Filomat 35:11 (2021), 3703-3712

D) Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2111703A ¥

University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

D
b
gy gy

&
Ipapor®

Some Applications of Berezin 0—sequences and Berezin symbols

N. Altwaijry?, M. Garayev?, A. Baazeem?

“Department of Mathematics, College of Science, King Saud University, P.O. Box 2455, Riyadh 11451, Saudi Arabia

Abstract. We consider the so-called Berezin 0— sequence, where 6 is an operator valued inner function,
for operators on the vector valued Hardy space H2 (D), and study the invertibility of some operators on
the model space Ky = Hé o GHE via Berezin 60— sequence. By applying of Berezin symbols technique the

Toeplitz corona problem in the Bergman space L2 (D) is studied. Moreover, C— invertibility and C—unitarity
of operators are also defined and studied.

Notation

=0

Open unit disc in the complex plane C, D := {z€ C : |z| < 1};
unit circle, T:=dD ={z€ C: |z] = 1};

Hardy classes of analytic functions,

H = {felP(1): f():= f; f(Q 4 = 0fork <0}
H? Hardy classes can be identified with spaces of analytic functions on the
unit disc ID: in particular, H* is the space

of all bounded analytic functions on ID;
E,E.  separable Hilbert spaces;
HzZ vector-valued Hardy space H>with values in E;
[ class of bounded functions on the unit circle T whose values are
E—E.

bounded operators from E to E,;
operator Hardy class of bounded analytic functions whose values are

HY . bounded operators from E to E,,

IFlle = sup.., [IF )I| = ess sup ey IF Ol
Ko the model space, Ky := HZ © OHz for the inner function 6 € HY ;
To Toeplitz operator with symbol ® € LY ., Tof := P, (Of), f € Hr_ [,

where P, is an orthogonal projection onto Hz ..

Throughout the paper all Hilbert spaces are assumed to be separable, and also we always assume that

in any Hilbert space an orthonormal basis is fixed, so any operator A : E — E, can be identified with its
matrix.

2020 Mathematics Subject Classification. Primary 47A12
Keywords.

Berezin symbol, Berezin 60— sequence, model operator, Toeplitz operator, Riesz basis, Toeplitz corona problem,
C—unitary operator
Received: 14 August 2020; Accepted: 16 December 2020
Communicated by Fuad Kittaneh

Research supported by Researchers Supporting Project Number (RSP-2021/187), King Saud University, Riyadh, Saudi Arabia
Email addresses: najla@ksu.edu.sa (N. Altwaijry), mgarayev@ksu.edu.sa (M. Garayev), amani-sb@otmail.com (A. Baazeem)



N. Altwaijry et al. / Filomat 35:11 (2021), 3703-3712 3704

1. Introduction and Preliminaries

Let E and E. be two separable Hilbert spaces, and Hz. be the vector-valued Hardy space H* with values
in E. The function 6,0 € Hy’ . is called inner if its angular limiting values 0 (C) are unitary operators in E

for almost all { in T. We consider the unilateral shift operator S in the space H7

SF@ =2 (), Sfr) = LELO

z

the backward shift operator S* (the adjoint of S) and its restriction T to S*—invariant subspace K,
T =5"|Ko. 1)
By the well-known Sz.-Nagy and Foias theorem [21], any contraction A in a Hilbert space H such that

s—limA" =s-limA™ =0,
n

is unitarily equivalent to an operator T of the form (1), and the function 0 turns out to be the characteristic
operator function of the contraction A*.

Following [11], and its references, we shall assume the following:

(i) That portion of the spectrum o (T) of the operator T which lies within the unit disc ID consist of
characteristic values which are simple poles of the resolvent.

(ii) The system of characteristic functions of operator (1), which correspond to characteristic values lying
inside the unit disc D, is complete in Kg.

In terms of the characteristic functions 6, condition (i) may be written as follows: if Ay € ¢ (T*) N D, then

0(2) = 6k (2) Bk (2), 12 < 1, )

where 6y, By are inner functions,

Tt is the orthogonal projector of E onto the subspace ker 0 () of zeros of 6 (Ax), and O (Ax) is a bounded
invertible operator in E. Condition (ii) may also be expressed in terms of the characteristic function of the
operator T".

Let {Xk};; = 0(T) N D be a sequence of eigenvalues of operator T of the form (1). It can be proved that
the system of eigenvectors of operator T is formed by the functions

12 07 (M) e
D (2) = (1 - IAl?) ;—X,eenkE,uen:l, 3)
A

where 71 is the orthogonal projector onto ker 0 (1) . The biorthogonal system consisting of eigenvectors of
the operator T* has the form

1/2 e
i (2) = (1= 1) 6 (2) — e € L, el = 1 )
T

(Note that when speaking of system (3) and (4), we mean any of the systems {®y;} and {W¥} ;} obtained from
(3) and (4), respectively, by a choice of an orthonormal basis {e]((’)}i in each mxE.) The following lemma has

been originally proved by Katsnelson [16], see also Nikolski and Pavlov [18].
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Lemma 1.1. If the Carleson condition

([ st Al
wik 1= Ay Vol

in

k ©

is satisfied, then the system {Wy (z)},-, is a Riesz basis in K.

Let 8 (H) denote the Banach algebra of all bounded linear operators on H. The following definition is
introduced in [11].

Definition 1.2. For any operator A € B(Ky), its Berezin O—sequence is defined as
A% (A) 1= (AW (2), Wi @) K = 1.

By considering that Oy is an inner function and |le|| = 1, it is easy to verify that ||‘I/k||H§ =1 forallk > 1, and hence

‘2{5 (/\k)| < ||A|l for all k > 1, that is {Zé (/\k)}kZl is a bounded sequence.

For any function F € HY ., the model operator F (Mg) on Ky is defined by F (M) f = Po (Ff), f € Ky,
where Py : H% — Ko, Pg = I - TyT, is the orthogonal projector onto Ky.

In this paper, we will study invertibility of operators F (Mp) , F € Hy’ ., via Berezin 0—sequences.

Note that this paper was mainly motivated with a question of Treil from his paper [22] concerning to
Operator Corona Problem, which is stated as follows: does there exist 6 > 0 (close to 1 ) such that for any
F e Hy . the inequality I > F (2)" F (z) > 6°I implies that there exists G € Hy_ . such that GF =1?

(Remark that the counterexample constructed in [22] works only 6 < %, the method from [23] gives
counterexample 6 < %).

In the present paper, we investigate the similar question for the model operators F (M), F € Hy ;. (
see Section 2). We also study in Section 3 the so-called Toeplitz corona problem in the Bergman-Hilbert
space L? = L2 (D) . Namely, we prove a necessary condition for its solvability. In Section 4, we introduce the
notions C— invertible and C— unitary operator which are extensions of invertible, unitary and essentially
unitary operators, and prove some necessary and sufficient conditions for C— unitarity.

Before giving our results, note that the sequence X := {x,},>; , where x,, € H,n > 1 is called a Riesz basis
in H if there exists an isomorphism V mapping X onto an orthonormal basis {x, : n > 1} ; the operator V will
be called the orthogonalizer of X. It is well known that X is a Riesz basis in H if there are positive constants
c and C such that

C[Z Ianlz]u2 <

n>1

JRES

n>1

1/2
< C[Z |an|2] (5)

n>1

for all finite complex sequence {a,,},51 . Note thatif V is orthogonalizer of the family X, then the productr (X) :=
4l HV‘1|| characterizes the deviation of the basis X from an orthonormal one and |V‘1H and ||V|| ™! are the
best constants in the inequality (5); 7 (X) will be referred to as the Riesz constant of the family X. Obviously,
r(X) > 1.

2. Invertibility of model operators via Berezin O0—sequences

The main result of this section is the following theorem in which the invertibility of some operators on
Kp via Berezin 0—sequences, is proved.

Theorem 2.1. Let W := (W, (2)} = {Qk (2) : %
iy
of eigenfunctions of the operator T*, where A\ := {Ai}2, satisfies Carleson condition (C), and let r (V) := ||V/| ”V‘ln

(1 - |/\k|2)1/2} be a biorthogonal system ( of system (4)) consisting
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be a corresponding Riesz constant of the Riesz basis WV (see Lemma 1.1 ), where V is an orthogonalizer of the system
W. Let F (Mg) be a model operator acting in Kg = H2 © OHZ and satisfying the following conditions:

had — 2
0)) (IIF (Mo)IP = [F (Mo)° () ) < +oo;
k=1

(i) inf [F (Mo)° (A0)| =16 > r (W) IVl brauy,

where

_ 9 1/2
(1F v - [ 8 o) )] |
k=1

bravy) = [

Then, F (Mp) is invertible in Ky and

0

-1
IF M) < (m - ”VHbF(Mo)) :

Proof. By considering that A €(C), it follows from Lemma 1.1 that W is a Riesz basis in the model space Kg.
Therefore we have that

1/2 1/2
v [Z |ak|2] < <|v| [Z |ak|2] ()
k k

for all finite sequences {ax} of complex numbers. By considering (6) and condition (i) of the theorem, we
obtain :

Z ak‘I’k

k

N _ N . ) 1/2
Y aF M)’ MW@ = v [Z [ (M) ()| ]
k=1 k=1N ”
> 5||V||‘1[Z|ak|2]
k=1
> L iak\yk(z)
viv- &
N
= W ;ak\yk )|,
hence
N . s N
;akHMe)G @) 2 s k;akwk ) 7)

for all finite sequences {ak},](\]= 1 - Using condition (ii) of the theorem and inequalities (6), (7), we have for every
sequence {ak}kN: ; that



N
F(Mo) ) a%y (2)
k=1

v \Y \Y% \Y% 1]
= i0= 0

[\

v
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arF (Mg) Wi (2)

o (F (M) Wy — F (M)’ (A) Wy + F (Mo)? () wk)

aiF (Mo)? (M) Wi (2)

>
I
—_

N

Z (P (Mg) Wi —

k=1

(Mo)® (1) W)

N

Z Wi (2)
=1

-ZNhaki [ (Vo) Wi — F (o) (1)
k=1

r (W)

N

Z a W ()

k=1

N 12,y ey ) 1/2
- [Z |ak|2] [Z [P (Mo) Wi = F (M0)” (1) W4 ]

()

N
Z 1 Wi (2)

o . 1/2
~ vl [Z P (v10) Wi - F M0)° (A1) \Pknz]
k=1

N

Z a Wi ()

k=1

Z a Wi (2)

k=1
N

Z a Wi (2)

N

Z ak\I/k

k=1

2 a Wi ()

k=1

0
(m - ”V”bF(Mg))

o
r (W)

o . . 1/2
~[IvI [Z (P M0) Wic— F (o) (12) Wi, F (M) Wi — F (Mo) (1) wk>)

k=1

()

1/2
~ vl [2(|F(M9)u ~[Fd0)” o)~ [ | -+ [FToY )| )]

k=1

-~ . 12
~ i [Z (uP (Mo)IP - |F (Mo)° (A1) )]

k=1

N

Z‘ ak\I/k

k=1

r(¥)

N

Z ak‘I’k (Z) .

k=1
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Thus
N 5 N
F(Mo) ) ac% (2) ( o ||V||bF<M6)) DAL
k=1 k=1

Now, since WV is a complete system in Ky, we have from the latter that

|IF M) f]| = ( = brauy) ||V||) l ®)

for all f € K.
Similarly, it is easy to show that

Y [F oy w - Py o wi <Y (1 - [Fe)’ (Ak)\z).
k=1 k=1

Then, by similar arguments it can be proved that

( gy~ oo ||V||) 1711 9)

for all f € Kp.
Hence, we deduce from (8), (9) and condition (ii) of the theorem that F (Mp) is an invertible operator on
Kg and

1

||F(M9) 1” _( — brovy) ||V||) ,

v)

which proves the theorem. [

We remark that it easy to see from the proof of Theorem 2.1 that by the same method it can be proved
invertibility of more general operators on Ky including, in particular, truncated Toeplitz operators Tr with
symbols F in L} . ( for the related results, see [11, 12]).

3. On the Toeplitz Corona Problem

Let dA denote Lebesgue area measure on D, normalized so that the measure of the disc D is 1. The
Bergman space L2 := L2 (ID) is the Hilbert space consisting of the analytic functions on ID that are square
integrable with respect to the measure dA. For ¢ € L* (ID), the Toeplitz operator T, with symbol ¢ is defined
on L2 by T,f = P(¢f), where P : [*(D,dA) — L3 is the orthogonal projector. Using the concrete form of
the reproducing kernel k, ;2 (), z, w € D, we can express the Toeplitz operator to be the integral operator:

T,f = f]D ¢ W) f W)k, 2 (w)dA (w)
¢ (w) f (w)
= ———dA
p (1- Ez)2 )
for fin L2.

In this section, we will consider the solvability of the operator equation in the set of Toeplitz operators
on the Bergman space L? (i.e., the Toeplitz Corona Problem in the Bergman space):

XlT(pl + XZT@2 +..+ XnT(Pn =1,
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where Ty, i = 1,2, .., n, are given Toeplitz operators on the Bergman space L?.

Note that for ¢ € L* (ID), the Berezin symbol 'I:T,, of the Toeplitz operators T, on L2 is defined as (see
Englis [6] and Zhu [24] )

1—zP  1-zf >

R <Tq’ (1 -2 (1 -2y’

. fD o @) [ @ dA @),

whereE/Lg is the normalized Bergman reproducing kernel of L2 (D) given by

For simplicity, we will denote ¢ := i;. It is well known that ¢ = ¢ for any bounded harmonic function
¢ ( see Ahern, Flores and Rudin [1] and Englis [5]). For other results related with Berezin symbols and
Toeplitz operators the reader can be found in [2, 5-7, 10, 17, 24, 25]. The following lemma belongs to Axler
and Zheng [2].

Lemma 3.1. If ¢ is bounded harmonic function, then the function A — ||T<,,_(,,(A)7<\A,L§

2 has nontangential limit O

at almost every point of JD.
Now we are ready to formulate and prove our next result.

Theorem 3.2. Let @1, @2, ..., pn be bounded harmonic functions on ID. If there exist the bounded harmonic functions 1,y ..., Y
such that

Tll’l T‘Pl + Twz T‘Pz + ..+ Tl/)n T({)n = I,
where Ty,, Ty, (i =1,2,...,n) are Toeplitz operators on L2, then
ess inf (g1 Q)] + .. + |pa (O > 0. (10)
Proof. Let Ty, Ty + Ty, Ty, + ...+ Ty, Ty = I. Then, passing to the Berezin transform, we have:
1 o= Ty,T, (W) +TyT A+ ..+ Ty, T, (D)
= <T1/)l T(Pl k/\,L,%/kA,Lg> + ...+ <T¢” T(P” k/\,L%’k/\,LZ>
(Tokusz Ty kiz) + o+ (To uiz, T sz)
B <T§01 kA,L,Z,/ TalkA’L§> + ...+ <T§0n k/\/LE, Taka/L5>
<T(171 kA,Lgral () kA,L§> +..+ <Tq7,, kA,LZ/En (/\)kA,L§>
+ <T(P1 k/\,Lgf T@lk/\,L{ZI - El (A) kA,L§> + + <T(Pn k/\,L,Z,’ T* kA,L,Z, - E” (/\) k)\,L§>

- @I(A)TZ(A)+...+%(A)%(A)+<T¢I?A,Lg, k“2>+ +<T B T = 'k‘m>

¥y 1#’1@) P, =,(A)
= DG D+t P W5, )+ (T rsz Tz )+ o+ (T sz T )

= PO W)+t 0 D9, W)+ Ty Rus T )+ Ty sz, T
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and hence
1= pr)e, D)+ o+ 0 W, W) +(Ty Ty iz, Trpkaz) + -+ (To Koz Trmkae)

for all A € D. Therefore we obtain :

1< [ W, W]+ + [n W) |, D)
“T k/\Lz ' oim 4’1(/\)k/\L2 +"'+||T<Pn’k\/\,L§ ‘Tm’k\/‘LE
< e W]e, W] + o+ [n )] |, W)

+ “(P1||L°°(]D) ”TWE/\M tot H%HLw(D) ”Tmﬁuﬁ :

Note that every bounded harmonic function has nontangential limits at almost every point of T, and by

applying Lemma 3.1 we have that the functions A — HT kA 2|, G=1,2,..,n) have nontangential

bi=i()
limits O at almost every point of T. Then we have from the latter inequality that

1< |9 ©lle, @+ + [ Q) ], ©|
1]l ry 22 @+ ]y [ ©
for almost all C € T. This implies that

2
n

IA

IA

1
ax{||1pi||Lm(T) 11<i< n}

ess i%f((gol (C)| + ..+ |<p,1 (C)|) > >0,

which proves the theorem. O

We do not know: is (10) a sufficient condition in Theorem 3.2?

4. On the C— unitarity of C— invertible operators

Recall that the Berezin symbol A of an operator on the reproducing kernel Hilbert space H = H (Q)
with reproducing kernel ky , is defined by

AQ) = Ay, kp0), A € Q,

where kq.{ A= ”k ” is the normalized reproducing kernel for the space H. It is clear that:

(1) Ais a bounded function on Q and sup,.q |A ()\)| =: ber (A) < ||A||; ber (A) is called the Berezin number
of operator A;

(ii) the Berezin set Ber (A) := Range (A) is contained in the numerical range W (A) = {(Ax, x) : [|x]| = 1}
of operator A, and hence ber (A) < w(A), where w(A) := sup {{Ax, x)| : x € H and ||x|| = 1} is the numerical
radius of operator A € B(H).

(iii) A = Z, and hence ‘Z*| = |;q .

For more detail about Berezin symbols, and their applications, see for instance Berezin [3, 4], Karaev
[11, 13, 14], Zhu [24] and Zorboska [25].

Definition 4.1. (i) Let A,C € B(H). We say that A is a C— invertible operator if there exists an operator
B € B(H) (which is called a C— inverse of A)such that

BA=AB=_C. (11)

(ii) We say that a C— invertible operator A is C— unitary if B = A".
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Note that C— unitary operator is a generalization of unitary (C = I ) and essentially unitary (C =1+ K,
where K is compact ) operators on a Hilbert space. So, the main result of this section (Theorem 4.1 ) improves
some results of the works [9, 11, 14, 15].

—~ 12 = —~ 2 =

Itis easy to see thatif A € B (H (Q)) is a C— unitary operator, then ”Akﬂ AH =C(A)and | A'kg o ” =C(A)

for all A € Q (which in particular shows that C > 0, and hence Ber (C) C [0, +0) ). Indeed, it follows from
(11) that

c)

BA(A) = <BA/k\7—{,A//k\'H,/\>

= <A*A7<:]-{,/\,/I-€H,/\> = <A’I-€‘H,A/A7€(I-{,A>
2

[k

7

and similarly we obtain from C = AB = AA" that C A) = | A*’Eﬂ,AHZ forall A € Q.
In this section, we give sufficient conditions for C— unitarity which are very close to the above mentioned
necessary conditions. We denote by A~1€ the C—inverse of C—invertible operator, i.e, A~IC := B in (11).
Note that unitary operators can be characterized as invertible contractions with contractive inverses,
i.e., as operators A with ||A|| < 1 and ”A‘l” < 1 (see, for instance, Furuta [8]). Sano and Uchiyama [19]
improved this result by proving that if A is an invertible operator on the Hilbert space H such that w (A) < 1

and w(A‘l) < 1, then A is unitary (see also Stampfli [20, Corollary 1]). Now the following question is

natural: is it true that if A is invertible and ber (A) < 1 and ber (A‘l) <1, then A is unitary?

In the following theorem we partially solve this question. Our proof is based mainly on a Furuta’s
argument contained in [8].

Theorem 4.2. Let C € B(H (Q)) be fixed such that Re (a > 0.If A € B(H (Q)) is a C—invertible operator such
— 2 — — 2 -
that HA*kW,A” <Re (C (}L)) and ”A’lck«H,A“ < Re (C (A))for all A € Q, then A is a C— unitary operator.

Proof. Indeed, we have for every A € Q that

(A" = A7) kg, (A7 = AT kg1
= A;’C\(H,/\ ? + A_lcf\(H,/\ ? — <A:I(\(H’A,A_1C’IC\(H’A>

|

— (A7 %0, Ak 1)

= || A%ga| + |A K 0
— (g1, AA k) = (AAT kg0, K0 )
= A%l + |A ke 0 ’
— (g, Cleg1) = (Chpon, ke 1)

— — 2 — —_
= | + A% —(C()\)+C(/\))

— P 2 —_
= ||Akpin|| + A7 pa| - 2Re(C (M) <0

(by conditions of the theorem). This shows that (A* - A‘lc) ke y = 0 for all A € Q which implies that
A7I€ = A" because the system {k(H,A VS Q} is complete on H. The theorem is proved. [J
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It is easy to see that the conditions of this theorem implies the inequalities ber (AA*) < sup Re (E (/\)) and
AeQ

—1C* 4-1C ~
ber (A7€ A )SSAlelgRe(C()\)).
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