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Abstract. We study a class of initial value problems for second order ODEs. The interesting points of our
results are that the nonlinearity depends on the solution and its derivative and may change sign. Moreover,
it satisfies general polynomial growth conditions. A new topological approach is applied to prove the

existence of at least two nonnegative classical solutions. The arguments are based upon a recent theoretical
result.

1. Introduction

ODEs have many important applications across fields as biology, mechanics, chemistry, design of
electrical systems, stability of aircraft and many others. Over recent decades, there have been progress
in the determination of unique solution for IVPs for ODEs and BVPs for ODEs and a progress in the
determination of existence of multiple solutions for BVPs for ODE and multiple periodic solutions for
ODEs (see [2], [3], [4], [6], [7], [9], [10], [13], [15], [17], [18], [19], [20], [21], [22], [23] and references therein).
However, researches regarding nonunique solutions for IVPs for ODEs and their potential applications
have been neglected by comparisons. One of the reason for the focus of scientists on multiple solutions
for BVPs for ODE:s is that for many BVPs we have constructed the Green function and using it we have
a suitable integral representation of the solutions. As other reason, we will mention that many of the
considered BVPs for ODEs are on a finite interval.

In this paper we will investigate for existence of at least two nonnegative solutions the following class
IVPs for second order ODEs

y” f(t/ ]// ]/')/ t> tO/

(1)
y(to) = yo, Y (to) =y,

where to, yo, y1 € Rand f : [ty, o) X R?Z - Risa given function. More specific assumptions on to, 1o, y1 € R
and f will be made later. A classical theorem due to Peano [24] guarantee the existence of local solution
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when f is continuous. The uniqueness fails to hold as shown by the following example

y' =yl ¥ =y'©0)=0. @)
Note that the Cauchy problem (2) possesses, besides the trivial solution y = 0, another global solution

y(t) = % for all t € R. The fact that the function y — /|yl is not locally Lipschitz at y = 0 is the main
reason that causes nonuniqueness. Indeed, when f is locally Lipschitz, we have the uniqueness of local
solutions. See the Appendix for more details. The question of uniqueness and nonuniqueness for ODE’s
was extensively investigated and there is a vast literature dealing with this subject. See, among many,
[1, 16-18].

Our main goal here is to prove that (1) has at least two nonnegative global solutions under suitable
assumptions on the nonlinearity f and the initial data o, y1. Hence, we suppose the following;:

(H1) to,y0,y1 € R, 0 < o, lyal, ¥ = max{yo, [y1l} > 0,
(H2) f e C([to, ) x R* x R) and

1
|f(t/ wlrw2)| < Z (a]-(t)|wllpj + b](t)|w2|p])/ t > t,

=1

for any (t, wy, w) € [to, o0) X R* X R, where I € IN, a;,b; € C([ty, o)) are nonnegative functions such
that A; = sup a(t), Bj = sup bj(t) existand 0 < A;,B; < o0, j € {1,...,1}, (A1,...,A;,By,...,B) #
te[tg,00) te[ty,00)

©,...,0,0,...,0),p,j €{1,...,1}, are given nonnegative constants so that (p1,...,p;) # (0,...,0).
In addition of above conditions, we suppose

(H3) the positive constant m is large enough, ¢, A, r1, L1 and R; are positive constants such that

2
<L <Ry, e>1, R1>(—+1)L1, 3)
5m
l L
Pj 1
ARy +7+ ;(A]- +B)R} < 3, )
!
O<r<L;, O0<r< Z(Af + B]-)ij, r> sup |f(t, w1, w7)l, 5)
j=1 t € [to, o)

r < wy, |lwy| < Ly

(H4) there exists a nonnegative function g € C([to, o)) such that
!
A > zf (I+t—t+ (= t))A+H —to+ (t1 — t))g(t)dt, t > to.
fo

In the last section, we will give an example for constants vo, y1,m, ¢, A, Aj, Bj, j € {1,...,1}, 71, L1, Ry, r and for
functions f and g that satisfy (H1)-(H4). For the proof of our main result we use (3)-(5) of (H3). In Remark

! .
3.1, we give a motivation for (5) of (H3) and we remove the case when f(t, wq, w;) = Z (aj(t)w’;’ + bj(t)wg’ ).

=1
Our main result is as follows.

Theorem 1.1. Suppose (H1)-(H4). Then the IVP (1) has at least two nonnegative solutions.

Here we propose a new integral representation of the solutions of (1). A new topological approach is
applied to prove the existence of at least two nonnegative classical solutions. The arguments are based
upon a recent theoretical result.

The paper is organized as follows. In Section 2 we give some preliminary results which will be used
for the proof of our main result. In Section 3 we prove our main result. In Section 4 we illustrate our result
with an example. A conclusion is given in Section 5.
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2. Auxiliary Results
Let X be a real Banach space.

Definition 2.1. A mapping K : X — X is said to be completely continuous if it is continuous and maps bounded
sets into relatively compact sets.

The concept for k-set contraction is related to that of the Kuratowski measure of noncompactness which we
recall for completeness.

Definition 2.2. Let Qx be the class of all bounded sets of X. The Kuratowski measure of noncompactness o : Qx —
[0, o0) is defined by

a(Y) = inf 6>0:Y:UYj and diam(Y;) <06, je€{l,...,m};,
j=1

where diam(Y ;) = sup{llx — yllx : x, y € Y;} is the diameter of Y}, j € {1,...,m}.
For the main properties of measure of noncompactness we refer the reader to [5].

Definition 2.3. A mapping K : X — X is said to be k-set contraction for some number k > 0 if it is continuous,
bounded and a(K(Y)) < ka(Y), for any bounded set Y C X.

Obviously, if K : X — X is a completely continuous mapping, then K is 0-set contraction (see [12]).

Definition 2.4. Let X and Y be real Banach spaces. A mapping K : X — Y is said to be expansive if there exists a
constant h > 1 such that ||[Kx — Kylly > hllx — yllx for any x,y € X.

Definition 2.5. A closed, convex set P in X is said to be cone if

1. ax € P for any a > 0 and for any x € P,
2. x,—x € P implies x = 0.

Denote £* = P\{0}. The following result will be used to prove our main result. We refer the reader to [8]
and [11] for more details.

Theorem 2.6. Let P be a cone of a Banach space E; () a subset of P and Uy, U, and Uy three open bounded
subsets of P such that U, ¢ U, € Us and 0 € Uy. Assume that T : Q — P is an expansive mapping with
constant h > 1, S : Uz — E is a k-set contraction with 0 < k < h—1 and S(Us) c (I — T)(Q). Suppose that
Uy \ U1) NQ#0, (Us\ Uz) N Q # 0, and there exists ug € P such that the following conditions hold:

(i) Sx # (I —-T)(x— Aug), forall A > 0and x € IU; N (Q + Auyg),
(ii) there exists € = 0 such that Sx # (I — T)(Ax), forall A >1+¢€, x € dUpand Ax € Q,
(iii) Sx # (I - T)(x — Aug), forall A > 0and x € Uz N (Q + Auy).
Then T + S has at least two non-zero fixed points x1,x, € P such that
x1 €U N Qand x, € (U \ Up) NQ

or
x1 € (U \U) N Qand x, € (Us \ Up) N Q.

Lemma 2.7. Suppose (H1) and (H2). If y € C([to, o)) satisfies the integral equation

t
y(t) = (t=to)yr + yo + ft (t=5)f(s,y(s), Y ())ds, 21,

then it is a solution to the IVP (1).
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Proof. We have

y(to) = o,
t
/ — ’ ; , d,
y'(t) yi+ ft £(s,y(s), v (s))ds
vt = w1,
v’y = flty®),y 1), t=t.

This completes the proof. O

Lemma 2.8. Suppose (H1), (H2) and (H4). If for a nonnegative function g € C([to, o)) and for a positive constant
Ly a function y € C'([ty, o)) satisfies the integral equation

0 = % + ft;(t - fl)zg(tl)( - y(tl) + (tl - tO)yl + Yo
6)
+ [ =96 YOy s, £ b,

then it is a solution to the IVP (1).

Proof. We differentiate trice the equation (6) and we get

t
0=g(t) (—y(t) +(t=to)yr + yo + [ (t=9)f(s,y(s), ¥ (s))ds|, t=t,

whereupon

t
y(t) = (t—to)y1 + yo + [ (t—9)f(s,y(s), ¥/ (s))ds, t>tp.

Now, we apply Lemma 2.7 and we get the desired result. This completes the proof. O

Let X = C%([ty, o)) be endowed with the norm

Iyl = max{liylleo,  MY'lleo, 11y lleo},

provided it exists, where ||yl = sup |y(t)|. For y € X, define the operator
t>ty

t
Fyt) = f (4= 7|~ y(t) + (1~ toa + o

0

ty
+ f (t1—s)f(s,y(s),y’(s))ds)dtl, t> to.

to

Lemma 2.9. Suppose (H1), (H2) and (H4). If y € X and ||ly|| < b for some positive constant b, then

]
b+r+ Y (Aj+B)b”
j=1

IFyll < A




Proof. We have

[Fy(Dl <

IN

IA

IA

and

—Fy(t)‘
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f
f (4= 7)1y + 1 = )l + 1ol

+

ft 1(151 = 3)|f(s, y(s), y’(s))|ds)dt1

f
f (¢~ 1Pyl + (& ~ oyl + ol
fo

1 t1
3 | -9 (eer +bow er) )
j=1 "t

t 1 f
jt;(t - t1)2g(t1)[b +(h—to+Dr+ ;‘(Aj + B]-)bf’ffto (1 — s)alstt1

t f
b ft (- t)2g(t)dt + 7 ft (- 12 ()t — to + ity

+

N —

I ¢
Z(AHBj)bpff(f—h)z(fl—to)zg(tl)dtl
= o

I
A[b +r+ Z(Af + B]-)b”fJ, t>ty,
j=1

IA

IA

IA

f
2 f (¢~ g1y + (1 = ol + ol
t
" f (1 = )6, y(5), /<)t
to
2 - -
ft;(f tl)g(f1)(ly(t1)l+(t1 to)lyal + yol

1 f

£ [ =9 @@ + by ©F)d)

j=1 Yt

t ! t
2f(t—t1)g(t1)[b+(t1—t0+1)r+Z(Aj+Bj)b”if (tl—s)ds]dtl
to =1 to
t t
2b - dty +2 - - 1)d
j:o(f t1)g(t1)dt; + f‘f;(f t)g(t)(t — to + 1)dt

! t
+ ) (Aj+ BB f (t = h)(t1 = to)*g(t)dh
=1 fo

4705
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1
< A[b+r+Z(Aj+Bj)b”fJ, t> t,

j=1

and
2

d
ﬁF y(t)

< 2 f gty + (2 = 0yl + ol
to

ty
+j; (tr = 9)If (s, y(s), ]/(S))|d5)dl‘1

0

IN

t
2f g(tl)(|y(f1)| + (t1 = to)lyal + ol

to

) i1
) f (51 =) (2, +bf(s)|3/(s)|p])ds)
j=1 o

1

t .\
zfto g(tl)[b+(t1—to+1)r+Z(Aj+Bj)bmfto (h —s)ds]dtl

=1

IN

t t
= be g(tl)dtl + 21"[ g(tl)(tl — i’() + 1)di’1
tU tU

! t
- Z(A,- + B)j)bi f (1 = to)g(t)dty
=1 .

IN

A

1
b+T+Z(Aj+Bj)bm]/ t = fo.

=1

Consequently

IFyll < A

]
b+r+ ) (Aj+ Bj)bpf].

=1

This completes the proof. [J

3. Proof of the Main Result
Let
P= lyeX:y=0 on [ty o)}

With P we will denote the set of all equi-continuous families in P. For y € X, define the operators

Ty(t) 1+ me)y(t) - e%,

Ly
—eFy(t) — mey(t) - EE,

Sy(t)
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t € [to, o). Note that any fixed point u € X of the operator T + S is a solution to the IVP (1). Define

U =P, = {yeP:llyll <nl,
U =P, = {yeP:liyll <L,
Us =Pr, = {yeP:llyll <R},
!
_ A |, L
R, = R1+E R1+r+Z(A,-+Bj)R1’ + S’

=1

Q = Pr,={yeP:llyll <R}
1. For y1, y» € QQ, we have
ITy1 = Tyall = 1 +me)llyr — yall,
whereupon T : () — X is an expansive operator with a constant 1 + me > 1.
2. Fory e Pr,, we get

Ly

ISyl < ellFyll + mellyll + e

!

; L

. r 1

< é(A [R1 +r+ ;(Aj + B]-)le] + mRy + E)'
Therefore 5(7_)&) is uniformly bounded. Since S : 5121 — X is continuous, we have that S(ﬁql) is
equi-continuous. Consequently S : Pg, — X is a 0-set contraction.

3. Letov, € PRl.Set

Uy) =01+ lFf)l + &
m 5m
Note that by the inequality (4) in (H3) and by Lemma 2.9, it follows that Fv; + % > 0 on [ty, 00). We
have v, > 0 on [ty, ) and
Ly

1
lloall < loall + = |[Foul| +
m 5m

IA

1
A P Ll
Ry + p [R1 +7r+ jzzl (Aj+ Bj)Rll] + 5

= R,.
Therefore v, € Q and
—Emuvy, = —emuvy — eFvq — eh - EE
10 10
or
(I-Ty, = —emvy+ e%

= SUl.
Consequently S(Pg,) € (I - T)(Q).
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4. Assume that for any uy € #* there exist A > 0 and y € dP,, N (Q + Aug) or y € IPg, N (Q + Aup) such

that
Sy=(I-T)(y— Aug).
Then
L1 _ Ll
—eFy — mey — €0 = me(y — Aup) + T
or
Ly
—me(y — Aug) = —eFy — mey — €5
or

Ameug = —eFy - egl,

which is a contradiction because Ameuy > 0 and by the second inequality of (H3) and Lemma 2.9, we
have Fy + % > 0 and then

Ly
—eFy—e— <0.
eFy—e 5 =
5. Suppose that for any €; > 0 small enough there exist a x; € 9P, and A1 > 1 + €7 such that A1x; € 7_)121
and
Sxy = (I - T)(A1xy). 7)

In particular, for e; > %, we have x; € 9P, Ax1 € 7_)1{1, A1 = 1+ €1 and (7) holds. Since x; € 9P, and
A1x1 € ﬁgl, it follows that

2
(_ + 1)L1 < MLy = Ayl < Ry
5m

Moreover,
Ly Ly
—eFx1 — mex; — eﬁ = —-Amex; + 610,
or
L
Fx; + gl = (Al - 1)mx1.
From here,
L L
22 > e + 2| = = Dyl = (41 =
and
2
—+12> A4,
5m =M

which is a contradiction.

Therefore all conditions of Theorem 2.6 hold. Hence, the IVP (1) has at least two solutions u#; and u; so that

r1 < |luall < Ly < |luall £ Ry.
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Remark 3.1. 1. If uy = r is a solution of considered IVP, then r1 < r < L1. And if u, = r is a solution of
considered IVP, then L1 < r < R;.

2. For any solution u of the IVP (1) we have that
llull = yo, lyal - orlull = 7.

Since r1 < |lu1]| < Ly and L1 < ||uz|| < Ry, we have to have 0 < r < Ly and ||u;|| > r. Since we have non trivial
solutions and if for some solution u of the IVP (1) we have ||u|| = r, then we have to have r > 0.
3. If lluall = [uy (t1)| = r for some t1 € [to, ), then uq(t), [uj(t)| < Ly, t € [to, o0), and

ro= [ (t)] = 1f(t, uaty), uy(t))l

IN

1 1
(ajt)les ()P + (et ()PT) < Y (A + B)LY
j=1

j=1

and

\:
I

i (t)l = sup |u (t)l
te[tg,00)

= sup |f(t ui(t), uy (),

te[tg,00)
which is true because we have supposed (see the last condition of (H3))
r> sup If (t, w1, wa)l.

te [tOI OO)
r < wy, lwo| <Ly

f(t/ w1, wZ) = al(t)wplhl te [tOI OO)/ wy € R+rw2 €R (8)

where a1 € C([to, ©0)) and there exists 0 < Ay = sup |ay(t)| < oo, by (H3), we get

te[tg,00)
ALl > 1> sup |a1(t)w’171) = AL,
te [tO/ OO)
r<w; <L

which is a contradiction. Therefore, when f has the form (8), we can not apply our main result. In particular,
when p; = 0 or p1 = 1, we have

A1 >A1,

which is a contradiction. If

f(t,wi,wy) = by(yw), te[tg, ), w €RY,w, €R, ©)
where by € C([ty, 0)) and there exists 0 < By = sup |b1(f)| < oo, by (H3), we get
te[to,00)
Bl >r> sup v | = BiLY,

te [tO/ OO)
r < |ws| < Ly
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which is a contradiction. Therefore, when f has the form (9), we can not apply our main result. In particular,
when p; = 0 or p1 = 1, we have

B{ > B,
which is a contradiction. If

f(t, w1, wo) = a1 (t) + ax()wy + bi(Hwa, tE[tg,00), w; € R, wy €N, (10)
where aj, by € C([ty, )), j € {1,2}, there exist 0 < Aj = sup |a;(t)] < oo, j€{1,2},0< By = sup |bi(t) <

te[ty,00) te[ty,00)
oo, then we consider the IVPs

y” = f]'(t/yry,)/ t>t0/

y(to) = %l ]/,(to) = %/ je {1r 2/ 3}/
where fi(t, w1, wy) = a1(t), fo(t, w1, wp) = ax(t)wn, f3(t, w1, w2) = bi(t)wy, and for every one of them we can
not apply our main result. Hence, for (10) we can not apply our main result. If
flt,wy,wn) = Y (a0 + b)), w1 € RY,wr € R (11)
=1
where aj, bj, j € {1,...,1}, satisfy (H2), then by the last condition of (H3), we get

! n l
Y (A +BLY > 7> sup Y (ajteydy) + biteyy )| = Y 4+ ByLY,
j=1 t € [to, ) =1 j=1

r < wy, |wa| < Ly

which is impossible. Therefore we can not apply our main result for (11).

4. An Example

Let

3 3 4 2
I = 2/ t —0/ =z _Or R = 707 = 5 ani0’ A = TS0
° =5 P T 100 3-1007 17 100
4\ 2 1
— — _ _ 50 —
Az = (31010) , L1—1010, 7"1——1012, m =10 ’ €—50,
A = ! R=1 B1 =B, =
W/ - 00/ 1= 2_0'
L 1 L 2
Rl—i i—e—l r1 <Li <Ry, 1’1=—<—1

1 (3 4 2 [ 3\ 4 3
1010 WW-W“W(W) +(3~1010)
1
1011

Ly
5
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Also,
2
Ry > (— + 1)L1
5m
Now, we will construct the function g in (H4). Let

1+SH\/§+SZZ Sll\/i

h(x) = log PERETRY I(s) = arctan & € R.
Then
) 22V2510(1 — s2)
s) = ,
(1—s11V2 +82)(1 +511V2 + 52)
, 11 V2s'0(1 + s2)
I'(sy = TS‘*O’ seR.
Therefore
—00 < lim (1 +s+5%)h(s) < o,
S—+00
—00 < lim(l+s+ s2)(s) < oo.
S§—+00
Hence, there exists a positive constant C; so that
1 1+sM1 2 + 52 1 sit42
1+s+ 52)( lo + arctan ———| < C(Cy,
442 g1—511\/§+s22 222 1-s2
1 1+sM1 42 +62 1 sit42
1+s+ sz) ( lo + arctan —— Cy,
V2 1 sliva+s2 22 1-s2

t € [0, ), s € R. Note that by [25](pp. 707, Integral 79), we have

f dz = ! log1+Z\/§+ZZ+ ! arctan Z\/E.
T+z8 42 "1-zV2+22 2V2 1-22
Let
510
Qs) = seR.

(1+s¥)(1+5s+s2)20

Then there exists a constant C, > 0 so that

t
C > f(1+t—t1 + (-t +H +B)Q(h)dH, tE€ [ty ).

to

Now, we take

1
g(t) = mQ(t), t € [ty, ).
Then
1
A =
t
> f(l +t—t +(t— 1))+ H + 2)g(t)dt, tE [ty, ).
to

4711
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Now, consider the IVP
(v 5ie)’
vy’ = ht)y—3350) , t€(0,00),
310 12)
yO0) = 55w Y(0)=0,
where
(9 —9t+2), tel0,1],
h(t) =
o, t>1
Next,

3

4 2 3 ;
O<r<Ly, r < (i)5+( 4 ):AlL’l“+Az

~3.100 ~ 1010 "\1010) T\371010
and
r:LZ sup ‘h(t)(wl—i):i- 2 = 4 .
3-1010 t € [0, ) 3-1010 1010 3.1010 3.10%0
s S w1 < 7w

We have that (H1)-(H4) hold. The IVP (12) has two nonnegative solutions u;(t) = ﬁ, t € [0, 00), and

wLSTS(t(l - t))s + ﬁ/ te [0/ 1]/
uy(t) =
5w, te(1,0).

5. Conclusions

In this paper we investigate a class of initial value problems for second order ODEs. The nonlinear term
depends on the solution and its derivative and may change its sign, and it satisfies general polynomial
growth conditions. We prove existence of at least two nonnegative solutions of the considered class of
second order ODEs. The proof of the main result in the paper is based upon a recent theoretical result. The
main result in this paper can be used for some classes second order PDEs.

Appendix A. Existence and uniqueness for ODE
Consider the ordinary differential equation
¥y =Fty) (A1)

where F: E C R x RY — RY, with E an open set. We recall the following existence and uniqueness results
for (A.1).

Theorem A.1. [16, Theorem 3.1, p. 18] If F(t, ) is continuous in E and locally lipschitzian with respect to y in E,
then for any (to, yo) € E, there exists a unique local solution y(t) of (A.1) satisfying y(to) = yo.

Note that if F is a C! function then all assumptions required in Theorem A.1 are satisfied. We also recall
the following extension result.

Theorem A.2. [17, Theorem 3.1, p. 12] Let F(t, y) be continuous on an open set E and let y(t) be a solution of (A.1)
on some interval. Then y(t) can be extended (as a solution) over a maximal interval of existence (t.,t"). Also, if (t.,t")
is a maximal interval of existence, then y(t) tends to the boundary JE of Eas t — t,and t — t*.



S. G. Georgiev et al. / Filomat 35:14 (2021), 4701-4713 4713
Acknowledgments

We would like to thank the anonymous referee for her or his careful reading and helpful suggestions

which led to an improvement of the original manuscript.

The third author was supported by: Direction Générale de la Recherche Scientifique et du Développement

Technologique DGRSDT. MESRS Algeria.

References

(1]
[2]
[3]
[4]
(5]

6

[7]
(8]

[9

[10]
[11]

[12]
[13]
[14]
[15]

[16]
[17]

[18]
[19]

[20]
[21]

[22]

[23]

[24]
[25]

R. P. Agarwal, V. Lakshmikantham, Uniqueness and Nonuniqueness Criteria for Ordinary Differential Equations, Series in Real
Analysis: Volume 6, World Scientific, 1993.

Z. Balanov, W. Krawcewicz, M. Nguyen, Multiple Solutions to Implicit Symmetric Boundary Value Problems for Second Order
ODEs: Equivariant Degree Approach. Nonlinear Anal. Theory Methods Appl. 2013, 94, 45-64.

Z. Balanov, W. Krawcewicz, S. Rybicki, H. Steinlein, short treatise on the equivariant degree theory and its applications. J. Fixed
Point Theory Appl. 2010, 8, 1-74.

Z. Balanov, E. Schwartzman, Morse complex, even functionals and asymptotically linear differential equations with resonance
at infinity. Topol. Methods Nonlinear Anal. 1998, 12, 323-366.

J. Banas, K. Goebel, Measures of Noncompactness in Banach Spaces, Lecture Notes in Pure and Applied Mathematics, 60, Marcel
Dekker, Inc., New York, 1980.

T. Bartsch, Topological Methods for Variational Problems with Symmetries. In Lecture Notes in Mathematics 1560; Springer:
Berlin, Germany, 1993.

J. W. Bebernes, K. Schmidt, Periodic boundary value problems for systems of second order differential equations. ]. Differ. Eq.
1973, 13, 33-47.

L. Benzenati, K. Mebarki, Multiple Positive Fixed Points for the Sum of Expansive Mappings and k-Set Contractions, Math. Meth.
Appl. Sci. Vol.42, no.13 (1919), 4412-4426.

H. Braiki, M. Abdelli, S. Mansouri, K. Zennir, Well-posedness and stability for a Petrovsky equation with properties of nonlinear
localized for strong damping, Mathematical Methods in the Applied Sciences, 2020. DOI:10.1002/mma.6963.

E. Coddington, N. Levenson, Theory of Ordinary Differential Equations; McGraw-Hill: New York, NY, USA, 1955.

S. Djebali, K. Mebarki, Fixed Point Index Theory for Perturbation of Expansive Mappings by k-set Contractions, Top. Meth.
Nonli. Anal., Vol 54, No 2 (2019), 613-640.

P.Drabek, J. Milota, Methods in Nonlinear Analysis, Applications to Differential Equations, Birkh’auser, 2007.

Z. Dzedzej, Equivariant degree of convex-valued maps applied to set-valued BVP. Cent. Eur. ]. Math. 2012, 10, 2173-2186.

S. Georgiev, Z. Khaled, Multiple Fixed-Point Theorems and Applications in the Theory of ODEs, FDEs and PDEs, CRC Press,
2020.

M. Golubitsky, I. N. Stewart, D. G. Schaeffer, Singularities and Groups in Bifurcation Theory; Applied Mathematical Sciences 69;
Springer: New York, NY, USA, 1988; Volume II.

J. K. Hale, Ordinary differential equations, Second edition, Robert E. Krieger Publishing Co., Inc., Huntington, N.Y., (1980).

P. Hartman, Ordinary differential equations, Classics in Applied Mathematics, Vol. 38, Corrected reprint of the second (1982)
edition, Birkhauser, Boston, MA, 2002.

P. Hartman, On boundary value problems for systems of ordinary nonlinear second order differential equations. Trans. Am.
Math. Soc. 1960, 96, 493-509.

R. Jday, K. Zennir, S. G. Georgiev, Existence and smoothness results for a new class of n-dimensional Navier-Stokes equations,
Rocky Mountain Journal of Mathematics, Vol.49 (5), 2019, pp. 1595-1615. doi:10.1216/ RM]-2019-49-5-1595.

H. W. Knobloch, On the existence of periodic solutions for second order vector differential equations. J. Differ. Eq. 1971, 9, 67-85.
J. Mawhin,Some boundary value problems for Hartman-type perturbations of the ordinary vector p-Laplacian. Nonlinear Anal.
TMA 2000, 40, 497-503.

J. Mawhin, Periodic Solutions of Systems with p-Laplacian-Like Operator. In Nonlinear Analysis and its Applications to Differ-
ential Equations; Progress in Nonlinear Differential Equations and Their Applications; Birkhduser Boston: Boston, MA, USA,
2001; Volume 43, pp. 37-63.

J.Mawhin, A. Urena, A Hartman-Nagumo inequality for the vector ordinary p-Laplacian and applications to nonlinear boundary
value problems. J. Inequal. Appl. 2002, 7, 701-725.

G. Peano, Démonstration de l’intégrabilitéles équations différentielles ordinaires, Math. Ann. 37 (1890), 182-228.

A. Polyanin, A. Manzhirov, Handbook of integral equations, CRC Press, 1998.



