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Abstract. We provide some new sharp embedding theorems for analytic area Nevanlinna spaces in
the unit disk extending some previously known assertions in various directions. Various related results

(embedding theorems for area Nevanlinna type spaces) in some other general domains and polydomains
will be discussed and provided by us.

1. Introduction

Let Q be a bounded pseudoconvex domain in C". Let also T, be a tubular domain over symmetric cone
in C". Let further u(i) be positive Borel measure on Tq (on Q). Let also A%, a > 0, be determinant function
on Tq, and 6%(w) = dist*(w, dQY), @ > —1. Let dv (dV) be the normalized Lebesgues measure on T (on Q).
B(z,1) (B(z,1)) z € Q (z € Tq) be Bergman or Kobayashi ball in tubular domains over symmetric cones or
pseudoconvex bounded domains in C”, (see [1], [2]). Let N’ be the classical area Nevanlinna space of Tq
(on Q). Then we can state the following based on recent techniques developed in recent papers [1], [2].

Throughout the paper, we write C or ¢ (with or without lower indexes) to denote a positive constant

which might be different at each occurrence (even in a chain of inequalities), but is independent of the
functions or variables being discussed.

Namely it is easy to show that if for some &, @ > 0,

1(B(z, 1) < co(a%(Imz)), r> 0, z € Tq.
Then

| o8 1@ duta <l =c [ dog" P (e tmoeca),

for @ > =1 and for 1 < p < o0, and also

f (log" |f(2'dfi(z) < elflly, =¢ f (log" |f@)])" 6* (w)dV (w)
Q “« Q
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for 1 < p < o, a > —1. If the following condition holds {i(B(z, 7)) < c2(6%(2)), z € Q, r > 0, for some @ and
for some positive constants ¢, ¢y, ¢, c2. Same type results can be provided in the polydisk and in bounded
symmetric domains based on the same known technique (see, for example, [17] for unit ball case). These
type of conditions on measure will be called Carleson type conditions.

Let w be a function from a set S of all positive growing functions, w € L'(0,1) such that there are two
numbers m,, > 0, M, > 0 and a number g, € (0, 1) such that

w(At
My < ﬁ <My, 1€(0,1), A€ [Qw/ 1],

(this condition will be used in proofs of 2° = 1° in theorems 2.1 and 2.2). Let w € S, then there are
measurable functions e(x), g(x) so that

1
w(x) = exp {q(x) +f %du}, x€(0,1).

This characterization gives various examples of funkcions from S class. See properties of these classes in
[15].
We need the following simple estimate for proofs of theorems 2.1-2.3, (see [6]):

Lets > 1, w € S then '
- 1-—
f w(l —7) dr < Cu( Pl),
o (L—pry (1-p)yr-

(this condition will be used in proofs of 1° = 2° in theorems 2.1 and 2.2).
Let T(r, f) be, as usual, Nevanlinna characteristic of analytic function f

p€(0,1),

T(r, f) = f10g+ |f(rO)Ide, r € (0,1).
T

Let define A, as a standard dyadic cube in the unit disk (see [8])

- 2n(s+1)},

1
Ak,s:{zei):l—ﬁS|z|<1—zkj,2k+1Sarg ST

s=-21 21 _1k=0,1,2,...
Let further |Ay ;| be Lebegues measure of Ay.
In the unit disk D, T = 9D = {|z| = 1} the following sharp results were provided recently in [6].

Theorem A. Let p be finite nonnegative Borel measure defined on subsets of D. Let 1 < p < co. Then the following
are equivalent:

1° [, (n* |F@IduE) < ¢ f, w(l = NTP(r, fdr < o,
2°u(2(0)) < caw(DPF, O € [-7,m], 1€ (0,1),

I
NO)={zeD: 1-1<]z] <1, Iargz—QISE}.

1
Theorem B. Let p be a finite nonnegative Borel measure defined on subset of D. Let 0 < p <1, 1, =1— >
k=0,1,2,..., Then the following are equivalent.

1° [, (" [FEPdu(E) < cs [, w(l = NTF(r, fldr < +oo,
20 L2 ()™ < ol =) (w(l = 1))

Various basic properties of Nevanlinna type spaces can be seen in [4]. Results of this paper can be
extended partially to more general area Nevanlinna type spaces studied in [9].

We use heavily some nice technique developed in [6] to extend the sharp results.

We refer to [3] for similar type results concerning sharp embeddings in area Nevanlinna type spaces in
the unit disk. See also [15] for various new embeddings in area Nevanlinna spaces in the unit disk.
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2. Main results

The goal of this note to extend those sharp results in theorems A and B using similar ideas to other
values of parameters. Namely we obtained the following sharp embedding theorems for area Nevanlinna
type spaces in the unit disk D.

Theorem 2.1. Let g <p,p > 1. Let u be positive Borel measure on D. Then the following are equivalent:
1 Tt
1° [, (log™ If@IVdu) < cs [, w1 - ([ log* |f(re)de)’ dr.
2°u(a) < cpw(l)ili*?.

Note obviously for g = p we obtain immediately Theorem A.
The following result is another sharp extension of Theorem A.

Theorem 2.2. Let q <1 and let u be positive Borel measure on D. Then the following conditions are equivalent:
1 T
1° [ log" If@ldu() < co [ w1 =) ([" log* |f(re)de)’ dr.
2°1(A) < crow(l)ili Y,

The following sharp result is a direct extension of Theorem B.
We have the following result.

Theorem 2.3. Let u be positive Borel measure on D. Let g < p, p < 1. Then the following conditions are equivalent:

1 q
f(logjr lf @)Y du(z) < sz (flog+ |f(rcf)|dcf) w(l —r)dr. 1)
D o \Jr
k-1 1_}7 )
[Z y(Ak,s)llv] <Cw(l-r)i(l—r) 7 @)
s=—2k

Remark 2.4. Note (2) type condition, namely 2° from Theorem B, with p = q is also sufficient for embedding of the
type

1 q
Jrogt i < [ [rog* enae] -
D o \Jr
where g <1, p > 1, q < p. This can be seen from our proof.

Remark 2.5. Similar sharp theorems with very similar proof can be obtained if we replace the right side in Theorem
2.1 and Theorem 2.2 by spaces with quasi norms

1-0~(k+1) v
Z(flzk w(l—7) (ﬁlog |f(r<§)|d<f) dr] ,

k>0

1 q
f ( f log" [ (@)1 - |w|)“dmz<w)) w(l - rdr,
0 |z|<r

(readers can easily recover such theorems based on our proofs below) for 0 < s <1, a > -1, 0 < g < oo, where
dmy is a Lebesgues measure in D, where w is a weight from a S function class, (see [6] for these weights) with some
additional restrictions on parameters.
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Sufficiency in Theorems 2.1 and 2.2:
Let B be unit ball in C". Let p also be a positive Borel measure in B, S be unit sphere (see [6], [17]) and
let also Mﬁ( f,r) = J; lf(rEIFAE, v € (0,1), p € (0, 00). First the sufficiency condition on y measure follows
directly from the following result (from the first side unrelated result).

1
fB|f(z)|7’ du(z) < ng; (M;(f, T)) (1= )= dr
if and only if
‘Ll(D(a’ r) < C4 (1 - |a|2)na_sp , a € B/

(see [7]), where D(a,r) is a Bergman ballin Bands <0, <porg=p,1<p,s <0.

The proof of this fact (sufficiency part) is uses only the fact that |f(z)| is subharmonic for p > 0, so the
same proof can be passed for f = (log" |f(2)|) if p > 1.

This can be seen after careful analysis of proofs in [7], [8]. Note also for p > 1 we have that

f (log* If @)Y du(2) < Cslllog" If @I,
B s
fors<0,g<pors<0,q=p,t<pif

w(D(a, 1) < Co(1 - la) 7, aeB,
where

1 1
||f||ZZ,T = ];(j; IFrEI (L= 7)™ dr| d&, s <0, q,7 € (0,)

(see [7], [8]).

These assertions are obviously more general than those in the unit disk in Theorems A and B (sufficiency
of condition). Proofs of Theorem 2.1 and 2.2 for F/ spaces (sufficiency case) can be also provided.

We provide direct proof following ideas from [6], [8].

Using dyadic partition Ay of unit disk and standard arguments we have

zk—l

M= f@ (I IfOI du(&) < C7 Y w1 =) (1 =197 Y. In* [f(E I - r,
k=0

s=-2k
where & is a center of Ags. Then following [6], [8] and standard arguments we have

1
M [ wa-nia-ntie pyar =
0

Note now J# < [ w(l - 1) (T(r, ) dr, g < p.
The last estimate follows from properties of w and the fact that T(r, f) is growing (see [6], [8]). For the
proof of sufficiency of Theorem 2.2 we do the same and arrive at

1
M <o [ (@i -n)a-niTo par=
0

and hence ];7 < fol w(l —r)(T(r, f))?dr, g < 1. Since T(r, f) is growing function we used that

1 s 1
(f w(l - r)G(r)dr) < Cgf w(1 =11 -7 IG(r)dr, s <1,
0 0
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for every growing G function on (0, 1), (see [6], [9]).

Note our proof has some similarities with known standard proofs (see [6], [9] and references there).
The scope of this arguments is valid (so we get some extension of theorems) also in the unit ball and unit
polydisk, where complete analogues of Ay dyadic cubes also exists, see [8] for the unit polydisk case and
[17] for the unit ball case.

Necessity in Theorems 2.1 and 2.2:
Following the proof of theorem in [6] and using standard arguments we have to put g(z) = u(z) + iv(z). Let
also u*(z) = max(0, u(z)), u(z) = max(0, —u(z)). We have

1
f (" @Ydu(z) < Cao f w(l - ) (T(u, 9) d,
D 0
(see [6]).

The same is valid for u™(z) as a result we have the same for f@ [u(E)Pdu(E) (see [6]). Following arguments
of [6] the same is valid for f@ [0(E)Pdu(E) and as a result we have

% 1 4 q %
(L Ig(cf)l”d/#(é)) <K=Cqy (fo w(l —1) ([ﬂ Ig(ré)ldé) dr)

for any ¢, and g < p < co. Putting here standard test function and following standard arguments (see [17])
we have immediately what we need in both theorems (Theorem 2.1 and 2.2).
Since if exp(+g(z)) = F(z), M(g) < oo, then

1 p
f w(l —7) (flog+ IF(ré)ldé) dr < oo
0 T

1 p
M(g) = j(; w(l—7) (f; |g(r£)|dcf) dr < oo,
(see [6]).

Note first K < cw(1 — a)(1 — a)'P¢~D . Indeed, we also have

where

f @ Pdu() > B #( 1)

( — |a|?)B

for g(z) = pmcrl , B> Po,a € (0,1) (see [17]) and the estimate from above is also trivial. We refer to [17]

for very s1m11ar standard arguments and some elementary properties of w, w € S also must be used, see

[6]. O

Proof of Theorem 2.3:
Sufficiency:
We follow the proof Theorem B (this is g = p case in our theorem). We note very similar arguments can be
seen in [7], [8].

We have

4oo 2kl

M= [ ierape <Y, Y I fE P o), p<1,

k=0 s=-2k

where & is a max point of f() in Ars. Then by Hardy-Littlewood theorem

e+l ks+1
e = gty [ [ e el aan, p <
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e _ 1 ok '
F,Tk—l—?,S——Z,...,z,kzo,

Applying twice Holder’s inequality, see also for similar arguments [7], [8]. We arrive at the following
estimate

ks =

c 1-p
e 1 Tiesl T N p (21 O
M<c ;)‘ o j,; (In In |f(,0<f)|d5) [s;k p(Lks) 7 (Arer,s — aks) | dp.

Note now using condition on measure we arrive at the following estimate easily

1
M<c fo (1 - ) - (TG, Y,

for some t = t(p, ).

Note that
261 a-p) ,
1 1—r)lP w1 — 7)1 (1 — 7 )'+1P
Y oy | Qo A Ao
s=—2k IAk,sl |Ak,s|
i +1
<wd—r)i(1-n)i, v= @

And we obviously have what we need. Since 1 < 1. We follow arguments of the end of the previous

theorem to arrive at estimate we need the last estimate.

Necessity:

Let us show the reverse in Theorem 2.3. This proof is also somewhat standard and use standard arguments
with Rademacher function. Indeed, we have the following now chain of estimates (see also [6]). Let first

S s
f(z,b) = Z T s eD, te(0,1),

(1 - Zk,SZ)” !

where ¢y ¢ is arbitrary sequence of complex numbers, and zy is the center of Axg, 1 > ng, n € IN, @s(f) is a
Rademacher function of s order.
Put F(z,t) = exp(f(z, 1)), t € (0, 1), and if our embedding holds, then we have

1 Ul q
f [f ) du(z) < cs f w(l —7) ( f |f(re, t)lde) dr, p=1, g <p.
D 0 -7
Repeating almost arguments from [6] we arrive at the following estimate
2k~
s=0

1 ok_1 p
ksl (u(0)) < 6 (1 = 1)7) (1 =) 57 [Z |ck,s|]
s=0

ksl = Ibslé, (we have to integrate by unit interval, change the order of integration and use some well-known
properties of Rademacher function). Then by Hahn-Banach we have that

21 21 p-1
sup Zwswmk,s):[z u(Ak,s)w] < o7 (w1 = 1)7) (1 =y,
IIbll1/p <1 's=0 5=0

But this is exactly what we need for our proof. Our theorem is proved now. O
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Remark 2.6. It is an open problem to show such type sharp results in more complicated domains that is to show that
reverse to (1) and (2) are valid or not. Note that sufficient conditions on measure in the unit ball can be obtained also
for various Herz-Nevanlinna type spaces from known sharp embeddings in the ball for analytic Herz spaces (see [12]
and see discussion above also).

Remark 2.7. Some results are valid even in polyballs and more difficult domains (see next section).

Note concerning more general spaces

12— (k+1)

q S
Z( f (w(1-7)) ( f log" | f(ré)ldé) dr] ,q>0,5>0.
1-2-* T

k>0

We can use at the last step an obvious embedding

1 q s
( f (w(1=7)) ( f log™ If(rcf)ldcf) dr) <
0 T
12~ (k+1) q s
SCZL[ (W(l—r))(ﬁlog+|f(r§)ld§) dr) ,8<1,9>0,

k>0 -2

to get somewhat more general sharp versions of our sharp Theorems 2.1, 2.2 and 2.3. The same type
embedding is valid for

1 s
1fllos = fo ( f| oy’ If(ré)l(l—r)”dmz(ré)) iR, s<1,0> -1,

spaces. We have now that obviously

1 s
lfllop < Cfo (I Rlog* If(rE)I(1 - r)vdmz(ré)) (1-Ry* YR, s<1, v>-1.

This and an obvious relation between ||f||,,; and area Nevanlinna N, spaces also provide some sharp
extensions of our sharp results from Theorems 2.1, 2.2. We leave this task to interested readers.

3. Some remarks on embeddings for mixed norm analytic area Nevanlinna type spaces in product
domains in C”

In this section similar results will be given in some polydomains. We start with simpler domain the
polydisk, then turn to some objects in more general domains. We consider very general Nevanlinna type
spaces in tubular domains over symmetric cones and in bounded strongly pseudoconvex domains with
sooth boundary.

Let

D' ={z=(z1,...,20) Izl < 1,1 < j<n}

be the unit polydisc of n-dimensional complex space C", T" be the Shilov boundary of D", 7 = (p1,...,px),
0<pj<+oo, i=1,...,n, d@t) = (w1(t),..., wu(t), t € (0,1), where a)j(t) is positive integrable functions on
(0,1). We denote by NP(@) the set of all holomorphic functions in 9" for which

1Ly = ( f (- f (log"* [f(z1, . 20) P w1 (1 = [zadma(z1)) 7
D

D

_pn_ 1
X ) (1 = [zadmy(z,)) " < +oo,
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where m;, is planar normalized Lebesgue measure on D := D'. Assume further [ = (1, ..., uy), where y; is
the Borel nonnegative finite measure on D, L7(j1) is relevant space with mixed norm that is, the space of all
measurable functions on 9" for which

1

||fHLﬁ(m = (f(...(f(log+ |f(c1,...,cn)|)r’1dy1)5*f...)%dy,,)’” < +oo.
D

D

We consider in this paper new analytic spaces on products of tubular domains Tg X --- X Tq = T{;. We
denote by H(Tq X --- X Tq) = H (Tg) ,m € N, the space of analytic functions by each variable on Tg,.

Let .
1 (1) = 1 e L (18):

P2
P1

f f (log" |f z1, ..., zw))" 29 @)d0(z1) | -+ A% (zw) dv (zw)| < oo},

Ta Ta

1
Pm

where A is a determinant of Tq, (see [2] for m = 1 case), dv is Lebesgues measure on T, 0 < p; < o0, a; > —1,
i=1,...,m. Let Ng (T(m)) = Lg (T(”;) N H(Tg), m € N, be a new area Nevanlinna space in T} with mixed
norm.
These are Banach spaces if min(p;) > 1 and complete metric spaces for other values of p.
j

Let I = (u1,...,pn), tj be Borel nonnegative measures on T C Ck ke N, aj>-1,j=1,...,np =
W1, 0), §=(q1,---,q2) € R? with 0 < pi <4, pj >1,j=1,...,n. We can following proofs of [16] find
sufficient conditions on measures (Carleson type conditions) for the following embeddings:

Ly < C @) 1l

In the case of measures v defined on T, the following observation holds:
Letpj < q <+oo,p;>1,a; > -1, j=1,...,n,v be the Borel nonnegative measure on T{,. We can following
proofs of [16] find sufficient conditions on measures (Carleson type conditions) for the following embeddings:

([ wog" [r@rivten” < Ol

n
Tﬂ

Also, we consider in this paper new analytic spaces on products of pseudoconvex domains Q x---x€) =
Q)". We denote by H(Q x --- x Q) = H(Q™), m € N, the space of analytic functions by each variable on Q™.
Let
” B ) .
LZ,(Q’”) ={feL, (Q"):

1
P2 pm
P1

[ [aog e mlyeneavin| o v <)
Q Q
O<pi<oo,a;i>-1,i=1,...,m. LetNg(Q’”) = LZ,(Q”’) N H(Q™), m e N, (see [1] for m = 1 case), be a new

area Nevanlinna space in Q" with mixed norm.
These are Banach spaces if min(p;) > 1 and complete metric spaces for other values of p.
j

Let ﬁ = (U1,---) tn), uj be Borel nonnegative measures on Q C C", m € N, aj > -1, 7= 1. pn),
q7=(q1,...,92) e RL withp; > 1,0 <p; <qj, j=1,...,n. We can following proofs of [11] find sufficient conditions
on measures (Carleson type conditions) for the following embeddings:

1Al < Co ) I1fllyr-
[.l a
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In the case of measures u defined on " = Q) X - - - X QQ we have following observation:

Letp; < q < +oo,p; >1,a;> -1, j=1,...,n, u be the Borel nonneqative measure on ". Let Z=1(z1, ..., 2p).
We can following proofs of [11] find sufficient conditions on measures (Carleson type conditions) for the following
embeddings:

([ tog' r @@ < @l
J

Proofs of these results are using heavily the fact that (log™ |f|)? for p > 1 is subharmonic in these domains
(or n -subharmonic in products of these domains).

Based on sharp embeddings in Herz spaces we can discuss some similar questions in analytic Nevanlinna-
Herz type spaces in tubular domains over symmetric cones and pseudoconvex domains with smooth
boundary in C". We mean some conditions on positive Borel measure i for which the following estimate
is valid

(log" If(2))du(z) < f ( fB (g f@) " (m 2o " 1@,

Tg ) T(l

with some restrictions on s, g, p, @ and similar embeddings in pseudoconvex domains. See, for example,
sharp embeddings in Herz spaces in tubular domains over symmetric cones in [14] and we refer for similar
sharp embeddings in Herz spaces in pseudoconvex domains to [13].

Let Q) be a bounded strictly pseudoconvex domain in C" with smooth boundary, let d(z) = dist(z, Q).
Then there is a neighborhood U of Q and p € C* such that Q = {z€ U: p(z) > 0}, [Vp(z)| = ¢ > 0 for
z€dQ, 0 < p(z) <1forze Qand —p is strictly plurisubharmonic in a neighborhood Uy of JQ2. Note that
d(z) < p(z), z € Q. Then there is an ry > 0 such that the domains Q, = {z € Q: p(z) > r} are also smoothly
bounded strictly pseudoconvex domains for all 0 > r > ry. Let do be the Lebesgue measure on d(2,, (see
[11]).

Since f(m_(log+ |f(2)])Pdo(z) is growing for p > 1, we can easily find embeddings relating these quasinorms

for different p, g
1
, ‘
f ( f (log" |f@)V'do(z)| rdr
0 \Joq,

fora>-1,1<p < 0,0 < g < co. Such quasinorms were studied actively in [5].

Let G be simply connected region on C, dG it is boundary. H(G) is the space of all analytic functions on
G, In* x = max,. (Inx, 0) and d(w, dG) is a distance from w to JG.

We define analytic area Nevanlinna classes in these general domains

NL(G) = {f € H(G) : f d*(w, dG) (In* | f(w)|) dmy(w) < 00},0 < p < 00, a > —1.
G

Let Gy be bounded simply connected region of complex plane. Gy is (By) region if 8GE is equal to

Ui, T, m € IN, where T is a smooth arc for which the “angle points” (if they exist) are equal to (ﬁz) , ] =

j
1,...,m.

In [15] NZ(GE) classes were studied by authors.
Our results maybe also extended to these general area Nevanlinna function spaces in the unit disk. We
refer to [15] for some results in these classes of functions.
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