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Starlikeness, Convexity and Landau Type Theorem of the Real Kernel
α−Harmonic Mappings

Bo-Yong Longa, Qi-Han Wanga

aSchool of Mathematical Sciences, Anhui University, Hefei 230601, China

Abstract. In [26], Olofsson introduced a kind of second order homogeneous partial differential equation.
We call the solution of this equation real kernel α−harmonic mappings. In this paper, we study some
geometric properties of this real kernel α−harmonic mappings. We give univalence criteria and sufficient
coefficient conditions for real kernel α−harmonic mappings that are fully starlike or fully convex of order
γ, γ ∈ [0, 1). Furthermore, we establish a Landau type theorem for real kernel α−harmonic mappings.

1. Introduction

Let C be the complex plane andDρ = {z : |z| < ρ}. In particular,D denotes the open unit diskD1.
For α ∈ R and z ∈ D, let

Tα = −
α2

4
(1 − |z|2)−α−1 +

α
2

(1 − |z|2)−α−1

(
z
∂
∂z

+ z̄
∂
∂z̄

)
+ (1 − |z|2)−α4

be the second order elliptic partial differential operator, where 4 is the usual complex Laplacian operator

4 := 4
∂2

∂z∂z̄
=
∂2

∂x2 +
∂2

∂y2 , z = x + yi.

The corresponding partial differential equation is

Tα(u) = 0 inD (1.1)

and its associated the Dirichlet boundary value problem are as follows

{
Tα(u) = 0 inD,

u = u∗ on ∂D. (1.2)
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Here, the boundary data u∗ ∈ D′(∂D) is a distribution on the boundary ∂D ofD, and the boundary condition
in (1.2) is interpreted in the distributional sense that ur → u∗ in D′(∂D) as r→ 1−, where

ur(eiθ) = u(reiθ), eiθ
∈ ∂D,

for r ∈ [0, 1). In [26], Olofsson proved that, for parameter α > −1, if a function u ∈ C2(D) satisfies (1.1) with
limr→1− ur = u∗ ∈ D′(∂D) , then it has the form of Poisson type integral

u(z) =
1

2π

∫ 2π

0
Kα(ze−iτ))u∗(eiτ)dτ, for z ∈ D, (1.3)

where

Kα(z) = cα
(1 − |z|2)α+1

|1 − z|α+2 , (1.4)

cα = Γ2(α/2 + 1)/Γ(1 + α) and Γ(s) =
∫
∞

0 ts−1e−tdt for s > 0 is the standard Gamma function. In fact, by
Proposition 3.2 of [26], temperate growth of the solution is equivalent to distributional boundary value for
a solution of (1.1) when α > −1.

If we take α = 2(p − 1), then u is polyharmonic (or p−harmonic), where p ∈ {1, 2, ...}. For related study
of polyharmonic mappings, see [1, 3, 7, 8, 11, 25, 30]). In particular, if α = 0, then u is harmonic. Thus, u
is a kind of generalization of classical harmonic mappings. Actually, by [27], we know that it is related to
standard weighted harmonic mappings. Furthermore, since the kernel Kα in (1.4) is a real-valued function,
we can call u of (1.3) real kernel α−harmonic mappings. For the related discussion on standard weighted
harmonic mappings, see [9, 12, 16, 17, 19, 24].

The Gauss hypergeometric function is defined by the series

F(a, b; c; x) =

∞∑
n=0

(a)n(b)n

(c)n

xn

n!

for |x| < 1, and by continuation elsewhere, where (a)0 = 1 and (a)n = a(a + 1) · · · (a + n − 1) for n = 1, 2, ... are
the Pochhammer symbols. Obviously, for n = 0, 1, 2, ..., (a)n = Γ(a + n)/Γ(a). It is easily verified that

d
dx

F(a, b; c; x) =
ab
c

F(a + 1, b + 1; c + 1; x). (1.5)

Furthermore, for Re(c − a − b) > 0, we have (cf.[4],Theorem 2.2.2)

F(a, b; c; 1) = lim
x→1

F(a, b; c; x) =
Γ(c)Γ(c − a − b)
Γ(c − a)Γ(c − b)

. (1.6)

The following Lemma involves the determination of monotonicity of Gauss hypergeometric functions.

Lemma 1.1. [26] Let c > 0, a ≤ c, b ≤ c and ab ≤ 0 (ab ≥ 0). Then the function F(a, b; c; x) is decreasing (increasing)
on x ∈ (0, 1).

Gauss hypergeometric function as an analytic function in the complex domain itself is widely and deeply
studied [28, 29, 31–33]. Recently, the research on harmonic mapping constructed by Gauss hypergeometric
function has also aroused people’s interest [5].

The following result of [26] is the homogeneous expansion of solutions of (1.1).
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Theorem 1.2. [26] Let α ∈ R and u ∈ C2(D). Then u satisfies (1.1) if and only if it has a series expansion of the form

u(z) =

∞∑
k=0

ckF(−
α
2
, k −

α
2

; k + 1; |z|2)zk +

∞∑
k=1

c−kF(−
α
2
, k −

α
2

; k + 1; |z|2)z̄k, z ∈ D, (1.7)

for some sequence {ck}
∞
−∞

of complex number satisfying

lim
|k|→∞

sup |ck|
1
|k| ≤ 1. (1.8)

In particular, the expansion (1.7), subject to (1.8), converges in C∞(D), and every solution u of (1.1) is C∞−smooth
inD.

In [26], the author pointed out that if α ≤ −1, u ∈ C2(D) satisfies (1.1), and the boundary limit u∗ =
limr→1− ur exists in D′(∂D), then u(z) = 0 for all z ∈ D. So, in this paper, we always assume that α > −1.

Definition 1.3. Suppose α > −1, u(z) have the expansion of (1.7). We call u(z) real kernel α−harmonic mapping.

Definition 1.4. A univalent and sense-preserving real kernel α−harmonic mapping u, with u(0) = 0, is said to be
fully starlike of order γ, γ ∈ [0, 1), inD if

∂(arg u(reiθ))
∂θ

=<
(
Du
u

)
> γ (1.9)

for all z , 0 and r ∈ (0, 1), whereD is a linear operator defined by

D = z
∂
∂z
− z̄

∂
∂z̄
.

In particular, when γ = 0 in (1.9), u is said to be fully starlike.

Definition 1.5. A univalent and sense-preserving real kernel α−harmonic mapping u with u(0) = 0 is said to be
fully convex of order γ, γ ∈ [0, 1), inD if

∂(arg ∂
∂θu(reiθ))
∂θ

=<

(
D

2u
Du

)
> γ (1.10)

for all z , 0 and r ∈ (0, 1), whereD2 = D(D) is the composition ofD and itself. In particular, when γ = 0 in (1.10),
u is said to be fully convex.

The starlikeness and convexity with order γ of functions are widely and deeply studied in analytic
functions, harmonic functions and polyharmonic functions, see [13–15, 21–23].

The classical Landau’s theorem states that if f is an analytic function on the unit disk D with f (0) =
f ′(0) − 1 = 0 and | f (z)| < M for z ∈ D, then f is univalent in theDr0 = {z||z| < r0}with

r0 =
1

M +
√

M2 − 1
,

and f (Dr0 ) contains a disk |ω| < R0 with R0 = Mr2
0. This result is sharp, with the extremal function

f0(z) = Mz 1−Mz
M−z . For other types of functions, Landau-type theorem were also studied. See [20] for

harmonic mappings, [1, 6, 10, 11] for polyharmonic mappings, [2] for logharmonic mappings, [18] for
log-p-harmonic mappings, [9] for weighted harmonic mappings.

The main purpose of this paper is to study the properties of the real kernel α−harmonic mappings. In
section 2, for the real kernel α−harmonic mappings, we give a necessary and sufficient condition for the
relationship between full starlikeness and full convexity. Furthermore, We give univalence criteria and
sufficient coefficient conditions for real kernel α−harmonic mappings that are starlike or convex of order γ,
γ ∈ [0, 1). In section 3, we get a Landau type theorem for real kernel α−harmonic mappings.
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2. Starlikeness and convexity

In the rest of this paper, we use the following denotations.
Let z = reiθ ,

t = |z|2 = r2, (2.1)

F = Fk = F(−
α
2
, k −

α
2

; k + 1; t), (2.2)

and

Ft = Fk,t(−
α
2
, k −

α
2

; k + 1; t) =
dFk

dt
=

dF
dt
. (2.3)

Proposition 2.1. The operatorD is a real kernel α-harmonic mapping preserving operator.

Proof. Let u be a real kernel α-harmonic mapping with the series expansion of (1.7). Then by direct
computation, we have

Du = zuz − zuz

= z

 ∞∑
k=1

ck(Ftzzk + Fkzk−1) +

∞∑
k=1

c−kFtz
k+1

 − z

 ∞∑
k=1

ckFtzk+1 +

∞∑
k=1

c−k(Ftzzk
+ Fkzk−1)


=

∞∑
k=1

kckFzk
−

∞∑
k=1

kc−kFz̄k.

Furthermore, for sequence {ck}
∞
−∞

if (1.8) holds, then

lim
k→∞

sup |kck|
1
|k| ≤ 1

and

lim
k→∞

sup | − kc−k|
1
|k| ≤ 1.

Therefore, by Theorem 1.2, we get thatDu is a real kernel α-harmonic mapping.

Theorem 2.2. Suppose real kernel α-harmonic mappings

u(z) =

∞∑
k=1

ckFzk +

∞∑
k=1

c−kFz̄k

and

v(z) =

∞∑
k=1

1
k

ckFzk
−

∞∑
k=1

1
k

c−kFz̄k

are univalent inD. Then u(z) is fully starlike of order γ if and only if v(z) is fully convex of order γ.

Proof. Direct computation leads to

Du
u

=

∑
∞

k=1 kckFzk
−

∑
∞

k=1 kc−kFz̄k∑
∞

k=1 ckFzk +
∑
∞

k=1 c−kFz̄k
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and

D
2v
Dv

=
D(

∑
∞

k=1 ckFzk +
∑
∞

k=1 c−kFz̄k)∑
∞

k=1 ckFzk +
∑
∞

k=1 c−kFz̄k
=

∑
∞

k=1 kckFzk
−

∑
∞

k=1 kc−kFz̄k∑
∞

k=1 ckFzk +
∑
∞

k=1 c−kFz̄k
.

It follows that

Du
u

=
D

2v
Dv

.

Therefore,<
(
Du
u

)
> γ is equivalent to<

(
D

2v
Dv

)
> γ. The proof is completed.

Lemma 2.3. [29, 34] Let rn and sn (n = 0, 1, 2, ...) be real numbers, and let the power series

R(x) =

∞∑
n=0

rnxn and S(x) =

∞∑
n=0

snxn

be convergent for |x| < r, (r > 0) with sn > 0 for all n. If the non-constant sequence {rn/sn} is increasing (decreasing)
for all n, then the function x 7→ R(x)/S(x) is strictly increasing (resp. decreasing) on (0, r).

Lemma 2.4. Let α
2 ∈ (0, 1]. Then it holds that

(1)
Fk

F1
≤ 1 for k = 2, 3, ... and t ∈ [0, 1);

(2)
|Ft|

F1
≤

(k − α
2 )Γ(k + 1)Γ(2 + α

2 )
2Γ(k + 1 + α

2 )
for k = 1, 2, ...and t ∈ (0, 1).

Proof. (1) We divide it into two subcases to discuss.
If α

2 = 1, then we can get F1 ≡ 1 and Fk is decreasing for t ∈ [0, 1) and k = 2, 3, ... by Lemma 1.1. Thus, Fk
F1

is decreasing for t ∈ [0, 1).
If 0 < α

2 < 1, let

An = −
(−α2 )n(k − α

2 )n

(k + 1)nn!
, Bn = −

(−α2 )n(1 − α
2 )n

(2)nn!
. (2.4)

Then it follows that Bn > 0 for n = 1, 2, ... and

An

Bn
=

(−α2 )n(k − α
2 )n

(k + 1)nn!
(2)nn!

(−α2 )n(1 − α
2 )n

=
(k − α

2 )n(2)n

(k + 1)n(1 − α
2 )n

.

It can be verified that

An+1
Bn+1

An
Bn

=
(k − α

2 + n)(2 + n)
(k + 1 + n)(1 − α

2 + n)
> 1

for k = 2, 3, .... Thus An
Bn

is strictly increasing for all n = 1, 2, .... By Lemma 2.3, we get that

f (t) =

∑
∞

n=1 Antn∑
∞

n=1 Bntn

is strictly increasing for t ∈ (0, 1). Furthermore, we have

f (0) = lim
t→0

f (t) =
A1

B1
=

2(k − α
2 )

(k + 1)(1 − α
2 )
> 1



B.-Y. Long; Q.-H. Wang / Filomat 35:8 (2021), 2629–2644 2634

for k = 2, 3, .... It follows that

f (t) > 1 (2.5)

for t ∈ [0, 1). Observe that

Fk

F1
=

1 +
∑
∞

n=1
(− α2 )n(k− α2 )n

(k+1)n

tn

n!

1 +
∑
∞

n=1
(− α2 )n(1− α2 )n

(2)n

tn

n!

=
1 −

∑
∞

n=1 Antn

1 −
∑
∞

n=1 Bntn
=

1 − f (t)
∑
∞

n=1 Bntn

1 −
∑
∞

n=1 Bntn
.

Noting that F1 is positive and considering the monotonicity of f and (2.5), we can get

d
dt

(Fk

F1

)
=
−(

∑
∞

n=1 Bntn) f ′(t)F1 − ( f (t) − 1)(
∑
∞

n=1 Bntn)′

F2
1

< 0.

Thus, Fk
F1

is strictly decreasing for t ∈ (0, 1).
Therefore, for α

2 ∈ (0, 1] we have
Fk

F1
≤ lim

t→0

Fk

F1
= 1.

(2) If 0 < α
2 < 1, then Ft is negative for t ∈ (0, 1). By (1.5), we have

|Ft| = −Ft =
α
2 (k − α

2 )
k + 1

F(1 −
α
2
, k + 1 −

α
2

; k + 2; t).

Observe that both F(1 − α
2 , k + 1 − α

2 ; k + 2; t) and F1 are positive. Furthermore, F(1 − α
2 , k + 1 − α

2 ; k + 2; t) is
increasing with respect to t ∈ [0, 1) as well as F1 is decreasing with respect to t ∈ [0, 1). Therefore, we have

|Ft|

F1
< lim

r→1−

α
2 (k− α2 )

k+1 F(1 − α
2 , k + 1 − α

2 ; k + 2; t)
F1

=
α
2 (k − α

2 )
k + 1

Γ(k + 2)Γ(α)
Γ(k + 1 + α

2 )Γ(1 + α
2 )

Γ(2 + α
2 )Γ(1 + α

2 )
Γ(2)Γ(1 + α)

=
(k − α

2 )Γ(k + 1)Γ(2 + α
2 )

2Γ(k + 1 + α
2 )

. (2.6)

The above first equality holds because of (1.6).
If α

2 = 1, then F1 ≡ 1 and Fk = 1− k−1
k+1 t. Then it is easy to see that the equality of Lemma 2.4 (2) holds.

Theorem 2.5. Suppose γ ∈ [0, 1), α2 ∈ (0, 1] and u(z) be a real kernel α-harmonic mapping that has series expansion
of (1.7) with c1 = 1, c0 = 0 and |c−1| < min{ 1−γ1+γ ,

α
4−α }. Let

∞∑
k=2

(Ak|ck| + Bk|c−k|) ≤ C, (2.7)

where

Ak =
(k − α

2 )Γ(k + 1)Γ(2 + α
2 )

Γ(k + 1 + α
2 )

1
1 − |c−1|

+
k − γ

(1 − γ) − (1 + γ)|c−1|
,

Bk =
(k − α

2 )Γ(k + 1)Γ(2 + α
2 )

Γ(k + 1 + α
2 )

1
1 − |c−1|

+
k + γ

(1 − γ) − (1 + γ)|c−1|
,

and

C = 1 − (1 −
α
2

)
1 + |c−1|

1 − |c−1|
.

Then u(z) is fully starlike of order γ inD. Furthermore, the coefficient bound given by (2.7) is sharp.
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Proof. Before proving this theorem, we first point out that the constraint condition |c−1| < min{ 1−γ1+γ ,
α

4−α } is to
ensure that the denominators in the expression of the above Ak and Bk are positive and C itself is positive.

Observe that inequality (2.7) is equivalent to
∞∑

k=1

(k − α
2 )Γ(k + 1)Γ(2 + α

2 )
Γ(k + 1 + α

2 )
|ck| + |c−k|

1 − |c−1|
+

∞∑
k=2

(k − γ)|ck| + (k + γ)|c−k|

(1 − γ) − (1 + γ)|c−1|
≤ 1. (2.8)

So, in the following proof process, we often replace (2.7) with (2.8).
First we prove u(z) is sense-preserving inD. By (1.7), direct computation leads to

uz =

∞∑
k=1

ck(Ftz̄zk + kFzk−1) +

∞∑
k=1

c−kFtz̄k+1,

and

uz̄ =

∞∑
k=1

ckFtzk+1 +

∞∑
k=1

c−k(Ftzz̄k + kFz̄k−1).

It follows that

|uz| − |uz̄|

=

∣∣∣∣∣∣∣
∞∑

k=1

ck(Ftz̄zk + kFzk−1) +

∞∑
k=1

c−kFtz̄k+1

∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣
∞∑

k=1

ckFtzk+1 +

∞∑
k=1

c−k(Ftzz̄k + kFz̄k−1)

∣∣∣∣∣∣∣
≥ F1 −

∞∑
k=1

|ck||Ft|rk+1
−

∞∑
k=2

|ck|Fkrk−1
−

∞∑
k=1

|c−k||Ft|rk+1
−

∞∑
k=1

|ck||Ft|rk+1

−

∞∑
k=1

|c−k|(|Ft|rk+1 + kFrk−1)

= (1 − |c−1|)F1 − 2
∞∑

k=1

(|ck| + |c−k|)|Ft|rk+1
−

∞∑
k=2

k(|ck| + |c−k|)Frk−1

> (1 − |c−1|)F1 − 2
∞∑

k=1

(|ck| + |c−k|)|Ft| −

∞∑
k=2

k(|ck| + |c−k|)F. (2.9)

If

2
∞∑

k=1

|ck| + |c−k|

1 − |c−1|

|Ft|

F1
+

∞∑
k=2

k
|ck| + |c−k|

1 − |c−1|

F
F1
≤ 1, (2.10)

then inequality (2.9) implies |uz| > |uz̄|, that is to say u is sense-preserving. By Lemma 2.4, it is enough for
us to prove

∞∑
k=1

(k − α
2 )Γ(k + 1)Γ(2 + α

2 )
Γ(k + 1 + α

2 )
|ck| + |c−k|

1 − |c−1|
+

∞∑
k=2

k
|ck| + |c−k|

1 − |c−1|
≤ 1. (2.11)

It can be directly verified that

(k − γ)|ck| + (k + γ)|c−k|

(1 − γ) − (1 + γ)|c−1|
≥ k
|ck| + |c−k|

1 − |c−1|
(2.12)

for γ ∈ [0, 1), |c−1| <
1−γ
1+γ and k = 2, 3, .... Thus if inequality (2.8) holds, then (2.11) follows from (2.12).
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To show that u(z) is univalent inD we need to show that u(z1) , u(z2) when z1 , z2. Suppose z1, z2 ∈ D
so that z1 , z2. SinceD is simply connected and convex, we have z(s) = (1 − s)z1 + sz2 ∈ D, where s ∈ [0, 1].
Then we can write

u(z2) − u(z1) =

∫ 1

0

[
(z2 − z1)uz(z(s)) + (z2 − z1)uz̄(z(s))

]
ds.

Dividing the above equation by z2 − z1 , 0 and taking the real parts we obtain

<
u(z2) − u(z1)

z2 − z1
=

∫ 1

0
<

[
uz(z(s)) +

z2 − z1

z2 − z1
uz̄(z(s))

]
ds

≥

∫ 1

0
(<uz(z(s)) − |uz̄(z(s))|) ds. (2.13)

On the other hand

<uz(z) − |uz̄(z)|

> F1 −

∞∑
k=1

|ck||Ft| −

∞∑
k=2

|ck|Fk −
∞∑

k=1

|c−k||Ft| −

∞∑
k=1

|ck||Ft| −

∞∑
k=1

|c−k|(|Ft| + kF)

= (1 − |c−1|)F1 − 2
∞∑

k=1

(|ck| + |c−k|)|Ft| −

∞∑
k=1

k(|ck| + |c−k|)F

≥ (1 − |c−1|)F1 − 2
∞∑

k=1

(|ck| + |c−k|)|Ft| −

∞∑
k=1

(k − γ)|ck| + (k + γ)|c−k|

(1 − γ)|c1| − (1 + γ)|c−1|
(1 − |c−1|)F

≥ 0

by inequality (2.12), Lemma 2.4 and inequality (2.8) in order. This in conjunction with the inequality (2.13)
leads to the univalence of u.

Now we show that the inequality (1.9) holds. Direct computation yields∣∣∣Du + (1 − γ)u
∣∣∣ − ∣∣∣Du − (1 + γ)u

∣∣∣
=

∣∣∣∣∣∣∣
∞∑

k=1

ckkFzk
−

∞∑
k=1

c−kkFz̄k + (1 − γ)

 ∞∑
k=1

ckFzk +

∞∑
k=1

c−kFz̄k


∣∣∣∣∣∣∣

−

∣∣∣∣∣∣∣
∞∑

k=1

ckkFzk
−

∞∑
k=1

c−kkFz̄k
− (1 + γ)

 ∞∑
k=1

ckFzk +

∞∑
k=1

c−kFz̄k


∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣
∞∑

k=1

(k + 1 − γ)ckFzk +

∞∑
k=1

(1 − γ − k)c−kFz̄k

∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣
∞∑

k=1

(k − 1 − γ)ckFzk
−

∞∑
k=1

(k + 1 + γ)c−kFz̄k

∣∣∣∣∣∣∣
≥ (2 − γ)F1r −

∞∑
k=2

(k + 1 − γ)|ck|Frk
− γ|c−1|F1r −

∞∑
k=2

(k − 1 + γ)|c−k|Frk

− γF1r −
∞∑

k=2

(k − 1 − γ)|ck|Frk
− (2 + γ)|c−1|F1r −

∞∑
k=2

(k + 1 + γ)|c−k|Frk

= 2[(1 − γ) − (1 + γ)|c−1|]F1r − 2
∞∑

k=2

[(k − γ)|ck| + (k + γ)|c−k|]Frk > 0
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for r ∈ (0, 1) by Lemma 2.4 and inequality (2.8). Furthermore, we observe that for u , 0, it holds that∣∣∣Du + (1 − γ)u
∣∣∣ − ∣∣∣Du − (1 + γ)u

∣∣∣ > 0.

⇔

∣∣∣∣∣Du
u
− γ − 1

∣∣∣∣∣ < ∣∣∣∣∣Du
u
− γ + 1

∣∣∣∣∣
⇔<

(
Du
u
− γ

)
> 0

⇔<

(
Du
u

)
> γ.

That is to say that if (2.8) holds then (1.9) holds.
The real kernel α-harmonic mapping

u(z) = F1z +

∞∑
k=2

1
Ak

xkFkzk + c−1F1z̄ +

∞∑
k=2

1
Bk

ykFkz̄k, (2.14)

where
∞∑

k=2

(|xk| + |yk|) = C, (2.15)

show that coefficient bound given by (2.8) is sharp. That is to say, the mapping represented by (2.14) is the
corresponding extremal function of Theorem 2.5.

Now we have a look about a special case of Theorem 2.5.

Example 2.6. If α
2 = 1, then F(−α2 , k −

α
2 ; k + 1; t) = 1 − k−1

k+1 |z|
2 and the corresponding extremal function (2.14)

deduce to

u(z) = z +

∞∑
k=2

1
Ak

xk(1 −
k − 1
k + 1

|z|2)zk + c−1z̄ +

∞∑
k=2

1
Bk

yk(1 −
k − 1
k + 1

|z|2)z̄k,

where

Ak =
2(k − 1)

k + 1
1

1 − |c−1|
+

k − γ
(1 − γ) − (1 + γ)|c−1|

,

Bk =
2(k − 1)

k + 1
1

1 − |c−1|
+

k + γ

(1 − γ) − (1 + γ)|c−1|
,

and
∞∑

k=2

(|xk| + |yk|) = 1.

Actually, the above u(z) is biharmonic and can be rewritten as

u(z) = |z|2H(z) + G(z),

where

H(z) = −

∞∑
k=2

1
Ak

xk
k − 1
k + 1

zk
−

∞∑
k=2

1
Bk

yk
k − 1
k + 1

z̄k,

and

G(z) = z +

∞∑
k=2

1
Ak

xkzk + c−1z̄ +

∞∑
k=2

1
Bk

ykz̄k.
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Theorem 2.7. Suppose γ ∈ [0, 1), α2 ∈ (0, 1] and u(z) be a real kernel α-harmonic mapping that has series expansion
of (1.7) with c1 = 1, c0 = 0 and |c−1| < min{ 1−γ1+γ ,

α
4−α }. Let

∞∑
k=2

(Mk|ck| + Nk|c−k|) ≤ C, (2.16)

where

Mk =
(k − α

2 )Γ(k + 1)Γ(2 + α
2 )

Γ(k + 1 + α
2 )

1
1 − |c−1|

+
k(k − γ)

(1 − γ) − (1 + γ)|c−1|
,

Nk =
(k − α

2 )Γ(k + 1)Γ(2 + α
2 )

Γ(k + 1 + α
2 )

1
1 − |c−1|

+
k(k + γ)

(1 − γ) − (1 + γ)|c−1|
,

and

C = 1 − (1 −
α
2

)
1 + |c−1|

1 − |c−1|
.

Then u(z) is fully convex of order γ inD. Furthermore, the coefficient bound given by (2.16) is sharp.

Proof. Before proving this theorem, we first point out that the constraint condition |c−1| < min{ 1−γ1+γ ,
α

4−α } is
to ensure that the denominators in the expression of Mk and Nk are positive and the above C is positive.

Observe that inequality (2.16) is equivalent to

∞∑
k=1

(k − α
2 )Γ(k + 1)Γ(2 + α

2 )
Γ(k + 1 + α

2 )
|ck| + |c−k|

1 − |c−1|
+

∞∑
k=2

k
(k − γ)|ck| + (k + γ)|c−k|

(1 − γ) − (1 + γ)|c−1|
≤ 1. (2.17)

Because inequality (2.17) implies inequality (2.8), by Theorem 2.5, we can know that u(z) is sense-preserving
and univalent.

Now we just need to prove (1.10) holds. Firstly, we observe that for Du , 0. Actually, if Du = 0, then
zuz = z̄uz̄. It follows that |uz| = |uz̄|. This is in contradiction with the fact that u is sense-preserving. Thus
Du , 0. We have

<
D

2u
Du

> γ

⇔<

(
D

2u
Du
− γ

)
> 0

⇔

∣∣∣∣∣∣D2u
Du
− γ − 1

∣∣∣∣∣∣ <
∣∣∣∣∣∣D2u
Du
− γ + 1

∣∣∣∣∣∣
⇔

∣∣∣D2u + (1 − γ)Du
∣∣∣ − ∣∣∣D2u − (1 + γ)Du

∣∣∣ > 0.
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Secondly, direct computation leads to∣∣∣D2u + (1 − γ)Du
∣∣∣ − ∣∣∣D2u − (1 + γ)Du

∣∣∣
=

∣∣∣∣∣∣∣
∞∑

k=1

ckk2Fzk +

∞∑
k=1

c−kk2Fz̄k + (1 − γ)

 ∞∑
k=1

kckFzk
−

∞∑
k=1

kc−kFz̄k


∣∣∣∣∣∣∣

−

∣∣∣∣∣∣∣
∞∑

k=1

ckk2Fzk +

∞∑
k=1

c−kk2Fz̄k
− (1 + γ)

 ∞∑
k=1

kckFzk
−

∞∑
k=1

kc−kFz̄k


∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣
∞∑

k=1

(k2 + k(1 − γ))ckFzk +

∞∑
k=1

(k2
− k(1 − γ))c−kFz̄k

∣∣∣∣∣∣∣
−

∣∣∣∣∣∣∣
∞∑

k=1

(k2
− k(1 + γ))ckFzk +

∞∑
k=1

(k2 + k(1 + γ))c−kFz̄k

∣∣∣∣∣∣∣
≥ (2 − γ)F1r −

∞∑
k=2

(k2 + k(1 − γ))|ck|Frk
− γ|c−1|F1r −

∞∑
k=2

(k2
− k(1 − γ))|c−k|Frk

− γF1r −
∞∑

k=2

(k2
− k(1 + γ))|ck|Frk

− (2 + γ)|c−1|F1r −
∞∑

k=2

(k2 + k(1 + γ))|c−k|Frk

= 2[(1 − γ) − (1 + γ)|c−1|]F1r − 2
∞∑

k=2

k[(k − γ)|ck| + (k + γ)|c−k|]Frk > 0

for r ∈ (0, 1) by Lemma 2.4 and inequality (2.17). Thus (1.10) holds.
The real kernel α−harmonic mapping

u(z) = F1z +

∞∑
k=2

1
Mk

xkFkzk + c−1F1z̄ +

∞∑
k=2

1
Nk

ykFkz̄k, (2.18)

where
∞∑

k=2

(|xk| + |yk|) = C, (2.19)

show that coefficient bound given by (2.16) is sharp. That is to say, the function represented by (2.18) is the
corresponding extremal function of Theorem 2.7. The proof is completed.

Example 2.8. If α2 = 1, by (2.18), we have that the corresponding extremal function of Theorem 2.7 deduces to

u(z) = z +

∞∑
k=2

1
Mk

xk(1 −
k − 1
k + 1

|z|2)zk + c−1z̄ +

∞∑
k=2

1
Nk

yk(1 −
k − 1
k + 1

|z|2)z̄k,

where

Mk =
2(k − 1)

k + 1
1

1 − |c−1|
+

k(k − γ)
(1 − γ) − (1 + γ)|c−1|

,

Nk =
2(k − 1)

k + 1
1

1 − |c−1|
+

k(k + γ)
(1 − γ) − (1 + γ)|c−1|

,

and
∞∑

k=2

(|xk| + |yk|) = 1.
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Actually, the above u(z) is biharmonic and can be rewritten as

u(z) = |z|2A(z) + B(z),

where

A(z) = −

∞∑
k=2

1
Mk

xk
k − 1
k + 1

zk
−

∞∑
k=2

1
Nk

yk
k − 1
k + 1

z̄k,

and

B(z) = z +

∞∑
k=2

1
Mk

xkzk + c−1z̄ +

∞∑
k=2

1
Nk

ykz̄k.

3. The Landau type theorem

In [9], Chen and Vuorinen obtained the Landau type theorem for real kernel α−harmoinc mappings
when α ∈ (−1, 0). In this section, we explore the Landau type theorem for real kernel α−harmoinc mappings
for α ∈ (0, 2). We need the following Lemma 3.1 at first.

Lemma 3.1. For r ∈ [0, 1), let

ϕ(r) =
β

M(2 + α)
−

8M
π

[
a

(1 − r)4(1 + r)2 − a +
(2a − 1)r2 + ar
(1 − r)3(1 + r)2 +

2a − 1
2

r2

1 − r2

]
,

where α ∈ (0, 2), β > 0 and M > 0 are constants, a =
Γ(1+ α

2 )
Γ(1+α) . Then ϕ is strictly decreasing and there is an unique

ρ0 ∈ (0, 1) such that ϕ(ρ0) = 0.

Proof. We observe that Γ(2)
Γ(3) = 1

2 , limα→0+
Γ(1+ α

2 )
Γ(1+α) = 1 and

d log Γ(1+ α
2 )

Γ(1+α)

dα
=

1
2
ψ(1 +

α
2

) − ψ(1 + α) < 0

for α ∈ (0, 2). Then we have 1
2 < a < 1 for α ∈ (0, 2). Here, ψ is the digamma function. It is defined by

ψ(x) = Γ′(x)/Γ(x) and it is well-known (cf.[4]) that ψ(x) is strictly increasing on (0,+∞). Let

h1(r) =
a

(1 − r)4(1 + r)2 − a,

h2(r) =
(2a − 1)r2 + ar
(1 − r)3(1 + r)2 ,

and

h3(r) =
2a − 1

2
r2

1 − r2 .

Then

ϕ(r) =
β

M(2 + α)
−

8M
π

(h1(r) + h2(r) + h3(r)).

It is easy to verify that h′1(r) > 0, h′2(r) > 0 and h′3(r) > 0 for any r ∈ (0, 1) and α ∈ (0, 2). It follows that
ϕ′(r) < 0 for r ∈ (0, 1). Furthermore, we can observe that limr→0 ϕ(r) =

β
M(2+α) > 0 and limr→1− ϕ(r) = −∞.

Therefore, the proof is completed.
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Theorem 3.2. For α ∈ (0, 2), let a =
Γ(1+ α

2 )
Γ(1+α) , u ∈ C2(D) be a solution to (1.1) satisfying u(0) = |Ju(0)| − β = 0 and

supz∈D |u(z)| ≤ M, where M and β are positive constants and Ju is the Jacobian of u. Then u is univalent in Dρ0 ,
where ρ0 satisfies the following equation

β

M(2 + α)
−

8M
π

 a
(1 − ρ0)4(1 + ρ0)2 − a +

(2a − 1)ρ2
0 + aρ0

(1 − ρ0)3(1 + ρ0)2 +
2a − 1

2

ρ2
0

1 − ρ2
0

 = 0. (3.1)

Moreover, u(Dρ0 ) contains an univalent diskDR0 with

R0 ≥ ρ0

 β

M(2 + α)
−

8M
π

 a
(1 − ρ0)4(1 + ρ0)2 − a +

((2a − 1)ρ0 + a)ρ0

2(1 − ρ0)3(1 + ρ0)2 +
(2a − 1)ρ2

0

6(1 − ρ2
0)

 .
Proof. We still adopt the notations (2.1)-(2.3). For α ∈ (0, 2) and k ∈ {1, 2, ...}, we observe that

Ft = Ft(−
α
2
, k −

α
2

; k + 1; t) =
(−α2 )(k − α

2 )
k + 1

∞∑
n=0

(1 − α
2 )n(k + 1 − α

2 )n

(k + 2)n

tn

n!
< 0.

That is to say that F(−α2 , k −
α
2 ; k + 1; t) is decreasing on t ∈ [0, 1). So,

F(−
α
2
, k −

α
2

; k + 1; 1) < F(−
α
2
, k −

α
2

; k + 1; t) ≤ F(−
α
2
, k −

α
2

; k + 1; 0) = 1. (3.2)

It follows from equations (1.6) and (3.2) that

Γ(k + 1)Γ(1 + α)
Γ(k + 1 + α

2 )Γ(1 + α
2 )
< 1 +

∞∑
n=1

(−α2 )n(k − α
2 )n

(k + 1)n

tn

n!
,

−

∞∑
n=1

(−α2 )n(k − α
2 )n

(k + 1)n

tn

n!
< 1 −

Γ(k + 1)Γ(1 + α)
Γ(k + 1 + α

2 )Γ(1 + α
2 )
.

Thus,

−

∞∑
n=1

(−α2 )n(k − α
2 )n

(k + 1)n

1
n!
≤ 1 −

Γ(k + 1)Γ(1 + α)
Γ(k + 1 + α

2 )Γ(1 + α
2 )
.

Notice that the left side of the above inequality is an infinite sum of terms, where each term is a positive for
α ∈ (0, 2). Therefore, for α ∈ (0, 2) and k ∈ {1, 2, ...}, we have∣∣∣∣∣∣ (−α2 )n(k − α

2 )n

(k + 1)n

1
n!

∣∣∣∣∣∣ ≤ 1 −
Γ(k + 1)Γ(1 + α)

Γ(k + 1 + α
2 )Γ(1 + α

2 )
. (3.3)

Corollary 1.1 of [9] shows that for k ∈ {1, 2, ...}, it holds that

(|ck| + |c−k|) ≤
4M
π

Γ(k + 1 + α
2 )Γ(1 + α

2 )
Γ(k + 1)Γ(1 + α)

. (3.4)

Therefore, inequalities (3.3) and (3.4) imply that

(|ck| + |c−k|)

∣∣∣∣∣∣ (−α2 )n(k − α
2 )n

(k + 1)n

1
n!

∣∣∣∣∣∣ ≤ 4M
π

[
Γ(k + 1 + α

2 )Γ(1 + α
2 )

Γ(k + 1)Γ(1 + α)
− 1] <

4M
π

[(k + 1)
Γ(1 + α

2 )
Γ(1 + α)

− 1] (3.5)

for α ∈ (0, 2), k ∈ {1, 2, ...}, and n ∈ {1, 2, ...}.
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Since c0 = u(0) = 0, considering (1.7), we compute that

uz(z) − uz(0) =

∞∑
k=2

kckFzk−1 +

∞∑
k=1

ckFtz̄zk +

∞∑
k=1

c−kFtz̄k+1 + c1

(
F(−

α
2
, 1 −

α
2

; 2; |z|2) − 1
)
, (3.6)

uz̄(z) − uz̄(0) =

∞∑
k=2

kc−kFz̄k−1 +

∞∑
k=1

ckFtzk+1 +

∞∑
k=1

c−kFtz̄kz + c−1

(
F(−

α
2
, 1 −

α
2

; 2; |z|2) − 1
)
. (3.7)

Applying (3.6), (3.7), (3.2), (3.4) and (3.5) in turn, we obtain

|uz(z) − uz(0)| + |uz̄(z) − uz̄(0)|

≤

∞∑
k=2

k(|ck| + |c−k|)Frk−1 + 2
∞∑

k=1

(|ck| + |c−k|)|Ft|rk+1 + (|c1| + |c−1|)
∣∣∣∣F(−

α
2
, 1 −

α
2

; 2; r2) − 1
∣∣∣∣

<
∞∑

k=2

k
4M
π

Γ(k + 1 + α
2 )Γ(1 + α

2 )
Γ(k + 1)Γ(1 + α)

rk−1 + 2
∞∑

k=1

4M
π

(
(k + 1)

Γ(1 + α
2 )

Γ(1 + α)
− 1

) ∞∑
n=1

nr2(n−1)

 rk+1

+
4M
π

(
2

Γ(1 + α
2 )

Γ(1 + α)
− 1

) ∞∑
n=1

r2n

<
4M
π

a
∞∑

k=2

k(k + 1)rk−1 +
8M
π

∞∑
k=1

((k + 1)a − 1)
rk+1

(1 − r2)2 +
4M
π

(2a − 1)
r2

1 − r2

=
8M
π

[
ar(3 − 3r + r2)

(1 − r)3 +
ar2(2 − r)

(1 − r)4(1 + r)2 −
r2

(1 − r)3(1 + r)2 +
2a − 1

2
r2

1 − r2

]
=

8M
π

[
a

(1 − r)4(1 + r)2 − a +
(2a − 1)r2 + ar
(1 − r)3(1 + r)2 +

2a − 1
2

r2

1 − r2

]
(3.8)

where a =
Γ(1+ α

2 )
Γ(1+α) .

The inequality (3.6) of [9] shows that

l(Du(0)) := ||uz(0)| − |uz̄(0)|| ≥
β

M(2 + α)
. (3.9)

In order to prove the univalence of u in Dρ0 , we choose two distinct points z1, z2 ∈ Dρ0 and let [z1, z2]
denote the segment from z1 to z2 with the endpoints z1 and z2, where ρ0 satisfies equation (3.1). By
inequalities (3.8), (3.9) and Lemma 3.1, we have

|u(z2) − u(z1)| =

∣∣∣∣∣∣
∫

[z1,z2]
uz(z)dz + uz̄(z)dz̄

∣∣∣∣∣∣
≥

∣∣∣∣∣∣
∫

[z1,z2]
uz(0)dz + uz̄(0)dz̄

∣∣∣∣∣∣ −
∣∣∣∣∣∣
∫

[z1,z2]
(uz(z) − uz(0))dz + (uz̄(z) − uz̄(0))dz̄

∣∣∣∣∣∣
≥ l(Du)(0)|z2 − z1| −

∣∣∣∣∣∣
∫

[z1,z2]
(|uz(z) − uz(0)| + |uz̄(z) − uz̄(0)|)d|z|

∣∣∣∣∣∣
> |z2 − z1|

 β

M(2 + α)
−

8M
π

 a
(1 − ρ0)4(1 + ρ0)2 − a +

(2a − 1)ρ2
0 + aρ0

(1 − ρ0)3(1 + ρ0)2 +
2a − 1

2

ρ2
0

1 − ρ2
0


= 0.

Thus, u(z1) , u(z2). The univalence of u follows from the arbitrariness of z1 and z2. This implies that u is
univalent inDρ0 .
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Now, for any ζ = ρ0eiθ
∈ ∂Dρ0 , we obtain that

|u(ζ) − u(0)| =

∣∣∣∣∣∣
∫

[0,ζ]
uz(z)dz + uz̄(z)dz̄

∣∣∣∣∣∣
≥

∣∣∣∣∣∣
∫

[0,ζ]
uz(0)dz + uz̄(0)dz̄

∣∣∣∣∣∣ −
∣∣∣∣∣∣
∫

[0,ζ]
(uz(z) − uz(0))dz + (uz̄(z) − uz̄(0))dz̄

∣∣∣∣∣∣
≥ l(Du)(0)ρ0 −

∫
[0,ζ]

(|uz(z) − uz(0)| + |uz̄(z) − uz̄(0)|)d|z|

≥
βρ0

M(2 + α)
−

8M
π

∫ ρ0

0

(
a

(1 − r)4(1 + r)2 − a +
(2a − 1)r2 + ar
(1 − r)3(1 + r)2 +

2a − 1
2

r2

1 − r2

)
dr

≥
βρ0

M(2 + α)
−

8M
π

 aρ0

(1 − ρ0)4(1 + ρ0)2 − aρ0 +
(2a − 1)ρ0 + a

(1 − ρ0)3(1 + ρ0)2

∫ ρ0

0
rdr +

2a − 1
2

1
1 − ρ2

0

∫ ρ0

0
r2dr


= ρ0

 β

M(2 + α)
−

8M
π

 a
(1 − ρ0)4(1 + ρ0)2 − a +

((2a − 1)ρ0 + a)ρ0

2(1 − ρ0)3(1 + ρ0)2 +
(2a − 1)ρ2

0

6(1 − ρ2
0)

 .
Hence U(Dρ0 ) contains an univalent diskDR0 with

R0 ≥ ρ0

 β

M(2 + α)
−

8M
π

 a
(1 − ρ0)4(1 + ρ0)2 − a +

((2a − 1)ρ0 + a)ρ0

2(1 − ρ0)3(1 + ρ0)2 +
(2a − 1)ρ2

0

6(1 − ρ2
0)

 .
The proof is complete.
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