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Approximation by Sampling-Type Nonlinear Discrete Operators in
@-Variation
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Abstract. In the present paper, our purpose is to obtain a nonlinear approximation by using convergence
in @-variation. Angeloni and Vinti prove some approximation results considering linear sampling-type
discrete operators. These types of operators have close relationships with generalized sampling series. By
improving Angeloni and Vinti’s one, we aim to get a nonlinear approximation which is also generalized
by means of summability process. We also evaluate the rate of approximation under appropriate Lipschitz

classes of p-absolutely continuous functions. Finally, we give some examples of kernels, which fulfill our
kernel assumptions.

1. Introduction

Sampling-type operators have numerous applications in speech processing, geophysics, medicine and
etc (see [4, 9, 20-28, 42]). These operators are dealing with the generalized sampling series. In this study,
we concentrate on the paper [2], where Angeloni and Vinti have some convergence results concerning

sampling-type discrete operators. Our goal is to obtain more general approximations than their studies. To
this end, we construct a nonlinear form of the operators

Tu(fix)= L f (x—£)lw (xeRandw e N) 1

given in [7, 8] and we improve them via Bell-type summability method [18, 19]. Note that, Bell’s method is
considerably general and beside the classical convergence, it includes Cesaro convergence, almost conver-
gence and so on (see [30, 32, 33, 36]). Although there are many works about usages of Bell’s methods on
positive linear operators [10, 29, 34, 35, 40, 44, 46], there are only a few works on nonlinear cases [11-14] in
approximation theory.

Assume that A = {A"} = {(al,)} (w,n, v € N) is a family of infinite matrices of real or complex numbers.
Then for a given sequence (Xy),en , the double sequence # := Y7 ; ab, X, is called A—transform of (xy)
provided that it is convergent for all #, v € IN. In addition, it is called “(x,,) is A—summable to L” if

lim ) a,,x, = L (uniformly in v) [18].
n—oo w=1
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This approximation is denoted by A —limx = L. A is called regular if lim,, x,, = L implies A —-limx =L. A
characterization of regularity of A is also given by Bell in [19]: A is regular if and only if

(11) for every w € N, lim, a},, = 0 (uniformly in v)

(a2) lim, Y opa%, = 1 (uniformly in v)
(as) for each n,v € N, Y00, |aﬁw‘ =: a,, is finite and there exist positive integers N, M satisfying that
SuanN,ve]N Z;?:l )QZW‘ <M.

The variation of a function was first given by Jordan in [31] and then it was developed, e.g., in [37, 45, 47,
48]. Afterwards, taking these generalizations into account, Musielak and Orlicz introduced ¢-variation [41],
which is known as the Musielak Orlicz ¢-variation. This concept is a strict generalization of classical Jordan
variation and retains many properties of it. For other applications about @-variation, see [1, 4, 6-8, 17, 39].
We also refer to [5, 15], which are related to the topic of this paper.

Let ¢ : Rj — IR} be a ¢-function, that is, ¢ is continuous, nondecreasing such that ¢ (0) = 0, ¢ (x) > 0
for all x > 0 and limy_,. @ (x) = oo.

Throughout the paper, we assume that A is regular with nonnegative real entries and ¢ is a convex
@-function together with the following limit condition

lim ) () =
x—0t X

0. (+)
Note that, this limit condition is needed to have the following inclusion BV (R) C BV, (R), i.e., the inclusion
is strict in general (for further information, see Remark 4.5. in [1]).

Suppose that P = {x;}] is an increasing sequence in R. Then ¢-variation of a given measurable function
f R — Ris defined by

Vo lf] = sup é(ﬁ (If (o) = f (ic)]) [41].

In addition, f is called bounded @-variation, if there exists a A > 0 such that V,, [Af] < 0. By BV, (R), we
denote the space of all functions of bounded ¢-variation.
One significant property of g-variation is that,

n:

Vol Al < 121 Vy [nfi] @)

holds for every measurable function f; : R - R (i =1,...,n) (see [41]).

By AC,, (R), we denote the space of all p-absolutely continuous functions on R, namely, the space of all
functions of bounded ¢-variation such that there exists a A > 0 for which for all ¢ > 0 and for all bounded
interval I = [4,b] C R, there exists a 6 > 0 satisfying that

Yo (Alf () - f @) <e
holds for any collections of non-overlapping intervals [@i, Bi] € I, whenever
E(P (Bi—ai) <o.

Now that we have given some basic concepts, we can define our operator as follows.
Let f : R — R be a bounded function. Then consider the following operator

Tuw (f;x) = oi ay, Y, Hy (f (x - %)) Ikw (x€ Rand n,v € N), 3)
w=1 kez
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where Hy, : R = R, Hy, (0) = 0 and Hy, is a i-Lipschitz kernel ((Hw (x) — Hy (y)( <Ky <|x - y|) forallx,y € R).
Here, 1 is a ¢-function and Iy, € I' (Z) is a family of discrete kernels for every w € IN. Then, it is not hard
to see that (3) is well-defined for all real-valued bounded functions f.

In this work, by using ¢-absolutely continuous functions, we investigate the existence of y > 0 such
that the following limit holds

}}im Vo [ (T (f) = f)] = 0 (uniformly in v € IN),

where 7, (f) is defined above.
Then, we will check the rate of approximation under some Lipschitz classes of g-absolutely continuous
functions. By using the relation between them, we also get the following result

y}im Vo [1(Snp (f) = £)] = 0 (uniformly in v € IN),
where

Suo (2= L X Ho(f(5)) x Gexb), @

namely, S, (f) is A-transform of nonlinear generalized sampling series. Furthermore, we give an appli-
cation of Theorem 2.4 and Theorem 3.1 at the end of the paper.

2. Convergence in ¢-Variation

In this section, we prove our main approximation theorem using convergence in ¢-variation.
We require the following conditions:

() sup,en ||lk/w”11 = A < oo for some constant A > 0,

() A-lim ( r lk,w) =1,

keZ
(I3) 3r > 0 such that A - lim( Y ’lk,w’) =0,
[kl>r
(h) For every y > 0, there exists a A > 0 such that, for every (proper) bounded interval | C R,
. V(P [/\Gw/ ] ]
A-lim ——
@ (ym())

the @-variation of AG,, on the interval |.

= 0 uniformly in | € R, where G, (u) = Hy (1) — u and V, [AGy, ]] denotes

It can be easily seen that taking A = {I}, the identity matrix, then (/;) — (I3) turn into (A1)-(A2) given in
[2]. Here, condition (h) is a natural condition due to the nonlinearity of the kernel. For the examples of H,,
in case of A = {I}, see [1, 8]. At the end of the paper, we give a specific kernel satisfying (/1) — (I3) and (h).

The following growth condition on ¢ corresponding to {—Lipschitz condition of H is also needed.

Definition 2.1. Let ¢, 1, be a p-function. If for all y € (0,1), there exists a constant C,, such that
# (S (1a) < (1gl ®)
for every measurable function g : R =R, then (@, n, V) is called properly directed.

Throughout the paper, we will assume that (¢, n, 1) is properly directed. In the nonlinear setting, this
condition is common (see [1, 7, 16, 17, 38, 43]) and some examples of the triple (¢, n,¥) can be found in [1].
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Lemma 2.2. Let f € BV, (R). If (lh) is satisfied, then T, maps from BV (R) into BV, (R), namely, there exists a
u > 0 such that

Vo [uTuuf] < VylAf]
holds, where A > 0 is sufficiently small for which V, [Af] < oo

Proof. Let {xi}ic1
inequality that

m) be an increasing sequence in R. For all u > 0, it is not hard to see from Jensen’s

.....

;Zn,@ ([J |Tn,v (f/ xi) - Tn,v (f/ xi—l)l)

Z Z anw(P (Wn v Z |Zk w|

al’l vi=

where a,, = Y0145, < oo by (a3). Then, using Jensen’s inequality one more time and taking supremum,
we get the following inequality,

f(P ([J |Tn,v (f/ xi) - Tn,v (f/ xi—l)l)
¥ o %, [l z(p(wm [F (F (3 = £)) = Ho (f (311 - 5))|).

an vA w=1

Since Hy, is i-Lipschitz, then there holds
ZGU ([l |Tn,v (f/ xi) - Tn,v (fr xi—l)l)
> al, (lk,w} Le (uan,vAKw ('f(xi —5) - f(xia - §)|))

anu w=1

where K is 1)-Lipschitz constant of H,,. Now, from (5) for every A € (0, 1) for which V,, [Af] < oo, there exists
a constant C; € (0, 1) such that

f(p(;u |0 (f:x0) = T (f;xi_1)|)
7 Z i T ol Zn(A[f (50 5) - £ (52 - 5))

an v
1
= v Z1a::wk§z ‘lkfw‘ Vi [Af ( B £>]

holds for all 0 < u < C,/(a,,AK). Since

Vo[Af (- £)] = vy [Af],

we derive from (/1) that

[f]z o i

n[Af]-

Consequently, if we take supremum over {Xi};c1,. ) , the proof is done. [

Z@(H'Tnv(f Xi) = T (f; xie 1)|)
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Lemma 2.3. Let f € AC, (R). If (1) is satisfied, then T, (f) € AC,, (R) for all n,v € N.

Proof. Assume that ¢ > 0 be given and let 6 := 0(¢) > 0 corresponds to n-absolute continuity of f where
{{ai, Bi]}i, be a finite nonoverlapping intervals of I = [4,b] C Rsuch that ", ¢ (8; — a;) < 6. Then, applying
Jensen’s inequality we may clearly see that

L ([T (F3B) = T (F509)])
< Fp (i a2 ol e (7 (i - 5)) ~ Hy (f (o - )

al $ e T Pl E (s (£ (5 £)) - o (- 1)
< wzlanwz 1lkwiz(p(uam,AK¢ \f b= )= £ (o= ).

Since (@, 1, ¥) is properly directed, then for every A € (0, 1) there exists a C; > 0 such that

éMMﬂAﬂm—ﬂAﬁMD
z(w!in( 7 (6~ £) - Flai-5)))

<

anv =

holds for all 0 < p < C;/(a,,AK). Moreover, seeing that f is n-absolutely continuous, then there exists a
y > 0 such that

Eo(v] (- 8)- (o= £)
whenever
ZU((,Bi - %) - (Ofi - 5)) = lér] (Bi —ai) < 0.

Using the previous expression together with (/1) and (a3) , we finally get

m 1 o .
El(P (4 |Tow (F3B5) = T (fra)]) < nglanwkgz || €

<eg

forall0<A<y. O

Now, we state our main approximation theorem.

Theorem 2.4. Assume that (I1) — (I3) and (h) hold. Then, there exists a u > 0 such that for a given f € AC, (R) N
BV, (R), we have

,}52, Vo [ (oo (f) = f)] = 0 (uniformly in v € IN). (6)
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Proof. Let {x;}ic(1,..m) be an increasing sequence in R. Then, for all y > 0
1= Lo ([T () = £ (5 = T (Fr0) + f (i)
= £ (| Bt T o o (£ - £) - £ (- £)
—H (£ (i1 = £))+ f (v - )]
+ L %l (3= 5) = ) = (3 = 5) + f ()

|

holds. Now, using the convexity of ¢, one can observe the following,
1m 0o " k X
I<3Le (3y LawL Vol [Ho (£ (i = £)) = £ (i = £)

—H, (f(x, |- —)) +f(x, 1— k)|)

+ {f (xi) - f(xi—l)} ( f aZw Z lk,w - 1)
w=1 keZ

%fl (3y2am % fsl | £ (3 = £) = £ () = (i1 = £) + £ (o o\)
%é (3y|f(x) f (o) Z_;anwzlkw_1|)
=11+Iz+13

In I;, using two times Jensen’s inequality we immediately get

oflw= %)) = fxi- %)

L <

3anv = 1anw Z |lkw| Z(P(3Hanv

(71~ £)) £ - 2))

It is known from (a3) that a,,, := Yo, < M for sufficiently large n € IN. Then, from the convexity of ¢

v
w=1%w

I < 3MA Z o %, lla Z(p(ByMA o (F (- £)) - £ (5 - )

~Ha (f(xl P E)) (- £))
- 3MA Z B Ll Vi [31MA (Ho (£ (= £)) = £(- - )]
yields. Now, using the fact that

Ve [3[JMA (Hw (f( - %)) _f( - 5))] =V, [BuMA (Hu (f) — O],

then there holds

11 < m Z anwV [3}1MA (H (f) f)]

Considering (h) together with Lemma 1 in [8], we observe that for all y > 0, there exists a A > 0 such that
Ye > 0, there exists a number n satisfying that

Vo [f] .
3M

L <
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foralln >ngand 0 < u < 5.
About I, using the convexity of ¢, Jensen’s inequality and (a3) , there holds

I

< Mﬁ szkg,z)lkw)(f)(3‘uMA |f X; — w) fxi)— f(x, 11—k +f(x1 1)')

v=1
< m y - i L [leal Vo [3uMA(f (= 5) = £O)] @)

for sufficiently large n € IN. Here, one can observe the ¢-modulus of smoothness of f € AC, (R) by
Subsection 2.4. in [41], that is, if ¢ satisfies (+), then lims—o supy,_s Vi, [A (f (- =) = f ()] = 0 for some
A > 0if and only if f € AC,, (IR). So, one can find a A; > 0 such that for all ¢ > 0, there exists a 6 > 0 such
that

Vol (f(-DH-f(D]<e )

whenever [f| < 6. Now, from (2) we can divide the sum in (7) as follows
1
< gz Ly I e Ve [5uma (£ (-~ £) - £ )]

5w, e T ol Vo oA (1 (-~ £) £ 0)]

L o T el Vo A (= £) = £ O)]

;:g+g+g
where r > 0 is given in (I3) and w; is such that

E<1<6
woow

for all w > wy.
In I, since V, [6yMA f ( - %)] =V, [6uMAf], it can easily be observed from (I;) that

1
n< 3M_Aw§1a 2 |lio| Vo [6uUMAF]

< 3M ): anwV [6uMAF].
Then, there holds
w, Vi, [6uMAF]
< ¢
forall 0 < u < [i/(6MA) and for sufficiently large n € IN.
From (8), (/1) and (a3) we obtain
€

<=
273

forall 0 < u < A1/(6MA).
From (I3), we get
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for sufficiently large n € IN.

On the other hand, since f ab, Y lew — 1) < 1 for sufficiently large n € IN, by the convexity of ¢

w=1 keZ
1 m =
Iz < §Z¢(3/~1 |f (x) —f(xi—1)|) Yty X lew = 1'
i=1 w=1 keZ
1 [e]
< gV(P [3!1f] Z ail;w Z lk,w - 1‘
w=1 keZ

holds. Then from (I,) , we get
Vo [3uf]

I < e

.....

the proof. [

3. Order of Approximation

In this section, we examine the order of approximation. For this reason, we first consider the following
Lipschitz class

VoLip(a) = {f € AC, R): 3p > 0s.t. Vo [p|f ( == FO)|| = O (1H*) as t — 0]

for any a > 0 (see also [3]).
For a given nonnegative regular method A = {(a4,)},cn and a > 0, we take into account the following
orders of approximations:

( Yoan, X o = 1) =0 (n™%) as n — oo (uniformly in v), (9)
w=1 keZ
there exists a number 7 > 0 such that
Yan,y 1 = O(n *)as n — oo (uniformly in v), (10)
w=1 |k|<fwa
Y a, ¥ |lw| = O (™) as n — oo (uniformly in v) 11)
w=1 |k|>7

and for each w € IN,
ab, = O (n™%) as n — oo (uniformly in v). (12)
Theorem 3.1. Assume that (9)-(12) and (I1) hold. Assume further that for every y > 0, there exists a A > 0 such
that
s, VplAGa ]
w1 @ (ym(]))

uniformly in every proper bounded interval | C R).

=0m™) asn — oo (uniformly in v and (13)

Then, there exists a p > 0 such that
Vo [u(Tup (f) = /)] = O(n™) as n — oo (uniformly in v)
forall f € VyLip(a) N BV, (R).
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Proof. By the proof of Theorem 2.4, we may easily obtain the following inequality
Vo [u (T (= )] = ?,M—A ¥ o L [lia] Vi BuAM (Ho (£) = £)]

* A Z anw Z |lk,w| V(p [3‘UAM(f( — %) — f())]

3MAw 1
3
[3yf] St Y I
w=1 kezZ
=h+h+]s

for sufficiently large n € IN. Considering (13) in [8], there exists a constant L > 0 such that

Ji = = . %V, [BUAM (H,y (f) - £)] T Jial

3MA w=1
L
< s Vo v flm
=0 (n™%) as n — co (uniformly in v)
for sufficiently small u > 0.

In J, since f € V,Lip (a), there exist p,N,6 > 0s.t. V, [p |f (-—10- f(-)” < N|H* if |t| < 6. Moreover, for
a given 7 > 0, we can find a number w’ such that
k

— <
w

<0

S|~

for every w > w’. Taking these arguments into account, we divide J, as follows,

1= 3 o I, Vo M (1 - )= 0]
1
mw %jnwl,dg(lk,w( Vo [3uam(f(-- £)- £ )]
a2y e Vo [P (£~ £) =1 0)]
= ]2 + ]2 + IS

Then, it follows from (10) that

] N
2 = 3MA nw
Nt & 1
Z v

a —
= nw
3M w=w'+1 \k|<fwa

=0 (n™*) as n — co (uniformly in v)

forall0 <y < 3MA On the other hand, for ]2 it is not hard to see from (2) that

< 57 L bV l6uAy]

and therefore, from (12)

J, =0 (n™) as n — oo (uniformly in v)



I. Aslan / Filomat 35:8 (2021), 2731-2746 2740

holds. About ]g, from (2) and (11), we observe the following

v, [opAMf]
3
YT i

=0 (n™") as n — oo (uniformly in v).
Finally, directly from (9) we get
Js =0(m™") as n — oo (uniformly in v).
|

Now, we investigate a special case of the operator (3), where Iy, = x (k) and x : R — R, namely, I, is
not depending on w. Then, (3) reduces to

T (fi2) = L & Ho (f (x= ) x 0),

which is (in some cases) equivalent to A-transform of nonlinear generalized sampling series given in (4)
Under these considerations, (/1) and () turn into the following assumptions

(1) xel'@)
&) =1

where on the other hand (/3) is clearly not satisfied. But these two conditions are still enough to verify the
following theorem.

Theorem 3.2. Let f € AC, (R) N BV, (R). If (li), (l;) and (h) hold, then there exists a p > 0 such that
lim V,, [y (‘7',,,1, (f) - f)] = 0 (uniformly in v € N).

Proof. Considering (l;) in the proof of Theorem 2.4, then for every u > 0

Vo [1(Ton () = )] € 5575 Tt & X 01 Vi [3uMA (Hyy 0 f = )]

3MAw 1 keZ

W—szlﬂnw % (0 Vo [3uMA(f (- = £) - £ ()]

+ %pr [3uf]

=1+l +L;

Zanw_ ‘

w=

holds, where A = ||x]|; . From (h), (l;), and Lemma 1 in [8], one can clearly see that

Vo lyf ]

L1 < 3M

for sufficiently large n € N and for all 0 < u < A/(3MA) where A and y correspond to Lemma 1 in [8]. On
the other hand, since y € I' (Z), for all € > 0 there exists a # > 0 such that

Y x () < e.

k|>7
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Hence, if we divide L, into two parts as follows,

Ly = 3M—A x o 2 X (R Vy [3uMA(f(- - £)- £ )]
o szlanw Y (I Vy [BuMA(f (- - £) - £ )]
= L) +13
then, there holds
I < [6#MAf]
3A

For L%, using @-modulus of smoothness of the function f € AC,, (R), we obviously see that for all ¢ > 0
there exists a 6 > 0 such that

k1
w<w<6

for all w > @, which implies
Vo [BUuMA(f( -t - f()]<e
Then, dividing L2 as follows,

2= W—szlanwlglg X ) Vo [3uMA(f(- = £) - £ ()]

1 -
+ ?)]\/I_Aw %+1anw\k|2<r |X (k)| V [BHMA (f ( - %) — f ())]

we may easily obtain

2 ZTJVq) [6#MAf ] 1
L; < — v T3¢

Finally, using (1) we conclude
Vi, [Buf] ;
3
for sufficiently large n € IN, which completes the proof. [J

L3<

Remark 3.3. Note that, the operators T and S are different in general but, in some cases, they coincide.

Corollary 3.4. Assume that f € BL,(R) N BV, (R) and 1/J(| f |) € BL, (R) (the Paley-Wiener Space Bl (R) =
{f € I R) : f has an extension to whole C s.t. |f (z)| < exp (mw |z|) ||f“ for every z € C}) for some w > 0, where
||| denotes supremum norm. If x € By, (R) and (li), (1’2), (h) are satisfied, then there exists a y > 0 such that

lim V, [t (Snp (f) = f)] = 0 (uniformly in v € N).

Proof. First of all, we should say that since |Hw (f)| < Ky (|f|) and ¢ ()f|) € BL, (R), then Hy, (f) € BL,, (R).

From Proposition 4.3. in [2] and (+), we may easily see that BL, (R) C AC, (R) . Therefore, using the similar
arguments on Lemma 4.2. in [2], we deduce that

Sn,v (f) = Tn,v (f)

for all n, v € IN. Consequently, by the Theorem 3.2 the proof completes. O

An example of x € By (IR) satisfying (l’l) and (l;) can be found in Example 4.5. in [2].
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4. Conclusions and Applications

We remark that operator (3) can be written as
Too (F2) = LT (i)
where Ty, (f; x) is introduced by
Tu(fix) = T Ha (f (x = £)) b

Using certain methods, some significant results of Theorem 2.4 are given below:

o If we take A = {Cq}, Cesaro matrix [30], where C; = [¢,,p] is such that

Loifl<w<n
Chw = n .
0; otherwise,

then we get

[Tl(f)+Tz(f31+"'+Tn(f)_f 0

lim V,,

n—oo

forall f € ACy (R).

e Putting A = 7, the almost convergence matrix [36], where ¥ = {[c}, ]} is such that

nw

@ Loifv<w<n+v-1
0; otherwise,

then we get

Tv(f)+Tv+1(f)+"'+Tn+v*1(f) _

n

lim V. = 0 uniformly in v
® y

n—-oo

forall f € ACy (R).

o If A = {I}, the identity matrix, then we get
lim V[T, (f) - ] = 0,
where T}, is nonlinear form of (1).

o If one take Hy, (u) = u, then T, reduces to linear case given in (1) and the previous estimations hold
for the operator (1).

e On the other hand, all the previous results are still valid for the generalized sampling series S, ,, (f)
given in (4).

Now, we will investigate the existence of kernels which satisfy (/1) — (I3), (#) and conditions (9)—(13).
Let A=%F ={F’},a =1/2 and lyy, Hy, and 1) are defined by

1 .
lk,w = 2w|13;01 -1

2l (20 + 1)’

w=m? (m € N)

w # m? (m € N),



I. Aslan / Filomat 35:8 (2021), 2731-2746

Hy, () :=u+ tanh(%) and ¥ (Ju]) := |u|. Then, if w = m? (m € N), we have

E fil =2(55) <6
keZ

201
and if w # m?, we have

Z |lk,w| = 11
keZ

which implies (I;) for A = 6.
For (I,) and (9), consider the following inequality

n+v-11 n+v-11
Y - Lho-1]< Z Y lew =
w=v Nkez w=v keZ
n+v-1 1

2(2“’+1) 1'
w=v,w= m2 20 —1

n+v-1 5
<
w:v,w:mzn

5(Vn+v— —\/5+1)
n
5n-1) +§
n(\/n+v—1+\/5) n
5 +§
Vi+v-1++v 1
< 10 =0 L) (uniformly in v),

5=l

which proves () and (9).
For (I3) and (11), if w = m?, then

2 bl =5(z) 3

|k|>i’ 210 214]?’

IN

and if w # m?,

-1 2v 1
! =)=
|k|2>r|kW| (2w+1 Qw _ 1) Qur

hold. Therefore, we get the following expression

n+v 11 4 n+v— 1( 2w 1
=1

Z‘ |lkw| < 2w _ Qur

w v Mik>r
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which shows (I3) is satisfied for r = 1. Furthermore, by the fact that forall » > 1

or
<
(7)<

and so, we conclude

n+v-11 16 16
Y =X kel — < —
w=v N k>r n n

1
= O —] (uniformly in v).
( Nz ( y inv)

For the condition (10), we may clearly get

L ()

" w=v Voo = "
< 2(n-1)
- n(2Vn+v—1+ \/5) (14)
=w

_ L . .
= O( \/ﬁ) (uniformly in v).
Moreover, by the definition of #, we obtain the following

1
v 1
c < - < ==
n \/ﬁ

0] (%) (uniformly in v).

On the other hand, by the definition of Hy, it is clear that H, (0) = 0 and H,, is 1-Lipschitz (see also
Figure 1). In addition, G, (1) = Hy, (1) —u = tanh(%) is an increasing function and hence choosing A =y
and | = [a,b] we have the following equality

Vq) [VGw/]] _ P (7/ (Gw (b) = Gy (a)))

@ (ym(])) o (ym(]))

Furthermore, by the convexity of ¢

VoGl _e(r(E- %))
e(ym()) — @ ym())

1o(yb-a)
“w @ (ym()))
1
Tw

1n+v-11 1n+v-1 1
— Z —< = Z -
n w=p W n w=v Yw

= O(—) as n — oo (uniformly in v)

which verifies (13) and (k) .
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Figure 1: The kernel function Hy,
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