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Abstract. In this note we study the generalized Hilbert series operator Hµ, induced by a positive Bore
measure µ on [0, 1), between weighted sequence spaces. We characterize the measures µ for which Hµ

is bounded between different sequence spaces. Finally, for certain special measures, we obtain the sharp
norm estimates of the operators and establish some new generalized Hilbert series inequalities with the
best constant factors.

1. Introduction

Let p > 1 and let α be a real number. We define the weighted sequence space lpα as

lpα :=

a = {an}
∞

n=1 : ‖a‖p,α = (
∞∑

n=1

nα|an|
p)

1
p < ∞

 .
If α = 0, we will write lp and ‖a‖p instead of lpα and ‖a‖p,α, respectively.

The Hilbert series operator, induced by the Hilbert kernel 1
m+n , is defined as

H(a)(m) =

∞∑
n=1

an

m + n
, a = {an}

∞

n=1, m ∈N.

It is well known that H is bounded from lp into itself and ‖H‖ = π csc π
p , see [6]. Here

‖H‖ = sup
a(,θ)∈lp

‖Ha‖p
‖a‖p

.

It is natural to ask whether the Hilbert operator is still bounded from the weighted sequence space lpα
into itself. We see that it is the case for certain weighted sequence spaces, and have the following
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Proposition 1.1. Let p > 1. If −1 < α < p− 1, then H is bounded from lpα into itself, and ‖H‖α = π csc π(1+α)
p , where

‖H‖α = sup
a(,θ)∈lpα

‖Ha‖p,α
‖a‖p,α

.

Remark 1.2. This result is known in the literature, see [8] for an equivalent form of Proposition 1.1. We will establish
an extension of this result in the last section.

However, we find the Hilbert operator is not bounded from lpα into lpβ, if α < β and α > −1. Actually, if

α < β, let ε > 0 and set an = ( ε
1+ε )

1
p n−

α+1+ε
p . It is easy to see that

‖a‖p,α =
ε

1 + ε

∞∑
n=1

n−1−ε <
ε

1 + ε
(1 +

∫
∞

1
x−1−εdx) = 1.

For α > −1, we have

‖Ha‖pp,β =
ε

1 + ε

∞∑
m=1

mβ

 ∞∑
n=1

1
m + n

· n−
1+α+ε

p


p

=
ε

1 + ε

∞∑
m=1

mβ−α−1−ε

 ∞∑
n=1

1
m + n

·

(m
n

) 1+α+ε
p


p

≥
ε

1 + ε

∞∑
m=1

mβ−α−1−ε

[∫
∞

1

1
m + x

·

(m
x

) 1+α+ε
p

dx
]p

=
ε

1 + ε

∞∑
m=1

mβ−α−1−ε

∫ ∞

1
m

1
1 + t

·

(1
t

) 1+α+ε
p

dt

p

≥
ε

1 + ε

∞∑
m=1

mβ−α−1−ε

∫ ∞

1

1
1 + t

·

(1
t

) 1+α+ε
p

dt

p

If H : lpα → lpβ is bounded, then there exists a constant C1 > 0 such that

C1 ≥
‖Ha‖pp,β
‖a‖pp,α

≥
ε

1 + ε

∞∑
m=1

mβ−α−1−ε

∫ ∞

1

1
1 + t

·

(1
t

) 1+α+ε
p

dt

p

. (1)

But when ε < β − α, we see that
∞∑

m=1

mβ−α−1−ε = +∞.

Hence we get that (1) is a contradiction. This implies that the Hilbert operator is not bounded from lpα into
lpβ, if α < β and α > −1.

Note that the Hilbert kernel can be written as

1
m + n

=

∫ 1

0
tm+n−1dt.

Let µ be a positive Bore measure on [0, 1), we define the generalized Hilbert series operator Hµ as

Hµ(a)(m) :=
∞∑

n=1

µ[m + n]an, a = {an}
∞

n=1, m ∈N,
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where

µ[n] =

∫ 1

0
tn−1dµ(t), n ∈N.

In this note, we first study the problem of characterizing the measures µ such that Hµ : lpα → lpβ is

bounded. We provide a sufficient and necessary condition of µ for which Hµ : lpα → lpβ is bounded. It should
be pointed out that there has been a lot of work in recent years on the action of the Hilbert operator and its
generalizations in different analytic function spaces. See for example [3], [4], [1], [2], [5].

To state our first result, we introduce the notation of generalized Carleson measure on [0, 1). Let s > 0, µ
be a positive Borel measure on [0, 1). We say µ is a s-Carleson measure if there is a constant C2 > 0 such that

µ([t, 1)) ≤ C2(1 − t)s

for all t ∈ [0, 1).
We now state the first main result of this paper.

Theorem 1.3. Let p > 1. Let α, β be such that −1 < α, β < p − 1. Then the following statements are equivalent:
(1) Hµ : lpα → lpβ is bounded.

(2) µ is a [1 + 1
p (β − α)]-Carleson measure on [0, 1).

(3) µ[n] = O(n−1− 1
p (β−α)).

We end this section by fixing some notations. We denote by q the conjugate of p, i.e., 1
p + 1

q = 1. For two
positive numbers A,B, we write A � B, or A � B, if there exists a positive constant C independent of A and
B such that A ≤ CB, or A ≥ CB, respectively. We will write A � B if A � B and A � B.

2. Proof of Theorem 1.3

In our proof of Theorem 1.3, we need the Beta function defined as follows.

B(u, v) =

∫
∞

0

tu−1

(1 + t)u+v dt, u > 0, v > 0.

It is known that

B(u, v) =

∫ 1

0
tu−1(1 − t)v−1 dt =

Γ(u)Γ(v)
Γ(u + v)

.

and B(u, v) = B(v,u), where Γ is the Gamma function, defined as

Γ(x) =

∫
∞

0
e−ttx−1 dt, x > 0.

For more detailed introduction to the Beta function and Gamma function, see [9] .
For −1 < α, β < p − 1, we define

W[1]
α,β(n) :=

∞∑
m=1

1

(m + n)1+ 1
p (β−α)

·
n

1+α
q

m1− 1+β
p

, n ∈N,

and

W[2]
α,β(m) :=

∞∑
n=1

1

(m + n)1+ 1
p (β−α)

·
m(q−1)(1− 1+β

p )

n
1+α

p

, m ∈N.
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Since −1 < α, β < p − 1, we see that

W[1]
α,β(n) ≤

∫
∞

0

1

(x + n)1+ 1
p (β−α)

·
n

1+α
q

x1− 1+β
p

dx (2)

= B(
1 + β

p
, 1 −

1 + α
p

)nα.

Similarly, we can show that

W[2]
α,β(m) ≤ B(

1 + β

p
, 1 −

1 + α
p

)m(1−q)β. (3)

Now, we start to prove Theorem 1.3. We first show
(2)⇒(3). We note that (3) is obvious when n = 1. We get from integration by parts that, for n(≥ 2) ∈N,

µ[n] =

∫ 1

0
tn−1dµ(t) = µ([0, 1)) − (n − 1)

∫ 1

0
tn−2µ([0, t))dt

= (n − 1)
∫ 1

0
tn−2µ([t, 1))dt.

Since µ is a [1 + 1
p (β−α)]-Carleson measure on [0, 1), then we see that there is a constant C3 > 0 such that

µ([t, 1)) ≤ C3(1 − t)1+ 1
p (β−α),

for all t ∈ [0, 1).
It follows that

µ[n] ≤ C3(n − 1)
∫ 1

0
tn−2(1 − t)1+ 1

p (β−α)dt

= C3(n − 1) ·
Γ(n − 1)Γ(2 + 1

p (β − α))

Γ(n + 1 + 1
p (β − α))

�
1

n1+ 1
p (β−α)

.

Here we have used the fact that

Γ(x) =
√

2πxx− 1
2 e−x[1 + r(x)], x > 0,

where |r(x)| ≤ e
1

12x − 1. Hence (2)⇒(3) is true.
(3)⇒(1). Take a = {an}

∞

n=1 ∈ lpα and assume, without loss of generality, that an ≥ 0, n ∈ N. By Hölder’s
inequality and (3), we see from

µ[m + n] = O

 1

(m + n)1+ 1
p (β−α)
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that, for m ∈N,

∣∣∣∣∣∣∣
∞∑

n=1

µ[m + n]an

∣∣∣∣∣∣∣ �
∣∣∣∣∣∣∣
∞∑

n=1

an

(m + n)1+ 1
p (β−α)

∣∣∣∣∣∣∣
=

∞∑
n=1

[
1

(m + n)1+ 1
p (β−α)

]
1
p ·

n
1+α
pq

m
1
p (1− 1+β

p )
· an


[

1

(m + n)1+ 1
p (β−α)

]
1
q ·

m
1
p (1− 1+β

p )

n
1+α
pq


≤

 ∞∑
n=1

1

(m + n)1+ 1
p (β−α)

·
n

1+α
q

m1− 1+β
p

· ap
n


1
p
 ∞∑

n=1

1

(m + n)1+ 1
p (β−α)

·
m(q−1)(1− 1+β

p )

n
1+α

p


1
q

= [W[2]
α,β(m)]

1
q

 ∞∑
n=1

1

(m + n)1+ 1
p (β−α)

·
n

1+α
q

m1− 1+β
p

· ap
n


1
p

= [B(
1 + β

p
, 1 −

1 + α
p

)]
1
q m−

β
p

 ∞∑
n=1

1

(m + n)1+ 1
p (β−α)

·
n

1+α
q

m1− 1+β
p

· ap
n


1
p

.

Consequently, we obtain from (2) that

‖Hµa‖p,β =

 ∞∑
m=1

mβ

∣∣∣∣∣∣∣
∞∑

n=1

µ[m + n]an

∣∣∣∣∣∣∣
p

1
p

�

 ∞∑
m=1

mβ

∣∣∣∣∣∣∣
∞∑

n=1

an

(m + n)1+ 1
p (β−α)

∣∣∣∣∣∣∣
p

1
p

≤ [B(
1 + β

p
, 1 −

1 + α
p

)]
1
q

 ∞∑
m=1

∞∑
n=1

1

(m + n)1+ 1
p (β−α)

·
n

1+α
q

m1− 1+β
p

· ap
n


1
p

= [B(
1 + β

p
, 1 −

1 + α
p

)]
1
q

 ∞∑
n=1

W[1]
α,β(n)ap

n


1
p

≤ B(
1 + β

p
, 1 −

1 + α
p

)‖a‖p,α.

This proves (3)⇒(1).

(1)⇒(2). We need the following estimate given in [10]. Let 0 < t < 1. For any c > 0, we have

∞∑
n=1

nc−1t2n
�

1
(1 − t2)c . (4)

For 0 < b < 1, we set

ãn = (1 − b2)
1
p n−

α
p b

2n
p , n ∈N.
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Then we see from (4) that ‖̃a‖p,α � 1. In view of the boundedness of Hµ : lpα → lpβ, we obtain that

1 � ‖Hµã‖pp,β =

∞∑
m=1

mβ

∣∣∣∣∣∣∣
∞∑

n=1

ãn

∫ 1

0
tm+n−1dµ(t)

∣∣∣∣∣∣∣
p

= (1 − b2)
∞∑

m=1

mβ

 ∞∑
n=1

n−
α
p b

2n
p

∫ 1

0
tm+n−1dµ(t)


p

≥ (1 − b2)
∞∑

m=1

mβ

 ∞∑
n=1

n−
α
p b

2n
p

∫ 1

b
tm+n−1dµ(t))


p

≥ (1 − b2)[µ([b, 1))]p
∞∑

m=1

mβ

 ∞∑
n=1

n−
α
p b

2n
p · bm+n−1


p

= (1 − b2)[µ([b, 1))]p

 ∞∑
m=1

mβbm


 ∞∑

n=1

n−
α
p b

2n
p +n−1


p

� (1 − b2)[µ([b, 1))]p
·

1
(1 − b2)1+β

·
1

(1 − b2)p−α .

This implies that
µ([b, 1)) � (1 − b2)1+ 1

p (β−α),

for all 0 < b < 1. It follows that µ is a [1 + 1
p (β − α)]-Carleson measure on [0, 1) and (1)⇒(2) is proved. The

proof of Theorem 1.3 is now finished.

3. New generalized Hilbert series inequalities

In this section, we consider certain 1-Carleson measures and study a generalized Hilbert series operator
induced by a bounded function on [0, 1). As applications, we establish some new generalized Hilbert series
inequalities with the best constant factors.

Let 1 be a non-negative and non-decreasing bounded function on [0, 1). We further assume that ‖1‖∞ > 0
and set

Λ1[n] :=
∫ 1

0
tn−11(t) dt, n ∈N.

We define the generalized Hilbert series operator H1 as

H1(a)(m) =

∞∑
n=1

Λ1[m + n]an =

∞∑
n=1

an

∫ 1

0
tm+n−11(t) dt, a = {an}

∞

n=1, m ∈N.

Remark 3.1. When 1 ≡ 1, H1 becomes the classical Hilbert series operator. We see from the fact that 1 is a non-
negative bounded function on [0, 1) that 1(t)dt is a 1-Carleson measure on [0, 1). Then, by Theorem 1.3, we know that
H1 : lpα → lpα is bounded if −1 < α < p − 1. Moreover, we shall show the following result.

Theorem 3.2. Let p > 1,−1 < α < p − 1. Let 1,H1 be as above. Then we have H1 : lpα → lpα is bounded, and
‖H1‖α = ‖1‖∞π csc π(1+α)

p , where

‖H1‖α = sup
a(,θ)∈lpα

‖H1a‖p,α
‖a‖p,α

.

Remark 3.3. Proposition 1.1 follows if we take 1 ≡ 1.

It follows from Theorem 3.2 that
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Corollary 3.4. Under the assumptions and with the notations of Theorem 3.2, we have the following generalized
Hilbert inequality

 ∞∑
m=1

mα

 ∞∑
n=1

an

∫ 1

0
tm+n−11(t) dt


p

1
p

≤ ‖1‖∞π csc
π(1 + α)

p
‖a‖p,α, (5)

holds for all a ∈ lpα, and the constant factor ‖1‖∞π csc π(1+α)
p in (5) is the best possible.

We next present the proof of Theorem 3.2.

Proof. For a = {an}
∞

n=1 ∈ lpα, an ≥ 0, n ∈N, by Hölder’s inequality and (3), we obtain that, for m ∈N,∣∣∣∣∣∣∣
∞∑

n=1

Λ1[m + n]an

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
∞∑

n=1

an

∫ 1

0
tm+n−11(t) dt

∣∣∣∣∣∣∣
≤ ‖1‖∞

∞∑
n=1

[
1

m + n
]

1
p ·

n
1+α
pq

m
1
p (1− 1+α

p )
· an


[

1
m + n

]
1
q ·

m
1
p (1− 1+α

p )

n
1+α
pq


≤ ‖1‖∞

 ∞∑
n=1

1
m + n

·
n

1+α
q

m1− 1+α
p

· ap
n


1
p
 ∞∑

n=1

1
m + n

·
m(q−1)(1− 1+α

p )

n
1+α

p


1
q

= ‖1‖∞[W[2]
α,α(m)]

1
q

 ∞∑
n=1

1
m + n

·
n

1+α
q

m1− 1+α
p

· ap
n


1
p

≤ ‖1‖∞[π csc
π(1 + α)

p
]

1
q m−

α
p

 ∞∑
n=1

1
m + n

·
n

1+α
q

m1− 1+α
p

· ap
n


1
p

.

Here we have used the fact that B(s, 1 − s) = π cscπs when 0 < s < 1.
Consequently, we get from (2) that

‖H1a‖p,α =

 ∞∑
m=1

mα

∣∣∣∣∣∣∣
∞∑

n=1

Λ1[m + n]an

∣∣∣∣∣∣∣
p

1
p

≤ ‖1‖∞[π csc
π(1 + α)

p
]

1
q

 ∞∑
m=1

∞∑
n=1

1
m + n

·
n

1+α
q

m1− 1+α
p

· ap
n


1
p

= ‖1‖∞[π csc
π(1 + α)

p
]

1
q

 ∞∑
n=1

W[1]
α,α(n)ap

n


1
p

≤ ‖1‖∞π csc
π(1 + α)

p
‖a‖p,α.

This proves that H1 : lpα → lpα is bounded and ‖H1‖α ≤ ‖1‖∞π csc π(1+α)
p .

Finally, we prove that ‖H1‖α = ‖1‖∞π csc π(1+α)
p . For any ε ∈ (0, ‖1‖∞), we see from the fact that 1 is

non-decreasing on [0, 1) that there is a constant jε ∈ (0, 1) such that

1(t) ≥ ‖1‖∞ −
1
2
ε
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for all t ∈ [ jε, 1). It follows that

Λ1[m + n] ≥ (‖1‖∞ −
1
2
ε)

∫ 1

jε
tm+n−1 dt =

‖1‖∞ −
1
2ε

m + n
(1 − jm+n

ε ) (6)

=
‖1‖∞ − ε

m + n

[
1 +

ε
2(‖1‖∞ − ε)

]
(1 − jm+n

ε ).

For all m ∈ N, since jm+n
ε ≤ jnε , and jnε → 0(n → ∞), we conclude from (6) that there is a N = N(ε) ∈ N

such that

Λ1[m + n] ≥
‖1‖∞ − ε

m + n
(7)

for all n > N , and all m ∈N.
Let τ > 0, we set ân = 0 when n ∈ [1,N], ân = (τNτ)

1
p n−

1+α+τ
p when n > N . It is easy to see that

‖̂a‖pp,α = τNτ
∞∑

n=N+1

n−1−τ
≤ τNτ

∫
∞

N

x−1−τ dx = 1.

Then it follows that

‖H1‖α ≥ ‖H1â‖p,α =

 ∞∑
m=1

mα

∣∣∣∣∣∣∣
∞∑

n=1

Λ1[m + n]an

∣∣∣∣∣∣∣
p

1
p

(8)

≥ (‖1‖∞ − ε)(τNτ)
1
p

 ∞∑
m=1

mα

∣∣∣∣∣∣∣
∞∑

n=N+1

1
m + n

· n−
1+α+τ

p

∣∣∣∣∣∣∣
p

1
p

≥ (‖1‖∞ − ε)(τNτ)
1
p

 ∞∑
m=1

mα

∣∣∣∣∣∫ ∞

N+1

1
m + x

· x−
1+α+τ

p dx
∣∣∣∣∣p


1
p

= (‖1‖∞ − ε)(τNτ)
1
p

 ∞∑
m=1

m−1−τ

∣∣∣∣∣∣
∫
∞

N+1
m

1
1 + t

· t−
1+α+τ

p dt

∣∣∣∣∣∣p


1
p

.

It is clear that ∞∑
m=1

m−1−τ

∣∣∣∣∣∣
∫
∞

N+1
m

1
1 + t

· t−
1+α+τ

p dt

∣∣∣∣∣∣p


1
p

(9)

≥

 ∞∑
m=N+1

m−1−τ

∣∣∣∣∣∣∣
∫
∞

0

1
1 + t

· t−
1+α+τ

p dt −
∫ N+1

m

0

1
1 + t

· t−
1+α+τ

p dt

∣∣∣∣∣∣∣
p

1
p

.

On the other hand, when τ ∈ (0, p − 1 − α), we have

Dp,α(τ) :=
∫
∞

0

1
1 + t

· t−
1+α+τ

p dt = π csc
π(1 + α + τ)

p
, (10)

and

Ep,α(τ,m) : =

∫ N+1
m

0

1
1 + t

· t−
1+α+τ

p dt ≤
∫ N+1

m

0
t−

1+α+τ
p dt (11)

=
p

p − 1 − α − τ
·

(
N + 1

m

) p−1−α−τ
p

.
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By using the Bernoulli’s inequality(see [7]), (10) and (11), we see that∣∣∣∣∣∣∣
∫
∞

0

1
1 + t

· t−
1+α+τ

p dt −
∫ N+1

m

0

1
1 + t

· t−
1+α+τ

p dt

∣∣∣∣∣∣∣
p

(12)

= [π csc
π(1 + α + τ)

p
]p

∣∣∣∣∣∣1 − Ep,α(τ,m)
Dp,α(τ)

∣∣∣∣∣∣p
≥ [π csc

π(1 + α + τ)
p

]p
[
1 −

pEp,α(τ,m)
Dp,α(τ)

]
,

and
∞∑

m=N+1

m−1−τ
·

pEp,α(τ,m)
Dp,α(τ)

(13)

≤
p2(N + 1)

p−1−α−τ
p

(p − 1 − α − τ)Dp,α(τ)

∞∑
m=N+1

m−1−τ− p−1−α−τ
p

≤
p2(N + 1)

p−1−α−τ
p

(p − 1 − α − τ)Dp,α(τ)

∫
∞

N+1
x−1−τ− p−1−α−τ

p dx

=
p3(N + 1)−τ[Dp,α(τ)]−1

(p − 1 − α − τ)(pτ + p − 1 − α − τ)
:= Fp,α(N , τ).

By (9), (12), (13), we obtain that ∞∑
m=1

m−1−τ

∣∣∣∣∣∣
∫
∞

N+1
m

1
1 + t

· t−
1+α+τ

p dt

∣∣∣∣∣∣p


1
p

(14)

≥ π csc
π(1 + α + τ)

p

 ∞∑
m=N+1

m−1−τ
− Fp,α(N , τ)


1
p

≥ π csc
π(1 + α + τ)

p

{
[τ(N + 1)τ]−1

− Fp,α(N , τ)
} 1

p

= π csc
π(1 + α + τ)

p
[τ(N + 1)τ]−

1
p
[
1 − τ(N + 1)τFp,α(N , τ)

] 1
p .

It follows from (8) that

‖H1‖α ≥ (‖1‖∞ − ε)π csc
π(1 + α + τ)

p
· [N(N + 1)−1]

τ
p
[
1 − τ(N + 1)τFp,α(N , τ)

] 1
p . (15)

Take τ→ 0+ in (15), we easily see that

‖H1‖α ≥ (‖1‖∞ − ε)π csc
π(1 + α)

p
,

for any ε ∈ (0, ‖1‖∞). It follows that ‖H1‖α ≥ ‖1‖∞π csc π(1+α)
p . Hence ‖H1‖α = ‖1‖∞π csc π(1+α)

p . Theorem 3.2
is proved.
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