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Abstract. In this paper, some new estimates on Fejér sort inequalities via Riemann Liouville fractional
integral for the products of two harmonically-convex functions are obtained.

1. Introduction

It is certified that a function J : K ¢ R — R is convex, if
IM+A-m6)<n3IE®)+(1-n)3(0),

grip for all 9, 0 € K and 1 € [0,1]. The Hermite-Hadamard inequality is onoff essential inequalities for
convex functions.

This inequalities startest if, for 1, £, € K with {; < ¢, the 3 : K ¢ R — R is a convex function spell out
on a convex meantime K of real numbers.Then

0+ {2) 1 f I (&) + J (£2)
5( o el RO LE = (1)
In [8], Fejér turn over weighted generalization of (1).

Consider the integral f[f * J(x)R(x)dx, where R is a positive function in the meantime (¢1,£,) as a
consequence J(x) is a convex function in the same meantime such that:

OStS%(51+€2),%(€2+€1—t):%(t),

i.e., ¢ = R (x) is symmetric curve in regard to the straight line which normal to the x-axis and contains the
point (% (6 + {’2),0) . Then

%) (> %)
g (51 Jz’ [2) Rwdx < | S@R@)dx < w R (x)dx.
b
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A number of version of the inequality (1) and (2) have been secured by researchers from all over the world
in the past three decades [1, 7, 13, 17, 22, 24].

Definition 1.1. [11] Let K c R\ {0} be a real interval. A function 3 : K — R is convex harmonically , then

S6
fj(m)ﬁ95‘(9)+(1—P)f5(\9), 3)

forall 9, 0 € Kand p €[0,1]. If (3) is reversed, then 3 is concave harmonically.

Theorem 1.2. [11] Let 3 : K C R\ {0} — R be a convex harmonically function on K° as a consequence {1, £, € K°
with €1 < €, such that 3 € L ([€1,€2]),Then

( 2016, )< (10, S(V) 5(51) + 3 (6)
O+ 6 6H— 6 12 2 ’

(4)

Theorem 1.3. [5] Let 3 : K € R\ {0} — R is convex harmonically function on K° as a consequence 1, €, € K with
& < b such that 3’ € L([€1, £2]). Then

3( 208 [* R0

e e IR 8<f1>+8 (£2) f"%(v) Y (5)
51 +€2 4

V2 - 52 - 51 2 1/2
where R : K C R\ {0} — R is integrable, non-negative and satisfies :
010, 010,
A(4)-x (1)
v 51 + fz -V

Here, we also indicate the sequential definition of harmonically symmetric functions to be used in the
progression of the paper.

[152
O+07

Definition 1.4. [16] A function R : [¢1,(;] € R\ {0} — R is harmonically symmetric in regard to then

R =12 ( 1 1 1 ]’
holdsfor allv € [€1, 6]

Definition 1.5. [14] Let 3 € L([¢1, (2]), then for order a > O with £, > €1 > 0, the right handed as a consequence
left handed Riemann-Liouville fractional integrals J;. 5 as a consequernce ] 3, are defined as:

Je3 ) = ﬁ f v=p)"" I (p)dp,v> b
and

130 = 5 [ -0 S @<
where, T (a) = [ e’ p*~dp and J.30) =3 W) =3 ).

Theorem 1.6. [9] Let J : K C (0, ) — R be a differentiable on K as a consequence €1, £, € K with €1 < £, as a
consequence 3 € L ([(1,£2]). If 3 is convex harmonically on [£1, (5], then

S(45)= KI8T [ (L), (1] - 242,

witha > 0and i (v) = 1 ve[l l].



M. Baloch et al. / Filomat 35:9 (2021), 2883-2893 2885

Theorem 1.7. [10] Let 3 : [£1, 2] — R be harmonically convex with €y < €, as a consequence I € L([¢1,6]). If

R : [61, 6] — Ris integrable, non-negative as a consequence harmonically symmetric in regard to ?ﬁf} , then

(fzgﬁz)[]f o) () + Iy, (Rof) (%)] < [] (@Ra) () + J4, (9o (%)]
sw[ﬂz (Ro h)( )+]a (*Roh)(fl—l)], ?)

witha>0and () = L, ve L, 1],

Budak [4], granted some Fejér sort inequalities for products of two convex mappings as a consequence by
applying these inequalities for Riemann-Liouville fractional integrals, he rooted some Fejér sort inequalities
involving Riemann-Liouville fractional integrals. For well-purposed details on Hermite-Hadamard-Fejér
integral inequalities with convexities see, [2, 3, 6, 12, 15, 18-21, 23]. Motivated by this work, we present some
Fejér sort inequalities for products of two harmonically convex mappings as a consequence by applying
these inequalities for Riemann-Liouville fractional integrals.

2. Fejér sort inequalities for product for harmonically-convex functions

Theorem 2.1. Suppose that 3 : [{1, €2] — [0, 00) is non-negative, integrable as a consequence harmonically sym-

metric in regard to ?ﬁf} If 3,R : K € R\ {0} = R are two non-negative, real-valued as a consequence harmonic

convex functions on K then forany {1, > € K, we attain
A1\ (1 (1
S, 3 ER(E)=(0)e
L I3 € €

(ffl_& Z{M(fl,fz)fl ——e )dé +N(51,52)f 7 (6_{’1_2):(%)d€l' ®)

or equivalently

"y ©) R () = (5)

o [ 2 v [ - 2],

1 1

0

where
M, 6) =3 (G)R )+ T (6)R(6)
and
N(€1,6) =3 ()R (&) + R (6L) T ().
Proof. Since 3 and R are harmonic-convex functions on [¢;, {;], we attain

( 1514

) S @+ A=) 3 ). o

016y
s‘R(m) < VR () + (1 -v)R(6). (11)
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From (10) and (11), we attain

016 616>
S(Vfl +(1 —v)fz)%(v& + (1 —1/)52)

<VIL)R (L) + 1 -vP TR (G) +v (1= [TE) R (L) +R ()T @) (12)

Multiplying beside of (12) over 2 ( ) soon after integrating in regard to v from 0 to 1, we attain

vl +(1 v){’

1
0t bt 0t
j; S(vfl +(1 —v){’z)y\(v& +(1 —1/){’2):(1/51 +(1 —v)fz)dv

1 1
2 61t 2 515—2
Sﬁ(fz)%(fz)ﬁ V:(m)dv+8(€1)%(€1)j; (1—1/) :(Vfl+(1—1/)€2)dv

16y

1
+[3 (51)%(€z)+%(é’1)5(52)]j; v(1 —V)J(m

)dv. (13)

vl +(1*V)€2
0t

By change of variable ¢ = , we attain

1
06 A A
fo S(M T a —v)fz)y\(vﬁl T a —v)fz):(v& T a —v)fz)dv

- [T o)) o
L bt Gt ¥ (1 Vo1
fovl(m)dvz(&_&)fé (E—e)l(g)de. (15)

. . . .. 2016 .
Since J(¢) is harmonically symmetric in regard to 757, we attain

f (1- ( vl +i11€2_v)€2)dvz (ffl_&é’lf f; (8_%)2:(%)‘18
(2] [T (ko) = o

2

R e L e I At [ G

By substitution the equalities (14)-(17) in (13), we attain

[Pt (2) e

< ({,Mz )3 [3 ()R () + T () R ()] f (;—1 —5)2:(1)015

=0 e

and

We also attain

2

+(€flfz )3 5(51)%(52)+%(€1)5(€z)]f ——8)(6 512)3(%)‘15- (18)

If we multiply beside of (18) by 2 2 ;1 , then we attain the desired result. [
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Corollary 2.2. If we elect ‘R (%) =1,forall e € [}—2, %1 in Theorem 2.1, then

[ (2)3(2)ae s 22 [Eo(,

or equivalently

(2
S():(e) 5(51)+3 fz)f 38)

41

Proof. For ‘R (%) =1, foralle e [%, 61—1] , from the inequality (8), we attain

< [S(f1)+5(fz)](€fl_€2€1)z[jj (%—6)23(%)015 +f; (%-5)(s—§—2)3(%)dg}

- [3 (51)+5(52)]( hbs ) f ’ (l—e)l(%)da (19)

. . . .. 2 .
Since d is harmonic symmetric in regard to ff}rf?z , we attain

1 i+l 1
fﬁ (l—s) (1)d£:f2% (1—6):(1)d6+f[1 (l—s)ﬂ(l)de
1\ I3 1 1% e a+ \ e
7 7 207,
*E 1 1 > 1 1
S Y A Y (R P
iz 41 & é %) [—1+[TZ—€

Using (20) in (19), we attain the required result. [J

Theorem 2.3. Suppose that conditions of Theorem 2.1 holds, then

el =IN (%>de<f;‘s(%)%<%>:(%>de

( Mz e t’)f 2 )d FN( f)f ( —l):(l)d 1)
€2_€1 1,12 [] 6 & 1,2 & fz - el,
or equivalently
26,6, 2006, \ (% 3(e) i (e)
25(51 +fz)%(fl +€2)fﬁ e2 de < 0O S(E)
06 \2 L1 123, L1 11 3(e)
+(€2—€1) [M(gl’ﬁ) 4 (6’1 a e) &2 de +N (6, 62) 4 (é’l B e)(e _{’2) g2 del, (22)

where M (€1, £2) and N (€1, £2) are defined as in Theorem 2.1.
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Proof. Forv € [0,1], we can write

14%% {11,
206, 2 (V€1+(11EV)[2 ) ((1—1/)1[124-1/[2 )
fl —+ fz - ( 5152 flfz

AT GEEL YA ) + ((1—V)€1+uez )

Using the harmonic-convexity of J and R, we attain

261¢ 26,¢
ore)* 7 a)
2 (vtﬁ +€(11fiv)€2 ) ((1—v£7)l€f2+v€z ) ] R [ 2 (v& +€(11[Ev)€2 ) ((1—1/{7)15[1724—1/[2 )
(

( {16 ) + {16 {16 + {16
V€1+(1—V)[2 (1—1/)[1+V€2 V€1+(1—V)f2 (1—V)€1+V€2

0t 0t 0t 0t

3 (1/51 el —v)ez) +3 ((1 YA +v€2)] [‘R(m (1 —v)fz) * %((1 YA +v€2)]
0t 0t 0t 0t

3 (Vfl + (1 — V)fz)%(vfl + (1 —V)fz) +3 ((1 — V)f1 + sz) 9%((1 — V)€1 + sz):|

1 5143 1ty 61ty 61ty
Z |:S (Vfl +(1- V)fz) %((1 - + sz) +3 ((1 - + sz)% (Vfl + (1 - V)fz)] - (23

For the second expression in the last equality, by using again the HA-convexity of 3 and R, we attain

2610, 2010, )
S;(51 +52)‘P\(€1 +52

1 616, 514 66, 6
< Z [s (Vfl +(1 —V)fz)%(vfl +(1 —V)fz) +J ((1 -t +sz)%((1 -1 +sz)]

#3240 B@RE@) + IERE)]+ 511 - HISERE) + REIE)N. (4

=3

IA

Ll Bl S e
r s ]

+

Multiplying beside of (12) over 3 (m), soon after integrating in regard to v from 0 to 1, we attain

2016, ) ( 2616, )fl 616y

5(51”’2 L Voww ; “vara-vn)?
1 616> 010, 6ty

< ZL 87(1/51 + (1 —V)fz)%(vfl + (1 —V)gz - 1/51 + (1 —V)€2 dv
1 (! 61t 00, 6l

* Zfo I ((1 Y2 +v€2)‘R((1 menyar ) ol by wn v L

M(ty, 6) 016 N, 6) [ 06
+ 1 f(; [VZ + (1 — v)z] 3 (Vfl " (1 — V)fz)dv + 5 f(; V(l — V): (m) dv. (25)

Using the identities (14)-(17) in (25), we attain

(o 2 (25 ) [ o= ) [ 5[

+(€fl_€2€1)3 [M(fzhfz) f;l (%1 —8)23(%)d€+w‘f; (;_1_8)(8_%)3(%)d4 (26)

Multiply the beside of (26) by %, then we attain the desired result (21). O
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Corollary 2.4. Ifweelect R (1) =1, forall e € | L, L | in Theorem 2.3, then
ry & fz fl

29225 [ a(2)ac = [ 9(2)a(F)ae 22D [T ()

or equivalently

204 ’ 3(6) 3(6) L3 +3(b) =10
23(51"1‘52)[ = o S() 2 o &2 de

Proof. For ‘R (%) =1,foralle e [é,lz, [1—1] , from the inequality (21), we attain

292 [ 3(Hees [ 9(2)a(E)e

[ )2[5(fl>+8(52)1[ I\ LR e f (L-o)(e-L)a(t )4
=ﬁ‘l‘s(%):(%)dﬁ—s(a)zs(@ f:al(%)de. 27)

By applying the equality (20), we attain the desired result. [

3. Some Results For Riemann-Liouville Fractional Integrals

In this section, we spread the inequalities obtain in Section 2 to Riemann-Liouville fractional integrals.
Thus, we establish some Fejér sort inequalities involving Riemann-Liouville fractional integrals.

Theorem 3.1. Suppose that 3 : [£1,£,] — [0, 00) is integrable, non-negative as a consequence harmonically sym-

metric in regard to ?fjj,z If 3,R : K C R\ {0} — R are two non-negative, real-valued as a consequence harmonic

convex functions on K “then forany {1, €, € K, we attain

‘:i; (BRI (L) + ]"j (BRI (&)
Sﬁ(gfl_fz 2{M(fl/fz)f ——é [{%—e)z+(e—%)2]3(%)de

v [ (o (o= )= e

or equivalently

1+ (BRI (&) + T, - (BRI) (&)

< vt () oo [ (G172 (- 2) |7

LN (b, 6) f& (l - 1)a (1 - l) :(S)de}, (29)

o \O ) \e ) €

where I is the Gamma function.
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Proof. Based on the assumption that J is integrable, non-negative and symmetric f}j} , it is obvious that

1 -1
h (%) =1 [(f% - g)a + (s - flz)a ] | (:) is integrable, non-negative and symmetric in regard to 212 Thus

bH+6”
by using Theorem 2.1 we attain

[
(551_5251 Z[M(fl,fz)j;z ——é )dé +N ( 51,52)’f12 7 ¢ (6 %)h(%)dé‘l, (30)

as

+N(£1,52)f 7 s—%)x[(%_6)“-1+(8_%)a_1]:(%)d6}. o
From the Definition 1.6, we attain
= a-1 = a-
), (&) SR [ ez 3R (=)

= J% . (BRI) (&) + ]“ (JRI)(L). (32)

2

Moreover, since 4 is symmetric in regard to {,Ejréz , we attain

JE G- 2T e

S AT 32 e ) o o
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If we substitute the equalities (32)-(34) in (31), then we attain the desired inequality (28). O

Corollary 3.2. If we elect R (%) =1, forall e € [51—2, %] , in Theorem 3.1, then we have

3 (6) + 3 ()
2

ST+ 5 (93 () < 2@ s3],

2

Proof. For R (%) =1, foralle e [%, %] , from the inequality (28), we attain

J1+ (@ () + ] - (33) (&)

[ 7

(o) T {f (G a2l 2 )
aff (;_1_5)“(5_;2):(5)015}

2 2 .
L e e N e B (I o R R G 3 B L

_ 5(&%(;)3 () ;(1 g)a_lj(l)de _ 3(51);5(52)

141

! [RETGEETEREY

4
|

Theorem 3.3. Suppose that conditions of Theorem 3.1 holds, then

2610 2016 \| 4 a a a
23(24%)% (24| @@ s @ @] <1 e @ 1 R @)

Pl (e {M@l,&) G- (& - e
e [ (F-f (-2l @

2

or equivalently

23 (2R (258 1 @@+ @ (fz)] <J5. (SRI(E)+]] (SR (@)

0+ {1+ By o

et {2 (G- (- e
v [ (-1 (250} @

2[1[2
O1+0y7

it is obvious that

Proof. Based on the assumption that J is integrable, non-negative and symmetric

h (l) = ﬁ [(% - e)a_l + (e - [lz)a_l] m (%) is integrable, non-negative and symmetric about 212, Thus by

& O+6 "
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using Theorem 3.1, we attain
2616, 2616 % 1 T (e (1), (1
mz 2 1y, (1
(52_ [M(fl,t’z)f ( )ds AN é’l,é’z)f s (S—E)h(z)del. (38)

R IN T
<o [, (G -2 )2 ()
(2 e [ ——e2[(2—1—e>“‘1+<e-é)“*]:e)de

+N (6, 6) j:é (% —-¢ é - {,1—2) [(51—1 - E)a—l + (e - ;—z)a_l] J(%)de}. (39)

From the Definition 1.6, and using the identities (32)-(34), we attain the desired result (36). [

Remark 3.4. If we elect & = 1 in Theorem 3.1, then (28) cut down to (8).

Corollary 3.5. If we elect R (%) =1forall ¢ € [%, %] , in Theorem 3.3, then

20165 \| 0 . )
23 (51 " 52)[ I 3(t) +] 3(52)] %+ (83)(61) + ]qf (92) (&)

N I (6) + 3 (L)

O @2, 0

Proof. The proof is obvious from the inequality (35). O

Remark 3.6. If we elect @ = 1 in Theorem 3.3, then (36) cut down to (21).
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