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Abstract. In this paper, we introduce the notion of radical transversal screen Cauchy-Riemann (SCR)-
lightlike submanifolds of indefinite Sasakian manifolds giving characterization theorem with some non-
trivial examples of such submanifolds. Integrability conditions of distributions D;, D,, D and D* on radical
transversal SCR-lightlike submanifolds of an indefinite Sasakian manifold have been obtained. Further,

we obtain necessary and sufficient conditions for foliations determined by above distributions to be totally
geodesic.

1. Introduction

The theory of lightlike submanifolds of a semi-Riemannian manifold was introduced by Duggal and Bejancu
[2]. A Sasakian manifold with pseudo-Riemannian metric is called an indefinite Sasakian manifold and was
introduced by T. Takahashi [12]. Various classes of lightlike submanifolds of an indefinite Sasakian manifold
are defined according to the behaviour of distributions on these submanifolds with respect to the action of
(1, 1) tensor field ¢ in Sasakian structure of the ambient manifolds. Such submanifolds were studied by
Duggal-Sahin in [5]. Further, they defined and studied invariant, screen real lightlike, contact CR-lightlike
and screen CR-lightlike submanifolds of an indefinite Sasakian manifold [3, 6]. In [4], authors introduced
the notion of generalized CR-lightlike submanifolds which includes contact CR-lightlike and SCR-lightlike
submanifolds as its particular cases. All these submanifolds of an indefinite Sasakian manifold mentioned
above have invariant radical distribution on their tangent bundles. In [17], Yildirim and Sahin introduced
radical transversal and transversal lightlike submanifolds of an indefinite Sasakian manifold satisfying the
condition that the action of the structure tensor field on radical distribution of such submanifolds does not
belong to the tangent bundle.

Later on, Wang and Liu [14] introduced the notion of generalized transversal lightlike submanifolds which
contains the classes of radical transversal and transversal lightlike submanifolds of an indefinite Sasakian
manifold. Thus motivated sufficiently, we introduce the notion of radical transversal screen Cauchy-
Riemann (SCR)-lightlike submanifolds of an indefinite Sasakian manifold. This new class of lightlike sub-
manifolds includes invariant, screen real, contact screen Cauchy-Riemann, transversal, radical transversal
and generalized transversal lightlike submanifolds as its sub-cases.
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The paper is arranged as follows. There are some basic results in section 2 . In section 3, we study radical
transversal screen Cauchy-Riemann (SCR)-lightlike submanifolds of an indefinite Sasakian manifold, giving
some examples. Section 4 is devoted to the study of foliations determined by distributions Dy, D,, D and
D+ involved in the definition of the above submanifolds of an indefinite Sasakian manifold.

2. Preliminaries

A submanifold (M", g) immersed in a semi-Riemannian manifold (me, g) is called a lightlike submanifold
[2] if the metric g induced from 7 is degenerate and the radical distribution RadTM is of rank r, where
1 <r <m. Let S(TM) be a screen distribution which is a semi-Riemannian complementary distribution of
RadTM in TM, that is

TM = RadTM &, S(TM). (1)

Now consider a screen transversal vector bundle S(TM*), which is a semi- Riemannian complementary
vector bundle of RadTM in TM*. Since for any local basis {&;} of RadTM, there exists a local null frame {N;}
of sections with values in the orthogonal complement of S(TM™*) in [S(TM)]* such that g(&;, N;) = 6;; and
g(Ni,Nj) = 0, it follows that there exists a lightlike transversal vector bundle /tr(TM) locally spanned by

{Ni}. Let tr(TM) be complementary (but not orthogonal) vector bundle to TM in TM]y. Then

tr(TM) = Itr(TM) @ S(TM?), )
TMly = TM & tr(TM), (3)
TMlu = S(TM) @yt [RadTM & Itr(TM)] @orer, S(TM™). (4)

Following are four cases of a lightlike submanifold (M, g, S(TM), S(TM™)):
Case.l r-lightlike if ¥ < min (m, n),

Case.2  co-isotropicif r =n <m, S(TM™*) = {0},

Case.3  isotropicifr =m <n, S(TM) = {0},

Case.4  totally lightlike if r = m = n, S(TM) = S(TM™*) = {0}.

The Gauss and Weingarten formulae are given as

VxY =VxY +h(X,Y), VXY eI(TM), (5)

VxV = -AyX + VLV,  VV eT(tr(TM)), (6)

where {VxY, Ay X} and {h(X, Y), V% V} belong to I'(TM) and T(tr(TM)), respectively. V and V' are linear
connections on M and the vector bundle tr(TM), respectively. The second fundamental form / is a symmetric

F(M)-bilinear form on I'(TM) with values in I'(t#(TM)) and the shape operator Ay is a linear endomorphism
of I'(TM). From (5) and (6), we have

VY =VxY+ I (X, Y)+ 1 (X,Y), VXY eI(TM), 7)
VxN = —ANX + Vi (N) + D°(X,N), VN € T(itr(TM)), (8)
VxW = —AwX + Vi (W) + D' (X, W), VW e [(S(TMY)), ©9)

where (X, Y) = L(h(X,Y)), B*(X,Y) = S(h(X,Y)), D'(X, W) = L(VLW), D*(X,N) = S(V4N). L and S are the
projection morphisms of t#(TM) on Itr(TM) and S(TM*), respectively. Vland V* are linear connections on
Itr(TM) and S(TM*) called the lightlike connection and screen transversal connection on M, respectively.
For any vector field X tangent to M , we put

¢X = PX+FX, (10)



S.S. Shukla, A. Yadav / Filomat 35:8 (2021), 2585-2594 2587

where PX and FX are tangential and transversal parts of ¢X respectively.
Now by using (5), (7)-(9) and metric connection V, we obtain

(X, Y), W) + g(Y, D'(X, W) = g(AwX, Y), (11)
G(D*(X,N), W) = G(N, AwX). (12)

Denote the projection of TM on S(TM) by P. Then from the decomposition of the tangent bundle of a
lightlike submanifold, we have

VxPY = ViPY + I*(X,PY), VX, Y e T(TM), (13)

Vx&=-A;X+VyE, & eT(RadTM). (14)

By using above equations, we obtain

g(H' (X, PY), &) = g(A; X, PY), (15)
y(h*(xr I_DY)/ N) = g(ANX/ ﬁy)r (16)
gH'(X,8),8) =0, AE=0. (17)

It is important to note that in general V is not a metric connection. Since V is metric connection, by using
(7), we get

(Vxg)(Y, Z2) = g'(X,Y), Z) + g(h' (X, 2), Y). (18)

A semi-Riemannian manifold (M, 7) is called an e-almost contact metric manifold [5] if there exists a (1, 1)
tensor field ¢, a vector field V called the characteristic vector field and a 1-form 1), satisfying

X =-X+nX)V, n(V)=e, 1nop=0, ¢V=0, (19)

FPX, oY) = g(X, Y) —en(X)n(Y), VX, Y € [(TM), (20)

where € =1 or —1. It follows that

gV,V) =g, (21)
g(X, V) =n(X), (22)
73X, Y) = —G(¢X,Y), VX, Y e [(TM). (23)

Then (¢, V, 1, 7) is called an e-almost contact metric structure on M.
An e-almost contact metric structure (¢, V, 1, 9) is called an indefinite Sasakian structure [12] if and only if

(V)Y =X, V)V —en(Y)X, VX, Y eT(TM), (24)

where V is the Levi-Civita connection with respect to 7.
A semi-Riemannian manifold endowed with an indefinite Sasakian structure is called an indefinite Sasakian
manifold. From (6), we get

(VxV) = —¢pX, VX e T(TM). (25)

Let (Z\_/I, 7,¢,V, 1) be an e-almost contact metric manifold. If € = 1, then M is said to be a spacelike e-almost

contact metric manifold and if € = —1, then M is called a timelike e-almost contact metric manifold. In this
paper, we consider indefinite Sasakian manifolds with spacelike characteristic vector field V.
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A plane section S in tangent space T,M at a point x of a Sasakian manifold M is called a ¢-section if it is
spanned by a unit vector X orthogonal to V and ¢X, where X is a non-zero vector field on M. The sectional
curvature K(X, $X) of a ¢-section is called a ¢-sectional curvature. If M has a ¢-sectional curvature ¢ which
does not depend on the ¢-section at each point, then ¢ is constant on M and M is called a Sasakian space
form, which we denote by M(c). The curvature tensor R of Sasakian space form M(c) is given by ([8])

() ()

R(X, V)Z == @(Y, 2)X - (X, 2)Y) + ——(n(X)n(Z)Y

- n<Y>n<Z>X+g<X, Z)an—g(Y, 2V (26)
+ TS, D)X +FOZ, X)OY - 2($X, Y)p2),

for any smooth vector fields X, Y and Z on M. This result is also true for an indefinite Sasakian manifold M.

3. Radical Transversal SCR-Lightlike Submanifolds

In this section, we introduce the notion of radical transversal SCR-lightlike submanifolds of an indefinite
Sasakian manifold. .
Definition 3.1. Let (M, g, S(TM), S(TM™")) be a lightlike submanifold of an indefinite Sasakian manifold M
with structure vector field tangent to M. Then we say that M is radical transversal SCR-lightlike submanifold
of M if following conditions are satisfied:

(i) there exist orthogonal distributions Dy, D,, D and D+ on M such that RadTM = D1 &,y D, and S(TM) =
D Dorth D1 {V}/

(ii) the distributions D; and D are invariant distributions, i.e. ¢D; = D; and ¢D = D,

(iii) the distributions D, and D+ are anti-invariant distributions, i.e. $D, c T'(Itr(TM)) and ¢pD+ c T'S(TM™*).
From the above definition, we have the following decomposition

TM = D1 ®orth D2 @ortn D @orn D1 {V} . (27)

In particular, we have
(i) if D = 0, then M is a generalized transversal lightlike submanifold,
(i) if D; = 0 and D = 0, then M is a transversal lightlike submanifold,
(iii) if D; = 0 and D+ = 0, then M is a radical transversal lightlike submanifold,
(iv) if D, = 0, then M is a contact screen CR-lightlike submanifold,
(v)if D, = 0and D = 0, then M is a screen real lightlike submanifold,
(vi)if D; = 0 and D+ = 0, then M is an invariant lightlike submanifold.
Thus this new class of lightlike submanifolds of an indefinite Sasakian manifold includes radical transver-
sal, transversal, generalized transversal, invariant, screen real, contact screen Cauchy-Riemann lightlike
submanifolds which have been studied in ([3], [5], [6], [14], [17]) as its sub-cases.
Let (]Rz’"”, g, $,1,V) denote the manifold ]Rzm+1 with its usual Sasakian structure given by
dz-Yy dx) V =20z,

?z nen+ %(—Z dx' @ dx' +dy' @ dy' + Y. i L dx @ dy' + dy' ® dy),

o 1(X ox; + Yidy;) + Zdz) = Y.L (Yioxi — X; 8y,) + Y0 Yiy'oz,
where (x', y/, z) are the cartesian coordinates on IR2"*1.
Now, we construct some examples of radical transversal SCR-lightlike submanifolds of an indefinite
Sasakian manifold.
Examplel. Let (]Rg, 7, 9,1, V)beanindefinite Sasakian manifold, where gis of signature (-, —, +,+, +, +, +, +,
-, —,+,+,+,+,+,+,+)with respect to {dx1, dxa, dx3, dx4, x5, Ox6, OX7,0Xs, Y1, OYa, Y3, AYa, AYs, AYs, AY7, dYs, 9z}
Suppose M is a submanifold of R}’ given by
== =, x3 =yt = uz,x =us, y? = —u4,x = ugcosa—u4sma vt =uzsina +ugcosa, x° =
x® = 1° = ug, ¥’ = ugcosf, y® = ugsinB, x¥ = uycos B, y’ = uysinP, z = uo.

-y° = us,
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The local frame of TM is given by {Z1,Z,, 23,24, Z5,Z¢, Z7, Zg, Z9}, where

Z1 =200x1 — dys + y'92),  Z» =2(dx3 + dy1 + y>02),

Z3 = 2(dxa + cos adxs + sin adys + y?dz + cos ay*oz),

Zy = 2(—dy, — sinadxy + cos adyy — sin ay*dz),

Zs5 = 2(0x5 — Iy + y°0z),  Ze = 2(dxe + dys + y°9z),

Z7 = 2(cos fdxs + sin fdyy + cos fy0z),

Zg = 2(cos fdx7 + sin fdys + cos By’ 0z),

Zo =V =20z
Hence RadTM = span{Z,,Z,,Z3,Z4} and S(TM) = span{Zs, Z¢, Z7,Zs, V'}.
Now Itr(TM) is spanned by Ny = dx1 + dys + y'dz, Ny = dx3 — dy1 + 429z, N3 = 2(—dxz + cos adxy + sin adys —
y20z + cos ay*dz), Ny = 2(—dy, + sin adxs — cos ady, + sin ay*dz), and S(TM™) is spanned by

Wi =2(9xs5 + dys + y°02), W = 2(dxe — dys + 1°9z),

W3 = 2(sin fdxs — cos By + sin fy0z),

W, = 2(sin Bdx; — cos fdys + sin By’ 9z).
It follows that Dy = span{Z,,Z,} such that ¢Z1 = —Z,, $Z> = Z;, which implies that D, is invariant with
respect to ¢ and D, = span {Z3, Z4} such that $Z3 = N4, $Z4 = N3, which implies that ¢pD, C Itr(TM). On
the other hand, we can see that D = span {Z5, Z¢} such that ¢§Zs = —Zs, ¢pZ¢ = Zs, which implies that D is
invariant with respect to ¢ and D* = span {Z;, Zg} such that ¢$Z; = Wy, ¢Zs = W3, which implies that D* is
anti-invariant with respect to ¢. Hence M is a radical transversal SCR-lightlike submanifold of IR}’
Example2. Let (R}, 7, ¢, 1, V) be an indefinite Sasakian manifold, where 7 is of signature (=, —, +, +, +, +, +, +,
-, — +,+,+,+, +,+, +) withrespect to {dx1, dxy, dx3, dx4, 9xs5, Ixg, dx7, X3, Y1, V2, AY3, AYs, AYs, dYe, A7, AYys, 9z}
Suppose M is a submanifold of R}’ given by
¥ =uy, P =uy, x> =ujcosa — upsina, y? = uysina + upcosa, x' = —y* = uz, x
¥® = ussinB, x® = ugsinB, y° = —ugcos f,x” =y =uz, x® =y’ = ug, z = uy.
The local frame of TM is given by {Z1,Z,, 23,24, Z5,Z¢, Z7, Zg, Z9}, where

Z1 = 2(dx3 + cos adxy + sinadys + y>dz + cos ay?0z),

Zy = 2(dys — sin adx, + cos ady, — sin ay?0z),

Z3 =2(0x1 — dys + y'9z),  Zs =2(dx4 — dy1 + y*dz),

Zs5 = 2(cos fdxs + sin fdye + cos fy°0z),

Ze = 2(sin Bdxs — cos fAys + sin fy°9z),

Z7 =2(0x7 + dys + ¥’ 9z),  Zs = 2(dxs + dy7 + y20z),

Zo =V =20z
Hence RadTM = span{Z,,Z,,Z3,Z4} and S(TM) = span{Zs, Zs, Z7,Z3, V'}.
Now [tr(TM) is spanned by N = —dx3 + cos adx, + sinady, — Y20z + cosay?dz, Ny = —dy; — sinadx, +
cos ady, — sinay?dz), N3 = 2(dx1 + dys + y'9z), Ny = 2(dx4 + dy1 + y*dz) and S(TM*) is spanned by

W1 = 2(sin fdxs — cos fdye + sin fy°0z),

W, = 2(cos Bdxs + sin dys + cos f1/°0z),

W3 =2(0x7 — dys + y'9z),  Wa = 2(dxg — dy7 + y89z).
It follows that Dy = span{Z,,Z,} such that ¢Z, = —Z,, $Z, = Z;, which implies that D, is invariant with
respect to ¢ and D, = span {Z3, Z4} such that ¢Z3 = =Ny, ¢Z4 = —N3, which implies that ¢D, C Itr(TM). On
the other hand, we can see that D = span {Z5, Z¢} such that ¢§Zs = Zs, ¢Z¢ = —Zs, which implies that D is
invariant with respect to ¢ and D* = span {Z;, Zg} such that ¢$Z; = W4, ¢Zs = W3, which implies that D* is
anti-invariant with respect to ¢. Hence M is a radical transversal SCR-lightlike submanifold of IR}’
Now, we denote the projection morphisms on D1, D,, D and D+ in TM by P, P>, P3 and Py respectively.
Similarly, we denote the projection morphisms of tr(TM) on v, ¢$D», u and ¢D*+ by Q1, Q», Q3 and Qy
respectively, where v and u are orthogonal complementry distributions of ¢D; and ¢D+ in Itr(TM) and
S(TM™) respectively. Then, we get

X = PiX + PaX + P3X + Py X +(X)V, VX € T(TM). (28)

4 5

= —y! = uy, x° = us cosp,

Now applying ¢ to (28), we have
OX = P1X + PP, X + ¢pP3X + pP4X. (29)
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Thus we get ¢P1X € Dy C RadTM, ¢P>X € ¢pD, C Itr(TM), pP3X € D C S(TM), pP+X € pD+ c S(TM™H).
Also, we have

W=0Q1W+ QW+ QW+QW, YW eT(tr(TM)). (30)
Applying ¢ to (30), we obtain

OW = pQiW + ¢QoW + pQs W + Q4. (31)

Thus we get Q1 W € v C Itr(TM), pQ,W € D, C RadTM, $QsW € u c S(TM*) and ¢QsW € D+ c S(TM).
Now, by using (24), (29), (31) and (7)-(9) and identifying the components on Dy, D,, D, D+, v, ¢$D,, u and
¢D*, we obtain

P1(Vx¢pP1Y) + P1(Vx¢P3Y) — P1(App,yX) — P1(App,yX)

= ¢pP1VxY — n(Y)P1X, (32)
Py(VxpP1Y) + P2(Vx@P3Y) — Pa(App,y X) — Pa(App,y X)
= pQH (X, Y) - n(Y)P2X, )
P3(VxpP1Y) + P3(Vx@P3Y) — P3(App,yX) — P3(App,yX) (34)
= pP3VxY — n(Y)P3X,
Py(Vx@P1Y) + Py(Vx§P3Y) — Py(App,yX) — Pa(Agp,yX) (35)
= ¢Qu* (X, Y) — n(Y)PsX,
Qi (X, pP1Y) + Qi (X, §P3Y) + Qi VP2 Y + QiD'(X, ¢P4Y) %)
= pQI(X,Y),
Qol' (X, pP1Y) + Qalt (X, §P3Y) + Q2VidP2Y + QaD'(X, ¢P4Y)
= PP, VxY, (37)
Qsl*(X, pP1Y) + Qsh* (X, pP3Y) + Qs Vi pPsY + Q3D*(X, pP2Y) (38)
= Qs (X, Y),
Qi (X, pP1Y) + Qul* (X, pP3Y) + QuV5PP1Y + QuD*(X, P, Y)
= OPVxY. (39)

Theorem 3.1. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M with
structure vector field tangent to M. Then  is an invariant distribution with respect to .

Proof. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M.
For any X € I'(u), £ € I'(RadTM) and N € T'(Itr(TM)), from (23), we have g(¢X, &) = —g(X, $&) = 0 and
9(¢pX,N) = —g(X, ¢N) = 0. Thus ¢X has no components in RadTM and Itr(TM).

Now, for X € I'(u) and Y € T(D+), we have g(¢X,Y) = —g(X, pY) = 0, as ¢Y € I'(¢pD~+), which implies that
¢X has no components in D+.

Finally, suppose that X = aV, where @ is a smooth function on M, then from (19), we get ¢*(HX) = —HX.
Thus ¢?(p(aV)) = —¢X, which implies X = 0. Hence ¢ (i) C T(), which complete the proof.

Now, we give a characterization theorem for radical transversal SCR-lightlike submanifolds.

Theorem 3.2. Let M be a lightlike submanifold of an indefinite Sasakian space form (M(c),g), ¢ # 1. Then M is a
radical transversal SCR-lightlike submanifold if and only if

(i) the maximal invariant subspace of T,M, p € M defines a distribution D = D, ® D, where RadTM = Dy & D,
and D is a non-degenerate invariant distribution on M,

(ii) G(R(E,N)E, &) # 0, for all & € T(Dy), N € T(Itr(TM)) and &, &, € T(Dy),

(i) GR(X, Y)Z, W) = 0, for all X, Y € T(D) and Z, W € T(D*), where D* is the complementry distribution of D
in S(TM).
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Proof. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian space form (M(c), 7),
¢ # 1. Then proof of (i) follows from the definition of a radical transversal SCR-lightlike submanifold. From
(26), for £ € T'(D4), N € T(Itr(TM)) and &,, &, € T(D,), we have

1

TRENE, &) = —FOE N, E2). (40)

Since D; is invariant distribution, we have g(¢&,N) # 0, V& € I'(D1), N € T'ltr(TM). Also ¢D, C Itr(TM),
so we get g(pé1, &) # 0, Y&, & € I'(Dy). Hence g(R(E,N)E1, &) # 0, for all £ € I'(Dy), N € I'(Itr(TM)) and
&1, & € T(Dy), which proves (ii). From (26), for X, Y € T(D) and Z, W € I'(D*), we have

AROCNZW) = T55g6X, V767, W) @

In view of pZ € S(TM*), we get §(hZ, W) = 0, VZ, W € T(D*). Hence g(R(X, Y)Z, W) = 0, which proves (iii).
Now, conversely suppose that conditions (i), (ii), (iii) are satisfied. Since D; is invariant distribution,
7(pE,N) £ 0, Y& € T(D;) and N € T'(Itr(TM)). Thus from (ii) and (40), we have §(¢&1, &) # 0, V&, & € T(Da),
which implies ¢D, C Itr(TM).

Further, since D is non-degenerate invariant distribution, we may choose X, Y € I'(D) such that g(¢X, Y) # 0.
Thus from (iii) and (41), we have g(¢Z, W) = 0, VZ, W € I'(D*), which implies that ¢Z have no components
in (D). For any X € I'(D), g(¢Z, X) = —=g(Z, $X) = 0, which implies that ¢Z have no components in D.
Now, form (i) and (ii), we also have g(¢Z, &) = —g(Z, &) = 0 and g(¢Z,N) = —g(Z,¢N) = 0, V& € I'(RadTM)
and N € I'(Itr(TM)), which implies that ¢Z have no components in RadTM and Itr(TM). Thus, we get
¢D+ C S(TM*), which completes the proof.

Theorem 3.3. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M with
structure vector field tangent to M. Then the induced connection V is a metric connection if and only if

(i) P3VX(1)P1§ = P3A¢ngx and g(AZX, V) =0,

(ii) Quh*(X, pP1€) = 0 and QuD*(X, pP1£) = 0,
VX e I(TM) and & € T(RadTM).

Proof. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M. Then
the induced connection V on M is a metric connection if and only if RadTM is parallel distribution with
respect to V ([6]), i.e. Vx& € I'(RadTM), VX € I'(TM), V& € I'(RadTM). From (24), we have

Vxp& = pVx& VX € T(TM), V& € T(RadTM). (42)
From (7), (8), (19) and (42), we obtain

PVXPP1E + PH (X, PP1E) + P (X, PP1E) — PAgp,e X + PViPPrE W)
+PD¥(X, pPo&) + Vx& + H(X, &) + (X, &) = n(Vx&)V.

In view of equations (14) and (43) and taking tangential components, we get

PP1VxPP1E + PP3VxPP1E + pQul (X, PP1E) + PQuh* (X, pP1E)

—pP1App,e X — PP3App,e X + PQoVi P& + pQuD (X, PPrE) (44)
+Vx&+ g(A X, V)V =0,

which completes the proof.

Lemma 3.4. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M. Then
forany X,Y € I'(TM — {V}), we have

(i) g(VxY, V) = 7(Y, ¢X),

(i) g([X, Y], V) = 29(X, Y).
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Proof. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M. Since
V is a metric connection, from (7) and (25), for any X, Y € I'(TM - {V}), we have

9(VxY, V) = 7Y, $X). (45)

From (23) and (45), we have g([X, Y], V) = 2¢(X, ¢Y).

Theorem 3.5. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M with
structure vector field tangent to M. Then Dy is integrable if and only if

(i) Qal (Y, pP1X) = Qolt (X, pP1Y) and Quh*(Y, pP1X) = Qul*(X, pP1Y),

(i) P3(VxpP1Y) = P3(VypP1X), VX, Y €T(Dy).

Proof. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M. Let
X,Y € I'(Dy). From (34), we get P3(Vx¢P1Y) = ¢P3VxY, which gives P3(Vx¢pP1Y) - P3(Vy¢pP1X) = ¢pP3[X, Y].
In view of (37), we have Q.1 (X, ¢P1Y) = P, VxY, which implies QuH(X, ¢P1Y) - QuHl(Y, ¢P1X) = ¢P,[X, Y].
Also from (39), we obtain Q4/°(X, pP1Y) = ¢pP4VxY, which gives Q41°(X, pP1Y) — Quh*(Y, pP1X) = pP4[X, Y].
This concludes the theorem.

Theorem 3.6. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M with
structure vector field tangent to M. Then D, ® {V} is integrable if and only if

(i) P1(App,yX) = P1(Aygp,xY) and P3(Ayp,yX) = P3(App,xY),

(i) QuD(Y, pPX) = Q4D (X, pP,Y), VX, Y e (D, @ {V})).

Proof. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M. Let
X,Y € F(Dz @ {V}) From (32), we get Pl(Aq»,pzyX) = —(PPlVXY, which gives Pl(AerZXY) - Pl(A(PpZyX) =
¢P1 [X, Y] In view of (34), we obtain P3(Aq5p2yX) = —¢P3VXY, which 1mp11es P3(A¢pzxy) - P3(Aq5p2yX) =
¢P3[X, Y]. Also from (39), we have Q4D°(X, pP,Y) = ¢pP4VxY, which gives QsD*(X, pP2Y) — QuD*(Y, pP>X) =
¢P4[X, Y]. This completes the proof.

Theorem 3.7. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M with
structure vector field tangent to M. Then D & {V} is integrable if and only if

(i) QaHI(Y, $PsX) = Qul (X, pP5Y) and Quh*(Y, dP3X) = Quh*(X, pP5Y),

(ii) P1(Vx$P3Y) = P1(VypP3X), VX Y eI(D@&{V}).

Proof. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M. Let
X, Y e I(D & {V}). From (32), we get P1(Vx¢P3Y) = ¢P1VxY, which gives P1(Vx¢pP3Y) — P1(Vy¢pP3X) =
$P1[X, Y]. In view of (37), we have Qxl (X, pP3Y) = ¢pP>VxY, which implies Qo1 (X, pP3Y) — Qal!(Y, pP3X) =
¢P>[X, Y]. Also from (39), we obtain Q4/°(X, pP3Y) = ¢P4VxY, which gives Quh°(X, ¢P3Y) — Quh*(Y, pP3X) =
¢P4[X, Y]. Thus, we obtain the required results.

Theorem 3.8. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M with
structure vector field tangent to M. Then D* is integrable if and only if

(l) Pl(A¢p4yX) = Pl(Ay(ppAXy) and P3(A(l+)p4yX) = P3(A(7,p4xy),

(i) QD'(Y, pPsX) = QD'(X, pPsY), VX, Y € (D).

Proof. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M. Let
X, Y e F(DJ‘) From (32), we get Pl(A¢p4yX) = —¢P1VXY, which gives Pl(A¢p4Xy) - P1 (A4,p4yX) = (Ppl [X, Y]
In view of (34), we have P3(A(Pp4yX) = —(PP;;VXY, which 1mp11es P3(A¢p4xy) - P3(A(/,p4yX) = (PP:;[X, Y] Also
from (37), we obtain Q,D!(X, ¢P,Y) = pP,VxY, which gives Q,D(X, PPLY) — Q,D(Y, ¢P4X) = ¢pPo[X, Y]
This proves the theorem.
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4. Foliations Determined by Distributions

In this section, we obtain necessary and sufficient conditions for foliations determined by distributions to
be totally geodesic on a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold.

Theorem 4.1. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M with
structure vector field tangent to M. Then RadTM & {V'} defines a totally geodesic foliation if and only if

(i) (X, $Z) = 0 and D'(X, pW) = 0,

(i1) Vx¢Z and AywX have no components in Rad TM,
VX € T(RadTM & {V}), Z € I(D) and W € (D).

Proof. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold
M. The distribution RadTM & {V} defines a totally geodesic foliation if and only if VxY € RadTM &
{(V}, YX, Y € T(RadTM & {V}). Since V is a metric connection, from (7), (20) and (24), for any X, Y €
['(RadTM & (V) and Z € T(D), we have §(VxY, Z) = §(Vx}Y, ¢pZ), which gives §(VxY, Z) = —g(Vx$Z, ¢Y) =
—g(VxdZ, pP2Y) — g(H (X, ¢Z), pP1Y). In view of (7), (20) and (24), for any X, Y € T(RadTM & {V}) and W €
I'(D+), we obtain g(VxY, W) = yﬁxc{)Y, ¢W), which implies g(VxY, W) = —_z?(?xgbw, QY) = g(ApwX, pPrY) —
7(DY(X, W), P1Y). This completes the proof.

Theorem 4.2. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M with
structure vector field tangent to M. Then D @ {V} defines a totally geodesic foliation if and only if AywX, Asg,nX
and A:;SQzNX have no components in D & {V}, VX e I'(D & {V}), VN e I (Iitr(TM)) and YW € T'(D*).

Proof. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M. The
distribution D @ {V} defines a totally geodesic foliation if and only if VxY € D @ {V}, VX, Y € I'(D & {V}).

Since V is a metric connection,from (7), (20) and (24), for any X,Y € I'(D @ {V}) and W € I'(D*), we have
g(VxY, W) = y@xqw, ¢W), which gives g(VxY, W) = —yﬁxqbw, ¢Y) = g(ApwX, @Y). In view of (7), (20)
and (24), for any X,Y € I'(D @ {V}) and N € I'(Itr(TM)), we obtain g(VxY,N) = E@chﬂ, ¢N), which implies
g(VxY,N) = —g(¢Y, ?X(cj)QlN + $Q>N)). This concludes the theorem.

Theorem 4.3. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M with
structure vector field tangent to M. Then D+ defines a totally geodesic foliation if and only if

(i) D*(X, pQ1N) = 0 and h*(X, pQaN) = 0, VN € T(Itr(TM)),

(ih*(X, $Z) = 0, VX € T(D*) and VZ € T(D).

Proof. Let M be a radical transversal SCR-lightlike submanifold of an indefinite Sasakian manifold M. The
distribution D* defines a totally geodesic foliation if and only if VxY € D+, ¥X, Y € I'(D*). Since V is a metric
connection, in view of (7), (20) and (24), forany X, Y € I'(D*) and Z € I'(D), wehave §(VxY, Z) = y(ﬁxw, ¢Z),
which gives g(VxY, Z) = —§(§X¢)Z, oY) = g(h*(X, $Z), pY). From (7), (20) and (24), for any X, Y € I'(D+) and

N e I'(Itr(TM)), we obtain g(VxY, N) = g(Vx¢Y, ¢N), whichimplies g(VxY,N) = —§(§X(¢Q1N+¢Q2N), oY) =
—g(h° (X, Q2N) + D°(X, $Q1N), ¢Y). Thus, we obtain the required results.
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