =2 (xn = ) | eit2xia; = ad))™, lal <.
i=1 i=1
Then
N-1 s an
(Pa 0 Ry () = [ [ = a( ) eitxi - a?)™, lal <d
i=1 i=1
and hence
S
Pr

i=1

N-1
span H — ;)" Z €i(xi — ai)z)w Dl < d}
i=1
N-1 s

= span{ H x?’(z €x))™ :lal < d}

i=1 i=1

Analysis similar to that in the proof of Lemma 3.6 shows that

N-1 s
P‘il = span{P;, QE: lal <d,|pl<d- 1} = span{ H x;""(Z Eixiz)“N Hal < d}. (12)
i=1 i=1
where
N-1 s
Px(x) = X)) ex)™, a=(ay...,an)lal <d (13)
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and
_ N-1 s _ _
500 = x1 H xfi(; ex)f, B=(Ba....pNn) 1Bl <d—1. (14)

Hence, by Lemma 3.2, SDdL | is D-invariant, and the proof is complete. [J

Proof. [Proof of Theorem 3.1] By performing a change of variables, we may assume that g is one of the three
forms defined in Lemmas 3.4, 3.6 and 3.7. The assertion follows directly from these three lemmas. [

Proposition 3.8. Let N > 3 and g(x) be an irreducible quadratic polynomial on RN with V° # 0, V = V(q). Let L
be a local parametrization of V at a regular point a € V°. Then, ford > 1,

PURNT) Py and PHIRNT) £ PG

Proof. Looking at Proposition 2.4 and relation (5), and performing a change of variables, we need only
prove the claim for 4 and a in Lemmas 3.4, 3.6 and 3.7. Since the bases of the least spaces on the three
lemmas are of the same form, we need only to prove the claim for 4 and a in the last lemma. Let

S
V= {x AN = Zeixiz cx=(x1,...,XN-1) € ]RN’l}, € = %1,
i=1

a1

a € Vand Lthetrivial parametrization. By (12)itis obvious thatx]

d. Therefore,

PIRNT) C P,

AN_ d
XN belongs to PLL foraq+--+an_1 <

It is well-known that the number of independent homogenenous polynomials of degree d + 1 in R¥N"! is

equal to (dﬁ\_] ;1) On the other hand, from (13) we see that, in the set {13;,; : la] < d}, there are exactly Iy

homogenenous polynomials of degree d + 1, where

oo (N+d=4), (N+d-6) N+d-2[4]-2
"\ N-3 N-3 N-3 ’

Similarly, there are exactly h, homogenenous polynomials of degree d + 1 in the set {é}; : IEI <d -1}, where

oo (N+d=5\, (N+d=7\ N+d-2[4]-3
| N-3 N-3 N-3 ’

It follows that the basis of de_, , contains (h1 + hz) homogenenous polynomials of degree d + 1. A direct
computation gives

boon = (N¥d=4) (N+d-5\  (N-3
trhe Tl N-3 N-3 N-3

N+d-3 < N+d-1
N-2 N-2 |
Hence, we can find a homogenenous polynomial of degree d + 1 that does not belong to 7’”2 \» and the proof
is complete. [
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The concept of local approximation order was introduced by de Boor and Ron. Let Ay be the space of
all analytic functions at the origin in RN~!. Let H be a finite-dimensional linear subspace of Ay. The local
approximation order of H is the largest integer m for which, for every f € C*(RN™!), there exists h € H
such that

(f =h)(x) = O(Ixl") as x—0.

Let £ = (0, U, R) be a local parametrization of V at a regular point a € V°. Evidently, PdL =PI RN)oRisa
finite-dimensional linear subspace of Ay. Proposition 3.8 and [4, Corollary 2.14] give the following result.

Corollary 3.9. Let N > 3 and q(x) be an irreducible quadratic polynomial on RN with VO # 0, V. = V(q). Let
L = (0,U,R) be a local parametrization of V at a reqular point a € V°. Then the local approximation order of SDdL is
d+1.

Example 3.10. Let V be the unit sphere inIR3, V = {x € R® : x3 +x5+x3 = 1},and a = (1,0,0). Let L1 = (0, U1, Ry)
be a local parametrization of V at a where Ry : Uy — V given by

Ri(y,z) = (,/1 —P-22,y2), (el ={y2)eR:yP+2<1}

From computations in Lemma 3.4 we have
1 2, .2
Pr,= span{l, v,z,Y +z }

If £ = (0, Uy, Ry) is a local parametrization of V at a defined by

Ro(y,z) = (,/1 —(y +2)? —zz,y+z,z), (y,2) e Up ={(y,2) € R?: (y+z)2+z2 <1},

Plﬁﬁ = span{l, Y,z y° +2yz + Zzz}

then

which differs from 7’1& |- A similar example can be found in [9, Example 1].

4. Local Taylor interpolation at D-invariant points

We first recall the construction of the local Taylor interpolation introduced by Bos and Calvi [6]. Let
V = {x € RN : g(x) = 0} where q is an irreducible polynomial on RY such that V? # 0. Let £ = (4, U,R) be a
local parametrization of V at a € V. For Q(x) = Y, ca(x — a)* belonging to the least space, we associate a
local differential operator Q (D) defined on the space of sufficiently smooth functions on a neighborhood
of aby

Qe(D)(f) = ) caD(f o R)(a).

a

Here, in this section, the multi-indices are all in NV~!. Remark that if 2 = 0, then we can write

Q(D)(f) = QID)(f © R)(0).
Let Dif(L, d) be the linear space spanned by local differential operators of degree at most d,

Dif(£, d) = span{Q(D) : Q € P4, }.

Lemma 3.2 in [6] points out that Dif(L, d)‘w(v) is identical with the dual space of P(V). In particular,

dim Dif(L,d) = my(V). This result leads to the definition of the local Taylor interpolation polynomial (see
[6, Theorem 3.3]).
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Theorem 4.1. Let q be a non-constant irreducible real polynomial such that V°(q) # 0. Let a € V°(q) and L be a
local parametrization of V(q) at a. Then for every sufficiently smooth function f in a neighborhood of a, there exists a
unique polynomial p in P*(V) such that

plp) = u(f), Vu € Dif(L, d).
The polynomial p is called the L-Taylor interpolation polynomial of f at a to the order d and denoted by TdL( ).

The following theorem is an extension of [7, Theorem 3.2]. A similar result was obtained in [13] for
the complex case. Note that our proof is different from [13]. Here A, is the space of analytic functions in
neighborhoods of a in V?.

Theorem 4.2. A point a € V° is D-invariant of order d if and only if, for any (or some) local parametrization L of
Vata, keerL ={feA,: TdL(f) = 0} is an ideal in A,.

Proof. Without loss of generality we assume that 2 = 0. Suppose that a is D-invariant. Let f € ker TdL.
Hence P(D)(f oR)(0) =0 forall P € Pdu. Since Pda is D-invariant, (D*P)(D)(f oR)(0) = O forall P € Piil and

a € NN-1. For g € A,, using the Leibniz-Hormander formula (see for instance [12, p. 177] or [11, p. 243]),
we have

P(D)((fg) © R)(0)

P(D)((f o R)(g © R))(0)
Y. (DPYDX(f o R)0)~:D*(g o R)O)

|a|<deg P
= 0.

Conversely, assume that ker TdL is an ideal in A, and that there exist P € PdL . and 0 < |a| < deg P such
that DP ¢ P‘i . We look for a contradiction. We take a basis B; = {p1, ..., pn} for PH(V) with m = my(V).
Let {u1,..., um} C Dif(£, d) be the dual basis for By, i.e., ui(p;) = 6;j for 1 < i,j < m. We can find Q; € PdLL
such that u;(f) = Qi(D)(f o R)(0) fori = 1,...,m. Itis easily seen that

TN = Y wlHpi  f €A (15)
i=1
We will denote by i the differential operator defined by u(f) = (D*P)(D)(f o R)(0), f € A,. Assume that

WTLU) =T(f), VfeA

From (15) we obtain

B = Y A f) = Y el f), Vf € Aa,
i=1

m
i—1

1

where ¢; = U(p;). In other words,

(D°P- Y cQ)D)(f o RN0) =0, Vfe A, (16)
i=1

Suppose that D*P — Y1, ¢;Q; contains a nonzero term Q(x) = b,x”. By the immersion theorem (see for
instance [11, Theorem 4.3.1]) there exists fy € A, such that f o R = Q in a neighborhood of 0 € RN"!. An
easy computation shows that (16) does not hold for f;, a contradiction. It follows that D*P = Y., ¢;Q;,
which contradicts the assumption D*P ¢ PdL ,- Therefore, we can find f € A, such that

(D*P)D)(f o R)(0) # (D°PY(D)(T%(f) o R)(0).
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Hence, if we set h = f — TdL( f), then h € ker TdL and (D*P)(D)(h o R)(0) # 0. Using the immersion theorem
again, we can find g € A, such that g o R = x*. We easily see that

1
EDﬁ(g o R)(0) = 645, VBNV,

where 6,4 stands for the Kronecker symbol. It follows that

P(D)((gh) o R)(0) Y (DFPYD)Ho R)(O)%Dﬁw > R)(0)

|Bl<deg P
(D*P)(D)(h o R)(0) # 0.

Hence gh ¢ ker T, contrary to the hypothesis. [

Remark 4.3. Theorem 4.2 remains true when we replace the space A, by the space C({a}) of all functions of class C*
in neighborhoods of a, where
= . d
€= max{degp : p € P }.

In [6, p. 42], the authors point out that € does not depend on L.

Proposition 4.4. If a is D-invariant of order d and L is a local parametrization of V at a, then for suitably defined
functions f and g we have

o) T%(fT%(9)) = T%(fg);
b) T%(TL(ATL(9)) = T4(fg).
Proof. It is sufficient to prove the first assertion. The second assertion is an immediate consequence of the

first one. Without loss of generality we assume thata = 0. For every P € SDdL \» using the Leibniz-Hormander
formula again, we obtain

P(D)((fT7%(9)) o R)(0)

PD)((f o R)(T%(g) o R))(0)

Y. (D'PD)(T4() o R)O) D" (f o RYO)

|a|<deg P

Now, since PdL | is D-invariant, DP € PdL |- Hence, the interpolation conditions of the local Taylor operator
give

(D*P)(D)(T%(g) © R)(0) = (D“P)(D)(g © R)(0).

Consequently,
PO)(fT4@) o R)O) = Y (D“P)(D)(goR)(@%D“(foR)(m
lal<deg P ’
= P(D)((f9) © R)(0).

The last equation implies the desired relation. [

Remark 4.5. Let V be an irreducible quadratic hypersurface in RN with VO # 0, N > 3. Let £ = (0, U, R) be a local
parametrization of V at a regular point a € V° and f € A,. By Proposition 3.8 and Theorem 4.1, we have

D(T3(f) o R)(©) = D*(f o R)0), lal <d.
Using the usual Taylor expansion of Ti( f)oRand f o R about 0, we can write

foR) = T%(f) o R(x) = O(llxlI™*") as x— 0. (17)
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There exist positive constants My, My and a neighborhood U; of 0 € RN with Uy c U such that
Mi|lxll < lIR(x) = RO)I| < Mallxll, x € U.
The estimation in (17) implies
f() - THH) = O(Ix —al™™), xeV, x—a.

Remark 4.6. Let V be an irreducible quadratic curve in R?. Since any point a € V is d-Taylorian for d > 1, the
space P’i ! contains all monomials of degree less than my(V). While it is well known that my(V) = 2d + 1 as the

degree d parts of Hilbert functions of V. Then all the derivatives of ( f- le) o R(t) of order 0,1, ...,2d at 0 vanish,

where (0, U, R) is a local parametrization of V at a. This implies that ( f- TdL) o R(t) = O(I*™*Y) by the usual Taylor
expansion. Using the same arquments in Remark 4.5, we obtain

fO)=TL(HX = O(lx — ), xeV, x—a.
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