(S
&

Filomat 35:14 (2021), 4675-4690
https://doi.org/10.2298/F1L2114675D

Published by Faculty of Sciences and Mathematics,
University of Ni§, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

o

%
<,

b, &

Ty xS’

5
TIprpor®

On the Disjoint Sums of M-Fuzzifying Convex Spaces
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Abstract. In this paper, we first extend the concept of the arity in crisp convex spaces to the case of
fuzzification and give some related properties. From the view of arity and hull operator, we study the
relations between the disjoint sum of M-fuzzifying convex spaces and its factor spaces. We also examine
the additivity of the degree of separability (Sp, S1,S52,S3,Ss). Finally, we show that every factor space is
M-fuzzifying JHC iff the corresponding disjoint sum space is JHC.

1. Introduction

Convexity, has been an indispensable tool in studying of extremum problems of many fields. The notion
of convexity derives from solving some elementary geometric problems in Euclidean spaces [1]. In fact,
many branches of mathematics are closely related to convex theory, such as algebra [12], graphs [3H5],
topology [8, 21]. Many mathematical concepts have been generalized to fuzzy case since the notion of
fuzzy sets was introduced by Zadeh [35] such as fuzzy algebras [6], fuzzy topology [28]], fuzzy convergence
[14, 27] and so on. Considering the axiomatic approach, fuzzy convex spaces was introduced by Rosa
[17] as a natural extension of the concept of abstract convex structures [22]. Subsequently, Maruyama [13]]
further proposed the notion of L-fuzzy convex spaces under the framework of a completely distributive
lattice L. In both cases of fuzzy convex spaces and L-fuzzy convex spaces, every convex set is fuzzy, but
the convex space formed by these fuzzy convex sets is thought to be crisp. Recently, L-convex structures
are studied by many researchers in [2}[7, 9} (15,116} 18, 29].

To provide a new approach to the fuzzification of convex spaces, the notion of M-fuzzifying convex
spaces was proposed by Shi and Xiu [20] under the frame of a completely distributive lattice M.

In fact, an M-fuzzifying convexity ¢ on X is a mapping from 2% to M and ¢ satisfying three axiomatic
conditions. In this sense, for any subset A of X, ¥(A) can be seen as the degree to which A is a convex
set. Subsequently, the notion of restricted hull operators in classical convex spaces was extended to the
M-fuzzitying case [19], it was shown that M-fuzzifying restricted hull operators and M-fuzzifying convex
spaces can be induced by each other, which means that there is a one-to-one correspondence between them.
M-fuzzifying JHC property was studied in detail by Wu and Shi [24]. Recently, Liang etl., [10,[11] introduced
So,51, 52, 53, S4 separation axioms in M-fuzzifying convex spaces, it means that every M-fuzzifying convex
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space can be seen as Sy, 51, Sz, S3, S4 separated in a certain degree. There are many other studies related to
M-fuzzifying convex spaces [23} 25| 30H33]

As we all know, it is a common method to construct a new space by using given spaces and the new
space is closely connected with its initial spaces. There are many studies on subspaces, product spaces
and quotient spaces. For example, Zhou and Shi [36] discussed the hereditary properties and productive
properties of separability in L-convex spaces. In 2014, the concept of disjoint sums of M-fuzzifying convex
spaces was proposed by Shi and Xiu [20], but beyond that disjoint sums of M-fuzzifying convex spaces
have not been studied in detail. So it is necessary to continue to study some properties of the disjoint sum
of M-fuzzifying convex spaces and establish the relations between the sum space and its factor spaces.

In Section 2, we will review some necessary notations and definitions in M-fuzzifying convex spaces.
In Section 3, we will introduce the notion of the arity of an M-fuzzifying convex space. Furthermore, we
will investigate the relations between the arity of a disjoint sum of M-fuzzifying convex spaces and the
arity of its factor spaces. In Section 4, we will study the additivity of some properties such as separability
(S0, 51, 52, S3, S4) in M-fuzzifying convex spaces. And we also prove that every factor space is M-fuzzifying
JHC iff the corresponding disjoint sum space is M-fuzzifying JHC.

2. Preliminaries

Throughout this paper, 2% stands for the power set of a nonempty X and ijm represents the collection of

all finite subsets of X. In this paper, M is a completely distributive lattice with an order-reversing involution
7. We denote the minimal element and the maximal element of M by L and T, respectively. The symbol M*
represents the family of all M-fuzzy sets of X. For A € 2%, we use \/ A and A A to denote the supremum
and infimum of A. Let m,n € M, the symbol m < n (m is wedge below 1) means that for every E C M,
n < \/ E implies the existence of e € E such that m < e. The right adjoint — of the meet operation A is a
mapping from M x M to M defined as m — n = \/{g € M|m A g < n}. Hence

mAg<neqg<m—n.
The mapping ¢~ : MX — MY is induced by ¢ : X — Y as follows:
YAie MY Yy eY, ¢\ (y) = v A().
P)=y
And ¢~ : MY — MX is induced by 1 as follows:
Yu e MY, Vx € X P (u)(x) = p(@(x).

Definition 2.1. ([20]) An M-fuzzifying convexity on a set X is a mapping ¢ : 2X — M satisfying the
following conditions:

(MYC1) €(¢)=¢(X)=T;

MYC2) €(Nier Gi) = Aier €(Gi), where {Gjlier € 25\0;

MYC3) € (Uier Gi) = Nier €(Gi), where {Gi}ier € 2%\0 is totally ordered by inclusion.
In this case, We say the pair (X, %) is an M-fuzzifying convex space.

Definition 2.2. ([20]) Assume that (X, ¢’) is an M-fuzzifying convex spaceand § # G € X. Then the mapping
%lg : 2° — M given by
VB € 26,%|c(B) = \/ % (D)
De2X,DNG=B

is an M-fuzzifying convexity on G. Furthermore, (G, €¢) is called an M-fuzzifying subspace of (X, ¥).
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Theorem 2.3. ([20]) Assume that (X, €) is an M-fuzzifying convex space. Then the mapping cog : 2X — MX (in
symbols, co) given by :
VG € 2X,Vx € X, co(G)(x) = /\ % (DY
x¢D2G

is a hull operator of € such that the following conditions hold.

(MCO1) for each x € X, co(0)(x) = L;
(MCO2) for each x € G, co(G)(x) = T;

(MCO3) co(G)(x) = AV co(D)(y);
x¢D2G ygD

(MFD) co(G)(x) = \/ co(F)(x).

G
Fezﬂn

On the contrary, an operator co : 2X — MX satisfying (MCO1) — (MCO3) and (MFD) can be used to induce
an M-fuzzifying convexity 6., on X as follows:
VG €2, 4(G) = \lo @) (1)
x¢G

Furthermore, co is the hull operator of €. That is to say cox,, = co.

Definition 2.4. ([20]) Assume that ¢ : (X, %) — (Y, 2) is a function between two M-fuzzifying convex
spaces. Then

(i) ¢ is called an M-fuzzifying convexity preserving function (in symbols, M-CP) provided that
VD e 2Y, €(~Y(D)) = 2(D).
(ii) 1 is called an M-fuzzifying convex-to-convex function (in symbols, M-CC) provided that
VB e MX, 2(¢(B)) > ¢ (B).
(iii) ¢ is called an M-fuzzifying isomorphism provided that 1 is bijective, M-CP and M-CC.
Theorem 2.5. ([26]) A function ¢ : (X, €) — (Y, D) between two M-fuzzifying convex spaces is M-CP iff
VF € 2/{(1,”, U~ (cox(F)) < coy(Y(F)).
A function ¢ : (X, €) — (Y, D) between two M-fuzzifying convex spaces is M-CC if and only if
VF € 2551.”, U~ (cox(F)) = coy(Y(F)).

Definition 2.6. ([20]) Assume that that {(X;, €))}ier is a family of M-fuzzifying convex space and for all
i1 # ip € T such that X;, N X;, = 0 (i.e., pairwise disjoint). Put X = |J,r X; and consider the usual inclusion
mapping j; : Xi — Xforalli € T (i.e.,¥z € X;, ji(z) = z). Then the mapping ¢ : 2X M given by:

vBe2X,¢(B)= /\ (' B) = \EGBNX)
i€T i€T
is an M-fuzzifying convexity on X, which is called the disjoint sum of M-fuzzifying convexity {€j}icr and
% is written as ),%;. And we say the pair (X, ), %) is the disjoint sum of M-fuzzifying convex spaces
i€T i€T

{(Xi, Ci)lier-

Definition 2.7. ([10]) Assume that (X, %) is an M-fuzzifying convex space and B € 2X. We say H«(B) given
by
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H(B) = €(B) A €(X\B)
is the degree that B is a biconvex set.

Definition 2.8. ([10}[11]) Assume that (X, ¥) is an M-fuzzifying convex space. Then we have the following
definitions.

(S0) The degree So(X, €) that (X, €) is So separated is defined by:

So(X, %) = /\[ \/ ¢®v \/ €D

x#z \x¢B,zeB z¢D,xeD

(S1) The degree S1(X, ¥) that (X, ¥) is S1 separated is defined by: 51(X,€) = A €({z}).
zeX

(S2) The degree Sy(X, €) that (X, €) is S, separated is defined by: S»(X,6) = AV He(B).

x#z x€B,z¢B

(S3) The degree S3(X, ¥) that (X, €) is Sz separated is defined by:

$5(X,%) = [\ /\[‘K(B)e[ \/ He(D)

BCX z¢B BCD,z¢D

(S4) The degree S4(X, €) that (X, €) is S4 separated is defined by:

Su(X, ) = /\ [%(B)/\%(D)a[ \/ %g(H)H.

BND=0 DCX\H,BCH

Theorem 2.9. ([10,[11]]) Assume that (G, €|c) is the subspace of an M-fuzzifying convex space (X, €¢). Then
(1) So(X, %) < 50(G,Clo),
(ii) 51(X,¢) < 5:1(G, €lc),
(iii) S2(X,€) < 52(G, €le),
(iv) S3(X,€) < S3(G, Clc),
(©) 54X, €) NE(G) < 54(G, o).

Definition 2.10. ([24]) Assume that (X, ¥) is an M-fuzzifying convex space. We say ¢ is an M-fuzzifying
JHC convexity if for arbitrary y,c € X and B € 2X\0,

co(lc} UB)(y) = \/(colle, x(y) A co(B))).

xeX

3. The Arity of the Disjoint Sum of Convex Spaces

The arity plays an important role in classical convex spaces because it indicates the ability of finite
subsets generating the entire space by hull operators. Yao and Chen [34] gave a formal and strict definition
of the arity of classical convex space. Next, we will first generalize this concept to M-fuzzifying convex
spaces and give some properties. Based on this, we will further study the relations between the arity of a
disjoint sum of M-fuzzifying convex spaces and its factor spaces.
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Definition 3.1. The arity of an M-fuzzifying convex space (X, ¥) is the least natural number # such that:

VB e 2X,4(B) = A /\ [coF)2). ()

z¢B |F|<n,FCB

Let us denote the arity of (X, €) by ary(¥).

Notation. According to the above definition, it is evident that ary(%) < n iff it satisfies the equality (2),
this happens to be the definition of arity < n given in [26].

Remark 3.2. From Theorem [2.3|(MDF) and equality (1), we can see

¢B) = \lo®@I = \ N lcoa®@r <\ /\ [coPET.

z¢B z¢B F€2?m z¢B |F|<n,FCB

So in order to prove the equality (2) holds, it shall be proved that the following inequality holds:

A\ B <E®).

z¢B  |F|<n,FCB

Proposition 3.3. Assume that (X, €) is an M-fuzzifying convex space. Then ary(€) = n implies

Vm >n, /\ /\ [co(F)(2)]" = €(B).

z¢B  |F|<m,FCB

Proof. By Remark we only need to prove A A [co(F)(z)]" < €(B). Since ary(¢) = n and m > n, we

2¢B |F|<m,FCB
have
A N ledEr s\ N @) =796),
z¢B |F|<m,FCB z¢B |F|<n,FCB

which completes the proof. [

Proposition 3.4. Assume that 1 : (X, €x) — (Y, 6Y) is an injection between two M-fuzzifying convex spaces. If
is M-CP and M-CC, then ary(¢x) < ary(€y).

Proof. Suppose ary(éy) = n, so we have

N\ @l = (D).

y¢D |G|<n,GED

It is sufficient to show that ary(éx) < n. Since ¢ is an injection, an M-CP function, and an M-CC function,
then by Theorem [2.5 we have

coy (Y(F)((2)) = ¢~ (cox(F))((2)) = \/ cox(F)(c) = cox(F)(2).
YO=U()
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For B € 2¥ and z € X, we can see that

A \lox(B@)Y

2¢B FCB z¢B  (F)Cy(B)
[Fl<n (F)l<n

= N\ [or@ENGEY

0 vEs®

= A N\ lo@®) @)
Y(2)¢¢(B) MRFQ)SB)

= N A IowE)r
yEP(B) P(F)SY(B)

ylyzo  WE)sn

[cox(F)@)]

AN leor@ET AT
yey(B) Y(F)SY(B)

v 1(y)20 [Yp(F)l<n

Next, we want to replace T with A A leoy(P(F))(y)]'. To do this, we must prove
y&p(B) P(F)Sy(B)

vlg=0  Wdln

oy (PENW)] = T
yeP(B) P(F)SY(B)

v=1(y)=0 [(F)l<n

Take y ¢ ¢(B) such that y'(y) =0 and F € 2?1.71, then by Theorem

coy(PENW) = ¥~ (cox(E)) = \/ cox(P)(c) = L.
Plo)=y

This implies our statement holds.
Therefore,

N /\leox(®)@Y A N owEr Al N\ eorw®))Y

z¢B ICB Yy£Y(B) Y(F)SY(B) yEY(B) P(E)SY(B)

e ylmzo  WEIsn A=
A o)

yeyp(B) |Ul<n,UCy(B)

¢y ((B)) (by ary(¢y) = n)

¢x( ' (Y(B))) = €x(B).  (since 1) is injective M-CP,M-CC.)

We thus get
N leox(BEY < éx(B).

z¢B |F|<n,FCB

Therefore, ary(¢x) <n. O

Corollary 3.5. Let (X, %) = (X, Y.6;). Then ary(%;) = n; (Vi € T) implies ary(z%i) > Vn.
i€T i€T i€T
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Proof. Consider the usual inclusion mapping j; : X; — X (Vi € T). Obviously, j; is an injection, an M-CP

function, and an M-CC function. It follows from Propositionthat ary(z%i) >n; (Vi e T). So we have
ieT

ary(E‘ﬁ,-) > Vn. O
ieT ieT

To further study the arity of a disjoint sum of M-fuzzifying convex spaces, the following lemmas are
necessary.

Lemma 3.6. Assume that (G, €g) is the M-fuzzifying subspace of an M-fuzzifying space (X, €). Then cox(B) 2
coz1.(BNY) for all B € 2X.

Proof. By Theorem 2.3 we get VB € 2X and ¥z € X, cox(B)(z) = A (%¢(D))’. Now we claim that cox(B) >
x¢D2B
co|.(B N G), we consider two cases below:

Case 1: z € G. Then for each D € 2%,

%lc(DNG) = v %(E) > €(D).
ENG=DNG

It implies that €' (D)’" > (€¢|c(D N G))'. Further, we have
coe(B)2) = [\ (€(D)Y

z¢D2B z¢DNG2BNG

N @eDNnG)y
z¢DNG2BNG
= A (@|c(U)Y  (where U C G)
z¢U2BNG
= Co%)(BNG)(2).

\%

(@D)Y

\%

Case 2: z ¢ G. Since
0BG = [\ (@leW) < (@@ = 1,

z¢U2BNG
we have cox (B)(z) > cog|,(B N G)(z). Therefore, cox(B) > co¢|,(BNG). O

Lemma 3.7. Assume that (X, 6) = (X, Y., 6)). If U € 250 (iy € T), then €(U) = %, (1).
i€T

Proof. Since U € 2%, wehave Vi # iy, UNX; = 0. It implies ;(U N X;) = €;(0) = T when i # iy. Therefore,
¢(U) = \GUn X)) = ,U).
ieT
|

Lemma 3.8. Assume that (X,€) = (X, Y, €;). Then €|x, = 6.
ieT

Proof. Forany i€ T and V € 2%, then V N X; = V. It follows from Lemma 3.7|that
(V)= \/ )= EW) = GW).
ANX;=V

Conversely,
“xV) =\ ¢=\/ NAg@anx)< \/ “@@anx)=em).
ANX;=V ANX;=V jeT ANX;=V
Therefore, €|x, = ¢;. O
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Lemma 3.9. Assume that (X, %) = (X, Y.6;) and x € X. Then there is an unique iy € T such that x € Xj,.
ieT
Furthermore, VA € 2%, co,(A N X;)(x) = L when i # iy.

Proof. Since X = |JX;, we know that there exists iy € T such that x € X, and for any i # iy, X; N Xj, = 0,
€T
which gives for any i # iy, x ¢ X;. Take A € 2X it follows from Theoremthat

WANX)W = [\ GUY <EGK) =L
x¢UDANX;

O

In the following, we study the relations between the hull operator of a disjoint sum of M-fuzzifying
convex spaces and its factor spaces.

Theorem 3.10. Assume that (X, €) = (X, Y. 6}). Then for every x € X and A € 2%, coz(A)(x) = \ coi(A N X)(x).
ieT ieT
Proof. By Lemma we see that Vi € T, €|x, = ¢;. Again by Lemma [3.6| we get that Vi € T, cox(A) >
co;(A N X;), which means co¢(A) = \/ co;(A N X;).
ieT
Conversely, fixing x € X, so by Lemmathere exists ip € T such that x € X;, and Vi # i, coi(AN X;)(x) =

L. It implies that

\/ oA 0 X)) = coi (A N Xi)(x).

i€T
Therefore, to show co¢(A)(x) < V coi(A N X;)(x), we just need to show that cox(A)(x) < co;,(A N X;,)(x). That

i€T
Nedys N 6wy

x¢B2A x¢V2ANX,

is

Forany V € 2% withx ¢ V2 AN Xi,, we take B, = (UX;) UV = (X\X;,) U V. Since x ¢ X; for all i # iy, we
i#ip
havex ¢ B. 2 (AN X;,) U UX; 2 A. Thus

i#io
(/\%‘(B* N Xi))/

A €(BY <¥€(B.)

x¢B2A i€eT
- \/%[((UX,) U V) NX;
ieT i#i
= (V).
This gives A €(B)Y < A  €,(V) since V is arbitrary. [
x¢B2A x¢V2ANX;,

With the help of some properties of the arity, the relations between the arity of a disjoint sum of
M-fuzzifying convex spaces and the arity of its factor spaces are investigeted as follows.

Theorem 3.11. Assume that (X, €) = (X, Y. 6:). If ary(€;) = n; Vi € T), then ary(€) = \/ ni.
i€T ieT

Proof. We write \/n; = n. Then we can see that ary(¢’) > n from Corollary In order to prove ary(¢) = n,
i€T
by Definition [3.TJand Remark 3.2} we only need to prove

VACX, A /\ [cox(F)X)]' < C(A).

x¢A |F|<n,FCA
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Since for any i € T, ary(6;) = n;, by Definition [3.1]and Proposition .3} we have

v = N\eanx) = N\ N\ oGy

i€T i€T ygANX; GCANX;
veX; |Gl<n;

= AN N @l 0

icT ygAnX; GCANX;

yeX; [Gl<n
Again by Theorem we have
[cog(F))] = [Vcoz-a? n X»(x)]
x¢A |Fl<n,FCA x¢A |Flsn,FcA LieT

= AN\ N\ [oEnX)@r. @
ieT xgA |F|<n,FCA
Fixingi € Tin (3). Forany y € X; withy ¢ AN X;,soy ¢ A. Takeany GC AN X;and |G| <n,50G C A. It
implies
[coi(F N Xi)(x)]" < [coi(G N Xi) ()] = [col(G)(W)]'-
x¢A |Fl<n,FCA

By the arbitrariness of y and G, we further get

N loFoxp@r </ /\ oG-

x¢A |F|<n,FCA y¢ANX; GSX;
yeX; [Gl<n

This implies (4) < (3). Therefore, A A [cox(F)x)]' < €(A). O
X¢A |Fl<n,FCA

4. The Additivity of Separability

In this part, we will verify separability (So, S1, S2, S3, S4) is additive in the sense of the following definition.
Moreover, we will show that a disjoint sum of M-fuzzifying convex spaces is JHC iff its every factor space
is JHC.

Definition 4.1. Assume that {(X;, €))}ier is a family of pairwise disjoint M-fuzzifying convex space. We say
that the property P of an M-fuzzifying convex space is additive, provided that the infimum of the degrees
that every factor space (X, ¢;) possesses the property P, is equal to the degree that the disjoint sum space
(X, Y. %) possesses property P.

i€T

Theorem 4.2. Assume that (X, 6) = (X, Y., %;). Then So(X, %) = N\ So(X;, €).
ieT ieT

Proof. From Theorem [2.9|(i), wa can see that So(X, €) < /\SO(X,, ©).
Conversely, consider a < A So(X;, ;). Then for each i z e Tand x,y € X;,

i€T
a</\( \/ @w v \/ %-(V)).

x#y x¢Uyel ygVxeV

Further, we aim to verify for x, y € X,

aSSo(X,%)z/\( \/ e v \/ %(B)).

XFY \wgA,yeA y¢B,xeB
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For this purpose, we must show that forx,y € X withx #y,a< \V €A v \V €(B).
X¢A,yeA y¢B,xeB

Take x, y € X with x # y and consider two cases below:
Casel: x, y € X;, for some iy € T. Since

a< A( \V G v \/ %(V)),

x#y x¢Uyel yEV,xeV

there exists U € 2% such that x ¢ UyeUla< €U orV e 2% such that x € Vyg¢ V,a <%,(V). By
Lemma[3.7lwe have

\/ C(A) v \/ €(B) > CU)VEWV)

x¢A,yeA y¢B,xeB
( /\%-(LI n Xi)) v ( /\%(V N Xi))

i€T i€T

= G VEW) 2a
Case2: x € X,y € X; withr #s. Itimpliesx € X,y ¢ X, and y € X;, x ¢ X,. So

\ ¢y v \/ €B)2eX)vEX)=T2a

X¢A,yeA y¢B,xeB

According to the arbitrariness of x and y, we concluded thata < A| V €(A) v \V €(B)|. Thisimplies
X#FY\xgA,yeA y¢B,xeB
So(X, €)= N\So(Xi, 7). O
i€T

Theorem 4.3. Assume that (X, %) = (X, Y, %;). Then $S1(X, %) = \S1(X;, 6)).
ieT ieT

Proof. By Definition[2.8/(S1), we have

six )= N\ )\ Gtz nx) A\ Etznx)

zeX i€T z€Ujer X;  i€T

N AWAWARZGIsp )

j€T zeX; ieT

SAWARZIC)

jeT zeX;
= N $1X,6) = )\ 81X, %).
ng i€T

O

Theorem 4.4. Assume that (X, 6) = (X, Y., %;). Then Sr(X, %) = N\ S2(X;, 6).
i€T ieT
Proof. From Theorem (iif) it is easy to see S52(X, €) < A S2(X, 6;). The converse inequality can be proved
ieT

in the following.

Take a < A S2(X;, ;). We thus get foreachie€ Tand x, y € X;,
€T

1<) =\ \/ Hw).

x#y xely¢U
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In fact, it suffices to see that for x,y € X withx £ y,a < \/ He(A).
X€A,Y¢A

Now let x, y € X with x # y and consider two cases below:
Casel: x, y € X;, for some iy € T. Since

1<% )=\ \/ H,W),

x#y xelygU
we know that there exists U € 2% with x € U,y ¢ U such thata < H;,(U). So for A € 2%,

\/ He4) = G AeE\U)

X€A,y¢A
- [/\%(UOX,) A /\%@((X\U)OXZ-)
ieT ieT
= [/\%i(u NX)|A /\‘é(Xi\(U N X))
ieT i€T
Gy (U) A %3, (X;,\U) (by U € X;y)
= H,U) =a.

Case2: x € X,,y € X; with r # s. It follows that x € X;, y ¢ X,. So we have

\/ Ha(A) = He (X)) = €(X) ANC(X\X) = T 2.
X€A,ygA

Since x and y are arbitrary, we havea < A \V  He(A). This implies 52(X, €) > AS(Xi, €). O
x#y xeAygA i€T

Theorem 4.5. Assume that (X, %) = (X, Y, %;). Then S3(X, %) = N\ S3(X;, 6).
i€T i€T

Proof. By Theorem (v), it is immediately clear that S3(X, ) < A S3(Xi, ;). The converse inequality can
i€eT

be proved in the following.
Takea < AS3(Xi, ). We thus get Vie T and x € X;,

ieT
a< S 6= [\ A[%(uw( v %(V))]-

ucx; xel Ucvxgv
We aim to show a < 53(X, %), that is
a< \ N\ [%(A) - ( \/ %,;(B))}.
ACX x¢A ACB,x¢B

Since for each i € T, a < 53(X;, 6;), we know that for any U € X; with x ¢ U,

anG) < \/ HW).
ucvxeVv

Let A € X with x ¢ A. Then there is a iy such that x € X;,, so x ¢ AN X;,. Since A N X;, € Xj,, we have

aAGANX) s\ HyW)

AﬂXiO CVaxeV
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Take V C X;, withANX;, CV,x¢ V,and let B* = VU [JX;. Since x € X;,, itis clear that A C B* and x ¢ B".
i#i
Further, we have

Hy(B) = €B)AEX\B)

= N\GE nx) A \GENB N X))
i€T i€T

= /\% (vu UX) nx:| A /\%[xi\((v U Ux) N xi)]
i€T i#io i€T i#iy

= %, (V) A2, (X, \V) (by VS Xj)

= Hi(V).

This implies \/ Hy(B) > V' H;, (V). Therefore,
ACB,x¢B AﬁX,-OQV,mEV

aNGA)=aAn CGANX) < ang,(ANX;)
0 0
i€T

IA

Wio (V)

ANX;,CVagV

v He (B).

ACB,x¢B

IA

Hencea < 6¥(A) » \ Hs(B). By the arbitrariness of x and A, we thus get
ACB,x¢B

a< [\ A[%(A)—»( \/ H%(B))].

ACX x¢A ACB,x¢B

Therefore, S3(X, %) > ASs(X;, 6;). O
ieT

Theorem 4.6. Assume that (X, %) = (X, Y., %;). Then S4(X, %) = N\ Ss(X;, ).
i€T i€T

Proof. By Theorem [2.9/and Lemma it is immediately clear that S4(X, %) A €(X;) < S4(Xi, ;). Again by
Lemma (3.8l we can see €' (X;) = T. This gives for each i € T, S4(X, €) < S4(X;, 6i). So S4(X, €) < N\ Sa(Xi, €)).
i€T
The converse inequality can be proved in the following.
Take a < A S4(X;, 6;), so we have a < 54(X;, %;) for all i € T. From Definition we know that for every
i€T
UV c2XwithUNnV =0,

as%(ww(vw( \V %(Q))-
ucQ,vex,\Q

This implies a A €;(U) A 6(V) < V' Hi(Q). Next, we aim to prove a < S4(X, %), that is
UcQ,vexi\Q

a< )\ [‘K(A)/\%(B)e( \/ %;(C)]].

ANB=0 BEX\CAcC
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In fact, forany A, B € 2X with ANB =0, we consider U; = AN X;and V; = BN X, for all i € T, which means

U, Vi X;and U; N V; = 0. Sowe havea A G;(U;)) A 6(V;) < \ H;(Q) Therefore,
U;cQ,VicXi\Q

an NGANX)A \GBNX)

ieT i€T

an €A)NE(B)

= an NGy~ NGV

ieT ieT

IA

\/  H©

ieT W;CQ,VicXi\Q

= \/ A,

fell)i ieT

i€T
where J; ={Q € X; : U; € Q, Vi € X;\Q}, f(i) € Ji. Since for each f € [[Ji and i € T, there exists Q; € J; such
i€T
that f(i) = Q;. Thus U; € Q;, V; € X;\Q;, which implies
A= Janxy=Juic| Jo-
i€T i€T i€T

In a similar way, we can get B C X\(JQ;). We take C* = JQ; = UQj,andso A € C*, B C X\C". We thus get
i€T i€T jeT
H(IC) = F(C)AEEX\C)
=\ GC NX) AG(X\C) N X))
i€T

= A\ GUC N X) AEKAC N X))

« el el

- N\ GQIAGEAQ)  (incefor j#i, QNX CX;NX,=0)
ieT

= N\ H@Q) = )\ HFi).
ieT i€T

Since f is arbitrary, we have

\V AHG) <\ HAO.

fell); ieT BCX\C,ACC
i€T
Thus
aA CANEB < ] HAO).
BCX\C,ACC
So

4 < C(A) A €(B) — ( \/ ch(C)).

BCX\C,ACC

Since A and B are arbitrary, which gives a < 54(X, ¥). Therefore, 54(X,¢) > AS4(Xi, €). O
i€T

Theorem 4.7. Assume that (X, %) = (X, Y.%;). Then for each i € T, (X;,6;) is an M-fuzzifying JHC convexity if
i€eT
and only if (X, €) is an M-fuzzifying JHC convexity.
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Proof. Sufficiency. For our purpose, we must show that for a fixedi € T, Vb, y € X;, VU C X;,
coi{b} U L)) = \/ [coitb, ch(w) A coi(U)(0)].
ceX;

By the fact that b, y € X; and U C X;, it follows from Lemma and Theorem that
cog(Blul)(y) = \/[coi((b}U L) N X)(v)]

i€T

coi({b} U U)(y).
Since (X, €) is M-fuzzifying JHC, we have

cod{blul)y) = \/ [cow(ib,ch(y) A coe(U)(c)]
ceX
= (v |cos (1B, chw) A cw(uxc)]) v (v [cos (1B, chw) A cw(uxc)])
ceX; c¢X;

(v [coitb, chy(y) A coi(w(c)]) v (v [cos (1, ch(w) A co%(uxc)]).

ceX; c¢ X
The last equality holds because by Lemma b,c,y € X;and U C X; implies

\/ [cowib, e y) A cor (U)(©)] = \/ [coullb, ch)(y) A coi(ti)(c)]

ceX; ceX;
Now, we note that \/ [cox({b, c})(y) A cox(U)(c)] = L. Since U C X;, then for every ¢ ¢ X, cox(U)(c) = L by
c¢X;
Lemma this implies our statement holds. Thus,
cor({b} U L)) = \/ [coi(tb, ch(y) A coi)(©)]-

ceX;

Necessity. Since for eachi € T, (X, ¢;) is an M-fuzzifying JHC convexity, we know that Vb, y € X;, YU C
X,

coi{by U U)(y) = \/ [coitb, () A cor(U(x)]

xeX;

Next, we prove Va,z € X,YA C X,
coe(la} UA)2) = \/ [coe(la, x1)(2) A cor(A))].
xeX

We first note that for any x € X,

cog({ah U A)(z) = cox({a, x})(z) A cox(A)(x).
To do this, by Theorem [2.3|we need to prove

N\ eoy= N\ €ByA J\ €0

z¢D2{a}UA z¢B2{a,x} x¢C2A

Now let D C X such thatz ¢ D D {a} U A and consider two cases below:

Casel: x ¢ D. So x ¢ D 2 A, which implies that

A €(C) < €(DY.

x¢C2A
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Case2: x € D. So z ¢ D 2 {a, x}, which implies

A ¢ (BY <€(D).

z¢B2{a,x}

N eoy= N\ €B A /\ €0

z¢D2{a}UA z¢B2{a,x} x¢C2A
The converse inequality can be proved in the following.
Since g,z € X, there exist 7,s € T such thata € X, and z € X;. By Lemmaand Theorem we have

cog({a} U A)(z) = \/COi(({a} UA) N Xi)(z) = cos((fa} UA) N X)(z) (%)

ieT

Hence we obtain that

and

\/[eowtla, @) A cop()@)] = \/ [Vcoiua, N X)E) A \/coi(A N X)) (x)

xeX xeX \ieT ieT

= \/ [cos({a, x} N X)(z) A \/COZ'(A N X;)(x)

xeX i€T

\%

\/ [cos({a,x} NX)(@) A\ oA N X))

xeXs i€T

= \/[coutla, (@) A oA n X)) (%)

xeXg
The last equality holds because by Lemma x € Xs implies V coi(A N X;)(x) = cos(A N Xs)(x).
i€T

Next, we consider two cases below:
Case 1: r #s. i.e.,a ¢ X;. Then * = cos(A N X;)(z). It follows from z € X; that

* > cos({z})(z) A cos(A N X)(z) = cos(A N Xs)(z) = =

Case 2: r =s. i.e., 4,z € X,. Since ¢, is M-fuzzifying JHC, we have

e= oAl UANX)E = \/ [conlla, DE) A cou(4 N X))

x€Xs

Further, we have
* = \/ [cos({a,x})(z) A cos(AN Xs)(x)] =%,
xeX;
Hence
\/ [eowia, x@) A cou(D)@)] = cor(fa} U A)@).

xeX

O

5. Conclusions

Based on the definition of the disjoint sum of M-fuzzifying convex spaces mentioned in [20], some related
properties are studied in detail. the notion of the arity of an M-fuzzifying convex space is introduced. With
the help of arity, the connections between the disjoint sum of M-fuzzifying convex spaces and its factor
spaces are established. It is proved that the arity of the disjoint sum of M-fuzzifying convex spacesis is equal
to the supremum of the family of arity of every factor space. Furthermore, we show that some properties of
M-fuzzifying convex spaces are additive in the sense of Definition[4.I|such as separability. It is shown that
a disjoint sum of M-fuzzifying convex spaces is JHC iff its every factor space is JHC. Of course, there are
many other properties of M-fuzzifying convex spaces that can be verified to be additive in a similar way.
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