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Abdolrahman Razani?®

*Department of Pure Mathematics, Faculty of Science,
Imam Khomeini International University,
Qazvin, Iran, P.O. Box 34194-168181.

Abstract. In this article, the existence of solutions for fully nonlinear Kirchhoff-type problem
~M ([ (@ (Vul) + © (ju)) dx) [div(a(Vul)Vas) + a(lul)u] = A LL, (#1071 = 10-1)

is proved via variational method. Finally, some new problems are introduced.

1. Introduction

Partial differential equation is an interdisciplinary area that one may study many physical phenomena
(see [2, 8-11, 25-36])). One of the main problems in this area is wave equation. The wave equation is an
important second-order linear partial differential equation for the description of waves. Historically, the
problem of a vibrating string such as that of a musical instrument was studied by Jean le Rond D’ Alembert,
Leonhard Euler, Daniel Bernoulli, and Joseph-Louis Lagrange. In 1746, D’ Alembert discovered the one-

dimensional wave equation, and within ten years Euler discovered the three-dimensional wave equation.
Later on, Kirchhoff [14] proposed the equation

Pu Py E (Fou,, du
Pﬁ“?ifo'a'dxﬁ—o' M

This equation is an extension of the classical D’ Alembert’s wave equation by considering the effects of the
length changes of the string produced by transverse vibrations. The parameters in (1) have the following
meanings: h is the cross-section area, E is the Young modulus, p is the mass density, L is the length of the

string, and Py is the initial tension. In recent years, p-Kirchhoff type problems have been studied by many
researchers, we refer to [4, 12-21, 38].

Here we consider the problem

{ —M ([ (@ (IVul) + @ (ju)) dx) [div(a(Vul)Vu) + a(ul)u] = Af(x,u) in Q,
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where M : R* — R is a continuous function, A is a positive real parameter, Q) is a bounded domain in RY
(N = 3) with smooth boundary dQ and v is the outward unit normal to dQ. Set

Yk, (,%-(x)—l - tn(X)—l) t>0,
x,t) = 3
fx,b {0 o ©
for x € Q, where g;(x), ri(x) are given by (11). Assume thata : (0, 0) — R is a function such that
a(th)t fort #0,
t) = 4
(t) {O fort=0, @)
is an odd, increasing homeomorphism from R onto R and
t
D(t) = f @(s)ds forallt e R. (5)
0
Notice that if ¢(t) = p|t}'~*t, then problem (2) becomes the well-known p-Kirchhoff type equation
—M(fQ(IVuIV + |ulP)dx)(Apu + [ulP~2u) = Af(x,u) inQ, ©)
=0 on dQ.

which is related to the stationary version of the Kirchhoff equation (1). Since the first equation in (6) contains
an integral over (), it is no longer a pointwise identity, and therefore it is often called a nonlocal problem.
This problem models several physical and biological systems, where u describes a process which depends
on the average of itself, such as the population identity, see [5].
The existence of infinitely many solutions for

—M(fQ O(|Vul)dx)div(a(|Vul)Vu) = Af(x, u) + ug(x,u) inQ,

u=20 on dQ),
is proved where M : [0, +00) — IR is a continuous function such that there exists a positive number m with
M(t) 2z mforall t > 0, (see [20]). Also problem (2) studied in [3], where M(t) = 1. Recently, in [21], problem
(2) is studied where f(x,t) = t1®-1 — -1 and the existence of solutions is proved. Here we consider an

extension of f(x,t) by (3) and generalize the result of [21]. In fact, we study the existence of weak solutions
for problem (2). Here is the main result.

Theorem 1.1. Let conditions (12) and (13) be satisfied. Then there exists a constant A* > 0 such that for any A > A,
problem (14) admits at least two non-negative nontrivial weak solutions.

In order to prove the main theorem, we apply the minimum principle [37] to prove that the problem (12)
admits a non-negative, non-trivial weak solution (call u;) as the global minimizer of J. The existence of this
solution (as a first solution) is proved in Section 2.1. Also we apply the Mountain Pass Theorem to prove
the existence of second nontrivial weak solution (call u;) of (14) (see Section 2.2). The proof shows that the
weak solutions 1, and u; are distinct, since J(up) = ¢ > 0 > J(u1). Thus we need to prove the existence of 1,
and u,, separately. Due to do this, we introduce the Orlicz-Sobolev space as a suitable function space.

Notice that @ defined in (5) is a Young function, that is, ®(0) = 0, ® is convex, and lim;_,c, D(t) = +oo.
Furthermore since @(t) = 0 if and only if t = 0, lim;_,o (D—Et) =0, and lim;_,, @ = +00, the function @ is then
called an N-function. The function ®* defined by

¢
O(t) = f (p_l(s)ds forallt € R,
0
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is called the Complementary function of ® and it satisfies
D*(t) = supfst —P(s) : s > 0} forallt>0.
Notice that @" is also an N-function and satisfies the following Young inequality
st < D(s) + D*(t) foralls,t > 0.

Assume that

1< hm mf ((tt)) <@’ < oo, @)
log(@(#))
N < o < liminf —=——-= Tog) 8)
where
to(t) 0. to(t)

=inf —— and
Po =50 o) P o

The set Ko(Q2 which is defined by
Ko(Q)) := {u : Q = R measurable : f D(Ju(x))dx < oo}
Q

for the N—function @ is called the Orlicz class. The Orlicz space Ly(Q) is defined by the linear hull of the
set Ko(€2). Considering Luxemburg norm

lullop ::inf{k>0:f0(13(u§<x))d <1}

the Orlicz space Lo (Q) is a Banach space. Also ||ullp is equivalent to the Orlicz norm

llullr,, = sup {‘L u(x)o(x)dx| :v € K@(Q),L(I)*(Iv(x)l)dx < 1}.

The Holder inequality holds for Orlicz spaces as follows (see [28])
fQ uvdx < 2|[ullr, lvllr,. forall u € Lop(QQ) and v € Lo+ (€2).

The Orlicz-Sobolev space W'®(Q) is defined by

W (Q) = {u € Lo(Q) : 3—;[. € Lo(Q),i = 1,2,...,N},

and it is a Banach space with respect to the norm

llullLo = llulle + [IVulllo.

This norm is equivalent to the following Luxemburg-norm

] :=inf{[u>0:‘fgd>(|u§1—x)|)+ ('V”;(x)')d <1}
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Condition (7) assures that @ satisfies the A,-condition, i.e.
O(2t) <ID(t) : forallt >0, )
where [ is a positive constant, see [23, proposition 2.3]. In the sequel we also need the condition

the function t > ®( \/E) is convex for all f > 0. (10)

Set X := W®(Q). Notice that the spaces Lo(Q) and W'®(Q) are separable, reflexive Banach spaces, see [1,
p- 241 and p. 247]. Notice that for 1 < g < ¢j = ]\II\I_ (’;’O, WL? is continuously and compactly embedded in
the classical Lebesgue space L1(Q) (see [3, 6]).

Finally, we remind [27, Mountain Pass Theorem], which is the main tool in our problem. Also we recall
the Palais-Smale condition (see [27]).

Definition 1.2. A continuously Fréchet differentiable functional I € C'(H,R) from a Hilbert space H to the reals
satisfies the Palais-Smale (PS) condition if every sequence {ux}? | C H such that:

(D {I[ukl}, is bounded, and

(IDT'[uy] - 0in H
has a convergent subsequence in H.

Theorem 1.3. Let E be a real Banach space and I € C}(E, R) satisfying PS condition. Suppose 1(0) = 0 and
(I1) there are constants p, a > 0 such that | |aBp >a,

(I2) there is an e € E \ B, such that I(e) < 0.

Then I possesses a critical value ¢ > a. Moreover ¢ can be characterized as

¢ =inf max I(u),
g€l ueg([0,1])

where
I'={g € C([0,1],E); g(0) = 0, g(1) = ¢}.

In the next section we study the existence of two weak solutions for the problem (2).

2. Two weak solutions
In this section we consider a general form of f(x,t) as (3) and for 1 <i<k
gi,7i € Co(Q) := {h : h € C(Q), h(x) > 1 for all x € Q) (11)
are such that

1< ro=infieqfri(x) : 1 <i <k} <ri(x) <7y :=sup, olri(x) : 1 <i <k}
< gq-:=inficofgi(x) : 1 <i <k} < qi(x) < g4 :=sup,oqi(x) : 1 <i <k}
< pPo,
with

. | N No
el ) )

Also, we suppose that M : R* — R is a continuous function satisfying
M(t) > kot’™!  forall t € R (13)

where ky is a positive constant. Here we assume the Kirchhoff function M is not degenerate i.e. set p = 1.
Consider the following nonlocal problem

{ -M (fQ O(|Vul) + CI)(lul)dx) (div(a(lVul)Vu) + a(lul)u) = A f(x, u) in Q,
du _

14
% =0 on 0Q. (14
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Definition 2.1. A function u : QO — R is said to be a weak solution of problem (14) if u € X (u > 0 a.e in Q) and

M ( Jr, @(Vul) + D(lul)dx) [, @(Vue) V. Vo + a(jul)uo)dx
—AYK, fg (uqi(x>—1 - urf(x)—l) vdx = 0,

forallv e X.

We define the energy functional ] : X — R by

J(u) = M(f [P(IVu(x)]) + q)(lu(x)l)]dX) (15)
Q
k
_ L qi(x) _ L ri(x))d
) . (qxx)”* e R A
=Mu)-AF ), ueX, (16)
where

M= M( fo O(Vu()) + <I>(Iu(X)|)dx),

t
M:= f M(s)ds,
0

k
— L gi(x) _ L ri(x)
e _;L(qxx)’“ e )dx’ 17

u.(x) = max{+u(x), 0}.

We know that u € X implies u,, u_ € X and

f < f >
Vi, = 0 oru <0, and Vi = 0 oru>0,
Vu foru >0, Vu foru<0.

The following proposition is from [9].

Proposition 2.2. Let u € WY®(Q), then
fgq’(lul) + O(Vul)dx > [[ull”’;  if lull < 1
L(D(lul) + O(\Vul)dx > |[ul|?;  if [Jull > 1
L‘P(lul) + O(IVul)dx < [lull?;  if llull <1
foq)(lul) + O(Vul)dx < [lull?’;  if lull > 1

Lemma 2.3. There exists Ay > 0 such that

ko (5, @0V + D(ludx)”
Ag = in .
lull>1 p Ji, lulodx
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Proof. Since X = WY®(Q) is continuously embedded in W#9(QQ) and consequently it is continuously
embedded in LP¥(Q), there exists C; > 0 such that

[|lul| = C1||M||LW0(Q) Jforallu € X. (18)
On the other hand, Proposition 2.2 shows that

f [D(Vul) + D(ul)]dx > lull®, forall u € X. with |[u]| > 1 (19)
Q

Now from (18) and (19), we have

P
o ( | vy + <1><|u|>dx) > KollullP
Q
> kOCf(p0 f [u|PPodx, (20)
Q
for all u € X with [[u|| > 1, which implies that

ko, @(1Vul) + O(luldx)”
nf
llul}>1 p Jo, lulpPodx

Ag =

exists and the proof is complete. [J

Also Proposition 2.2 and the continuous embedding (obtained from hypothesis (12)) imply that the func-
tional ] is well-defined on X, | € C'(X) and

T (w)() = M(L O(|Vul) + CD(IuI)dx) L(a(qul)Vu.Vv + a(|u|)uv)dx

k
—/\Z(f u O odx - f ufj(x)_lvdx)
=i\Ja 0

for all u, v € X. The critical points of the functional ] are the weak solutions of problem (14). In fact,
0=J (u)(u-)
= M(f O(|Vul) + CD(IuI)dx) f(a(IVul)VuVu_ + a(|u|)uu_)dx
Q Q

k
-4 Z f @l = dx
i=1 V@
p-1

> ko (f O(|Vul) + (I)(Iul)dx) f a(\Vul)VuVu_ + a(jul)uu_dx

Q 0

p-1

_ ) .
= ko (L (D(|Vu_|) + (D(IM_DCZX) LQ(IVu_|)|Vu_| +a(|u_|)|u_| dx

p
> koo (L O(|Vu_|) + @(Iu_l)dx) .

Proposition 2.2 and (13) show u > 0. This means that the nontrivial critical points of | are non-negative,
nontrivial weak solutions of problem (14).
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2.1. First solution

By a standard argument, if the functional ] is coercive, bounded from below and weakly lower semi-
continuous, then the problem (14) admits at least one weak solution u; which is the global minimizer of the
functional . Due to this, we study these properties for the functional | (see [37] for more details).

Lemma 2.4. The functional | which is given by the formula (15) is coercive, bounded from below and weakly lower
semicontinuous.

Proof. Due to show that the functional ] is coercive and bounded from blow, (12), implies
k(g0 _ 1 grix)
Lia (15" - ™)
m =0
t—o0 tPPo

uniformly in x € Q. Then for any A > 0 there exists C; > 0 depending on A which
k
1 1 A
)~ )] < 20400 21
N T R Tt 2

i=1
forall t > 0 and all x € Q, where Ay is defined in Lemma 2.3. Combining (21) and (13),

J(u) = M(L O(|Vul) + (P(Iul)dx) (22)

k
1 . 1
-A f(—uq‘(x)— —ur’(x)) Vidx
;‘ a\gi(x) ri(x)
Y
> —O(f qD(IVuI)+d>(|u|)dx) ——Oflulp‘Podx—CAlQl
p \Ja 2 Ja

p
> k—o (f O(|Vu|) + (D(Iul)dx) - C,Q|
2p \Ja
k_o pPo _
> 2pllull CalQ (23)

for any u € X with ||u|| > 1. This shows that the functional | is coercive and bounded from blow.

Now we prove | is weakly lower semicontinuous. Suppose {u,} is a sequence such that u,, — u in
X. First, by (12), one has compact embeddings X — L%#®(Q) and X — L"™(Q), for 1 < i < k. Therefore
limy,—00 F () = F (11). Secondly, (see the proof of [23, Lemma 4.3]) the functional

T f O(|Vul) + O(Jul)dx
Q
is weakly lower semicontinuous, i.e.
f D(|Vul) + P(Jul)dx < lim inff D(IVul) + O(Juml)dx. (24)
Q m—o0 Q

From (24) and the continuity and monotonicity of the function
t—= () = M(t), we have
lim inf M(u,,) = lim inf M ( f (V) + q)(luml)dx)
m—00 m—00 Q

> M(lim inff D(|V,,|) + cD(|Mm|)dx)
0

>M| | oV D(|ul)d
> ( fQ (V) + D(u) x)
> M(u). (25)



A. Razani / Filomat 35:10 (2021), 3267-3278 3274
Thus

J(u) = M(u) — AF (u) < linInglfM(”M) - AF (uy) = linrgiorolf](um)

and the proof is complete. [
We can show u4 is not trivial.
Lemma 2.5. There exists A* > 0 such that inf,.ecx J(u) < 0 forany A > A™.

Proof. We recall that g, r* are given by (11) and one can choose a number ¢y > 1 such that

q=r* q

ty > Zr_—’ (26)
since 1 <" < g7. Let Qy C Q) be a compact subset and large enough. Also, choose a function uy € C;(Q)
with ug(x) =ty in Qp, and 0 < up(x) < tpin Q \ Q. From (26) we get

+

s BT,
or
1w Lo, T8 1w, 1
Mio >@t0 +m>@t0 +r_— in Q. (27)

This shows that for Q) large enough,

r,(x
fQ c 1(%(3() ! _()r(_X) 0 )dx (x) (
1 %X ri(x 1 r,x
2 ll(fgo 700 %o dx — fgo n(_x)”o dx — fQ\QO 7 %o dx)
vk 1(, Q] - —|Q\Qo|)

v

k(2] - L0\ Qyl) >

Therefore

Juo) = N, @(IVuol) + c1><|uo|>dx) AYE [ (Gt - A5ul®) dx
< Co - Mk (100l - £10\ ),
where C; > 0 is a constant. Hence, there exists A* > 0 such that for any A € [A*, ), J(up) < 0. It shows

that inf,.ex J(u) < 0, and then J(11) < 0 for any A > A*, therefore, u; is a non-negative and non-trivial weak
solution for problem (14). O

2.2. Second solution

We prove the existence of the second solution. In fact, by applying Theorem 1.3 we obtain the second
weak solution u; € X. To this aim, first we show that the functional | has the geometry of the Mountain
Pass Theorem for all A > A* through the following lemmas.

Lemma 2.6. There exist p € (0, |[u1]]) and a positive constant R such that J(u) > R for all u € X with |lu|| =
Proof. For fixed u € X with ||lu|| < 1, we have

Xk: 1w
%(x)

i=1

1y

ri(x)

k
i) <0 (28)
=1

A
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forall t € [0,1] and x € (), since g~ > r*.
We define the following set for the above function u

Q,:={xeQ : ulx) >1}.
For x € Q\ Q, one has 0 < u, <1 then from (28) we get

k k
1 ql(x) 1 ri(X)
F(x, u) = ; o ; T <0 forallxe O (29)

On the other hand, there exists a constant y € (p¢°, N (P

} Hence, there exists a constant C3 > 0 such that

X < L7(Q) since pp° < min{N, N

[ulor ) < Csllull forallu € X. (30)

Now, combining (13), (29), (30) and Proposition 2.2, we have

J(u) = M(L O(|Vul) + (I)(Iul)dx) - fQF(x, u)dx

S ko
z (f D(|Vul) +fD(|u|)dx) fﬂ F(x, u)dx — )\fQ\QM F(x, u)dx

> %llullp(” —)\f F(x, u)dx
Q,
k
ko 0 1 () 1 ri(x)
= oygee — 2 f (—Lﬂf _ L o) gy
p ; Q. gi(x) i ri(x) "
k
ko o A )
L - 2 f W dx
Ko ee — A f ! dx
P q Ja,

Y
3
lull”

AKCY
= (% - q—_3IIuIP"P‘”°] lae?”

Since pg° < y, there exists positive constant p small enough with p < |lu4]l, such that for any u € X with
llull = p, one has J(u) >R >0. O

k
> _O||u||f’<P0 _

If the functional | satisfies the PS condition, then Mountain Pass Theorem 1.3 shows there exists u; € X
such that J’(u;)(v) = 0 for all v € X. Thus u, is the nontrivial second weak solution of (14). Thus it remains
the check the PS condition.

Lemma 2.7. The functional ] satisfies the PS condition.
Proof. Let {u,,} be a sequence in X such that
Jwy) —-c>0, J'(uy) —0 inX". (31)

It follows from (31) that {u,,} is bounded in X since the functional ] is coercive. On the other hand, since the
Banach space X is reflexive, there exists # € X such that passing to a subsequence, denoted by {u,,}, u,, — u



A. Razani / Filomat 35:10 (2021), 3267-3278 3276

in X. Therefore, {u,,} converges strongly to u in L%™(Q) and L"™(Q), for 1 < i < k. Applying the Holder
inequality (see [22]) we have

k

I (st = )] < )

i=1

(7 = ) -
Q

k
= (lllumw’m—ln ) 11ty = ll g0
P L4i)-1

Hlltt O o it ully,-m) (32)
Lri(x)—l

which leads to 0 as m — .
The relation (31) shows

n%l—llrc}o J ()t — 1) = 0. (33)

Also (31)-(33) imply

m M (1) (st — 1) = 0. (34)
Since {u,,} is bounded in X, by Proposition 2.2, passing to a subsequence, we have
f@(quml) + O(luyl)dx - 1 20 asm — oo
o)

If t; = 0 then u,, — 0 in X and the proof is complete.
If t; > 0 then

M(f O(|Vu,|) + @(Iu,nl)dx) — M(t;) asm — co.
Q

For sufficiently large m and (13)

M(f O(|Vuy,|) + (D(Iuml)dx) >Cy>0. (35)
Q
Finally (34) and (35) imply

lim f(a(qumI)V(Vum — Vu) + a(luy )ty (ty, — u))dx = 0.
m—00 Q

Thus {u,,} converges strongly to u in X and | satisfies the PS condition (see [24, Lemma 5]). [

3. Some problems

Here, we introduce some interesting problems. These problems are the existence of multiple solutions
for the following model problems.
(I) One can study the existence of solutions for

{ —M (T (Vul + ) dae) (Ayu + ) = Af(x,u) inQ,
du _

36
=0 on JQ), (36)
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where f : Q X R — R is a Carathéodory function which may change sign, M : R* — R is a continuous
function, A is a positive real parameter, Q is a bounded domain in RN (N > 3) with smooth boundary JQ
and v is the outward unit normal to JQ2.

(II) One can study the existence of solutions for

—M ([ (@ (Vul) + @ (juD) dx) (div(a( V) Vi) + aul)u)
=Af(x,u,v) inQ,

~M ([ (@ (IVol) + @ (o)) dx) (div(a(|Vol) Vur) + a(fol)o) (37)
= Ag(x,u,v) inQ,
z—ﬁ = % =0 on dQ),

where f,g: Qx QxR — R are two Carathéodory function which change sign, M : R* — Ris a continuous
function, A is a positive real parameter, Q is a bounded domain in RN (N > 3) with smooth boundary JQ
and v is the outward unit normal to JQ.

(III) One can study the existence of solutions for

—M ([ Ty (VP + ) dx) (Apu + P =2u) = Af(x,0) inQ,

~M ([ Ty Vol + o) dx) (Ap0 + ol 2u) = Af(x,u) inQ, (38)
g_z - % -0 on dQ),

where M : R* — R s a continuous function, A is a positive real parameter, Q is a bounded domain in RY
(N > 3) with smooth boundary dQ and v is the outward unit normal to dQ2. Suppose function f(x, t) is given
by

Yr, (tqf(X)—l - tri(X)—l) £>0,

feay =1, £<0,

for x € Q.
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