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Abstract. In this paper, some new estimates on Fejér sort inequalities via Riemann Liouville fractional
integral for the products of two harmonically-convex functions are obtained.

1. Introduction

It is certified that a function = : K ⊂ R→ R is convex, if

=
(
ηϑ +

(
1 − η

)
θ
)
≤ η= (ϑ) +

(
1 − η

)
= (θ) ,

grip for all ϑ, θ ∈ K and η ∈ [0, 1]. The Hermite-Hadamard inequality is onoff essential inequalities for
convex functions.

This inequalities startest if, for `1, `2 ∈ K with `1 < `2, the = : K ⊂ R→ R is a convex function spell out
on a convex meantime K of real numbers.Then

=

(
`1 + `2

2

)
≤

1
`2 − `1

∫ `2

`1

= (x) dx ≤
= (`1) + = (`2)

2
. (1)

In [8], Fejér turn over weighted generalization of (1).

Consider the integral
∫ `2

`1
=(x)<(x)dx, where < is a positive function in the meantime (`1, `2) as a

consequence =(x) is a convex function in the same meantime such that:

0 ≤ t ≤
1
2

(`1 + `2) ,< (`2 + `1 − t) =< (t) ,

i.e., ε = < (x) is symmetric curve in regard to the straight line which normal to the x-axis and contains the
point

(
1
2 (`1 + `2) , 0

)
. Then

=

(
`1 + `2

2

) ∫ `2

`1

<(x)dx ≤
∫ `2

`1

=(x)<(x)dx ≤
= (`1) + = (`2)

2

∫ `2

`1

<(x)dx. (2)
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A number of version of the inequality (1) and (2) have been secured by researchers from all over the world
in the past three decades [1, 7, 13, 17, 22, 24].

Definition 1.1. [11] Let K ⊂ R\ {0} be a real interval. A function = : K→ R is convex harmonically , then

=

(
ϑθ

ρϑ +
(
1 − ρ

)
θ

)
≤ ρ= (θ) +

(
1 − ρ

)
= (ϑ) , (3)

for all ϑ, θ ∈ K and ρ ∈ [0, 1]. If (3) is reversed, then = is concave harmonically.

Theorem 1.2. [11] Let = : K ⊆ R\ {0} → R be a convex harmonically function on K◦ as a consequence `1, `2 ∈ K◦

with `1 < `2 such that =′ ∈ L ([`1, `2]).Then

=

( 2`1`2

`1 + `2

)
≤

`1`2

`2 − `1

∫ `2

`1

= (ν)
ν2 dν ≤

= (`1) + = (`2)
2

. (4)

Theorem 1.3. [5] Let = : K ⊆ R\ {0} → R is convex harmonically function on K◦ as a consequence `1, `2 ∈ K with
`1 < `2 such that =′ ∈ L ([`1, `2]).Then

=

( 2`1`2

`1 + `2

) ∫ `2

`1

< (ν)
ν2 dν ≤

`1`2

`2 − `1

∫ `2

`1

= (ν)< (ν)
ν2 dν ≤

= (`1) + = (`2)
2

∫ `2

`1

< (ν)
ν2 dν, (5)

where< : K ⊆ R\ {0} → R is integrable, non-negative and satisfies :

<

(
`1`2

ν

)
=<

(
`1`2

`1 + `2 − ν

)
.

Here, we also indicate the sequential definition of harmonically symmetric functions to be used in the
progression of the paper.

Definition 1.4. [16] A function< : [`1, `2] ⊆ R\ {0} → R is harmonically symmetric in regard to 2`1`2
`1+`2

, then

< (ν) =<

 1
1
`1

+ 1
`2
−

1
ν

 ,
holds for all ν ∈ [`1, `2].

Definition 1.5. [14] Let = ∈ L ([`1, `2]) , then for order α > 0 with `2 > `1 ≥ 0, the right handed as a consequence
left handed Riemann-Liouville fractional integrals Jα

`+
1
= as a consequence Jα

`−2
=, are defined as:

Jα`+
1
= (ν) =

1
Γ (α)

∫ ν

a

(
ν − ρ

)α−1
=

(
ρ
)

dρ, ν > `1

and

Jα`−2=
(ν) =

1
Γ (α)

∫ ν

a

(
ρ − ν

)α−1
=

(
ρ
)

dρ, ν < `2

where, Γ (α) =
∫
∞

0 eρρα−1dρ and J0
`+

1
= (ν) = J0

`−2
= (ν) = = (ν).

Theorem 1.6. [9] Let = : K ⊆ (0,∞) → R be a differentiable on K as a consequence `1, `2 ∈ K with `1 < `2 as a
consequence = ∈ L ([`1, `2]). If = is convex harmonically on [`1, `2], then

=

( 2`1`2

`1 + `2

)
≤

Γ (α + 1)
2

(
`1`2

`2 − `1

)α [
Jα1
`1
−

(=o})
( 1
`2

)
+ Jα1

`2
+

(=o})
( 1
`1

)]
≤
= (`1) + = (`2)

2
, (6)

with α > 0 and } (ν) = 1
ν , ν ∈

[
1
`2
, 1
`1

]
.
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Theorem 1.7. [10] Let = : [`1, `2] → R be harmonically convex with `1 < `2 as a consequence = ∈ L ([`1, `2]). If
< : [`1, `2]→ R is integrable, non-negative as a consequence harmonically symmetric in regard to 2`1`2

`1+`2
, then

=

( 2`1`2

`1 + `2

) [
Jα1
`1
−

(<o})
( 1
`2

)
+ Jα1

`2
+

(<o})
( 1
`1

)]
≤

[
Jα1
`1
−

(=<o})
( 1
`2

)
+ Jα1

`2
+

(=<o})
( 1
`1

)]
≤
= (`1) + = (`2)

2

[
Jα1
`1
−

(<o})
( 1
`2

)
+ Jα1

`2
+

(<o})
( 1
`1

)]
, (7)

with α > 0 and } (ν) = 1
ν , ν ∈

[
1
`2
, 1
`1

]
.

Budak [4], granted some Fejér sort inequalities for products of two convex mappings as a consequence by
applying these inequalities for Riemann-Liouville fractional integrals, he rooted some Fejér sort inequalities
involving Riemann-Liouville fractional integrals. For well-purposed details on Hermite-Hadamard-Fejér
integral inequalities with convexities see, [2, 3, 6, 12, 15, 18–21, 23]. Motivated by this work, we present some
Fejér sort inequalities for products of two harmonically convex mappings as a consequence by applying
these inequalities for Riemann-Liouville fractional integrals.

2. Fejér sort inequalities for product for harmonically-convex functions

Theorem 2.1. Suppose that i : [`1, `2] → [0,∞) is non-negative, integrable as a consequence harmonically sym-
metric in regard to 2`1`2

`1+`2
. If =,< : K ⊆ R\ {0} → R are two non-negative, real-valued as a consequence harmonic

convex functions on K, then for any `1, `2 ∈ K, we attain

∫ 1
`1

1
`2

=

(1
ε

)
<

(1
ε

)
i

(1
ε

)
dε

≤

(
`1`2

`2 − `1

)2
M (`1, `2)

∫ 1
`1

1
`2

( 1
`1
− ε

)2

i
(1
ε

)
dε +N (`1, `2)

∫ 1
`1

1
`2

( 1
`1
− ε

) (
ε −

1
`2

)
i

(1
ε

)
dε

 , (8)

or equivalently∫ `2

`1

= (ε)< (ε)
i (ε)
ε2 dε

≤

(
`1`2

`2 − `1

)2 [
M (`1, `2)

∫ `2

`1

( 1
`1
−

1
ε

)2 i (ε)
ε2 dε +N (`1, `2)

∫ `2

`1

( 1
`1
−

1
ε

) (1
ε
−

1
`2

)
i (ε)
ε2 dε

]
, (9)

where

M (`1, `2) = = (`1)< (`1) + = (`2)< (`2)

and

N (`1, `2) = = (`1)< (`2) +< (`1)= (`2) .

Proof. Since = and< are harmonic-convex functions on [`1, `2], we attain

=

(
`1`2

ν`1 + (1 − ν) `2

)
≤ ν= (`2) + (1 − ν)= (`1) . (10)

<

(
`1`2

ν`1 + (1 − ν) `2

)
≤ ν< (`2) + (1 − ν)< (`1) . (11)
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From (10) and (11), we attain

=

(
`1`2

ν`1 + (1 − ν) `2

)
<

(
`1`2

ν`1 + (1 − ν) `2

)
≤ ν2
= (`2)< (`2) + (1 − ν)2

= (`1)< (`1) + ν (1 − ν) [= (`1)< (`2) +< (`1)= (`2)] . (12)

Multiplying beside of (12) over i
(

`1`2
ν`1+(1−ν)`2

)
, soon after integrating in regard to ν from 0 to 1, we attain∫ 1

0
=

(
`1`2

ν`1 + (1 − ν) `2

)
<

(
`1`2

ν`1 + (1 − ν) `2

)
i

(
`1`2

ν`1 + (1 − ν) `2

)
dν

≤ = (`2)< (`2)
∫ 1

0
ν2i

(
`1`2

ν`1 + (1 − ν) `2

)
dν + = (`1)< (`1)

∫ 1

0
(1 − ν)2 i

(
`1`2

ν`1 + (1 − ν) `2

)
dν

+ [= (`1)< (`2) +< (`1)= (`2)]
∫ 1

0
ν (1 − ν)i

(
`1`2

ν`1 + (1 − ν) `2

)
dν. (13)

By change of variable ε = ν`1+(1−ν)`2
`1`2

, we attain∫ 1

0
=

(
`1`2

ν`1 + (1 − ν) `2

)
<

(
`1`2

ν`1 + (1 − ν) `2

)
i

(
`1`2

ν`1 + (1 − ν) `2

)
dν

=
`1`2

`2 − `1

∫ 1
`1

1
`2

=

(1
ε

)
<

(1
ε

)
i

(1
ε

)
dε, (14)

and ∫ 1

0
ν2i

(
`1`2

ν`1 + (1 − ν) `2

)
dν =

(
`1`2

`2 − `1

)3 ∫ 1
`1

1
`2

( 1
`1
− ε

)2

i
(1
ε

)
dε. (15)

Since i(ε) is harmonically symmetric in regard to 2`1`2
`1+`2

, we attain∫ 1

0
(1 − ν)2 i

(
`1`2

ν`1 + (1 − ν) `2

)
dν =

(
`1`2

`2 − `1

)3 ∫ 1
`1

1
`2

(
ε −

1
`2

)2

i
(1
ε

)
dε

=
(
`1`2

`2 − `1

)3 ∫ 1
`1

1
`2

( 1
`1
− ε

)2

i
(1
ε

)
dε. (16)

We also attain ∫ 1

0
ν (1 − ν)i

(
`1`2

ν`1 + (1 − ν) `2

)
dν =

(
`1`2

`2 − `1

)3 ∫ 1
`1

1
`2

( 1
`1
− ε

) (
ε −

1
`2

)
i

(1
ε

)
dε. (17)

By substitution the equalities (14)-(17) in (13), we attain

`1`2

`2 − `1

∫ 1
`1

1
`2

=

(1
ε

)
<

(1
ε

)
i

(1
ε

)
dε

≤

(
`1`2

`2 − `1

)3

[= (`1)< (`1) + = (`2)< (`2)]
∫ 1

`1

1
`2

( 1
`1
− ε

)2

i
(1
ε

)
dε

+
(
`1`2

`2 − `1

)3

[= (`1)< (`2) +< (`1)= (`2)]
∫ 1

`1

1
`2

( 1
`1
− ε

) (
ε −

1
`2

)
i

(1
ε

)
dε. (18)

If we multiply beside of (18) by `2−`1
`1`2

, then we attain the desired result.
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Corollary 2.2. If we elect<
(

1
ε

)
= 1, for all ε ∈

[
1
`2
, 1
`1

]
in Theorem 2.1, then∫ 1

`1

1
`2

=

(1
ε

)
i

(1
ε

)
dε ≤

= (`1) + = (`2)
2

∫ 1
`1

1
`2

i
(1
ε

)
dε,

or equivalently∫ `2

`1

= (ε)
i (ε)
ε2 dε ≤

= (`1) + = (`2)
2

∫ `2

`1

i (ε)
ε2 dε.

Proof. For<
(

1
ε

)
= 1, for all ε ∈

[
1
`2
, 1
`1

]
, from the inequality (8), we attain

∫ 1
`1

1
`2

=

(1
ε

)
i

(1
ε

)
dε

≤ [= (`1) + = (`2)]
(
`1`2

`2 − `1

)2
∫ 1

`1

1
`2

( 1
`1
− ε

)2

i
(1
ε

)
dε +

∫ 1
`1

1
`2

( 1
`1
− ε

) (
ε −

1
`2

)
i

(1
ε

)
dε


= [= (`1) + = (`2)]

(
`1`2

`2 − `1

) ∫ 1
`1

1
`2

( 1
`1
− ε

)
i

(1
ε

)
dε. (19)

Since i is harmonic symmetric in regard to 2`1`2
`1+`2

, we attain

∫ 1
`1

1
`2

( 1
`1
− ε

)
i

(1
ε

)
dε =

∫ `1+`2
2`1`2

1
`2

( 1
`1
− ε

)
i

(1
ε

)
dε +

∫ 1
`1

`1+`2
2`1`2

( 1
`1
− ε

)
i

(1
ε

)
dε

=

∫ `1+`2
2`1`2

1
`2

( 1
`1
− ε

)
i

(1
ε

)
dε +

∫ `1+`2
2`1`2

1
`2

(
ε −

1
`2

)
i

 1
1
`1

+ 1
`2
− ε

 dε

=
`2 − `1

`1`2

∫ `1+`2
2`1`2

1
`2

i
(1
ε

)
dε =

`2 − `1

2`1`2

∫ 1
`1

1
`2

i
(1
ε

)
dε. (20)

Using (20) in (19), we attain the required result.

Theorem 2.3. Suppose that conditions of Theorem 2.1 holds, then

2=
( 2`1`2

`1 + `2

)
<

( 2`1`2

`1 + `2

) ∫ 1
`1

1
`2

i
(1
ε

)
dε ≤

∫ 1
`1

1
`2

=

(1
ε

)
<

(1
ε

)
i

(1
ε

)
dε

+
(
`1`2

`2 − `1

)2
M (`1, `2)

∫ 1
`1

1
`2

( 1
`1
− ε

)2

i
(1
ε

)
dε + N (`1, `2)

∫ 1
`1

1
`2

( 1
`1
− ε

) (
ε −

1
`2

)
i

(1
ε

)
dε

 , (21)

or equivalently

2=
( 2`1`2

`1 + `2

)
<

( 2`1`2

`1 + `2

) ∫ `2

`1

i (ε)
ε2 dε ≤

∫ `2

`1

= (ε)< (ε)
i (ε)
ε2 dε

+
(
`1`2

`2 − `1

)2 [
M (`1, `2)

∫ `2

`1

( 1
`1
−

1
ε

)2 i (ε)
ε2 dε +N (`1, `2)

∫ `2

`1

( 1
`1
−

1
ε

) (1
ε
−

1
`2

)
i (ε)
ε2 dε

]
, (22)

where M (`1, `2) and N (`1, `2) are defined as in Theorem 2.1.
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Proof. For ν ∈ [0, 1] , we can write

2`1`2

`1 + `2
=

2
(

`1`2
ν`1+(1−ν)`2

) (
`1`2

(1−ν)`1+ν`2

)(
`1`2

ν`1+(1−ν)`2

)
+

(
`1`2

(1−ν)`1+ν`2

) .
Using the harmonic-convexity of = and<, we attain

=

( 2`1`2

`1 + `2

)
<

( 2`1`2

`1 + `2

)
= =

 2
(

`1`2
ν`1+(1−ν)`2

) (
`1`2

(1−ν)`1+ν`2

)(
`1`2

ν`1+(1−ν)`2

)
+

(
`1`2

(1−ν)`1+ν`2

) <
 2

(
`1`2

ν`1+(1−ν)`2

) (
`1`2

(1−ν)`1+ν`2

)(
`1`2

ν`1+(1−ν)`2

)
+

(
`1`2

(1−ν)`1+ν`2

) 
≤

1
4

[
=

(
`1`2

ν`1 + (1 − ν)`2

)
+ =

(
`1`2

(1 − ν)`1 + ν`2

)] [
<

(
`1`2

ν`1 + (1 − ν)`2

)
+<

(
`1`2

(1 − ν)`1 + ν`2

)]
=

1
4

[
=

(
`1`2

ν`1 + (1 − ν)`2

)
<

(
`1`2

ν`1 + (1 − ν)`2

)
+ =

(
`1`2

(1 − ν)`1 + ν`2

)
<

(
`1`2

(1 − ν)`1 + ν`2

)]
+

1
4

[
=

(
`1`2

ν`1 + (1 − ν)`2

)
<

(
`1`2

(1 − ν)`1 + ν`2

)
+ =

(
`1`2

(1 − ν)`1 + ν`2

)
<

(
`1`2

ν`1 + (1 − ν)`2

)]
. (23)

For the second expression in the last equality, by using again the HA-convexity of = and<, we attain

=

( 2`1`2

`1 + `2

)
<

( 2`1`2

`1 + `2

)
≤

1
4

[
=

(
`1`2

ν`1 + (1 − ν)`2

)
<

(
`1`2

ν`1 + (1 − ν)`2

)
+=

(
`1`2

(1 − ν)`1 + ν`2

)
<

(
`1`2

(1 − ν)`1 + ν`2

)]
+

1
4

[
ν2 + (1 − ν)2

]
[=(`1)<(`1) + =(`2)<(`2)] +

1
2

t(1 − t) [=(`1)<(`2) +<(`1)=(`2)] . (24)

Multiplying beside of (12) over i
(

`1`2
ν`1+(1−ν)`2

)
, soon after integrating in regard to ν from 0 to 1, we attain

=

( 2`1`2

`1 + `2

)
<

( 2`1`2

`1 + `2

) ∫ 1

0
i

(
`1`2

ν`1 + (1 − ν)`2

)
dν

≤
1
4

∫ 1

0
=

(
`1`2

ν`1 + (1 − ν)`2

)
<

(
`1`2

ν`1 + (1 − ν)`2

)
i

(
`1`2

ν`1 + (1 − ν)`2

)
dν

+
1
4

∫ 1

0
=

(
`1`2

(1 − ν)`1 + ν`2

)
<

(
`1`2

(1 − ν)`1 + ν`2

)
i

(
`1`2

ν`1 + (1 − ν)`2

)
dν

+
M(`1, `2)

4

∫ 1

0

[
ν2 + (1 − ν)2

]
i

(
`1`2

ν`1 + (1 − ν)`2

)
dν +

N(`1, `2)
2

∫ 1

0
ν(1 − ν)i

(
`1`2

ν`1 + (1 − ν)`2

)
dν. (25)

Using the identities (14)-(17) in (25), we attain

(
`1`2

`2 − `1

)
=

( 2`1`2

`1 + `2

)
<

( 2`1`2

`1 + `2

) ∫ 1
`1

1
`2

i
(1
ε

)
dε ≤

1
2

(
`1`2

`2 − `1

) ∫ 1
`1

1
`2

=

(1
ε

)
<

(1
ε

)
i

(1
ε

)
dε

+
(
`1`2

`2 − `1

)3
M (`1, `2)

2

∫ 1
`1

1
b

( 1
`1
− ε

)2

i
(1
ε

)
dε +

N (`1, `2)
2

∫ 1
`1

1
`2

( 1
`1
− ε

) (
ε −

1
`2

)
i

(1
ε

)
dε.

 (26)

Multiply the beside of (26) by 2(`2−`1)
`1`2

, then we attain the desired result (21).
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Corollary 2.4. If we elect<
(

1
ε

)
= 1, for all ε ∈

[
1
`2
, 1
`1

]
in Theorem 2.3, then

2=
( 2`1`2

`1 + `2

) ∫ 1
`1

1
`2

i
(1
ε

)
dε ≤

∫ 1
`1

1
`2

=

(1
ε

)
i

(1
ε

)
dε +

= (`1) + = (`2)
2

∫ 1
`1

1
`2

i
(1
ε

)
dε,

or equivalently

2=
( 2`1`2

`1 + `2

) ∫ `2

`1

i (ε)
ε2 dε ≤

∫ `2

`1

= (ε)
i (ε)
ε2 dε +

= (`1) + = (`2)
2

∫ `2

`1

i (ε)
ε2 dε.

Proof. For<
(

1
ε

)
= 1, for all ε ∈

[
1
`2
, 1
`1

]
, from the inequality (21), we attain

2=
( 2`1`2

`1 + `2

) ∫ `2

`1

i
(1
ε

)
dε ≤

∫ 1
`1

1
`2

=

(1
ε

)
i

(1
ε

)
dε

+
(
`1`2

`2 − `1

)2

[= (`1) + = (`2)]

∫ 1
`1

1
`2

( 1
`1
− ε

)2

i
(1
ε

)
dε +

∫ 1
`1

1
`2

( 1
`1
− ε

) (
ε −

1
`2

)
i

(1
ε

)
dε


=

∫ 1
`1

1
`2

=

(1
ε

)
i

(1
ε

)
dε +

= (`1) + = (`2)
2

∫ 1
`1

1
`2

i
(1
ε

)
dε. (27)

By applying the equality (20), we attain the desired result.

3. Some Results For Riemann-Liouville Fractional Integrals

In this section, we spread the inequalities obtain in Section 2 to Riemann-Liouville fractional integrals.
Thus, we establish some Fejér sort inequalities involving Riemann-Liouville fractional integrals.

Theorem 3.1. Suppose that i : [`1, `2] → [0,∞) is integrable, non-negative as a consequence harmonically sym-
metric in regard to 2`1`2

`1+`2
. If =,< : K ⊆ R\ {0} → R are two non-negative, real-valued as a consequence harmonic

convex functions on K, then for any `1, `2 ∈ K, we attain

Jα1
`2

+ (=<i) (`1) + Jα1
`1

− (=<i) (`2)

≤
1

Γ (α)

(
`1`2

`2 − `1

)2
M (`1, `2)

∫ 1
`1

1
`2

( 1
`1
− ε

)α−1 [( 1
`1
− ε

)2

+
(
ε −

1
`2

)2]
i

(1
ε

)
dε

+2N (`1, `2)
∫ 1

`1

1
`2

( 1
`1
− ε

)α (
ε −

1
`2

)
i

(1
ε

)
dε

 , (28)

or equivalently

Jα1
`2

+ (=<i) (`1) + Jα1
`1

− (=<i) (`2)

≤
1

Γ (α)

(
`1`2

`2 − `1

)2 {
M (`1, `2)

∫ `2

`1

( 1
`1
−

1
ε

)α−1 [( 1
`1
−

1
ε

)2

+
(1
ε
−

1
`2

)2] i (ε)
ε2 dε

+2N (`1, `2)
∫ `2

`1

( 1
`1
−

1
ε

)α (1
ε
−

1
`2

)
i (ε)
ε2 dε

}
, (29)

where Γ is the Gamma function.
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Proof. Based on the assumption that i is integrable, non-negative and symmetric 2`1`2
`1+`2

, it is obvious that

h
(

1
ε

)
= 1

Γ(α)

[(
1
`1
− ε

)α−1
+

(
ε − 1

`2

)α−1
]
i

(
1
ε

)
is integrable, non-negative and symmetric in regard to 2`1`2

`1+`2
. Thus

by using Theorem 2.1 we attain∫ 1
`1

1
`2

=

(1
ε

)
<

(1
ε

)
h
(1
ε

)
dε

≤

(
`1`2

`2 − `1

)2
M (`1, `2)

∫ 1
`1

1
`2

( 1
`1
− ε

)2

h
(1
ε

)
dε +N (`1, `2)

∫ 1
`1

1
`2

( 1
`1
− ε

) (
ε −

1
`2

)
h
(1
ε

)
dε

 , (30)

as

1
Γ(α)

∫ 1
`1

1
`2

=

(1
ε

)
<

(1
ε

) [( 1
`1
− ε

)α−1

+
(
ε −

1
`2

)α−1]
i

(1
ε

)
dε

≤
1

Γ(α)

(
`1`2

`2 − `1

)2
M (`1, `2)

∫ 1
`1

1
`2

( 1
`1
− ε

)2 [( 1
`1
− ε

)α−1

+
(
ε −

1
`2

)α−1]
i

(1
ε

)
dε

+ N (`1, `2)
∫ 1

`1

1
`2

( 1
`1
− ε

) (
ε −

1
`2

)
×

[( 1
`1
− ε

)α−1

+
(
ε −

1
`2

)α−1]
i

(1
ε

)
dε

}
. (31)

From the Definition 1.6, we attain

1
Γ(α)

∫ 1
`1

1
`2

( 1
`1
− ε

)α−1

=

(1
ε

)
<

(1
ε

)
i

(1
ε

)
dε +

1
Γ(α)

∫ 1
`1

1
`2

(
ε −

1
`2

)α−1

=

(1
ε

)
<

(1
ε

)
i

(1
ε

)
dε

= Jα1
`2

+ (=<i) (`1) + Jα1
`1

− (=<i) (`2) . (32)

Moreover, since i is symmetric in regard to 2`1`2
`1+`2

, we attain∫ 1
`1

1
`2

( 1
`1
− ε

)2 [( 1
`1
− ε

)α−1

+
(
ε −

1
`2

)α−1]
i

(1
ε

)
dε

=

∫ 1
`1

1
`2

( 1
`1
− ε

)α+1

i
(1
ε

)
dε +

∫ 1
`1

1
`2

( 1
`1
− ε

)2 (
ε −

1
`2

)α−1

i
(1
ε

)
dε

=

∫ 1
`1

1
`2

( 1
`1
− ε

)α+1

i
(1
ε

)
dε +

∫ 1
`1

1
`2

( 1
`1
− ε

)α−1 (
ε −

1
`2

)2

i
(1
ε

)
dε

=

∫ 1
`1

1
`2

( 1
`1
− ε

)α−1 [( 1
`1
− ε

)2

+
(
ε −

1
`2

)2]
i

(1
ε

)
dε, (33)

and similarly∫ 1
`1

1
`2

( 1
`1
− ε

) (
ε −

1
`2

) [( 1
`1
− ε

)α−1

+
(
ε −

1
`2

)α−1]
i

(1
ε

)
dε =

∫ 1
`1

1
`2

(
ε −

1
`2

) ( 1
`1
− ε

)α
i

(1
ε

)
dε

+

∫ 1
`1

1
`2

( 1
`1
− ε

) (
ε −

1
`2

)α
i

(1
ε

)
dε =

∫ 1
`1

1
`2

(
ε −

1
`2

) ( 1
`1
− ε

)α
i

(1
ε

)
dε

+

∫ 1
`1

1
`2

(
ε −

1
`2

) ( 1
`1
− ε

)α
i

(1
ε

)
dε = 2

∫ 1
`1

1
`2

(
ε −

1
`2

) ( 1
`1
− ε

)α
i

(1
ε

)
dε. (34)
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If we substitute the equalities (32)-(34) in (31), then we attain the desired inequality (28).

Corollary 3.2. If we elect<
(

1
ε

)
= 1, for all ε ∈

[
1
`2
, 1
`1

]
, in Theorem 3.1, then we have

Jα1
`2

+ (=i) (`1) + Jα1
`1

− (=i) (`2) ≤
= (`1) + = (`2)

2

[
Jα1
`2

+i (`1) + Jα1
`1

−i (`2)
]
.

Proof. For<
(

1
ε

)
= 1, for all ε ∈

[
1
`2
, 1
`1

]
, from the inequality (28), we attain

Jα1
`2

+ (=i) (`1) + Jα1
`1

− (=i) (`2)

≤

(
`1`2

`2 − `1

)2
= (`1) + = (`2)

Γ (α)


∫ 1

`1

1
`2

( 1
`1
− ε

)α−1 [( 1
`1
− ε

)2

+
(
ε −

1
`2

)2]
i

(1
ε

)
dε

+2
∫ 1

`1

1
`2

( 1
`1
− ε

)α (
ε −

1
`2

)
i

(1
ε

)
dε


=

(
`1`2

`2 − `1

)2
= (`1) + = (`2)

Γ (α)

∫ 1
`1

1
`2

( 1
`1
− ε

)α−1 [( 1
`1
− ε

)2

+
(
ε −

1
`2

)2

+2
( 1
`1
− ε

) (
ε −

1
`2

)]
i

(1
ε

)
dε

=
= (`1) + = (`2)

Γ (α)

∫ 1
`1

1
`2

( 1
`1
− ε

)α−1

i
(1
ε

)
dε =

= (`1) + = (`2)
2

[
Jα1
`2

+i (`1) + Jα1
`1

−i (`2) (35)

Theorem 3.3. Suppose that conditions of Theorem 3.1 holds, then

2=
( 2`1`2

`1 + `2

)
<

( 2`1`2

`1 + `2

) [
Jα1
`2

+ (i) (`1) + Jα1
`1

− (i) (`2)
]
≤

[
Jα1
`2

+ (=<i) (`1) + Jα1
`1

− (=<i) (`2)
]

+
1

Γ (α)

(
`1`2

`2 − `1

)2
M (`1, `2)

∫ 1
`1

1
`2

( 1
`1
− ε

)α−1 [( 1
`1
− ε

)2

+
(
ε −

1
`2

)2]
i

(1
ε

)
dε

+2N (`1, `2)
∫ 1

`1

1
`2

( 1
`1
− ε

)α (
ε −

1
`2

)
i

(1
ε

)
dε

 , (36)

or equivalently

2=
( 2`1`2

`1 + `2

)
<

( 2`1`2

`1 + `2

) [
Jα1
`2

+ (i) (`1) + Jα1
`1

− (i) (`2)
]
≤ Jα1

`2

+ (=<i) (`1) + Jα1
`1

− (=<i) (`2)

+
1

Γ (α)

(
`1`2

`2 − `1

)2 {
M (`1, `2)

∫ `2

`1

( 1
`1
−

1
ε

)α−1 [( 1
`1
−

1
ε

)2

+
(1
ε
−

1
`2

)2] i (ε)
ε2 dε

+2N (`1, `2)
∫ `2

`1

( 1
`1
−

1
ε

)α (1
ε
−

1
`2

)
i (ε)
ε2 dε

}
. (37)

Proof. Based on the assumption that i is integrable, non-negative and symmetric 2`1`2
`1+`2

, it is obvious that

h
(

1
ε

)
= 1

Γ(α)

[(
1
`1
− ε

)α−1
+

(
ε − 1

`2

)α−1
]
i

(
1
ε

)
is integrable, non-negative and symmetric about 2`1`2

`1+`2
. Thus by
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using Theorem 3.1, we attain

=

( 2`1`2

`1 + `2

)
<

( 2`1`2

`1 + `2

) ∫ 1
`1

1
`2

h
(1
ε

)
dε ≤

∫ 1
`1

1
`2

=

(1
ε

)
<

(1
ε

)
h
(1
ε

)
dε

+
(
`1`2

`2 − `1

)2
M (`1, `2)

∫ 1
`1

1
`2

( 1
`1
− ε

)2

h
(1
ε

)
dε +N (`1, `2)

∫ 1
`1

1
`2

( 1
`1
− ε

) (
ε −

1
`2

)
h
(1
ε

)
dε

 . (38)

That is, we attain

2
Γ (α)

=

( 2`1`2

`1 + `2

)
<

( 2`1`2

`1 + `2

) ∫ 1
`1

1
`2

[( 1
`1
− ε

)α−1

+
(
ε −

1
`2

)α−1]
i

(1
ε

)
dε

≤
1

Γ (α)

∫ 1
`1

1
`2

[( 1
`1
− ε

)α−1

+
(
ε −

1
`2

)α−1]
=

(1
ε

)
<

(1
ε

)
i

(1
ε

)
dε

+
(
`1`2

`2 − `1

)2 1
Γ (α)

M (`1, `2)
∫ 1

`1

1
`2

( 1
`1
− ε

)2 [( 1
`1
− ε

)α−1

+
(
ε −

1
`2

)α−1]
i

(1
ε

)
dε

+N (`1, `2)
∫ 1

`1

1
`2

( 1
`1
− ε

) (
ε −

1
`2

) [( 1
`1
− ε

)α−1

+
(
ε −

1
`2

)α−1]
i

(1
ε

)
dε

 . (39)

From the Definition 1.6, and using the identities (32)-(34), we attain the desired result (36).

Remark 3.4. If we elect α = 1 in Theorem 3.1, then (28) cut down to (8).

Corollary 3.5. If we elect<
(

1
ε

)
= 1 for all ε ∈

[
1
`2
, 1
`1

]
, in Theorem 3.3, then

2=
( 2`1`2

`1 + `2

) [
Jα1
`2

+i (`1) + Jα1
`1

−i (`2)
]
≤ Jα1

`2

+ (=i) (`1) + Jα1
`1

− (=i) (`2)

+
= (`1) + = (`2)

2

[
Jα1
`2

+i (`1) + Jα1
`1

−i (`2)
]
. (40)

Proof. The proof is obvious from the inequality (35).

Remark 3.6. If we elect α = 1 in Theorem 3.3, then (36) cut down to (21).
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