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Decay Estimates for a Degenerate Wave Equation with a Dynamic
Fractional Feedback Acting on the Degenerate Boundary
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“Laboratory of Analysis and Control of PDEs, Dijillali Liabes University, P. O. Box 89, Sidi Bel Abbes 22000, ALGERIA

Abstract. In this paper, we consider a one-dimensional weakly degenerate wave equation with a dynamic
nonlocal boundary feedback of fractional type acting at a degenerate point. First We show well-posedness
by using the semigroup theory. Next, we show that our system is not uniformly stable by spectral analysis.
Hence, we look for a polynomial decay rate for a smooth initial data by using a result due Borichev and
Tomilov which reduces the problem of estimating the rate of energy decay to finding a growth bound for
the resolvent of the generator associated with the semigroup. This analysis proves that the degeneracy

affect the energy decay rates.
1. Introduction

In this paper, we are concerned with the dynamic boundary stabilization of fractional type for degenerate
wave equation of the form

u(x, 1) — (x*uy(x, 1))y = 0 in (0,1) X (0, +00),

_mutt(ol t) + (x“ux)(O, t) = Qa:,nu(or t) in (Or +OO), P
u(l,t)=0 in (0, +00), (P)
u(x,0) = up(x), us(x, 0) = uy(x) on (0, 1),

where (x, f) € (0,1)X(0, +o0), @ € [0,1),m > 0and g > 0. The notation 8:"7 stands for the generalized Caputo’s

fractional derivative of order 7, (0 < 7 < 1), with respect to the time variable (see [11]). It is defined as
follows

wy(t) fort=1,n2>0,

9 Mw(t) = 1 ff g dw
t— o) 22 () d f 1,n>0.
TS 0( s) e ds(s) s, forO<7t<1,n>0
The problem (P) describes the motion of a pinched vibration cable with tip mass m > 0 (see [21] and
[15]). The situations where the coefficients are variables arise in engineering problems that generally use
non-homogeneous materials such as smart materials.

2020 Mathematics Subject Classification. Primary 35B40,35L80, 74D05, 93D15.

Keywords. Weakly degenerate wave equation, dynamic nonlocal boundary feedback of fractional type, Bessel functions, Optimal
decay rates.

Received: 22 August 2019; Accepted: 24 October 2021
Communicated by Marko Nedeljkov

Email addresses: drchouaou@gmail .com (Fatiha Chouaou), aichi.math@gmail.com (Chahira Aichi), benaissa_abbes@yahoo.com
(Abbes Benaissa)



F. Chouaou et al. / Filomat 35:10 (2021), 3219-3239 3220

The bibliography of works concerning the stabilization of nondegenerate non-homogeneous wave
equation with different types of dampings is truly long (see e.g. [9], [12] and the references therein).
D’Andrea-Novel and al. in [12] studied the wave equation with one feedback depending only on the
boundary velocities and the boundary displacement i.e, they considered the following problem

up(x, t) — ([d(x)uy)x =0, O<x<1,t>0,
(dux)(0,1) = 0, t>0
(duy)(1,t) = =ku(1,t) —u(1,t), t>0k>0,

where d(x) = dix + dy. They have established aymptotics stabilization.

Let us mention here that the case @ = 0 and 7 = 1 in (P) corresponds to a classical boundary damping
and it has been extensively studied by many authors (see, for instance, [18], [14], and references therein). It
has been proved, in particular that solutions exist globally with an optimal decay rate that is E(t) ~ ¢/t by
using Riesz basis property of the generalized eigenvector of the system.

Recently in [6], Benaissa and Benkhedda considered the stabilization for the following wave equation
with dynamic boundary feedback of fractional derivative type (CF):

up(x,t) — uye(x,t) =0 in (0,1) X (0, +0c0)
u,t)=0 in (0, +0)
mug(1, ) + ux(1,£) = —0d;"u(1,¢)  in (0, +o0)

u(x,0) = up(x), ui(x,0) =u1(x) in(0,1)

(PF)

They proved that the decay of the energy is not exponential but polynomial that is E(t) < C1/+2-7.

Very recently in [10], Cheheb and al. considered the stabilization for the following wave equation with
a general dynamic boundary feedback of diffusive type (CF):

up(x, ) — Uy (x, 1) =0 in (0,1) X (0, +0c0),

u(0,t) =0 in (0, +00),

mutt(lr t) + Mx(ll t) = _C V(é)(ﬂ(é, t) dé in (0/ +oo)/ (P)
XQ(E D) + (E2 + )&, ) — (L, HU(E) = 0 in (=00, 00) X (0, +00),

u(x,0) = up(x), u(x,0)=u1(x) in (0,1),

®(&,0) = o in (—o0, 00).

They proved that the decay of the energy is not exponential. Moreover, they obtained a precise and optimal
energy decay estimate for a general feedback of diffusive type, from which the usual feedback of fractional
derivative type is a special case.

Very recently in [5], Benaissa and Aichi studied the degenerate wave equation of the type

up(x, t) = (d(x)ux(x, £))x = 0 in (0,1) X (0, +0), (1)

where the coefficient d is a positive function on ]0, 1] but vanishes at zero. The degeneracy of (1) at x = 0 is
measured by the parameter p; defined by

xld’ (x)]

= su 2
Ha = P ) @
and the initial conditions are
M(.X, O) = Mo(.X), Mt(x, O) = ul(x)/ (3)
followed by the boundary conditions
u(0,t) =0 f0<ugs<1 .
@u)0,H=0 ifl<pg<2 O+ 1)

uy(1, ) + 09, u(L, ) + pu(l,£) =0 in (0, +o0).
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They proved an optimal polynomial decay rate. It is proved that the presence of feedback of fractional time
derivative type and located at a nondegenerate point x = 1 has no effect on the stabilisation results in [5].
Very recently, Zerkouk and al. [24] extended the result of Mbodje [20] to the case of degenerate
polynomial coefficient and boundary control of diffusive type acting on degenerate point as in this paper
(with m = 0) and established a precise decay estimate by adopting the resolvent estimate method.
Here we want to focus on the following remarks:

e The method based on the theory of Riesz basis property of the generalized eigenvector of the system
does not seem to be work in the presence of a fractional feedback.

o The frequency method based on multiplier techniques used in [5] and the enegy method based on
multiplier techniques used in [16] do not seem to be work in the case of a feedback located at a
degenerate point x = 0.

In this work, we explain the influence of the relation between the tip mass term, the degenerate coefficient
and the fractional feedback on decay estimates. We prove a sharp polynomial decay rate depending on
parameters a, . To the best of our knowledge, there is no result concerning the stabilization of a degenerate
wave equation with the presence of a dynamic fractional feedback acting on the degenerate boundary.

This paper is organized as follows. In section 2, we give preliminaries results and we reformulate the
system (P) into an augmented system by coupling the degenerate wave equation with a suitable diffusion
equation and we show the well-posedness of our problem by semigroup theory. In section 3, we prove lack
of exponential stability by spectral analysis and by using Bessel functions. In the last section, we prove
an optimal decay rate. Our approach is based on a result due to Borichev and Tomilov, which reduces the
problem of estimating the rate of energy decay to finding a growth bound for the resolvent of the semigroup
generator using an explicit representation of the resolvent by the help of Bessel functions.

2. Preliminary results

Now, we introduce the following weighted Sobolev spaces:
H;,(0,1) = {u is locally absolutely continuous in (0,1] : x*?u, € L*(0,1)/ u(1) = 0},

HL(0,1) = {u is locally absolutely continuous in (0, 1] : x¥?u, € L2(0, 1)} .

We remark that H.(0, 1) is a Hilbert space with the scalar product

1
(W, )00y = f (o + xu' (x)v' (x)) dx, Yu,v e HL(0,1).
0

Let us also set
1/2

1
|u|Hé,a(0r1) = (L X’ (x)? dx) Yu € H:(0,1).

Actually, | - |1 (o,1) is an equivalent norm on the closed subspace Hé’a(O, 1) to the norm of H}(0, 1). This fact
is a simple consequence of the following version of Poincaré’s inequality.

Proposition 2.1. There is a positive constant C, = C(«) such that
lleellr2) < C*|”|Héyﬂ(0,1) Yue Hé,a(O, 1). 4)

Proof. Let u € H(lm(O, 1). For any x €]0, 1] we have that

1 1q 1/2
f u’(S) dS < |u|H(1M(O,1) {f = dx} .
x ’ o X

[u(x)| =




F. Chouaou et al. / Filomat 35:10 (2021), 3219-3239 3222

Therefore
1 1
2 2
I) [u(x)|” dx < T-a alung,a(O,l)'

Next, we define
H20,1) = {u € HX(0,1) : x*u’ € HY(0,1)},

where H'(0, 1) denotes the classical Sobolev space.
Now we reformulate (P) into an augmented system. For that, we need the following proposition.

Remark 2.2. Notice that ifu € H2(0,1), a € [1,2),we have (x*u,)(0) = 0. Indeed, if x*u,(x) — L when x — 0, then
X uy(x)[> ~ L/x% and therefore L = 0 otherwise u ¢ HL(0, 1).

Proposition 2.3 (see [20]). Let v be the function:
V(©) = [P, —oo <& < +oo, 0<T < 1. )

Then the relationship between the ‘input’ U and the ‘output” O of the system

aip(&, 1) + (52 + )&, ) —UEw(E) =0, —oco<&<400,n2>0,t>0, (6)

P(5,0) =0, )

0 = (" sinter) [ :° WEP(E, D dE )
is given by

O=I""1u )
where

t
A1) = 7 fo (=)l f(s) ds.

Lemma 2.4 (see [1]). If A € D, =0\] — oo, —1] then

F(1) = f O e g,

o A+N+E 77 sintn

Using now Proposition 2.3 and relation (9), system (P) may be recast into the following augmented system

Mtf(x/ t) - (x“ux(x/ t))x = 0/

(Pt(él t) + (52 + T])(P(él t) - ut(O/ f_)ol/(g) = 0/ —00 < 5 < +09, t> O/
(0,6 + ()0, ) = C f WEP(E, B e, )
u(l,t) =0, -

M(X, O) = MQ(X), uf(x/ O) = ul(x)/

where C = g(n)"! sin(t7t). Thus, we shall consider problem (P’) instead of (P).
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3. Well-posedness

In this section, we will use the semigroup approach to study the well-posedness of system (P’). To
define the semigroup associated with (P’), we consider the right-end boundary condition

ut(o/ t) = Q(t)/t > O/

where 0 solve the equation

—maw+u%man—gf WEP(E, B dE = 0. (10)

with the initial condition
0(0) = u1(0) = Oo. (1)

Considering U := (u,u;, ¢, 0)" and Uy = (ug, 11,0, 6p)T, system (P’) can be written in the following abstract
framework

U =PU, u() = Uy, (12)
where the operator P is given by

0
(X%Uz)x
—(&*+ne + (0w (e) . (13)

%(x"‘ux)(O)—% f N v(&)p(&)de

R < =

This operator will be defined in an appropriate subspace of the Hilbert space
H = H,,,(0,1) X L*(0, 1) X L*(—00, +00) >,

endowed with the inner product

1 1 +00 _
> = f XU il dx + f vodx + Cf (p@d& + mOo.
0 0 —00

H

—_—
0 Q=
QS @ =

We choose the domain for the operator # as

—(& + 1)@ + v(0)(£) € L3 (=00, +0),v(0) = 6,
|5|§0 € L2(_OO/ +OO)

(,0,¢,0)inH :u € Hy(0,1) N Hy (0,1),0 € Hy (0,1),0 €q,
D(P) = . (14)

Our main result is giving by the following theorem.

Theorem 3.1. The operator P defined by (13) and (14), generates a Co-semigroup of con- tractions e'* in the Hilbert
space H.

Proof. To prove this result we shall use the Lumer-Phillips theorem. Since for every U = (u,v, ¢, 0) € D(P)
we have

%@uum=—gf<8+wwwwa (15)
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then the operator P is dissipative.
Let A > 0. we prove that the operator (AI — P) is a surjection. Let F = (f1, f», f3, f1) € H, the vector
U = (u,v,¢9,0) € D(P) is a solution of the system Al — PU = F if its components satisfy

Au—-v=f,
Av— (X ux)x - f2r
Ap + (&2 + n)p — v(0) V() = fo. (16)

10 - L(etu)(0) + £ f WEP(E)dE = f.

—00

Suppose u is found with the appropriate regularity. Then, (16); and (16)3 yield
v=Au-fi €Hy,(0,1), (17)
A MO _ AOME

(P(é):£2+n+/\ E4+n+A E+n+ A (18
By using (16) and (17) it can easily be shown that u satisfies
Au— (X u)x = fo+ Afi. (19)
Solving equation (19) is equivalent to finding u € H3(0,1) N H (0, 1) such that
1 1
fo (AU — (x“1y),W) dx = f (f + Af)wdx, (20)

forallw € H; ! .(0,1). By using (20), the boundary condition (16)4, the fact that 0 = v(0) and (18), the function
u satisfying the following equation

1
(AU + x*uyT0,) dx + A(mA + Q)u(0)zw(0)

: - - - - - 1)
= jo‘ (L +Afi)wdx—C j:w mﬁ(é) d&w(0) + (mA + C) f1(0)w(0) — m f1w(0).
- T Y2(&) )
where C = C I . m d&. Problem (21) is of the form
Bu, w) = L(w), Yw € Hy ,(0,1), (22)

where 8 : [H; ,(0,1) x Hj ,(0,1)] = is the the sesquilinear form defined by

1
Bu,w) = fo (A2uw + x*uyT0y) dx + A(mA + O)u(0) w(0)

and £L:H 5 .(0,1) = is the antilinear form given by

s =[G apman-c [ a0 + o+ DAOTO - w0

Itis easy to verify that 8 is continuous and coercive, and L is continuous. Therefore, using the Lax-Milgram
Theorem, we conclude that (22) has a unique solution u € Héra(O, 1). By classical regularity arguments, we
conclude that the solution u of (22) belongs into H2(0, 1). Therefore, the operator Al — P is surjective for any
A>0.

O

As a consequence of Theorem 3.1, the system (P’) is well-posed in the energy space H and we have the
following proposition.
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Proposition 3.2. For (ug,u1,0, 6p) € H, the problem (P’) admits a unique weak solution
(,u,0,0) € CUR,, H).
and for (ug, u1,0, 6g) € D(P), the problem (P") admits a unique strong solution
(u,ut,¢,0) € C°(Ry, D(P)) N CH(R,, H).

Moreover, from the density D(P) in H the energy of (u(t), p(t)) at time t > 0 by

1 +00
B =3 [ (P + P+ S0, 08 + 5 [ ot P 23)

decays as follow

E(t) = —C f (& + (e, HEdE <0. (24)

Proof of Proposition 3.2. Noting that the regularity of the solution of the problem (P’) is consequence of
the semigroup properties. We have just to prove (24).
Multiplying the first equation in (P’) by u;, integrating over (0, 1) and using integration by parts, we get

1 1
f uy(x, t)updx — f (% uy(x, ) udx = 0.
0 0

Then
1

( f e t)|2dx) 14 f g, DR dx — R[(x“ux)(x, t)ﬂt]o 0.

Then

1d

1 +00
o | (e, O + Xy, D) dxe + 5 Juy(0, )P + CRTE(O, 1) f WEP(E, 1) dE = 0. (25)
24t J, 2 .

Multiplying the second equation in (P’) by (g and integrating over (—oo, +00), to obtain:

C f P& DP(E, dE + T f (& + (&, HIFdE — Cuy (0, t) f V(&)P(&, HdE = 0.

Hence

cd

33 |§0(5, BPPde + Cf 2+ (&, tPdE — CRuy(0, t)f v(E)(&, HdE = 0. (26)

From (23), (25) and (26) we get

() = f (& + lp(, DR dE <.

This completes the proof of the lemma.

Remark 3.3. © We can easily extend the global existence result for a general function d(x) instead of x* with
0 < ug <1 (see(2)).
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o [n the case T = 1, we take ou;(0, t) instead of Q&Z’”u(o, t). We do not need to introduce a diffusive representation
technique to bring the problem back into the semigroup theory. Indeed the operator P takes the form

u (%
Plo|=|, @k .t (27)
6) |~ (u)0) -6

with domain

; . 2 1 1
D) = (n,0,0)inH :u e H30,1) N H,,(0,1),0 € H, (0,1),0 €q, ' 28)
v(0) =06,
where
H = H,,(0,1) x L*(0,1) xq,
with the inner product
u\) (i 1 _ 1 —
< v|,|o > = f XUy il dx + f vodx + moo.
o) \g),, o 0
The well-posedness result follows exactly as in the case 0 < T < 1. Moreover, the energy function is defined as
P L e m 2
E#) =7 | (ul” +xuxl")dx + - u(0, )] (29)
2 Jo 2
and decays as follows
E'(t) = —oluy(0, ) < 0.
O

4. Strong stability and lack of exponential stability

4.1. Strong Stability

We need the following Theorem to prove strong stability of solutions.
Theorem 4.1 ([3]). Let P be the generator of a uniformly bounded Cy-semigroup {S(t)}s»0 on a Hilbert space X. If:
(i) P does not have eigenvalues on iR
(ii) The intersection of the spectrum o(P) with iR is at most a countable set,
then the semigroup {S(t)}i=0 is asymptotically stable, i.e, ||S(t)zllx — 0as t — oo forany z € X.
Our main result is the following theorem:

Theorem 4.2. The Co-semigroup €' is strongly stable in H; i.e., for all Uy € H, the solution of (12) satisfies

lim ||’ Up|l4s = 0.
t—o0

For the proof of Theorem 4.2, we need the following two lemmas.

Lemma 4.3. P does not have eigenvalues on iRR.
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Proof.
We make a distinction between iA = 0 and iA # 0.
Step 1. Solving for PU = 0 leads to the system

v=0,
(xaux)x = O/

(& +n)p - U(O)V(S);o 0. (30)
L) (0) + & f WE)P(E) dE = 0.

—00

Thenv =0,¢ =0, (x*u,)(0) = 0 and
("uy)(x) =c.

As (x*u,)(0) = 0, we have (x*u,)(x) = 0. Hence
Ux(x) = 0 for x € (0,1).

Asu(1) =0, then u = 0. we have U = 0. Hence, iA = 0 is not an eigenvalue of #.

Step 2. Let A € R — {0}. We prove that iA is not an eigenvalue of # by proving that the unique solution
U € D(P) of the equation

PU =il (31)
is U=0. Let U = (u,v,¢,0)". The equation (31) means that

Au—-v=0,
iAv — (X%uy)y =0,
iAg +(E + ) ~o(O)v(E) = 0. (32)

+

il0 — L(xu,)(0) + £ f W(E)p(&)dé = 0.

—00

Using (15) and (31), we find

p=0, (33)
then, using the third equation in (32), we deduce that

v(0) = 0. (34)
Therefore, from the first and last equation in (32), we find

u(0)=0 and (x"u,)(0) =0. (35)
Thus, by eliminating v, the system (32) implies that

A%u + (x*uy)y = 0on (0,1),
u(0) = u(1) =0, (36)
(x*uy)(0) = 0.

The solution of the equation (36) is given by
u(x) = G104 (x) + GO (x),
where @, and @_ are defined by

2-a 1a 2 2-a
) ) D_(x) = x5 ]_V“(Z_an : ) (37)

1a 2
0, =%, (57
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From boundary conditions (36), and (36)3;, we deduce that
u=0.
Therefore U = 0. Consequently,  does not have purely imaginary eigenvalues.

Lemma 4.4.
If A # 0, the operator iAl — P is surjective.
If A =0and n # 0, the operator iAl — P is surjective.

Proof.
Case1: A #0. LetF = (fl,fz,f3,f4)T € H be given, and let U = (1,v, @, 0)T € D(P) be such that

(Al -P)U =F. (38)

Equivalently, we have

iAu—-v=fi,
iAo = (x%Uy)x = fo,
iAg + (&2 + M) = v(O)V(E) = fo. (39)

iw_%mewﬁj‘v@wa%:ﬁ

—00

with boundary conditions. Then we deduce from these equations a weak formulation (similar computation
as in Theorem 3.1):

B(u,w) =l(w), Ywe Hclm(O, 1), (40)

where

B(u, w) = B1(u, w) + Bo(u, w)

with )
Bi(u, w) = f XU,y dx + iAo(iA + r])T_lu(O)E(O),
0
1 *)
Bo(u, w) = — f A2utw dx — mA*u(0)w(0),
0
and
1 ’ _ +00 V(é) - ’ ‘ - - -
l(w) = f (f2+irfr)wdx - Cf mﬁ(é) d&w(0) + (mid + o(iA + 1)) f1(0)w(0) — m f27w(0).
0 —00
Let (Hé,a (0, 1))’ be the dual space of H(l)la(O, 1). Let us define the following operators
B: H(l)la(O,l) - (Hé,a(O,l))’ B; :H(lm(O,l) - (H(l),a(O,l))’ ie{1,2} ()
u+— Bu u - Bju
such that
Buw)yw = B(u, w), Yw € Hé,a(O, 1),
(Bayw = Bi(u,w), Yw e H (0,1),i € (1,2} (%)

We need to prove that the operator B is an isomorphism. For this aim, we divide the proof into three steps:
Step 1. In this step, we want to prove that the operator B; is an isomorphism. For this aim, it is easy to see
that $B; is sesquilinear, continuous form on H(l) ,(0,1). Furthermore

RBi(u,u) = [ u + pAR (i(iA + ) lu(0)
22,

v ol
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where we have used the fact that

Q/\T\ (Z(l/\ + T])Tfl) — CAZ f+°° V(E)Z

o e rap Tl

Thus 8, is coercive. Then, from (*+) and Lax-Milgram theorem, the operator B; is an isomorphism.
Step 2. In this step, we want to prove that the operator B, is compact. For this aim, from (x) and (x * *), we
have

|Ba(u, w)| < cllullezo,llwlli20,1) + C,lu|H5,a(0f1)|w|Hé,a(0/1)’

and consequently, using the compact embedding from H(l)la(O, 1) to L*(0,1) we deduce that B; is a compact
operator. Therefore, from the above steps, we obtain that the operator B = B; + B, is a Fredholm operator
of index zero. Now, following Fredholm alternative, we still need to prove that the operator B is injective
to obtain that the operator B is an isomorphism.

Step 3. Let u € ker(B), then

B(u,w) =0 Yw e Hy,(0,1). (41)
In particular for w = u, it follows that

A5 g 1) + mA* Q) — i@AGA + )™ u(O) = [lx*2uxllf

12(0,1) 12(0,1)°
Hence, we have
u(0) = 0. (42)
From (41), we obtain
(x**u:)(0) = 0 (43)
and then
—A2u = (1), = 0,
u(0) = (x*u,)(0) = 0, (44)
u(1) =0.

Then, according to Lemma 4.3, we deduce that # = 0 and consequently Ker(B) = {0}. Finally, from Step 3
and Fredholm alternative, we deduce that the operator B is isomorphism. It is easy to see that the operator /
is a antilinear and continuous form on H(l),a (0,1). Consequently, (40) admits a unique solution u € H(l),a(O, 1).
By using the classical elliptic regularity, we deduce that U € D(#) is a unique solution of (38). Hence iA — P
is surjective for all A € R".

Case 2: A = 0 and 71 # 0. Using Lax-Milgram Lemma, we obtain the result.
Taking account of Lemmas 4.3, 4.4 and from Theorem 4.1 The Cp-semigroup e'* is strongly stable in H.
]

4.2. Lack of exponential stability
This section will be devoted to the study of the lack of exponential decay of solutions associated with
the system (12). In order to state and prove our stability results, we need some lemmas.

Theorem 4.5 ([23]). Let S(t) be a Co-semigroup of contractions on Hilbert space X with generator P. Then S(t) is
exponentially stable if and only if
pP)2{ip:peR}=iR
and
V}g}g GBI = P) Ml gy < oo
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Our main result is the following.
Theorem 4.6. The semigroup generated by the operator P is not exponentially stable.

Proof. We will examine two cases.

eCase 1 11 = 0: We shall show that iA = 0 is not in the resolvent set of the operator #. Indeed, noting that
F = (sin(x — 1),0,0,0)T € H, and suppose that there exists U = (1,0, ¢, 0)T € D(P) such that —-PU = F. We
get p(&) = |£|¥ sin1. But, then ¢ ¢ L?(—00,+00), since 7 €]0,1[. So (1,7, o, 0)T ¢ D(P) and the operator P
is not invertible.

e Case2n #0:

We aim to show that an infinite number of eigenvalues of # approach the imaginary axis which prevents
the system (P) from being exponentially stable. Indeed we first compute the characteristic equation that
gives the eigenvalues of P. Let A be an eigenvalue of P with associated eigenvector U = (u,v, ¢, 0)". Then
PU = AU is equivalent to

Au—-v=0,
Av = (x%uy), =0,
Ap + (&2 + g — (0¥ () =0, (45)

A0 = L(xu,)(0) + £ f v(E)p(&)dE = 0.

—00

It is well-known that Bessel functions play an important role in this type of problem. From (45); — (45), for
such A, we find

A% — (x%uy)y = 0. (46)
Using the boundary conditions and (45)3;, we deduce that
A%u — (x*uy), = 0,
(x*ux)(0) = (mA* + pA(A + )" Hu(0) =0, (47)
u(1) =0.

Assume that u is a solution of (47) associated to eigenvalue —A2, then one easily checks that the function

u(x) = x%ﬂ‘y(z E ai/\x%)
is a solution of the following problem:
1" ’ a-1
YW +yV' )+ (¢ - G () =0. (48)
We have
u(x) =c; Oy +c_D_, (49)

where @, and @_ are defined by

D, (x) =xT ], (2 E aiAx%)

and 5
O_(0) =T, (mmx%“),

where

(o8] (o)

D s L (50)

— m!T'(m+v+1) ~



F. Chouaou et al. / Filomat 35:10 (2021), 3219-3239 3231

S -1)" 2m=v 5 - m—v
Jo) =Y e (1) = Y 61)

m=0 m=0
_1-a
T 2-a
and J,, and J_,, are Bessel functions of the first kind of order v, and —v,. Asv, ¢ N, so J,, and J_,,
are linearly independent and therefore the pair (J,,, /-,) (classical result) forms a fundamental system of
solutions (48).

Then, using the series expansion of J,, and J_,_, one obtains

Va

)

q3+(X) — Z E]—:hmxl—tH(Z—a)m, d_ (X) — Z E;mmx(Z—a)m,

m=0 m=0

2m+v, 2m—v,
&=t (—Zfam) R ( 2 iA) .

Va,m Va,M Va,m 2 —a

with

Next one easily verifies that @, d_ € HL(0,1): indeed,
Dy (x) ~o & x'7Y, XD (x) ~o (1 - a)E) (x70?,
D_(x) ~0 €, 5 XVPOL(x) ~o 2 - )T, (x1T,
where we have used the following relation
xJu () = pfu(x) = xJ s (x). (52)
Hence, given ¢, and c_, u(x) = ¢, @, (x) + c_P_(x) € HL(0, 1) with the following boundary conditions

{(xaux)(o) = (mA? + oA(A + ) Hu(0) = 0,

u(1) = 0.
Then
(A= —mA%+ oA A +)TE, (e (0
M(A)C(A) = []Va (ﬁi)\) T (ﬁi/\) (c_) = (O) (53)

Hence, a non-trivial solution u exists if and only if the determinant of M(A) vanishes. Set f(A) = det M(A).
Thus the characteristic equation is f(1) = 0.

Our purpose in the sequel is to prove, thanks to Rouché’s Theorem, that there is a subsequence of
eigenvalues for which their real part tends to 0.

Since P is dissipative, we study the asymptotic behavior of the large eigenvalues A of ¥ in the strip
—79 < R(A) <0, for some 7 > 0 large enough and for such A, we remark that @, ®_ remains bounded.

Lemma 4.7. There exists N € N sufficiently large and a sequence (Ax)kez: k=N Of simple roots of det M (that are also
simple eigenvalues of P) and satisfying the following asymptotic behavior:

2—a. Ve 3 d—a( 2 \G o sinven
A = - k+—“+—) - ( )— -
k 2 Z( 2 ") T T 2 ¢, o (km)2=2va

d-a({ 2 \Go@=-2v)(%+3)
ti ( )
AN

m TRk sinv,m
V(’(I
2
B (1 —a )2 C:(,,o 8 sinv,cosv, ; (54)
m ) \&,,) @=ar (e
(2 3T o1 — ) €y, o sinvemsin(l —1)F 1
2 -« mZ c- 0 714—'5—21/(Y ]{4—'[—21/(Y
V(/YI
_( ) )3—7 o(1-a)¢, gsinvemeos(l-1)% 1 s 0(l)
2 - m2 c” 714—’[—2\/(Y k4_T_2V“ ka)

V(YIO
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A=Ay ifk < =N,
where w = max{4 — T — 2v,,4 — 4v,}. Moreover for all |k| > N, the eigenvalues Ay are simple.

Proof. We look at the roots of f(A). From (53), we have

FA) =1 -, _Va(z 2 1/1)+(m/\2 F oA+ ) E Olva( 2 z/\) 0.

We will use the following classical asymptotic development (see [17] p. 122, (5.11.6)): for all 6 > 0, the
following development holds when |argz| < @ — 6:

2\l T 2\ ¢ 1
1@ =(7) “’S(Z‘“"z)( O<|z|z>) (=) Sm(z‘“rz)o(@)' 5)
We divide the proof into five steps:

Step 1. First, using the asymptotic expansion, we get

T = o) 56)

Next, using (55) and (56), we get

1/2 ve iGiveT-T) _

f=m(2) e, (20) T .
where .

5=2_aM

and

- s m_m —acty \Ze QRiE-F) 4 grivar

) = @D aﬁ(zfaz) i

J%% +0 (%) (58)
= foh)+ £+ 22 +0(%),

where

fo(A) = 2Evei=D) 4 q, .

A = 1 T;a 22 (2 E ai)ZW (2D 4 gmivemy, .

iy = Lensh ) N

Note that fy, fi and f, remain bounded in the strip —79 < R(A) < 0.
Step 2. We look at the roots of f. From (59), fo has one family of roots that we denote A;.

fold) =0 & i +1=0

Hence

A 2 . T T .
Zz(z_az/\—va§—Z)—z(2k+1)n, kez,
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ie.,

2-w Vo 3

0_ _ i MC

Ay = > z(k+2+4)n, keZ.

Now with the help of Rouché’s Theorem and the asymptotic Equation (58), we will show that the roots of
f are close to those of fy. Let us start with the first family. Changing in (58) the unknown A by u = 2iz then

(58) becomes
Flu) = (" +1) + o(ui@) = fou) + o(ui@),

2- ,
> ai(k+ V?“ + Z)n’k € Z,and setting u = u+re', t €

[0,27], we can easily check that there exists a constant C > 0 independent of k such that |¢¥ + 1| > Cr for r
small enough. This allows to apply Rouché’s Theorem. Consequently, there exists a subsequence of roots
of f which tends to the roots uy of fy. Equivalently, it means that there exists N € IN and a subsequence

{Akhk=n of roots of f(A), such that Ay = )\2 +0(1) which tends to the roots — 2- az’ (k + % + Z) 1t of fy. Finally

where ® = max{2-2v,,2-1}. Theroots of f,areu; = —

for |k| = N, A is simple since A is.
Step 3. From Step 2, we can write

_ 2-a. Ve 3

Ap = > z(k+ > +4)7‘C+8k. (62)
Using (62), we get

2i(Z5iA)va3-F) =  _pmimtk

o o . 4 . 2 (63)

= -1+ 5556+ 0(g).

Substituting (63) into (58), using that f (Ax) =0, we get:

- 4 T-—aC,0( 2 \ 2isinv,mn 1

Ak) = + ( ) + + (—) =0 64

f(Ax) TRkt = \a=a) pen o(ex) +0 (=T (64)

and hence .
o = _1—a( 2 )Cv_o sinv,m
T \2-a ¢, o (km)>=2ve’
Step 4. From Step 3, we can write
2—«a, v 3 d—a({ 2 \% o sinv,m
Ap=— (k+—“+—) - ( )— + & 65
k 5 >t i &, 2 &k (65)
Using (62), we get
= —1+ﬂ6k—ﬂk2,—zm+0(€k),
where .
. 1-a ( 2 ) €0 sinvani
S om \2—-alc, j me

Substituting (66) into (58), using that f (Ax) =0, we get:

- T—af 8 \CoQ-2v)(5+3)

_ _4 . Va, 2 4 .
fA) = smex —i - ((2 — 0()2) e sinv,m -

+o(ex) + o(ka%) =0



F. Chouaou et al. / Filomat 35:10 (2021), 3219-3239 3234

and hence . s
. _1,1—0:( 2 )CVL,OQ—%@)(?“ +3) SNV
T 2 ¢, o T3 o
Step 5. From Step 4, we can write
2—a. 3 d—a( 2 \G. o sinven
- e et
M 2 ( 2 4 Tm \2-a ¢, o (km)2=2va (68)
1-«a 2 v 0(2 21/0() 4)
+i m\Iale, Mk3 5 SINVaTl + &
Vm
Using (62), we get
21((ﬁmk) Va5—i) = _e % a‘k*'ﬁm_ﬂ e o b
(69)
= I+ a—ssmm trepe — 31(05) e + O0(e)),
where "
. 1—a( 2 )Cvaosinvan.
- om \2-a 0 T2 2
a2 \Ga@-2)(E+d)
¢ = i—\57; S 2Vwk3 5 SNV,
Vm
Substituting (69) into (58), using that f (Ax) =0, we get:
f(/\k) = ﬁgk - 24Ca -2va + 24Ca e 12»a
) ¢ sinv,m
~3(5) s — 2 52-2ve k2-2va N
¢ sinv,m & 4 e o 4 1
+2i(2 = 2va)(3 + ) 2, J3a 52 D — q e m D — q 527 kA-T2va (70)

+0(ek)+o(%
2
_ o, +(1—0¢)2 C:ao 32 sinvacosval, o 4 < 1
- 2-atk Q2-a)t (rh)+*e M2 — a 52T fh-t-2ve
+o(ex) +o(%) =0,

V

where w = max{4 — 7 — 2v,, 4 — 4v,} and

22— ~ l1-a m,o( 2 )zv"
6=— in, ¢= 1
2 m ¢, \2-a
and hence 2
. _(1—0()2 C:L'O 8 sinv,cosv,.
k T @-ap (o
{2 V¥ o(l-a) C:a,O sinv,msin(l-17)F 1
Va

( 5 )S—T o(1-a) ¢, gsinvgmeos(1-1)% 1 N 0( 1 )
2—a m> ¢, T4 T2V k4-t-2va ko)

As (54) shows that the eigenvalues A of  approach the imaginary axis as k goes to infinity, clearly system
(12) is not uniformly stable. From (54), we have

|k|4—r—2v(, %/\k ~—

( 5 )3—T o(1-a) C;—L’O sinvemcos(l — 7)%

— 2 - 4—7-2v,
2—a m €, 0 i «

The operator # has a non exponential decaying branche of eigenvalues. Thus the proof is complete.
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5. Polynomial Stability (for n # 0)

To state and prove our stability results, we need some results from semigroup theory.

Theorem 5.1 ([7]). Let S(t) be a bounded Cy-semigroup on a Hilbert space X with generator P. If
iR C p(P) and V}‘im %Il(iﬁl = P) Hlgw) < o0

for some I, then there exist ¢ such that
Pryr 2 o © 2
€™ ol < Ul

Our main result is the following.

Theorem 5.2. The semigroup Sp(t), is polynomially stable and

1
E(t) = ISp(OUol, < —5—IUolR .
)

t @-1-2va

Proof. We will need to study the resolvent equation (il — P)U = F, for A € R, namely

iAu—v=fi,
AU = (X%Uy)x = fo,
iAp + (£% + 1) — v(0)v( 5) fa

NG — L(x%1u,)(0) + = f v(E)p(E)dE = fu.

where F = (fl,fz,f3,f4)T € H. From (71); and (71),, we have
/\2” + (xaux)x = _(fZ + l/\fl)
with

A%u — (x%uy), = 0,
—(12)(0) + (—mA2 + ipA(iA + )™ )u(0)

=mfy—C Lo % d& + (mid + o(iA + )" 1) f1(0),

u(l) =

Assume that @ is a solution of (72), then one easily checks that the function W defined by

1= 2 2-a
O(x) =x \P(z_a)tx )

is solution of the following inhomogeneous Bessel equation:

_ 2
v (y) + yW' (y) + (}f - (g ;) )‘I’(y) =

RPN (R (G 1) + i (310 7))-

The general solution of (75) is easily seen to be

W(y) = A, (y) + BJ oy, (y) — =——

2sinv,

' £
[ 20010 - e b

3235

(71)

(72)

(73)

(74)

(75)
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where A and B are constants free to be determined later and

16 = PG5 198 (A (B52 197 )+ ith (B3 5975).
Thus,
u(x) = Ax'=* T, (ﬁ/\x%)+8x%]_m(ﬁ/\x%)
+m (2304 xlzafo s7 (f2(5)+1)\f1(5))(]v1( E )]_Va( Ea)\x%)
o (A ) T, (A8 ) s
Therefore,

u(x) = Ad,.(x)+ Bd_(x)

_ T _ (76)
sy \2 = NP+ ()P (x) — D4 (x)D_(5)) ds,
where @, and @_ are defined by
1 2 20 1 2 20
0,0 =17, (7o), @0 =T, (o). 77)
We thus have
u(x) = Ad,(x)+ BCD’ (x)
7T , (78)
+2Sir1 - (5)D”(x) — D, (x)D_(s)) ds.
It remains to determine the constants A and B. Using (73),, (78) and (76), we conclude that
A-a); jA-(- mA? + piA(iA + 1)) OB
—+00
V(&6 1 (79)
- [ A e tmid + g+ IAO),
T
AD,(1) +BO_(1) = m 7 a)f (f2(s) +iIA (NP ()P (1) — D (1)D_(5)) ds, (80)
where s ,
Yy N 2 ) M+v, ~7 o ( 2 ) M—V,
Cva,m - Cva,m (2 _ OCA ’ Cva,m - Cva,m 2 _ OéA
and

o= (50=1), @)= (52

We write equations (79) and (80) in matrix form as

r 7 A C
()3 (9): -

where
n = (1 a)CV 07
ra = (mA% = gid(id + 1) 1)cv o
=y, (2 - )
)
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C = —mﬁ+Cj‘ Mfﬁ%izd—omA+mm+nvﬂﬁm)

¢ = T (2 f (o(5) + A (6) (@ (6)D_(1) — Do (1)D_(5)) ds

251nva7z 2 a

Let the determinant of the linear system given in (81) be denoted by D. Then Note that

D = (1-a) iJ-, (2 n ) (mA? —ngA(zA +1)° 1)c; Ojva( = )
— (1—a)c (2 a)v“ AVa [(Zn/\a) cos( A +vey — 7 )+O(/\5/2)]
—(mA? = giAGA + )" )e;, (—a)_va AT [(27_:—)\&) : cos (ﬁA ~Vaj %) O(As/z)]
(2w 1/2 1
= —mc” ( 2 ) ( ) A2 Va3 cos(ﬁ/\ -1, )

Va,0 2-a P
2—«a

+(1 - oz)c;fmo (ﬁ)vﬂ ( -

(S]E]
1R

Ll

1/2 ]
Va—3 L o _
) A zcos(z_a)\+va2

)

o e (2—a\ 5 1
+QlTCVmO (m) ( - ) AT Vam3 Cos(g/\ - Vaz - Z) + O(—A3/2+va—’[ )
As D # 0forall A # 0, then A and B are uniquely determined by (81).
Now, it is easy to prove that
ID| > c|A|">/#*V*" for large A. (82)

In the following lemma we will use some technical inequalities which will be useful for showing the
optimal polynomial decay of the solution.

Lemma 5.3 ([24]). (D) forall A € R — {0} large, we have

c
D4 1201, 1P-lr20,1) < m (83)

(In

2—a

x_%]va(z a/\x 2 ) <Al (84)

AxE )
12(0,)
(ITD) There exists a constant C > 0 such that, for all f; € Héra(O, 1), f> € L?(0,1) and A € R — {0},

_1
’ X 2]71/& (

12(0,1)

1
‘ fo (fo(s) + A Fi ()@ ()D_(1) — Do (1)D_(5)) ds| < l}l—|(nf1nHa“(o,1) +fallon)- (85)

Now, inverting the matrix in (81) we obtain

1 -
A = B(Cf’zz—crlz)
B

1 ~
p(=Cra + Cry)
Considering only the dominant terms of A, the following is obtained:

1Al + AV < sl AP,
alAlz + el At < Az,

IDIIA|

<
IDIB| <
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Hence, using (82), we deduce that

A < c|A[F7T 2 (86)
IB| < c|A[PT (87)
Also, we have
X c
|[ sov.weeas]  <iphsopiedsoni@dison < 5
0 L2(0,1) | | (88)

X
Mf f1(8) D (x)D(s) ds < Al lPxllz20,)[|Pxllr2 0,1y < c.
0 L2(0,1)

Then, from (76), (86), (87) and (88), we get

—T=2v,
llull201) < AP (||f1||Hgm(o,1) + 12l + ||f3“L2(7oo,+oo))l

consequently, from (71), and (76), we get

lollzo < A" (Ifilly o) + 1ol + 1Mz o)
Using (77) and (52), we obtain
{x“/2®'+<x> =
X2 (x) = (4
Then from (78), (83) and (84), we can get
e ullr20,0) < clAIT2 (”leH(ly,a(O'l) +If2llz0,) + ||f3||L2(—oo,+m))-

Moreover from (15), we have

1 +00
P> o) < ﬁ.[ (& + PP d& < cllUllg|IFlly-

Thus, we conclude that
GAT = P) Ml < A2 as |A] = co.
The conclusion then follows by applying Theorem 5.1.
Besides, we prove that the decay rate is optimal. Indeed, the decay rate is consistent with the asymptotic
expansion of eigenvalues.
O

Remark 5.4. We can extend the results of this paper to more general measure density (see [10]) instead of (5). Indeed,
let us suppose that v is an even nonnegative measurable function such that

f TV g <o (89)

o 1+&
We easily obtain the following Theorem.
Theorem 5.5. Let

A(/\) _ M|3_2V“
~ (RS(3iA)
where S(iA) = e L)ZZ dé&. Then the semigroup Sp(t);sq associated to (P’) satisfies the following decay estimate
oo iIA+n+E group >0 g Y

1
Pt
Uyl £« C———||U , t ,
[le” Ul A—l(t)” ollb@) — 00

where A™! is any asymptotic inverse of A.
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Open problem

It seems to be interesting to study a qualitative propreties of (P) with d(x) instead of x* (see (2)) with 0 < ug < 1.
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