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Abstract. This paper deals with the study of a class of perturbed nonlinear fractional p-Laplacian differ-
ential systems, where by using the variational method, two control parameters together with recent three
critical points theorem by Bonanno and Candito for differentiable functionals for perturbed systems, the
existence of three weak solutions has been proved.

1. Introduction

The application of fractional calculus can be used to generally regard fractional differential equations
as the study of differential equations, as natural phenomena and mathematical models in many fields of
science and engineering can be accurately described.

Partial differential equations have many uses in different fields such as engineering, chemistry, physics,
biology, biophysics, mechanics, and other fields. (see [13–19]). As a result, many improvements have been
made in the theory of partial calculus and partial and ordinary differential equations. ([2–9, 12, 14, 17]).
Many studies have explored the existence of different solutions of nonlinear elementary and boundary
value problems through the use of various nonlinear analysis tools and techniques. (see [20, 23, 27–29]).
Some of these methods are fixed point theories, monochromatic iterative methods, critical point theory,
coincidence theory degree, and modalities of change. Motivated by the various papers interested in this
field, we are interested in this article with results of the following perturbative fractional differential system:



tDα
T

(
1

w1(t)p−2 Φp

(
w1 (t)0 Dα

t u (t)
))

+ µ |u (t)|p−2 u (t)

= λFu (t,u (t) , v (t)) + δGu (t,u (t) , v (t)) a.e. t ∈ [0,T] ,

tD
β
T

(
1

w2(t)p−2 Φp

(
w2 (t)0 Dβ

t v (t)
))

+ µ |v (t)|p−2 v (t)

= λFv (t,u (t) , v (t)) + δGv (t,u (t) , v (t)) a.e. t ∈ [0,T] ,
u (0) = u (T) = 0, v (0) = v (T) = 0,

(1)
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where λ, µ, δ are positive real parameters, α, β ∈ (0, 1], 0Dα
t , tDα

T and 0Dβ
t , tD

β
T are the left and right Riemann-

Liouville fractional derivatives of order α, β respectively. Φp (s) = |s|p−2 s, p > 1,w1 (t) ,w2 (t) ∈ L∞ [0,T] with
w0

1 = ess inf[0,T] w1 (t) > 0 and w0
2 = ess inf[0,T] w2 (t) > 0.

(F0) F : [0,T]×R2
→ R is a function such that F(·,u, v) is continuous in [0,T] for any (u, v) ∈ R2, F(t,·,·) is

a C1 function in R2, and Fs is the partial derivative of F with respect to s ;
(G0) G : [0,T]×R2

→ R is measurable with respect to t for every (u, v) ∈ R2, continuously differentiable
in R2 for a.e. t ∈ [0,T], and Gu,Gv denote the partial derivatives of G that satisfy the following condition:

sup
√

u2 +v2≤ξ

max {|Gu(·,u, v)| , |Gv(·,u, v)|} ∈ L1 ([0,T]) for all ξ > 0. (2)

2. Preliminaries

To apply the critical point theory to explore the existence of weak system solutions (1.1), we introduce
some basic notifications and notices and create a changing framework. Let X be a real Banach space, and
let ΥX denote the class of all functionals φ : X→ R that possess the following property: if {wn} is a sequence
in X converging weakly to w ∈ X and lim

n→∞
inf φ(wn) ≤ φ(w), then {wn} admits a subsequence converging

strongly to w. For instance, if X is uniformly convex and S : [0,+∞)→ R is a continuous strictly increasing
function, then the functional w→ S(‖w‖) belongs to the class ΥX.

Definition 2.1. (Kilbas et al. [16]) Let u be a function defined on [a, b] . The left and right Riemann-Liouville
fractional derivatives of order α > 0 for a function u are defined by

aDα
t u (t) :=

dn

dtn a
Dα−n

t u (t) =
1

Γ (n − α)
dn

dtn

t∫
a

(t − s)n−α−1 u (s) ds,

and

tDα
b u (t) := (−1)n dn

dtn t
Dα−n

b u (t) =
(−1)n

Γ (n − α)
dn

dtn

b∫
t

(t − s)n−α−1 u (s) ds,

for every t ∈ [a, b] , provided the right-hand sides are pointwise defined on [a, b] , where n − 1 ≤ α < n and n ∈N.
Here, Γ (α) is the standard gamma function given by

Γ (α) :=

+∞∫
0

zα−1e−zdz.

Set ACn ([a, b] ,R) the space of functions u : [a, b] → R such that u ∈ Cn−1 ([a, b] ,R) and u(n−1)
∈ AC1 ([a, b] ,R) .

Here, as usual, Cn−1 ([a, b] ,R) denotes the set of mappings having (n − 1) times continuously differentiable on [a, b] .
In particular, we signify AC ([a, b] ,R) := AC1 ([a, b] ,R) .

Definition 2.2. [32] Let 0 < α ≤ 1, for 1 < p < ∞.the fractional derivative space

Ep
α =

{
u(t) ∈ Lp ([0,T] ,R)|0 Dα

t u (t) ∈ Lp ([0,T] ,R) ,u (0) = u (T) = 0
}
,

then, for any u ∈ Ep
α, we can define the weighted norm for Ep

α as

‖u‖α =

(∫ T

0
|u(t)|p dt +

∫ T

0
w1(t)

∣∣∣0Dα
t u (t)

∣∣∣p dt
) 1

p

. (3)
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Lemma 2.3. [15] Let 0 < α ≤ 1 and 1 < p < ∞.For any u ∈ Ep
α we have

‖u‖Lp ≤
Tα

Γ (α + 1)

∥∥∥0Dα
t u

∥∥∥
Lp . (4)

Also, if α > p and 1
p + 1

q = 1,then

‖u‖∞ ≤
Tα−p

Γ (α) Γ
(
(α − 1) q + 1

) 1
q

∥∥∥0Dα
t u

∥∥∥
Lp . (5)

From Lemma 1, we clearly observe that

‖u‖Lp ≤
Tα−p

Γ (α + 1)

(∫ T

0
w1(t)

∣∣∣0Dα
t u (t)

∣∣∣p dt
)1/p

. (6)

for 0 < α ≤ 1, and

‖u‖∞ ≤
Tα−p

(∫ T

0 w1(t)
∣∣∣0Dα

t u (t)
∣∣∣p dt

)1/p

Γ (α)
(
w0

1

) 1
p (

(α − 1) q + 1
) 1

q

. (7)

for α > p and 1
p + 1

q = 1.
By using (6) , the norm of (3) is equivalent to

‖u‖α =

(∫ T

0
w1(t)

∣∣∣0Dα
t u (t)

∣∣∣p dt
) 1

p

, ∀u ∈ Ep
α. (8)

For 0 < β ≤ 1, 1 < p < ∞. analogous to the space Ep
α we define the fractional derivative space Ep

β as{
v(t) ∈ Lp ([0,T] ,R)|0 Dβ

t v (t) ∈ Lp ([0,T] ,R) , v (0) = v (T) = 0
}
,

then , for any v ∈ Ep
β, the norm of Ep

β is defined by

‖v‖β =

(∫ T

0
|v (t)|p dt +

∫ T

0
w2(t)

∣∣∣∣0Dβ
t v (t)

∣∣∣∣p dt
) 1

p

, ∀v ∈ Ep
β. (9)

Similar with (6) and (7) , we get

‖v‖Lp ≤

Tβ
(∫ T

0 w2(t)
∣∣∣0Dα

t v (t)
∣∣∣p dt

)1/p

Γ
(
β + 1

) (
w0

2

) 1
p

. (10)

for 0 < β ≤ 1, and

‖v‖∞ ≤
Tα−p

(∫ T

0 w2(t)
∣∣∣0Dα

t v (t)
∣∣∣p dt

)1/p

Γ (α)
(
w0

2

) 1
p ((
β − 1

)
q + 1

) 1
q

. (11)

Moreover, if 0 < β ≤ 1 and 1
p + 1

q = 1,then, based upon (10) , the weighted norm

‖v‖β =

(∫ T

0
w2(t)

∣∣∣∣0Dβ
t v (t)

∣∣∣∣p dt
) 1

p

, (12)
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is equivalent to (9) , for every v ∈ Ep
β.

In the following discussion, for any u ∈ Ep
α, v ∈ Ep

β denote the space of X = Ep
α × Ep

β with the norm

‖(u, v)‖X =
(
‖u‖pα + ‖v‖pβ

) 1
p , ∀ (u, v) ∈ X.

where ‖u‖α and ‖v‖β is defined in (8) and (12) respectively,

Obviously, X is compactly embedded in C0([0,T],R) × C0([0,T],R).

Lemma 2.4. [33] For 0 < α, β ≤ 1 and 1 < p < ∞. The fractional derivative space X is a reflexive separable Banach
space.

Definition 2.5. [15] We refer to a weak solution of system (1) ,any (u, v) ∈ X such that

T∫
0

1

w1 (t)p−2 Φp

(
w1 (t)0 Dα

t u (t)
)

0
Dα

t x (t) dt

+

T∫
0

1

w2 (t)p−2 Φp

(
w2 (t)0 Dα

t v (t)
)

0
Dβ

t y (t) dt

+µ

T∫
0

|u (t)|p−2 u (t) x (t) dt + µ

T∫
0

|v (t)|p−2 v (t) y (t) dt

−λ

T∫
0

(
fu (t,u (t) , v (t)) x (t) + fv (t,u (t) , v (t)) y (t)

)
dt

−δ

T∫
0

(
Gu (t,u (t) , v (t)) x (t) + Gv (t,u (t) , v (t)) y (t)

)
dt = 0

for every
(
x, y

)
∈ X.

Lemma 2.6. [35] Let A : X→ X∗be a monotone, coercive and hemicontinuse operator on the real, separable, reflexive
Banach space X. Assume {w1,w2...}is a basis in X. Then the following assertion holds: (d) Inverse operator.If A is
strictly monotone, then the inverse operator A−1 : X∗ → X exists. This operator is strictly monotone, demicontinuous
and bounded. If A is uniformly monotone, then A−1 is continuous. If A is strongly monotone, then is Lipschitz
continuous.

Let C∞0 ([0,T],RN) be the set of all functions x ∈ C∞0 ([0,T],RN) with
x(0) = x(T) = 0 and the norm

‖x‖∞ = max
[0,T]
|x(t)| .

Denote the norm of the space Lp([0,T],RN) for 1 ≤ p < ∞ by

‖x‖Lp =

(∫ T

0
|x (s)|p ds

) 1
p

.

Lemma 2.7. Assume that 1
2 < α ≤ 1and the sequence {un} converges weakly to u in Ep

α : uk → u in C([0,T],R), that
is, ‖uk − u‖∞ → 0 as k→∞.
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Our main tool is a three critical point theorem due Bonanno and Candito that we recall here.
Let X be a nonempty set and φ,Ψ : X→ R be two functions. For all r1, r2, r3 > infX φ, r2 > r1, r3 > 0, we

define

ϕ (r) : = inf
u∈Φ−1(−∞,r)

(
supv∈Φ−1(−∞,r) Ψ (v)

)
−Ψ (u)

r − φ (u)
,

β (r1, r2) : = inf
u∈Φ−1(−∞,r)

supv∈Φ−1[r1,r2)
Ψ (v) −Ψ (u)
φ (v) − φ (u)

,

γ (r2, r3) : =
supu∈Φ−1(−∞,r2+r3)

r3
,

α (r1, r2, r3) := max
{
ϕ (r1) , ϕ (r2) , γ (r2, r3)

}
.

Theorem 2.8. ([37, Theorem 3.3]). Let X be a reflexive real Banach space; φ : X → R be a convex, coercive
and continuously Gateaux differentiable and sequentially weakly lower semicontinuous functional whose Gâteaux
derivative admits a continuous inverse on X∗ where X∗ is the dual space of X, ψ : X→ R be a continuously Gateaux
differentiable functional whose Gateaux derivative is compact, such that

(a1) infXφ = φ (0) = ψ (0) = 0;
(a2) for every u1,u2 ∈ X such that ψ (u1) ≥ 0 and ψ (u2) ≥ 0, one has

inf
s∈[0,1]

ψ (su1 + (1 − s) u2) ≥ 0.

Assume that there are three positive constants r1, r2, r3 with r1 < r2, such that
(a3) ϕ (r1) < β (r1, r2) ;
(a4) ϕ (r2) < β (r1, r2) ;
(a5) γ (r2, r3) < β (r1, r2) .
Then, for each λ ∈

]
1

β(r1,r2) ,
1

α(r1,r2,r3)

[
the functional Φ − λΨ admits three distinct critical points u1,u2,u3

such that u1 ∈ φ−1 (−∞, r1) , u2 ∈ φ−1[r1, r2) and u3 ∈ φ−1 (−∞, r2 + r3) .
We refer the interested reader to the papers [4, 27] in which Theorem 1 has been successfully employed

to the existence of at least three solutions for boundary value problems.

3. The main results

In this part, we explore the existence of at least three weak solutions for problem (1) . For better
understanding, we define the functionals φ,ψ : X→ R as

φ (u, v) :=
1
p
‖u‖pα +

1
p
‖v‖pβ , (u, v) ∈ X , (13)

ψ (u, v) :=
∫ T

0
F (t,u (t) , v(t)) dt +

δ
λ

∫ T

0
G (t,u (t) , v(t)) dt (14)

and we put

Iλ (u, v) := φ (u, v) − λψ (u, v) . (15)

Clearly, ψ is well-defined continuously Gâteaux-differentiable functional at any (u, v) ∈ X, and this
Gâteaux derivatives is
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ψ′(u, v)(x, y) =

∫ T

0

(
Fu (t,u (t) , v (t)) x (t) + Fv (t,u (t) , v (t)) y (t)

)
dt

+
δ
λ

∫ T

0

(
Gu (t,u (t) , v (t)) x (t) + Gv (t,u (t) , v (t)) y (t)

)
dt

respectively, for every (x, y) ∈ X.

Lemma 3.1. The functional φ is sequentially weakly lower semicontinuous and bounded on X, and φ′ admits a
continuous inverse on X∗.

Proof. Let {(un, vn) ⊂ X, (un, vn) ⇀ (u, v) in X. From Lemma 5, (un, vn) converges uniformly to (u, v) on [0,T],
and

lim
n→∞

inf ‖(un, vn)‖X ≥ ‖(u, v)‖X Thus

lim
n→∞

infφ(un, vn) = lim
n→∞

inf
(

1
p
‖u‖pα +

1
p
‖v‖pβ

)
≥

1
p
‖u‖pα +

1
p
‖v‖pβ = φ(u, v).

So φ is a sequentially weakly lower semicontinuous functional.
Moreover, let Ω be a bounded subset of X, that is, there is a constant c > 0 such that ‖(u, v)‖X ≤ c for

any(u, v) ∈ Ω. By (6), (10) and Lemma 5, we have

φ(u, v) =
1
p
‖u‖pα +

1
p
‖v‖pβ

=
1
p

(
‖u‖pα + ‖v‖pβ

)
≤

cp

p
.

Hence φ is bounded on each bounded subset of X.
Next, we will show that φ′ : X → X∗ admits a Lipschitz continuous inverse. Obviously, φ ∈ C1(X,R)

and

〈
φ′ (u, v) ,

(
x, y

)〉
=

T∫
0

1

w1 (t)p−2 Φp

(
w1 (t)0 Dα

t u (t)
)

0
Dα

t x (t) dt

+

T∫
0

1

w2 (t)p−2 Φp

(
w2 (t)0 Dα

t v (t)
)

0
Dβ

t y (t) dt

+µ

T∫
0

|u (t)|p−2 u (t) x (t) dt + µ

T∫
0

|v (t)|p−2 v (t) y (t) dt

=
〈
φ1 (u) , x

〉
+

〈
φ2 (v) , y

〉
,

where

〈
φ1 (u) , x

〉
=

T∫
0

1

w1 (t)p−2 Φp

(
w1 (t)0 Dα

t u (t)
)

0
Dα

t x (t) dt + µ

T∫
0

|u (t)|p−2 u (t) x (t) dt ∀x ∈ Ep
α,
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〈
φ2 (v) , y

〉
=

T∫
0

1

w2 (t)p−2 Φp

(
w2 (t)0 Dβ

t v (t)
)

0
Dβ

t y (t) dt + µ

T∫
0

|v (t)|p−2 v (t) y (t) dt, ∀y ∈ Ep
β.

For any u, x ∈ Ep
α , it follows from (6), that

〈
φ1 (u) − φ1 (x) ,u − x

〉
=

T∫
0

1

w1 (t)p−2 Φp

(
w1 (t)0 Dα

t u (t)
)

0
Dα

t (u (t) − x (t)) dt

+µ

T∫
0

|u (t)|p−2 u (t) (u (t) − x (t)) dt

−

T∫
0

1

w1 (t)p−2 Φp

(
w1 (t)0 Dα

t x (t)
)

0
Dα

t (u (t) − x (t)) dt

+µ

T∫
0

|x (t)|p−2 x (t) (u (t) − x (t)) dt.

According to the well-known inequality(
|s1|

p−2 s1 − |s2|
p−2 s2

)
(s1 − s2)

≥

 |s1 − s2|
p , p ≥ 2

|s1−s2 |
2

(|s1 |+|s2 |)
2−p , 1 < p ≤ 2

(16)

We have(
Φp

(
w1 (t)0 Dα

t u (t)
))

0
Dα

t (u (t) − x (t))

≥


1

w1(t)

∣∣∣w1 (t) Dα
t u (t)

∣∣∣p , p ≥ 2,
1

w1(t)
|w1(t)0Dα

t u(t)|
2

(|w1(t)0Dα
t u(t)|)2−p , 1 < p < 2.

(17)

Hence, when 1 < p < 2, one has

T∫
0

∣∣∣∣w1 (t)
(

0Dα
t u (t) −0 Dα

t x (t)
)∣∣∣∣p dt

≤

 T∫
0

|w1(t)0Dα
t u(t) − 0Dα

t x(t)|
2

w1(t)(|w1(t)0Dα
t u(t)|+|w1(t)0Dα

t x(t)|)2−p dt


p
2

 T∫
0

w1 (t)
p

2−p
(∣∣∣w1 (t)0 Dα

t u (t)
∣∣∣ +

∣∣∣w1 (t)0 Dα
t x (t)

∣∣∣)p
dt


2−p

2

,

(18)

which means that

T∫
0

∣∣∣w1 (t)0 Dα
t ui (t) − w1 (t)0 Dα

t x (t)
∣∣∣2

w1 (t)
(∣∣∣w1 (t)0 Dα

t u (t)
∣∣∣ +

∣∣∣w1 (t)0 Dα
t x (t)

∣∣∣)2−p dt

≥
2p−2(w0

1)
2(p−1)

p

∼

w0
1

‖u − x‖2α
(
‖u‖pα + ‖x‖pα

) p−2
p .

(19)
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Then, we deduce

T∫
0

(
Φp

(
w1 (t)0 Dα

t u (t)
)
−Φp

(
w1 (t)0 Dα

t x (t)
)

0
Dα

t (u − x)
)

dt

≥
2p−2(w0

1)
2(p−1)

p

∼

w0
1

‖u − x‖2α
(
‖u‖pα + ‖x‖pα

) p−2
p > 0.

(20)

When p ≥ 2, we get

T∫
0

(
Φp

(
w1 (t)0 Dα

t u (t)
)
−Φp

(
w1 (t)0 Dα

t x (t)
)

0
Dαi

t (u − x)
)

dt

≥

(
w0

1

)p−2
‖u − x‖pα > 0.

(21)

Further, denote

A =

T∫
0

|u (t)|p−2 u (t) (u − x) dt +

T∫
0

|x (t)|p−2 x (t) (u − v) dt.

Then , reapplying inequality (16) , we always have

A ≥ ‖u − x‖pα > 0, for p ≥ 2

and

A ≥ 2p−2
(
‖u − x‖2Lp (‖u‖Lp + ‖x‖Lp )

p−2
p

)
> 0, for1 < p < 2.

That is, A > 0 for every 1 < p < ∞.
thus φ1is a uniformly monotone operator.
Similarly, it is easy to show that φ2 is also a uniformly monotone operator. So φ′ is uniformly monotone.
Furthermore, in view of X is reflexive, for (un, vn) ⇀ (u, v) in X strongly, as n→∞, one has φ′ (un, vn) ⇀

φ′ (u, v) in X∗ as n→∞.
Thus, we say thatφ′ is demicontinuous. Then, according to lemma 3, we obtain that the inverse operator(

φ′
)−1

of φ′ exist and is continuous.
Moreover , let

‖u‖pµ,α =

T∫
0

(
w1 (t)

∣∣∣0Dα
t u (t)

∣∣∣p + µ |u (t)|p
)

dt,

and

‖u‖pµ,β =

T∫
0

(
w2 (t)

∣∣∣0Dα
t v (t)

∣∣∣p + µ |v (t)|p
)

dt,

owing to the sequentially weakly lower semicontinuity of ‖u‖pµ,α and ‖u‖pµ,βwe observe that φ is sequentially
weakly lower semicontinuous in X.

Lemma 3.2. The functionals ψ and J are continuously Gâteaux differentiable in X, and their derivatives ψ′, J ′are
compact.
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Proof. Considering the functionalψ,we will point out thatψ is a Gâteaux differentiable, sequentially weakly
upper semicontinuous functional on X. Indeed, for (un, vn) ⊂ X, assume that (un, vn) ⇀ (u, v) in X, i.e. (un, vn)
uniform converge to (u, v) on [0,T] as n→∞.

Hence

lim
n→+∞

inf ψ (un, vn) ≤

T∫
0

lim
n→+∞

(
inf F (t,un (t) , vn (t)) dt +

δ
λ

∫ T

0
G (t,un (t) , vn(t))

)
dt

=

T∫
0

F (t,u (t) , v (t)) dt +
δ
λ

∫ T

0
G (t,u (t) , v(t)) dt = ψ (u, v) ,

which implies that ψ is sequentially weakly upper semicontinuous. Furthermore, since F and G are
continuously differentiable with respect to u and v for almost every t ∈ [0,T] .we have F (t,un (t) , vn (t)) +
δ
λG (t,un (t) , vn(t)) → F (t,u (t) , v (t)) + δ

λG (t,u (t) , v(t)) as n → +∞ . Then , based on the Lebesgue control
convergence theorem, we obtain that ψ

′ (un, vn)→ ψ
′ (u, v) strongly , that is ψ

′

is strongly continuous on X.
Hence, we confirm that ψ

′

is compact operator.
Moreover, it is easy to prove that the functional with the Gâteaux derivative ψ

′ (u, v) ∈ X∗ at the point
(u, v) ∈ X

ψ′ (u, v)
(
x, y

)
=

∫ T

0

((
Fu (t,u (t) , v (t)) x (t) + Fv (t,u (t) , v (t)) y (t)

))
dt

+
δ
λ

∫ T

0

((
Gu (t,u (t) , v (t)) x (t) + Gv (t,u (t) , v (t)) y (t)

))
dt (22)

for any
(
x, y

)
∈ X.

The proof is completed.

Put in this section, we formulate our main results on the existence of at least three weak solutions for
the system (1.1) .

For any ς > 0, we denote by Q (ς) the set
{
(x1, x2) ∈ R2 : 1

p
∑2

i=1 |xi|
p
≤ ς

}
.

For positive constants θ and η set

Gθ :=
∫ T

0
max

(x1,x2)∈Q(θ)
G (t, x1, x2) dt,

and

Gη := inf
[0,T]×[0,Γ(2−α)η]×[0,Γ(2−β)η]

G (t, x1, x2) dt.

In the remainder of this article, for positive constants θ and η, let Θ and η be the vectors in R2 defined
by

Θ =
(

p√

θ,
p√

θ
)

and η =
(
Γ (2 − α) η,Γ

(
2 − β

)
η
)
,

respectively.
Set

A
(
α, γ

)
=

1
p
(
γT

)p


∫ γT

0
ω1 (t) tp(1−α)dt +

∫ (1−γ)T

γT
ω1 (t)

(
t1−α
−

(
t − γT

)1−α
)p

dt

+

∫ T

(1−γ)T
ω1 (t)

[(
t1−α
−

(
t − γT

)1−α
)
− 1 −

((
1 − γ

)
T
)1−α

]p
 ,
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B
(
β, γ

)
=

1
p
(
γT

)p


∫ γT

0
ω2 (t) tp(1−β)dt +

∫ (1−γ)T

γT
ω2 (t)

(
t1−β
−

(
t − γT

)1−β
)p

dt

+

∫ T

(1−γ)T
ω2 (t)

[(
t1−β
−

(
t − γT

)1−β
)
− 1 −

((
1 − γ

)
T
)1−β

]p
 ,

for 0 < γ < 1
p ,

K1 = min
{
A

(
α, γ

)
,B

(
β, γ

)}
,

and

K2 = max
{
A

(
α, γ

)
,B

(
β, γ

)}
,

M = max

 Tpα−1

(Γ (α))p ω0
1

(
(α − 1) q + 1

) p
q

,
Tpβ−1(

Γ
(
β
))p ω0

1

((
β − 1

)
q + 1

) p
q

 ,
Fixing four positive constants θ1, θ2, θ3 and η, put

δλ,G : = min

 1
pM

min

θ
p
1 − pMλ

∫ T

0 F (t,Θ1) dt

Gθ1
,
θ

p
2−pMλ

∫ T
0 F(t,Θ2)dt

Gθ2
,

(θp
3−θ

p
2)−pMλ

∫ T
0 F(t,Θ3)dt

Gθ3

}
,

2K1ηp
− λ

(∫ (1−γ)T

γT F
(
t, η

)
dt −

∫ T

0 F (t,Θ1) dt
)

TGη − Gθ1

 (23)

for 0 < γ < 1
p .

Theorem 3.3. Let F : [0,T]×R2
→ R be non-negative. Assume that there exist positive constants γ < 1

p , θ1, θ2, θ3

and η with θ1 <
(
2pMK2

)1/p η and
(
2pMK1

)1/p η < θ2 < θ3 such that

(A1)

max


∫ T

0 F (t,Θ1) dt

θp
1

,

∫ T

0 F (t,Θ2) dt

θp
2

,

∫ T

0 F (t,Θ3) dt

θp
3 − θ

p
2


<

1
pM

∫ (1−γ)T

γT F
(
t, η

)
dt −

∫ T

0 F (t,Θ1) dt

2K1ηp .

Then, for every

λ ∈

 2K1ηp∫ (1−γ)T

γT F
(
t, η

)
dt −

∫ T

0 F (t,Θ1) dt
,

1
pM

min

 θp
1∫ T

0 F (t,Θ1) dt
,

θp
2∫ T

0 F (t,Θ2) dt
,

θp
3 − θ

p
2∫ T

0 F (t,Θ3) dt
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and every non-negative function G : [0,T] × R2
→ R satisfying Gθ

≥ 0, there exists δλ,G > 0 given by
(3.1) such that, for each δ ∈ [0, δλ,G[, the system (1.1) has at least three solutions u1,u2, and u3 such that
maxt∈[0,T] |u1 (t)| < θ1, maxt∈[0,T] |u2 (t)| < θ2, and maxt∈[0,T] |u3 (t)| < θ3.

Proof. Our aim is to apply Theorem 1 to the system (1.1). We take X = Ep
α×Ep

β and introduce the functionals
φ, ψ and Iλ as in (3.1) , (3.2) and (3.3) respectively, for (u, v) ∈ X. We easily observe that

infXφ = φ (0) = Ψ (0) = 0. Obviously according to lemmas 5 and 6, the functionals φ and ψ are satisfy
the required conditions in Theorem 1. Moreover

lim
‖(u,v)‖→+∞

φ (u, v) = +∞, (3.2)

namely φ is coercive.
For 0 < γ < 1

p define
z = (z1, z2) by

z1 (t) =


Γ(2−α)η
γT t, t ∈ [0, γT[,

Γ (2 − α) η, t ∈ [γT,
(
1 − γ

)
T],

Γ(2−α)η
γT (T − t) , t ∈](1 − γ)T,T]

and

z2 (t) =


Γ(2−β)η
γT t, t ∈ [0, γT[,

Γ
(
2 − β

)
η, t ∈ [γT,

(
1 − γ

)
T],

Γ(2−β)η
γT (T − t) , t ∈](1 − γ)T,T]

Clearly z1 (0) = z1 (T) = z2 (0) = z2 (T) = 0 and (z1, z2) ∈ (Lp ([0,T]))2 . A direct calculation shows that

0Dα
t z1 (t) =


η
γT t1−α, t ∈ [0, γT[,

η
γT

(
t1−α
−

(
t − γT

)1−α)
, t ∈ [γT, (1 − γ)T],

η
γT

(
t1−α
−

(
t − γT

)1−α
−

(
t −

(
1 − γ

)
T
)1−α)

, t ∈](1 − γ)T,T].

and

0Dβ
t z1 (t) =


η
γT t1−β, t ∈ [0, γT[,

η
γT

(
t1−β
−

(
t − γT

)1−β)
, t ∈ [γT, (1 − γ)T],

η
γT

(
t1−β
−

(
t − γT

)1−β
−

(
t −

(
1 − γ

)
T
)1−β)

, t ∈](1 − γ)T,T].

Furthermore,

‖z1‖
p
α =

T∫
0

ω1 (t)
∣∣∣0Dα

t z1 (t)
∣∣∣p dt =

(
η

γT

)p

γT∫

0

+

(1−γ)T∫
γT

+

T∫
(1−γ)T

ω1 (t)
∣∣∣0Dα

t z1 (t)
∣∣∣p dt


= pηpA

(
α, γ

)
,

and

‖z2‖
p
β =

T∫
0

ω2 (t)
∣∣∣∣0Dβ

t z1 (t)
∣∣∣∣p dt =

(
η

γT

)p

γT∫

0

+

(1−γ)T∫
γT

+

T∫
(1−γ)T

ω2 (t)
∣∣∣∣0Dβ

t z1 (t)
∣∣∣∣p dt


= pηpB

(
β, γ

)
.
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Thus, z = (z1, z2) ∈ X. By using (3.2) we have

2K2η
p
≤ φ (z) ≤ 2K1η

p.

Choose r1 =
θ

p
1

pM , r2 =
θ

p
2

pM and r3 = 1
pM

(
θp

3 − θ
p
2

)
. From the conditions θ3 > θ2, θ1 <

(
2pMK2

)1/p η and(
2pMK1

)1/p η < θ2 we achieve r3 > 0, and r1 < φ (z) < r2. From the definition of φ and considering Eqs.
(2.3), (2.5) and (3.4) one has

φ−1(−∞; r1) =
{
(u, v) ∈ X : φ (u, v) ≤ r1

}
⊆

{
(u, v) ∈ X :

1
p
‖u‖pα +

1
p
‖v‖pβ ≤ r1

}
⊆

{
(u, v) ∈ X : ‖u‖pα + ‖v‖pβ ≤ pr1

}
⊆

(u, v) ∈ X :
(Γ (α))p ω0

1

(
(α − 1) q + 1

) p
q

Tpα−1 ‖u‖p∞ +

(
Γ
(
β
))p ω0

2

((
β − 1

)
q + 1

) p
q

Tpβ−1 ‖v‖p∞ ≤ pr1


=

{
(u, v) ∈ X : |u|p + |v|p ≤Mpr1

}
=

{
(u, v) ∈ X : |u|p + |v|p ≤ θp

1

}
.

Hence, since F is non-negative, one has

sup
u∈φ−1(−∞;r1)

∫ T

0
F (t,u (t) , v (t)) dt ≤

∫ T

0
max

(x1,x2)∈Q(θ1)
F (t, x1, x2) dt

≤

∫ T

0
F (t,Θ1) dt.

In a similar way, we have

sup
u∈φ−1(−∞;r2)

∫ T

0
F (t,u (t) , v (t)) ≤

∫ T

0
F (t,Θ2) dt.

and

sup
u∈φ−1(−∞;r2+r3)

∫ T

0
F (t,u (t) , v (t)) ≤

∫ T

0
F (t,Θ3) dt.

Therefore, since 0 ∈ φ−1(−∞; r1) and Φ (0) = Ψ (0) = 0, one has

ϕ (r1) : = inf
u∈φ−1(−∞,r1)

(
supu∈φ−1(−∞,r1) Ψ (u)

)
−Ψ (u)

r1 − φ (u)
(24)

≤

supu∈φ−1(−∞,r1) Ψ (u)

r1

=
supu∈φ−1(−∞,r1)

∫ T

0

[
F (t,u (t) , v (t)) + δ

λG (t,u (t) , v (t))
]

dt

r1

≤ pM.

∫ T

0 F (t,Θ1) dt + δ
λGθ1

θp
1

,
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ϕ (r2) ≤

supu∈φ−1(−∞,r2) Ψ (u)

r2
(25)

=
supu∈φ−1(−∞,r2)

∫ T

0

[
F (t,u (t) , v (t)) + δ

λG (t,u (t) , v (t))
]

dt

r2

≤ pM.

∫ T

0 F (t,Θ2) dt + δ
λGθ2

θp
2

,

and

γ (r2, r3) =
supu∈φ−1(−∞,r2+r3) Ψ (u)

r3
(26)

=
supu∈φ−1(−∞,r2+r3)

∫ T

0

[
F (t,u (t) , v (t)) + δ

λG (t,u (t) , v (t))
]

dt

r3

≤ pM.

∫ T

0 F (t,Θ3) dt + δ
λGθ3

θp
3 − θ

p
2

.

On the other hand, for each u ∈, φ−1 (−∞, r1) one has

β (r1, r2) ≥

∫ (1−γ)T

γT F
(
t, η

)
dt −

∫ T

0 F (t,Θ1) dt + δ
λ

(
TGη − Gθ1

)
φ (z) − φ (u, v)

(27)

≥

∫ (1−γ)T

γT F
(
t, η

)
dt −

∫ T

0 F (t,Θ1) dt + δ
λ

(
TGη − Gθ1

)
2K1ηp .

Since δ < δλ,G, one has

δ <
1

pM

θp
1 − pMλ

∫ T

0 F (t,Θ1) dt

Gθ1
,

this means∫ T

0 F (t,Θ1) dt + δ
λGθ1

1
pMθ

p
1

<
1
λ
.

Furthermore,

δ <
2K1ηp

− λ
(∫ (1−γ)T

γT F
(
t, η

)
dt −

∫ T

0 F (t,Θ1) dt
)

TGη − Gθ1

this means∫ (1−γ)T

γT F
(
t, η

)
dt −

∫ T

0 F (t,Θ1) dt + δ
λ

(
TGη − Gθ1

)
2K1ηp >

1
λ
.
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Then,∫ T

0 F (t,Θ1) dt + δ
λGθ1

1
pMθ

p
1

<
1
λ
<

∫ (1−γ)T

γT F
(
t, η

)
dt −

∫ T

0 F (t,Θ1) dt + δ
λ

(
TGη − Gθ1

)
2K1ηp . (3.10)

In a similar way, we have

.

∫ T

0 F (t,Θ2) dt + δ
λGθ2

1
pMθ

p
2

<
1
λ
<

∫ (1−γ)T

γT F
(
t, η

)
dt −

∫ T

0 F (t,Θ1) dt + δ
λ

(
TGη − Gθ1

)
2K1ηp . (3.11)

and∫ T

0 F (t,Θ3) dt + δ
λGθ3

1
pM

(
θp

3 − θ
p
2

) <
1
λ
<

∫ (1−γ)T

γT F
(
t, η

)
dt −

∫ T

0 F (t,Θ1) dt + δ
λ

(
TGη − Gθ1

)
2K1ηp . (3.12)

Hence from (3.6) − (3.12), we get

α (r1, r2, r3) < β (r1, r2) .

Now, we show that the functional Iλ satisfies the assumption (a2) of Theorem 1. Let u∗ =
(
u∗1,u

∗

2, ...,u
∗
n

)
and u∗∗ =

(
u∗∗1 ,u

∗∗

2 , ...,u
∗∗
n

)
be two local minima for Iλ. Then u∗ and u∗∗ are critical points for Iλ, they are weak

solutions for the system (1.1). Since we assumed F is non-negative and since G is non-negative, for fixed
λ > 0 and µ ≥ 0 we have

F (t, su∗ + (1 − s) u∗∗) +
µ
λG (t, su∗ + (1 − s) u∗∗) ≥ 0, and consequently, Ψ (t, su∗ + (1 − s) u∗∗) ≥ 0 for all s ∈

[0, 1] . Hence, Theorem 2 implies that for every

λ ∈

 2K1ηp∫ (1−γ)T

γT F
(
t, η

)
dt −

∫ T

0 F (t,Θ1) dt
,

1
pM

min

 θp
1∫ T

0 F (t,Θ1) dt
,

θp
2∫ T

0 F (t,Θ2) dt
,

θp
3 − θ

p
2∫ T

0 F (t,Θ3) dt




and δ ∈
[
0, δλ,G

[
the functional Iλ has three critical points ui, i = 1, 2, 3, in X such thatφ (u1) < r1, φ (u2) < r2

and φ (u3) < r2 + r3, that is, maxt∈[0,T] |u1 (t)| < θ1, maxt∈[0,T] |u2 (t)| < θ2, and maxt∈[0,T] |u3 (t)| < θ3. Then,
taking into account the fact that the weak solutions of the system (1.1) are exactly critical points of the
functional Iλ we have the desired conclusion.

For positive constants θ1, θ4 and η, set

δ′λ,G := min



1
pM min

{
θ

p
1−pMλ

∫ T
0 F(t,Θ1)dt

Gθ1
,
θ

p
4−2pMλ

∫ T
0 F

(
t,,
θ4
p√2

θ4
p√2

)
dt

G
θ4
p√2

,
θ

p
4−2pMλ

∫ T
0 F(t,Θ4)dt

Gθ4

}
,

2K1ηp
−λ

(∫ (1−γ)T
γT F(t,η)dt−

∫ T
0 F(t,Θ1)dt

)
TGη−Gθ1


(3.13)

where 0 < γ < 1
p .

Theorem 3.4. Let F : [0,T] ×Rn
→ R satisfy the condition F (t, x1, x2) ≥ 0 for all (t, x1, x2) ∈ [0,T] ×R2. Assume

that there exist positive constants γ < 1
p , θ1, θ4 and η with θ1 < min

{
η,

(
2pMK2

)1/p η
}

and
(
4pMK1

)1/p η < θ4 such
that
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(A2)

max


∫ T

0 F (t,Θ1) dt

θp
1

,
2
∫ T

0 F (t,Θ4) dt

θp
4

 < 1
1 + 2pMK1

∫ (1−γ)T

γT F
(
t, η

)
dt

ηp .

Then, for every

λ ∈ Λ′ :=


(
1 + 2pMK1

)
ηp

pM
∫ (1−γ)T

γT F
(
t, η

)
dt
,

1
pM

min

 θp
1∫ T

0 F (t,Θ1) dt
,

θp
4

2
∫ T

0 F (t,Θ4) dt




and every non-negative function G : [0,T] × Rn
→ R satisfying Gθ

≥ 0, there exists δ′λ,G given by
(3.13) such that, for each δ ∈ [0, δλ,G[, the system (1.1) has at least three solutions u1,u2, and u3 such that
maxt∈[0,T] |u1 (t)| < θ1, maxt∈[0,T] |u2 (t)| < θ4

2 , and maxt∈[0,T] |u3 (t)| < θ4.

Proof. Choose θ2 = θ4
p√2

and θ3 = θ4. So, by using (A2) one has

∫ T

0 F (t,Θ2) dt

θ2
=

2
∫ T

0 F
(
t, θ4

p√2
, θ4

p√2

)
dt

θp
4

≤

2
∫ T

0 F (t,Θ4) dt

θp
4

<
1

1 + 2pMK1

∫ (1−γ)T

γT F
(
t, η

)
dt

ηp (28)

and∫ T

0 F (t,Θ3) dt

θp
3 − θ

p
2

=
2
∫ T

0 F (t,Θ4) dt

θp
4

(29)

<
1

1 + 2pMK1

∫ (1−γ)T

γT F
(
t, η

)
dt

ηp .

Moreover, taking into account that θ1 < ηp, by using (A2) we have

1
2pMK1

∫ (1−γ)T

γT F
(
t, η

)
dt −

∫ T

0 F (t,Θ1) dt

ηp

>
1

2pMK1

∫ (1−γ)T

γT F
(
t, η

)
dt

ηp −
1

2pMK1

∫ T

0 F (t,Θ1) dt

θ1

>
1

2pMK1

∫ (1−γ)T

γT F
(
t, η

)
dt

ηp

−
1

2pMK1
(
1 + 2pMK1

)
∫ (1−γ)T

γT F
(
t, η

)
dt

ηp

=
1

1 + 2pMK1

∫ (1−γ)T

γT F
(
t, η

)
dt

ηp .
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Hence, from (A2), (3.14) and (3.15), it is easy to see that the assumption (A1) of Theorem 2 is satisfied,
and since the critical points of the functional φ− λΨ are the weak solutions of the system (1.1) we have the
conclusion.

Now, we present the following example in which the hypotheses of Theorem 2 are satisfied.

Example 3.5. Consider the following system
tD0,85

1

(
1

w1(t) Φ3

(
w1 (t)0 D0,85

t u1 (t)
))

+ |u1|u1 = λFu1 (u1,u2) + δGu1 (u1,u2) , t ∈ [0, 1] ,

tD0,9
1

(
1

w2(t) Φ3

(
w2 (t)0 D0,9

t u2 (t)
))

+ |u2|u2 = λFu2 (u1,u2) + δGu2 (u1,u2) , t ∈ [0, 1] ,

u1 (0) = u1 (1) = 0 ,u2 (0) = u2 (1) = 0,

(3.16)

where

F (x1, x2) =


e−

1
|x1 | + e−

1
|x2 | if x1x2 , 0,

e−
1
|x2 | if x1 = 0, x2 , 0,

e−
1
|x1 | if x1 , 0, x2 = 0,

0 if x1 = 0, x2 = 0.

For simplicity we choose w1 (t) = w2 (t) = 1, µ = 1. Choosing γ = 1
4 , θ1 = 10−4, θ4 = 108 and η = 1, we

clearly observe that all assumptions of Theorem 2 are satisfied. Hence, for every

λ ∈


0.5 (Γ (0.85))2

(
1 − 1

106(Γ(1.85))2 −
1

5×105(Γ(0.85))2

)
e−

1
Γ(1.15) + e−

1
Γ(1.1)

+
0.6188

(
1 + 1

106(Γ(1.85))2 + 1
5×105(Γ(0.85))2

)
e−

1
Γ(1.35) + e−

1
Γ(1.3)

,

1 − 1
106(Γ(1.85))2 −

1
5×105(Γ(0.85))2

(Γ (0.85))2

108

4e−
1

104


for every non-negative function G : R2

→ R satisfying Gθ
≥ 0, there exists δ′′λ,G > 0 such that, for each

δ ∈ [0, δλ,G[, the system (3.16) has at least three solutions u1,u2, and u3 such that maxt∈[0,T] |u1 (t)| < 10−4,

maxt∈[0,T] |u2 (t)| < 108

3√2
, and maxt∈[0,T] |u3 (t)| < 108.

Remark 3.6. When F does not depend on t, in Theorem 2 the assumption (A1) can be written as

max

F (Θ1)
θp

1

,
F (Θ2)
θp

2

,
F (Θ3)
θp

3 − θ
p
2

 < 1
pM

(
1 − 2γ

)
TF

(
η
)
− TF (Θ1)

2K1ηp ,

as well as

Λ :=

 2K1ηp(
1 − 2γ

)
TF

(
η
)
− TF (Θ1)

,
1

pTM
min

 θp
1

F (Θ1)
,
θp

2

F (Θ2)
,
θp

3 − θ
p
2

F (Θ3)
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and

δλ,G : = min
{

1
pM

min
{
θ

p
1−pMλTF(Θ1)

Gθ1
,
θ

p
2−pMλTF(Θ2)

Gθ2
,

(θp
3−θ

p
2)−pMλTF(Θ3)

Gθ3

}
,

2K1ηp
− λ

((
1 − 2γ

)
TF

(
, η

)
− TF (Θ1)

)
TGη − Gθ1

}
.

In this case, in Theorem 3 the assumption (A2) follows the form

max

F (Θ1)
θp

1

,
2F (Θ4)
θp

4

 < 1
1 + 2pMK1

(
1 − 2γ

)
TF

(
η
)

ηp .

as well as

Λ′ :=

 (
1 + 2pMK1

)
ηp

pM
(
1 − 2γ

)
TF

(
η
) , 1

pTM
min

 θp
1

F (Θ1)
,

θp
4

2F (Θ4)




and

δ′λ,G : = min

 1
pM

min

θp
1−pMTλF(Θ1)

Gθ1
,
θ

p
4−2pTMλF

(
t, θ4

p√2
,
θ4
p√2

)
Gθ2

,

θ
p
4−2pTMλF(Θ4)

Gθ3

}
,

2K1ηp
− λ

((
1 − 2γ

)
TF

(
η
)
− TF (t,Θ1)

)
TGη − Gθ1

}
.

Remark 3.7. We observe that, in our results, no asymptotic conditions on F and G are needed and only algebraic
conditions on F are imposed to guarantee the existence of solutions. Moreover, in the conclusions of the above results,
one of the three solutions may be trivial since the values of Fxi (t, 0, 0) and Gxi (t, 0, 0) for every t ∈ [0,T], 1 ≤ I ≤ n,
are not determined.

As an application of Theorem 2, we consider the following problem


tDα

T

(
1

w(t)p−2 Φp

(
w (t)0 Dα

t u (t)
))

+ µ |u (t)|p−2 u (t) = λ f (t,u) + δ1 (t,u) , t ∈ [0,T] ,

u (0) = u (T) = 0,

(3.17)

where 1
p < α < 1, λ, µ > 0, δ ≥ 0,T > 0, 0 Dα

t and tDα
T denote the left and right Riemann–Liouville

fractional derivatives of order α, respectively, w (t) ∈ L∞ [0,T] with
w0 = ess inf[0,T] w (t) > 0.
Put

F (t, x) =

x∫
0

f (t, ξ) dt for every (t, x) ∈ [0,T] ×R,

G (t, x) =

x∫
0

1 (t, ξ) dt for every (t, x) ∈ [0,T] ×R.
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Set

M =
Tpα−1

w0 (Γ (α))p (
(α − 1) q + 1

) p
q

and

C
(
α, γ

)
=

1
p
(
γT

)p


∫ γT

0
tp(1−α)dt +

∫ (1−γ)T

γT

(
t1−α
−

(
t − γT

)1−α
)p

dt

+

∫ T

(1−γ)T

[(
t1−α
−

(
t − γT

)1−α
)
− 1 −

((
1 − γ

)
T
)1−α

]p
 ,

for 0 < γ < 1
p , We suppose that

.
For positive constants θ and η set

Gθ :=
∫ T

0
max
|x|≤ p√

θ
G (t, x) dt and Gη := inf

[0,T]×[0,Γ(2−α)]
G.

Obviously, if 1 changes sign on [0,T] then clearly Gθ
≥ 0.

Now, we give the following straightforward consequences of Theorems 2 and 3, respectively.

Theorem 3.8. Let f : [0,T]×R→ R be a non-negative L1-Carathéodory function. Assume that there exist positive

constants γ < 1
P , θ1, θ2, θ3 and η with θ3 > θ2, θ1 <

(
pMC

(
α, γ

))1/p
η and

(
pMC

(
α, γ

))1/p
η < θ2 such that

max


∫ T

0 F
(
t, p√θ1

)
dt

θp
1

,

∫ T

0 F
(
t, p√θ2

)
dt

θp
2

,

∫ T

0 F
(
t, p√θ3

)
dt

θp
3 − θ

p
2


<

1

pMC
(
α, γ

)
∫ (1−γ)T

γT F
(
t,Γ (2 − α) η

)
dt −

∫ T

0 F
(
t, p√θ1

)
dt

ηp .

Then, for every

λ ∈ Λ′′ :=

C (
α, γ

) ηp∫ (1−γ)T

γT F
(
t,Γ (2 − α) η

)
dt −

∫ T

0 F
(
t, p√θ1

)
dt
,

1

pM
min

 θp
1∫ T

0 F
(
t, p√θ1

)
dt
,

θp
2∫ T

0 F
(
t, p√θ2

)
dt
,

θp
3 − θ

p
2∫ T

0 F
(
t, p√θ3

)
dt




and every non-negative L1-Carathéodory function 1 : [0,T] ×R→ R, there exists δ?λ,1 > 0 given by

δ?λ,1 : = min

 1

pM
min

{
θ

p
1−pMλ

∫ T
0 F(t, p√θ1)dt

Gθ1
,
θ

p
2−pMλ

∫ T
0 F(t, p√θ2)dt

Gθ2
,

(θp
3−θ

p
2)−pMλ

∫ T
0 F(t, p√θ3)dt

Gθ3

}
,

C
(
α, γ

)
ηp
− λ

(∫ (1−γ)T

γT F
(
t,Γ (2 − α) η

)
dt −

∫ T

0 F
(
t, p√θ1

)
dt

)
TGη − Gθ1

 .
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such that, for each δ ∈ [0, δ?λ,G[, the system (3.17) has at least three solutions u1,u2, and u3 such that
maxt∈[0,T] |u1 (t)| < θ1, maxt∈[0,T] |u2 (t)| < θ2, and maxt∈[0,T] |u3 (t)| < θ3.

Proof. By a similar argument as given in the proof of Theorem 2 we ensure the existence of the weak
solutions u1,u2, and u3 such that maxt∈[0,T] |u1 (t)| < θ1, maxt∈[0,T] |u2 (t)| < θ2, and maxt∈[0,T] |u3 (t)| < θ3.

Theorem 3.9. Let f : [0,T] ×R→ R be a non-negative L1-Carathéodory function.Assume that there exist positive

constants γ < 1
p , θ1, θ4 and η with θ1 < min

{
η,

(
pMC

(
α, γ

))1/p
η
}

and
(
2pMC

(
α, γ

))1/p
η < θ4 such that

max


∫ T

0 F
(
t, p√θ1

)
dt

θp
1

,
2
∫ T

0 F
(
t, p√θ4

)
dt

θp
4

 < 1
1 + 2pMK1

∫ (1−γ)T

γT F
(
t,Γ (2 − α) η

)
dt

ηp .

Then, for every

λ ∈


(
1 + pMC

(
α, γ

))
ηp

pM
∫ (1−γ)T

γT F
(
t,Γ (2 − α) η

)
dt
,

1

pM
min

 θp
1∫ T

0 F
(
t, p√θ1

)
dt
,

θp
4

2
∫ T

0 F
(
t, p√θ4

)
dt




and every non-negative function 1 : [0,T] ×R→ R satisfying Gθ
≥ 0, there exists δ??λ,1 > 0 given by

δ??λ,1 : = min

 1

pM
min

θp
1−pMλ

∫ T
0 F(t, p√θ1)dt

Gθ1
,
θ

p
4−2pMλ

∫ T
0 F

(
t, θ4

p√2

)
dt

2G
θ4
p√2

,

θ
p
4−2pMλ

∫ T
0 F(t,θ4)dt

2Gθ4

}
,

C
(
α, γ

)
ηp
− λ

(∫ (1−γ)T

γT F
(
t,Γ (2 − α) η

)
−

∫ T

0 F
(
t, p√θ1

)
dt

)
TGη − Gθ1

 .
such that, for each δ ∈ [0, δ??λ,1[, the system (3.17) has at least three solutions u1,u2, and u3 such that

maxt∈[0,T] |u1 (t)| < θ1, maxt∈[0,T] |u2 (t)| < θ4
p√2
, and maxt∈[0,T] |u3 (t)| < θ4.

Here, in order to illustrate Theorem 5, we present the following example

Example 3.10. tD0,7
1

(
1

w(t) Φ3

(
w (t) 0D,0,7

t u (t)
))

+ |u (t)|u (t) = λ f (u) + δ1 (u) , t ∈ [0, 1] ,

u (0) = u (1) = 0,
(3.18)

where

f (x) =

{
5x4, x ≤ 1,

5
x , x > 1.

By expression of we have

F (x) =

{
x5, x ≤ 1,

5 ln (x) + 1, x > 1.
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Taking γ = 1
4 , θ1 = 10−4, θ4 = 104 and w (t) = 1, µ = 1,we clearly observe that all assumptions of Theorem

5 are satisfied. Then, for each

λ ∈


0.6 (Γ (0.7))2

(
1 − 1

108(Γ(1.7))2 −
1

3×107(Γ(1.7))2

)
(Γ (1.3))6

+
1.0110

(
1 + 1

108(Γ(1.7))2 + 1
3×107(Γ(1.7))2

)
(Γ (1.3))6 ,

1 − 1
102(Γ(1.7))2 −

1
3×107(Γ(1.7))2

1.2 (Γ (0.7))6

104

5 ln (102) + 1


and every non-negative continuous function 1 : R → R, there exists δλ,1 > 0 such that, for each

δ ∈ [0, δλ,1[, the system (3.18) has at least three non-negative weak solutions u1,u2, and u3 such that
maxt∈[0,T] |u1 (t)| < 10−4, maxt∈[0,T] |u2 (t)| < 104

3√2
, and maxt∈[0,T] |u3 (t)| < 104.

Now, we list some consequences of Theorem 5 as follows.

Theorem 3.11. Let f be a non-negative continuous and nonzero function such that

lim
x→0+

f (x)

|x|p−1 = lim
x→+∞

f (x)

|x|p−1 = 0 (3.19)

for every λ > λ∗ where

λ∗ = inf


(
1 + pMC

(
α, γ

))
ηp

pMTF
(
Γ (2 − α) η

) : η > 0, F
(
Γ (2 − α) η

)
> 0

 .
Then there exists

δλ,1 = min

 1

pM
min


θp

1 − pMλTF
(

P√θ1

)
Gθ1

,
θp

4 − 2pMλTF
(
θ4
p√2

)
2G

θ4
p√2

,

θp
4 − 2pMλTF

(
p√θ4

)
2Gθ4

 ,
C

(
α, γ

)
ηp
− λ

((
1 − 2γ

)
TF (Γ (2 − α)) − TF

(
p√θ1

))
TGη − Gθ1

 . (30)

where θ1, θ4 and γ are positive constants with γ < 1
p , such that for each δ ∈ [0, δλ,1[, the problem

tDα
T

(
1

wp−2(t) Φp

(
w (t)0 Dα

t u (t)
))

+ µ |u (t)|p−2 u (t) = λ f (u) + δ1 (u) , t ∈ [0,T] ,

u (0) = u (T) = 0,
(3.21)

where 1 : R → R is a non-negative continuous and nonzero function, has at least two distinct positive
weak solutions.
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Proof. Fix λ > λ∗, put F (x) =
x∫

0
f (ξ) dξ for all x ∈ R and let η > 0 such that F

(
Γ (2 − α) η

)
> 0 and

λ >

(
1 + pMC

(
α, γ

))
ηp

pMTF
(
Γ (2 − α) η

) .
From (3.19) there is θ1 > 0 such that θ1 < min

{
η,

(
pMC

(
α, γ

))1/p
η
}

and
F( p√θ1)
θ1

< 1
pMTλ

, and θ4 > 0, such

that
(
2pMC

(
α, γ

))1/p
η < θ4 and

F( p√θ4)
θ4

< 1
2pMTλ

. Therefore, Theorem 3 ensures the conclusion.

Finally, by the way of example, we point out the following simple consequence of Theorem 6 when
δ = 0.

Theorem 3.12. Let f : R→ Rbe a continuous function such that x f (x) > 0 for all x , 0 and

lim
x→0+

f (x)

|x|p−1 = lim
|x|→+∞

f (x)

|x|p−1 = 0.

Then, for every λ > λ where

λ =
1 + 2pMC

(
α, γ

)
pMT

×max
{

inf
η>0

ηp

F
(
Γ (2 − α) η

) , inf
η<0

(
−η

)p

F
(
Γ (2 − α) η

)} ,
the problem (3.21), in the case δ = 0 has at least four distinct non-trivial weak solutions.

Proof. Setting

f1 (x) =

{
0, if x < 0,

f (x) , if x ≥ 0.

and

f2 (x) =

{
0, if x < 0,

− f (−x) , if x ≥ 0.

and applying Theorem 6 to f1 and f2 we have the result.
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