Filomat 35:8 (2021), 2545-2563
https://doi.org/10.2298/FIL2108545A

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

e/ A
) <&

i &

gy as’

S
O
T1pipo®™

Atomic Decompositions in Weighted Bergman Spaces of Analytic
Functions on Strictly Pseudoconvex Domains

Milo3 Arsenovié?

*University of Belgrade, Department of Mathematics

Abstract. We construct an atomic decomposition of the weighted Bergman spaces AL(D) (0 < p < 1,
a > —1) of analytic functions on a bounded strictly pseudoconvex domain D in C" with smooth boundary.
The atoms used are atoms in the real-variable sense.

1. Introduction

Let D be a bounded strictly pseudoconvex domain in C" with smooth boundary. Then there is a
neighborhood U of D and a defining C* function p : U — (=1,1) for D such that D = {z € U : p(z) > 0},
IVp@)l| = ¢ > 0forall zin dD, p > 0 on D and —p is strictly plurisubharmonic in a neighborhood W of dD.
Throughout the paper this defining function p is fixed. We use it to define weighted Lebesgue measure on
D: dA,(z) = p*(2)dV(z) and weighted Lebesgue spaces L) = 17(D,dA,) for 0 < p < 0. The corresponding
(quasi)-norm is denoted by ||f|,. The space L’ is a Banach space for p > 1 and a complete metric space
with metric d(f,g) = |If - gll?a for 0 < p < 1. Different choices of defining function p lead to equivalent
(quasi) norms || - |q-

H(Q)) denotes the space of all holomorphic functions on an open set QO C C". The weighted Bergman
space on D is defined by A%(D) = Af, = L}, N H(D). We denote the Bergman kernel for A, by K,(z, C) and the
corresponding Bergman projection by P,. We will always assume in the following that a > -1, otherwise
the above A, spaces are trivial.

We are interested in atomic decomposition of A%, 0 < p < 1. There is an extensive literature on atomic
decomposition of various spaces, we note a paper [14] where atomic decomposition is obtained for more
general spaces, but using analytic atoms. The case of Hardy spaces was investigated in many papers, as
an example we mention, among many others, [9] and [8]. Results on atomic decompositions for function
spaces (Bloch, Hardy, BMO, weighted Bergman...) on the unit ball in C" can be found in [20]. An atomic
decomposition result for a given space can be used to prove boundedness of an operator acting on such a
space simply by investigating the action of the operator on the atoms. Moreover, such decompositions can
be used to describe the dual of the corresponding space and derive properties of small Hankel operators
acting on the space. As an example of such applications, in the case of Hardy spaces, see [9].

The present paper is motivated by research of Z. Chen and W. Ouyang, see [3]. They derived atomic
decomposition for AP (D) in the case of D = B", the unit ball in C", in terms of atoms which are compactly
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supported and satisfy certain moment conditions, see Definition 2.1 from [3]. They claimed that the methods
employed work also in the case of smoothly bounded strictly pseudoconvex domains in C". That claim is
indeed true. We use the same general scheme of proof as in [3] to establish an atomic decomposition result
in a more general setting. We plan to treat applications mentioned above in a separate publication.

Due to absence of explicit formulae for the Bergman kernel and related metrics, which are available in
the case of the unit ball, the general case presents various difficulties. In particular, we need C. Fefferman’s
estimates of derivatives of the Bergman kernel.

Section 2 contains preliminaries on the geometry of strongly pseudoconvex domains. The main point
is that we are working on a space of homogeneous type (D, dp, A,). This enables us to invoke results on
maximal functions on such spaces, which generalize classical theorems in IR”. An exposition of this general
theory can be found in [17].

Sections 3 and 4 deal with three types of maximal functions: local Msf, global M f and “grand” M sf.
The main result of these sections is that all of them are bounded in LP(dA,) (quasi) norm when acting on A},
spaces. These results are valid for all exponents p > 0.

In Section 5 we introduce (p, a)-atoms on D, 0 < p < 1, and derive basic properties of these atoms. The
main result of that section is Theorem 2 which establishes the boundedness of P, acting on these atoms.

Section 6 deals with Whitney type decompositions and partitions of unity, it has auxilliary character.
The main result of the paper is Theorem 3 in Section 7, which is an atomic decomposition theorem for
AP(D).

We use common convention regarding constants: letter C denotes a constant which can change its value
from one occurrence to the next one.

2. Preliminary results

Set D, ={zeU:p(z)>rfand I, =dD, for -1 <r < 1. Alsoset W) = {z € D :0 < p(z) < r} and
W,={zelU:-r<p(z) <r}for0 <r<1. Therearery, > 0and cy > 0 such that

IVp)ll = ¢co forall wel with |p(w) < 7. (1)

We can assume, by shrinking r if necessary, that —p is strictly plurisubharmonic in a neighborhood of W, .
Hence, for —ry < r < rg the domains D, are also smoothly bounded strictly pseudoconvex domains and
I'={zel:p(z)=r}

Let d(z) = dist(z, D). Note that d(z) < |p(z)| for zin D_,, D D.

The surface measure on dD is denoted by do and the surface measure on I, is denoted by do, for
0<r< ro.

2.1. A flow, a projection map and change of variables

We are going to use the gradient flow corresponding to p. Namely, let {)(w, r) denote the solution of an
initial value problem

%wmn=vmwmm» Y(w,0) = w. o)

Note that (w, r) is defined for all w in a neighborhood Uy of D_,, > D and all ¥ > 0. Also, as r increases the
point Y (w, r) “flows inside” starting at w.

Using (1) one deduces that for every z in W, the integral curve through z intersects dD, let us denote
the intersection point, clearly unique, by n(z). Thus we have a C* map 7 from W,, to dD which might be
called a "projection” from W, onto dD.

More generally, if [p(w)| < rg and —ry— p(w) < r < ro— p(w), then there is a unique point w’ on the integral
curve of (2) such that p(w’) = p(w) + r. Let us denote that point by «,(w). The map « is C* in both variables
r and w, it has local group transformation property: «, o x;(w) = x,+(w) for small r and ¢, |p(w) < ry. Also,
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k1 dD — T, is a C* diffeomorphism for |r| < rp. In particular we have the following change of variables
formula:

f Fma (i, () = f f o), fec), )
I, JdD

where a,(w) is a C* function on W,, such that 0 < ¢ < a,(w) < C for some constants ¢ and C which are
independent of r. There is a corresponding change of variables formula for volume integrals:

f Fle @)V (w) = f @) HAV(E) @
Dy D

provided f € C(D), supp f ¢ W;,t > 0 and x4(supp f) C D. Here the Jacobian J(z,t) satisfies 0 < ¢ <
J(z,t) < C for some constants c and C independent of .

2.2. Coordinate systems and differential operators

We are going to use differential operators acting on smooth functions in D. In order to define the
weighted order (adapted to the complex geometry of D) of such an operator we need a special family of
coordinate systems on D.

Proposition 1. Let C € dD. Then there is a neighborhood V¢ C C" of C contained in Wy, and a C* map W¢ = W :
Ve — (R¥)>" = (C")*" such that for each z € V¢ the following conditions are satisfied:

1°: W(z) = (W1(2), . . ., Y2u(2)) is an orthonormal basis of R*";

20: W, (2) = ~Vp(2)/IVp@);

3% Wyi(z) = iWsj-1(2) for j = 1,...,n, where identification of R?" with C" is assumed;

4°: The vectors W2j_1(z), j = 2,...,n, form a basis for the complex tangent space TE(T ), 1= p(2).

Proof. Let us note that 4° follows from the remaining conditions: the vectors Wi(z), 3 < k < 2n are
orthogonal to Vp(z) and iVp(z) and therefore span the complex tangent space TS(T,). The vectors W and
W, are uniquelly determined by 2° and 3°. The task is to complete these two vector fields to an orthonomal
frame in a C* fashion so that condition 3° is satisfied.

We begin with locally selecting a C* orthonormal frame (‘I/j(n)]z,gl such that W1(17) = —=Vp(n)/IIVp(1)ll and

W,i(n) = iWsj_1(n) for 1 < j < n. Here nis in a neighborhood Q¢ € dD of (. The tangent map T, : TﬁlRaD -

Tfy(n)&ﬂ maps vectors W;(n), j = 3 to vectors \I/;.(K,(n)) tangent to I'; at z = (1) (|r| < r9). We got a C* frame

(\I/;.(z))?z3 in a neighborhood V] = Uy« k:(Qc) € Wy, of L. Now we define Wi(z) = —Vp(2)/[[Vp(2)ll, set
W3 (z) = iW1(z) and proceed inductively to define W;(z) for j > 3. If j is odd, it is obtained from ‘I/;.(z) (and
previously defined vectors) using Gramm-Schmidt method. If j is even we set W;(z) = i¥; 1. For points
z near C the vector W,(z), which clearly belongs to TZJRF,, r = p(z), is linearly independent from the vectors
‘I’}(z), 1 < 3 < 2n. Similarly, for z near (, the replacement of ‘Péj(z) by i\Péj_l(z) does not change the linear
span of the first 2j vectors. Hence, in a neigborhood V¢ C V| the above procedure yields the desired basis.
O

There is a finite cover of dD by such neighborhoods V¢,,..., V¢, therefore W, C Uf{zlvck for some
0 < 11 < rg. Clearly, we can assume without loss of generality that r; = ry. This allows us to attach to each
z € W, a special affine coordinate system. Namely, choose any k € {1,...,[} such that z € V. Then the
relation

2n
w—z= Z Ki(z, w)\I/]C.k(z)
=1

which assigns to each w € C” the coordinates x1(z, w), ..., k2,(z, w) of w — z with respect to the basis W(z)
is an affine map «; : C" — R*". We denote its inverse by 0,.

For z € D\ W, we define local coordinate system x, in an obvious manner: for w € C" we set
1(w) = (R(wy — z1), I(wy — z1), ... R(wy — z,), I(wy — z4)), again O, denotes its inverse.
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Since we are going to work with differential operators we use multi-index notation: for | = (i, ..., joax) €
Z3" we set|]| = j1 + -+ + jou (the order of ]) and d(]) = j1 + jo + (js + - - + j2u)/2 (the weighted order of ]).
Given a function f € C(D) and z € D we denote by D! f the action of differential operator

| pallll
- on w18f2w2 o Qi Way,

on f in local 8, coordinates. More precisely: (D£ F)(w) = [D/(f o 6,)](x(w)) for w € D.
We also define “polynomials with respect to x,”. Namely, letz € D and let | = (1, j2, ..., jou) be a multi
index. Then we define

Plw) = x{l y’f ) ..xff"’l yf”, where (W) = (X1, Y1, .-, Xn, Yn)- (o)

2.3. Distances and pseudo-distances on D

We denote by dx the Koranyi type pseudo-hyperbolic distance on dD and set Bx(z,7) = {w € JD :
dx(z,w) < r}, z € dD, see [18] for construction and properties of dx. Such distances were constructed in a
more general context of domains of finite type, see for example [13]. Note that dx(z, w) = |1 —(z, w)H|V? in

the case D is the unit ball in C". We define a quasi-metric d}, on W_;f) by

dp(z,w) = |p(z) — p(w)| + d%((n(z), (w)), Z,W € W_jo (6)

We note that d,, being a quasi-metric, satisfies the following inequality

dn(z1,23) < QUdp(z1,22) + djy(22,23)), z1,22,23 € Wy, (7)

where constant Q depends only on the domain D, we can assume Q > 2.

It is convenient to extend this quasi-metric to D. Let us choose 0 < ry < 1o and a C* partition of unity
¢1 + ¢2 = 1 subordinated to the cover of D by open sets (0 = W, and Q, = {z € D : p(z) > ry}; we can
extend ¢; continuously to the boundary of D by setting ¢1(C) = 1 for C € dD. Then we set

dp(z,w) = Pr(@)P1(W)dp(z,w) + [1 = Pr@Pr()]lz —wl,  zweD. (8)

It is easy to check that dp is also a quasi-metric, with the same constant Q as d},. However, it is defined on
D and coincides with d’D forz,w e W;t. Let Rp denote the diameter of D with respect to quasi-metric dp.
0
Also, there are constants Q’ (a flow constant) and r; € (0, rp) such that

dp(c(w),w) <Qr, 0<r<n, weW;. )

Moreover, there is an €; > 0 such that Bp(z, 1) N 5,0 = for all z € W;. We fix such e;.
On the other hand, note that by definition of the map x we have

p(ir(w)) > 7, we W:O, 0<r<mn. (10)

We denote by f the Bergman metric on D and the corresponding balls by Bg(z,7) = {w € D : f(z,w) < r}

where z € D and v > 0. Similarly, we set Bp(z,7) = {w € D: dp(z,w) < r} for z € D and r > 0. Let us note
that, for C € dD and r > 0 the set Bp((,7) N dD is the ball of radius +/r centered at C in the dx metric on dD,
we denote it by Q(C, V7).

We state below five propositions on measures and distances in D, since these results are either known
or represent easy generalizations from the case of the unit ball, we omit the proofs.

Proposition 2. There are constants ¢1 = c1(D) and ¢y = c2(D) in [1, +00) such that

Bk(n(z), \/p(2)) C Bp(z, c1p(2)),  z€ W, (11)
Bp(z, 1) C B(z, cor), zeD, r>0. (12)
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Proposition 3. Let y > 0. Then there are constants 0 < o < 1 and C > 0 depending only on y and D such that

Dg(w,y) C Bp(w, Cp(w)), whenever 0 < p(w) < o. (13)
Proposition 4. Let y > 0. Then there are constants c; = c1(y, D) > 0 and C1(y, D) < oo such that

cap(@)™ 1 < Ao(Bs(w,y)) < Cip@)™™*¢,  weD. (14)
Proposition 5. Let a > —1. Then there are constants ¢ = c(a, D) > 0 and C = C(a, D) such that

e (max(p(z), )" < Au(Bp(z, 7)) < Cr"™*! (max(p(z), )" (15)
forzeD,0<r<Rp.

The above proposition implies that the measure dA, satisfies the doubling property with respect to
quasi-metric dp. This is the essential part of the following proposition.

Proposition 6. (D,dp, A,) is a homogeneous space.

This proposition enables us to use results from the theory of homogeneous spaces (see [17] and [19] for
discussion of homogeneuous spaces).

The following proposition states that |f(z)[’ has subharmonic behavior with respect to (non-isotropic)
balls Bg(z, r). It will play an important role in proving boundedness in norm of a maximal function operator,

see Proposition 9 below.

Proposition 7. Let 0 < p < co. Then there is a constant C, depending only on p and D, such that for any f € H(D)
we have

C
|f(Z)|p < m 5o If(w)l”d/\a(w), zeD, r>0. (16)

3. Maximal functions

For a measurable function f on D the corresponding maximal function M f, with respect to homogeneous
space (D, dp, A,), is defined by

Mf(z) = sup

1
mﬁm felddaw),  zeD. 17)

We record here the following classical result, see [17].

Proposition 8. The maximal function operator maps Ll (D) into LLY®(D), i.e. there is a constant C = C(D, ) such

that
Il f1l1,a 1
Aa({z€ D : Mf(z) > A}) < CT’ feAy D), A>0. (18)
For 1 < g < oo we have
IMfllga < Clifllgar  f € LAD), (19)

where C is a constant depending only on g, « > =1 and D.
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For z € D and 6 > 0 we define a neighborhood A;s(z) of z by

As(z) = {w € D : dp(z, w) < dp(w)}. (20)
Given a measurable function f on D we define its (local) maximal function
(Msf)(z) = sup |f(w)l, ze€D. (21)
weAs(z)

Later we will see, in Lemma 2, that the different sizes of apertures 6 > 0 lead to equivalent, in terms of
LP(dA,) (quasi) norms, local maximal functions
We also define, for T > 0, the (global) maximal function of a measurable function f on D by

( p(w)

M) =sup| e

weD

T
) [f(w)l, zeD. (22)

Next we prove that these two maximal functions acting on holomorphic functions are bounded sub-
linear operators in the weighted (quasi) norms || - [|,q.

Proposition 9. Ifa > =1, 6 > 0 and 0 < p < oo then there is a constant C, depending only on D, p, a and 5, such

that
IMs fllpa < Clifllpa, — f € AL (23)
Proof. Let us start with the following observation: for any C > 0 we have
Bp(w, Cp(w)) € Bp(z, Q(C + 6)p(w)), zeD, weAs?2). (24)

Indeed, if w € As(z) and u € Bp(w, Cp(w)), then
dp(u,z) < Qldp(u, w) + dp(w, 2)[< Q[Cp(w) + dp(w)] = Q(C + 6)p(w).
Next, let us fix ¥ > 0. Then by Propositions 7 and 4 we have
Cyp
/\a(Dﬁ(wl 7)) Dg(w,y)

C,pC,
pRyD f If@P2dAa(z),  weD.
Dg(w,y)

|f(@)P’? [f@P2dAa(z)

p(w)n+1+a

Now we choose constants 0 < ¢ < 1 and C > 0 from Proposition 3. Then the above estimate, combined with
Proposition 5 and (24), gives

C
wpP? < —— f IfIP2dA, 25
L P@)" 4 Jpyw,Cotw)) / )
C
< P2dA, 26
Aa(Bp(z, Q(C + 0)p(w)) Iy 0c+s)pw) d 26)
< CMIfP)z), O0<pw) <o, weAsz). (27)

Therefore we obtained the following pointwise estimate:

M f(2) < CIM(fP?)@P + sup |f(w)l,  z€D. (28)

p(w)=o

Now we apply Proposition 8, with g = 2, and estimate

sup |f(w)l < C(a, p, &, D)|| fllp,a.

p(w)zo

which is valid even for harmonic functions, to (28) and complete the proof. O
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Lemma 1. Let N > 1 and let E be a measurable subset of D. Assume w is in An(z) and Bp(w, p(w)) C E. Then there
is a constant y = y(a, D) such that

M(xe(z) 2 y(N + 1) (29)
Proof. 1t is easily seen that
Bp(z, (N + 1)p(w)) C Bp(w, Q(2N + 1)p(w)) if we An(2).

Let c(a, D) and C(a, D) be the constants from Proposition 5. Using (29) we obtain

(Mxe)(z) = fBD(Z,(NH)p(w)) XEdAy
~ Au(Bp(z, (N + 1)p(w)))
1
w,p(w d/\a
Aa(Bp(z, (N + 1)p(@))) Jppv+1)p()) XBpw,p(w))
/\a(BD(ZU,p(w))) S c(ar, D) 1

Aa(Bp(w, Q2N + 1)p(w))) — C(a, D) [Q2N + 1)]r+1+a’
and we see that one can take y = c(a, D)/(3Q)"*1**C(a, D). O

Lemma 2. There is a constant C, depending only on 0 < p < oo, a > —1 and D such that

f (M fYPdA, < C(N + 1)1+ f (M1 fydA,, feAlD), NeN. (30)
D D

Proof. Let us prove that for every t > 0 we have

{zeD:MNf(z)>t}C{zeD:MXE,(z)> W} (31)

where E; = {u € D : M f(u) > t}. Indeed, if z belongs to the first set in (31), then | f(w)| > ¢ for some w € An(z).
This implies that Bp(w, p(w)) C E; and Lemma 1 gives (31). Using Proposition 8 and (31) we obtain

Ao({z € D: Mnf(2) > t}) Cy YN + 1) E|l 0

C(N + 1)) ({z € D : My f(z) > t})

INIA

This weak type estimate gives L, estimate (30) by a standard argument. O

Proposition 10. Ifa > =1, 0 <p < ocoand Tp > n+ 1 + a, then there is a constant C, depending only on D, p, a
and T such that

IM” fllp.a < Clifllpa,  f € AL (32)
Proof. Let t > 0 and assume M f(z) > t for some z € D. Set
Do = {w € D : dp(z,w) < p(w)} = A1(2)
and
Dy = {w e D : 25 p(w) < dp(z, w) < 2°p(w)} = Ap(2) \ Apa(z), k=1
Clearly D = U° Dy. Since M" f(2) > t there is a k > 0 such that w € Dy and
T
p(w) )
—— | If(w)| >t
) o

w) + dp(z, w)
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If k = 0, then |f(w)| > t and therefore M; f(z) > t > 27Tt. If k > 1, inequality

pw) T< 1 eD
@) +dpz,w)) = et ST

gives My f(z) > 25=DTt. The above argument proves the following inclusion:

zeD:M'fz)>t)c| |lzeD: Myuf(z)>20VTy,  t>0. (33)

(@

>~
1l

0

Now we use (33) to estimate the L, norm of M” f in terms of norms of localized maximal functions M f:

M fif, = p fow P (MTf > )t (34)

IA

p f PN (Mo f > 267DT) dt
0 k=0

= pz fo I (Mo f > 2067DT 1) gt
k=0

e8]

1
= ) o M2l

k=0
R 2(n+l+a)k

27cy’ S TEn (35)
k=0

= CIMifIf

IA

Note that we used Lemma 2 in deducing (35) and condition Tp > n + 1 + « in ensuring convergence of the
series in (35). Now we apply Proposition 9 and complete the proof. O

4. Grand maximal function

In addition to maximal functions discussed in the previous section, we are going to use so called grand
maximal function. In order to define it, we have to consider certain spaces of test functions.
Let us fix a non-negative integer L. Then, forzg € D and 0 < 79 < Rp (Rp is the dp - diameter of D) we set

d
g|;z0,7 = Aa(Bp(20,70)) Sup 7’0(])||D£09||L°°(Bu(z0,m)) (36)
[JI<L

for g € C*(D).
Let us define, forz € D, 0 <1y < Rp and 0 < 6 < 1, the set Dy 5, (z) of test functions localized near z € D
as the set of all g € C*(D) such that there is a point zj in D satisfying

dp(z, z0) < Ory, supp g C Bp(zo, 10), 1gllzsz0,0 < 1. (37)

Weset, forze Dand0 <6 < 1:
DL,(s(Z) = U DL,é,ro (Z)

0<ro<Rp

This set of test functions is used in the following definition of the grand maximal function of a measurable
function f on D:

My sf(z) = sup {’Lf(w)g(w)dAa(w)’ 1g € Dm(z)}, z€eD. (38)
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Proposition 11. Let T > 0and 6 > 0. Assume L is an integer and L > T. Then there is a constant C = C(D,L, T, 0)
such that for every holomorphic function f on D we have

Misf(2) < C(Msf(z) + M'f(z)),  z€D, (39)
where S = Q[Q’ + (1 + 0)Q], Q is the pseudometric constant from (7) and Q' is the flow constant from (9).

Proof. Let us fix f € H(D) and z € D. Let us choose g € Dy 5,(z), where 0 < r < Rp. This means that for
some zy € D the condition (37) is satisfied. We want to estimate the absolute value of I = fD f@)g(w)dA(w)
in terms of the right hand side of (39). Such an estimate is immediate for z in a compact subset of D and also
for r bounded away from zero. Therefore we assume 0 < r < r; and z € W, . Let us set f,,(w) = f(x,,(w)),
see Section 2. We have

“fD[f(w) — fro(@)]g(w)dA(w)
| + L.

1| +

IN

[ At @)

Let us estimate |I|. Since supp g € Bp(zo, 10) and dp(z, zg) < 619 we have

dp(w, z) < Q(dp(w, z9) + dp(zo,2)) < Q(1 + d)ry, w € supp 4. 41)
Therefore, using (9), we obtain

dp(ky,(w), z) < Qldp(cr, (W), w) + dp(w, 2)] < QIQ(L + 6) + Q'lro, (42)

for w € supp g. On the other hand, using (10), we have p(x,,(w)) > 1y and we conclude that w € As(z) for
all w € supp g, i.e. Bp(zo,70) C As(z). Next, taking | = 0 in (36), we have |g(w)| < A,(Bp(zo,70))"! and this
implies

1
|| < 1o 7o) A Lf(w)ldAq(w) < Msf(z). (43)

Now we consider ;. Let us fixa y € C*(R) such that0 < x(f) < 1forallte R, x(t) =1fort <1, x(t) =0
for t > 2 and set x,(t) = x(¢/r) for r > 0. Note that

Bl <Cr™®  fork>0 andteR, (44)
where constants C; do not depend on r > 0. Also, set a(w) = [[Vp(w)||, clearly a € C*(U). We are going to
use a substitute for the formula for integration in polar coordinates which is based on Fubini’s theorem and

(3). Namely, there is a C* density function s(&, r) = s(w) (w = x,(£)), 0 < ¢ < 5(&, r) < C such that for any A,
- integrable function f supported in W;; we have

1
L fw)dAo(w) = fo fa Df(Ky(é))S(é,r)dO(é)r“dV~ (45)

Next we transform Iy:
) d
| st = g = - [ g [ ot drg
0 8](
- [ o [ Loatwnatanaa

1 70 a
_ f f f a—f(Kw(é))g(Kr(é))s(é, r)do (&) rdt dr
0o Jo Jop oV

1 70
- f f J(r, H)r*dt dr.
0o Jo

I
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Here v = v(w) is the unit outward pointing vector normal to Iy, at w and

J(r,t) = f a—f(Km(é))!](Kr(cf))S(cf, nda(&). (46)
oD aV
Let G,(w) = g(x(w))x,(p(w)). Using (3) and Green’s formula we obtain
d
160 = [ F w6 st

d
_ f a_f(u)G,(x_t_,(w))s(x_f(m>a(w>dat+r<w)
Th, 9V
]l(r/ t) - ]2(7’, t) + ]3(7’, t)

where

R0 = [ FE0) G v st eoDat)oto),

La(r,t) = F@)Au[Gr(k—t—r(w))s(k—(w))a(w)]dV (w),

Dy
Ja(r,t) = fD [Gr(k—t—r(w))s(k—(w))a(w) Ay f(w)dV (w).

Note that J5(r,t) = 0 since f(w) is harmonic. Next we make a change of variables in J;(r,f) and J(r, 1),
replacing w by «,.+(w). This gives, using chain rule for differentiation, (3) and (4):

1) = fa  fl@)AG (w1, do(w)

(i (w))’

J2(r ) = fD [ (et (W) A2[Gr(w)az(w, 7, )] (w, 7 + DAV (w),

where Ay, resp. A, is a first order, resp. second order, linear differential operator with smooth and bounded
coefficients depending on w, r and ¢ and 4; and a4, are C* functions; all partial derivatives of 4; and a, are
bounded.

Let A be alinear partial differential operator in w variable of order I with bounded coefficients depending
on w and parameters r and ¢. Then

1
|Ag(x,(w)) < C <C .
g L et = ot )

Here we used chain rule, a fact that x,(w) is a C* map and the assumption g € Dy s,(z). This, combined
with (44), gives

C

LG @t O < o

(47)

where a(w, 1, t) is any C* function, with bounded partial derivatives up to order /, constant C depends only
on the operator A of order / and on a.
Next we write [»(r,t) = J21(r, t) + J22(r, t) where

Ja(r, 1) = fret (@) A2 [Gr(w)ar (w, 7, )] (w, r + HAV (w),

D\D,,
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J2p(r, 1) = fD frt(@) Ao [Gr(w)az(w, 1, )] (w, r + AV (w).

If x,(w) € supp g then, by (41), we have

dp(kret(w), 2) QUp(krt(w), kp(w)) + dp(icr(w), 2)) < Q(E + Q1 + O)ro)
Q1 + Q@ + 0)ro < p(w) < Srg < Sp(w)
for w € D,,, in other words w € As(z). Therefore, since J(w, s) is bounded:

o2l < (MshE) fD AolG (@haaw, 7, D] (@, 7 + DAV ()

IA A

IA

CMsf)2) fD A2 (@)@, 7, HIAV (@)

Setting I,; = fol OVO Ji(r, t)dt r*dr for j = 1,2 we have Iy = —I;; + I 5. Using the above estimate and (47)
with [ = 2 we obtain:

1 70 N _ 210 70 N CMSf(Z)
‘fo‘ fo‘ Joo(r, t)dtrdr| = fro ‘fo‘ Joo(r, t)dtrdr| < —/\a(BD(Zo, 7’0))7’%
270 70
X f r¢ (f Vol(x_.(Bp(zo, 79)) N D)dt) dr
0 0
< CMsf(z). (48)

Therefore |1 5| < | fol Oro Jo1(r, yr*dtdr| + CMsf(z). Combining the above estimates with (40) and (43) we
deduce:

1 )
Il < . As[G, BA: , HAV (w)dtr*d
n < fofo fw%f(K (@) AG@)as(aw, 7, D] (@, + DAV (w)dtrdr
+ fl fmf f(ree(w))A1[Gr(w)ar (w, 7 t)]Mdt rdr
o Jo Jao? ' " a(k (W)
+ CMsf(). (49)

Now we apply the same methods to the above two integrals. Namely, for fixed 0 < t < ry the double integral
with respect to dr and do(w) in the second one is of the same form as the initial one, but with f replaced by fox;
and we can repeat the same method involving Green’s formula. For the first integral we repeat the process
which starts by decomposition of f o x,.; into a sum of (f o x,+) (K, (w)) and (f © K1) (W) = (f © Kpst) (icr, (W)).
Note that the number of repeated integrals increases by one (one new integration with respect to ) or by two
(one new integration with respect to f and one new one dimensional “radial” integration). Moreover, each
new integration comes with action of a second order (resp. first order) linear partial differential operator
with smooth bounded coefficients. Clearly, we have an iterative procedure and after / iterations we obtain
an estimate
Il < CMsf(z) + C Z 1(k, 1),
0<ksl

where

1 7 7 7 7
101 = [y rodr [ [ dse.odsy [ [0 [t dt [, do(E)
|f(KS-1+~~+Sk+t1(5))Ak+I[G7(KS1+~~+Sk (é))a(é/ 7,81, ., sk/ tl/ sy tl)]|/

the order of operator Ay is k + I. If we apply (41) to w = K45, 4.5, () We conclude that either the integrand
is zero or

dD(K51+--~+sk+t1(é)/ z) < QdD(Ksl+-~sk+r(5)r Ksl+-~+sk+t1(§))
+Qdp(Ks, +.45,(E), 2))
< Qro+Q*(1 +d)rg < Q*2 + d)ry.
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Since p(Ks, +-+s+(E) = t; we can assume that in the integrand the following estimate holds:

dp(2, Ksy st ED Y 7
(1+ p(K51+'“+Sk+fl(£)) ) M f(Z)

IN

|f(Ksl+~--+sk+t,(5))|

T
< (1+M) MTf(2)
1
< C(:—?)TMTf(z)

Also, if the integrand is nonzero, then we have dp (K15, +-+5,(€), z0) < rp and this implies

dp(x,(&),z0) < Q(dp(zo, Kr+sl+--~+sk(é)) + dD(Kr+sl+-~-+sk(5)/ 1r(£)))
< Qro+sp+ -+ +sk) < Qk+ Dro.

Therefore in the surface integration appearing in (50) one can restrict domain of integration to E, = {& €
dD :dp(x.(£),20) < Q(k + 1)rp}. Hence, using (47), we obtain:

D) € Cr s (B]:(Z, (:())))rk” f Fdr f f ds ... dsy
fff dtl...dtlfda(é)(r—o)
= Agﬁzz)oriol»f f f . Tdt’ A fE 1(©)

The above estimate is valid for any I > 1. Now we choose | = L, which, since L > T, ensures convergence of
the iterated integrals over t-variables. This gives, for 0 < k < L, the following estimate

T 1
I 1) < c— @) ; f Po(E)dt < CMT f(z), (50)
0

Aa(Bp(z0, 10)

which completes the proof. O
The above proposition combined with Proposition 9 and Proposition 10 gives the main result of this
section.

Theorem 1. If L > 0 is an integer such that Lp > n + 1 + a, then
IMisf@lpa < Cllfllpar € AL (51)

5. Atoms in LZ(D),O <p<la>-1

Starting from this section we assume that 0 < p < 1. We set
1
Npa = (}; - 1)max 2n+1),2n+1+a)}. (52)

We set, for ¢ € C*(Bp(z, 1)), where z € W,) and 0 < r < €1 (for the choice of €; see a remark after formula
(9)), and a non-negative integer N:

bl en = Y POIDL Gl woiery. (53)

[Jl=N

Let N > N, , be an integer. We say that a measurable function z on D is an (p, @, N) atom if there are z € W:;
and 7 < €1 such that the following four conditions are satisfied:
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1°. Support: supp a C Bp(z, 7).

29, Size: ||Ll||Lr>o(D) < Ay(Bp(z, r))‘l/’”.

3°. Cancelation: fD adA, = 0.

4°. Moments condition: For any ¢ € C*(Bp(z, 7)) we have

fB ( )ﬂ(w)qb(W)d/\a(w) < lliny . Aa(Bo(z, 1) 7. (54)

Also, any measurable function a such that ||a|l;~p) < 1 is considered to be an (p, @, N) atom. This allows
us to work near the boundary in questions related to atomic decomposition. When N = [N, ,] + 1 we say
simply (p, a)-atom.

Strictly speaking, the above atoms should be called (p, o, N, &) atoms, or (p, oo, &) atoms, indicating that
one could consider instead of 2° condition

lallg,e < Aa(Bp(z, r)V/171P
and work with (p, g, N, a)-atoms. Since we will always have g = co we use the above convention.
Lemma 3. For any (p, a, N) atom a we have ||al|p,, < 1.

Proof. This follows immediately from conditions 1° and 2°. O

Let ¢, be asequencein’,0 < p < 1and let a; be a sequence of (p, @, N) atoms on D. Then the series ) cxay
converges in L’ to a function f and we have ||f|l,« < X lckl’. Real variable atomic weighted Bergman space
Ath(D) = At!, is defined as the set of all f € L}, which admit representation

f=

Cry, c= (e €F, ayare(p,a)atoms, k=1 (55)

)
k=1

Note that the series in (55) converges unconditionally.
For f € At we define its “atomic quasi-norm” by

AL, e = inf{X ol f=Y ckak}, (56)
k=1 k=1

where infimum is taken over all representations of f as described above.
The following estimate on the derivatives of the Bergman kernel K, due to C. Fefferman, see [7], is
essential ingredient in the proof of Theorem 2 below.

Lemma 4. Let N > 0 be an integer. Then there is a constant C depending only on N, D and « such that for every zo
and z in W;; satisfying dp(z,zo) < €1 we have

C
(z, w)* DAy (Bp(w, dp(z, w)))

IDL, (Ka(2,))(@w)| < . if

dD (Z/ ZO)
QZ

The main result of this section is the following theorem.

dp(w, z9) <

Theorem 2. Let N > N, , be an integer. Then there is a constant C = C(D, p, a, N) such that
IPa@llp,a < C (57)

for any (p, a, N) atom a.
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Proof. Let a be an (p, &, N) atom. Assume ||a]|c < 1. Since P, is bounded on 12, p <2and A,(D) < co we
have

IPa(@llp.a < ClIPa(@)lla.0 < Cllalla.e < CAo(D).

Next, let a be an atom supported in Bp(zo, 19), Zo € W;fz , 0 <19 < €7 satisfying conditions 1° - 4° with z
and ry in place of z and r. We decompose D into Dy = {z € D : dp(z,z0) < Q*ro} and Dy = {z € D : Q¥ry <

dp(z,z0) < Q*?ry}, k > 1. Then, since P, is bounded on L2, we have

IPa(@)(2)lPdAa(2)

Dy

IA

p/2
(f |Pa(ﬂ)(2)|2d/\a(2)) Aa(Bp(zo, Q%r0))' 7
Dy

Cllalf,  Aa(Bo (20, Qr0)) 2" < C.

IA

In the last inequality we used conditions 1° and 2°. For every k > 1 we have, using moments condition 4°,
the following estimate:

IPa(a)(z)F'dA(2)

Dy j;)k
f;k

Cf (||Ka(2,')||N,(zo,ro)/\a(BD(Z0,70))1_1/p)pd/\a(z)
Dy

p
fD Ka(z, c:)a(odAa(o‘ dAa(2)

p

fB K 00| 4162

IA

ChalBoteam)™ [ e My a2
Dy

In order to estimate the integrand, let us note at first that for w € Bp(zo,79) and z € Dy we have
dp(w, ry) < rg and dp(zo,z) > Q*1; therefore for such z and w we have

dD(w,Zo) <7 < Qk_lro < %’ZZO), (58)
Q
dp(z, w) > é(@(z, 20) — Qd(w, z0)) > Qkro — ro > Q. (59)

Also, if C € Bp(zo, Q¥ 'r) then
dp(C,w) < Q(dp(C, z0) + d(zo, w)) < Q¥ro + Qro < Q**'ry

for every w € Bp(zo,t9). Therefore, using (59), we obtain for w € Bp(zo,9) and z € Dy the following
inclusions

BD(ZOI Qk_er) - BD(w/ Qk+1r0) C BD(w/ de(Z, w)) (60)

Now (58) ensures that we can apply the estimates of derivatives of K, given in Lemma 4 and obtain,
using respectively (59), doubling property of A,, (60) and inequality d(J) > [J|/2, the following uniform
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estimate over z € Dy:

d
P20 sup DL Ka(z,)(w)|
|JI=N weBp(zo,10)

“Ka (Z/ ')”N,(zo,ro)

1

< CY M su

IHZ:;\I ‘ weBD(sz,rU) dp(z, w)* D Ao (Bp(w, dp(z, w)))

1

< cYy A su

10 ) @YD, (Bo(w, do(z, w)

1

< C =D sy

|]|;N(Q ) wEBD(g,m) /la (BD (wl deD(ZI w)))

1

< CYy @y

IIIZ—I:\J Aa(Bp(zo, Q¥1r0))

1
< C(Qk_l)_N/2 )
Aa(Bp(zo, QF1r0))
(61)
Therefore, using doubling property of A,, we obtain from the previous estimates
~1y-pn/2 Aa(D)Aa(Bp (2o, 10)" "
Pa@)@PdAe(z) < CQTHTN2
Dy Aa(Bp(zo, Q< 1rg))P
-1
< C(Qk—l)—pN/Z Aa(Bp(zo,70)) )77 =1
Aa(BD(ZOr Qkier))
Let ko be the largest integer k such that Q*~'ry < p(zo). Then using Proposition 5 we obtain
L <C 1 1 - [Qg(k_l)]z(n+1)(1/p—1)—Nl k< kO (62)

(Qk_l ) @ Q(k—l)(”+1)(P—1)

However, since N > 2(n + 1)(1/p — 1) due to N > N, , we obtain }'; Ix < C, where C depends only on Q
and the constants involved in Lemma 4. Similarly we obtain, for k > k

1 1 P 19—
_ E(k-1)12(n+1+a)(; -1)-N
le< CQ(H)% QU ap-D [Q="1 T ke>ko (63)

Again, since N > 2(n + 1+ a)(1/p — 1) due to N > N, , we obtain } ;. Irx < C where C = C(D, ).
Adding up these estimates we complete the proof:

Po(@lPdAa <C+ Y LI+ Y ,<C 0O (64)
fDa c<ce Y+ Y

k<ko k>ko

Corollary 1. If ay is a sequence of (p, &) atoms, then for any complex sequence c in IP the series Yy ciPo(ar)(z)
converges unconditionally in A(D) to a function g € AL(D) and we have

lgla < C Y Ikl (65)
k=1

where C is a constant depending only on D, p and a.
An equivalent statement is that the Bergman projection maps At},(D) continuously into A%(D):

”Pa(f)Hp,a < C”f”p,a,ﬂt/ f € AtZ(D)- (66)
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6. Partitions of unity

We use the following notation: distp(z, A) = inf{dp(z,a) : a € A} for zin D and A C D. The next lemma is
a well known Whitney type decomposition for homogeneous spaces, applied to (D, dp, A,), see for example
[19], Lemma 2.4.

Lemma 5. There is an integer Ng > 1 and there are constants 0 < A < v < 1 < u such that for every open set
Q c D, Q # D there is a sequence of pseudo-balls Bp(zi, t;) in () such that

1°. For every i we have r; = idistp(z,-, Q°).

2°. Q)= UiBD(Z,‘,VT’,').

3°. Bp(zi, uri) N Q° # 0 for every i.

4°. The balls Bp(z;, Ar;) are pairwise disjoint.

5°. No point in Q) lies in more than Ny of the balls Bp(z;, ;).

The following lemma is proved with help of the above lemma in the same fashion as in [9], Lemma 4.3.

Lemma 6. Let V be an open subset of D, V # D. Then there is a sequence Bp(z;, rj) of pseudo-balls, a sequence of
functions ¢; € C*(D) and a constant u > 1 depending only on D satisfying the following properties:

1°.0<¢j(z)<1,z€D.

2. 05 =Xv-

3°. supp ¢; C Bp(zj, 7).

4°. For any nonnegative integer L there is a constant ¢, > 0 depending only on L and D such that for each j and
any w; € Bp(zj, urj) \ V we have

C
;€ Dys(W)):

liillia

7. Atomic Decomposition
Finally we state the main result of this paper.

Theorem 3. Let 0 < p < 1and a > —1. Let N > N, be an integer. For any f € AL(D) there is a sequence ci of
complex numbers such that Y |ck|’ < oo and a sequence ay of (p, o, N) atoms such that:

1°. f = Y i ckax in the sense of distributions.

2°. f = Y cxax, where the series converges unconditionally in LP(D, A,).

3°. f = Y. ckP(ay), where the series converges unconditionally in Al(D).

4 Y lelP < ClIf |I§/a, where constant C depends only on D, p, N and a.

In contrast with the case of Hardy spaces, unconditional convergence in norm is obtained even for p < 1.
Let us note that Theorem 3 combined with Theorem 2 gives the following proposition.

Proposition 12. Let 0 < p < 1and a > —1. Then we have

IfIf,, = inf {Z DETEDY ckPa(aw}, f € ALD), (67)

k k

where infimum is taken over all decompositions of f as a sum of series ). cxay as described in the above theorem.

The proof of Theorem 3 is rather long, let us observe that it suffices to prove existence of ¢, and a; such
that 1° and 4° holds. Indeed, since |||, < 1 by Lemma 3, we obtain 2°. Then, using ||P,(a)||,« < C obtained
in Theorem 2, we get f = Po(X i ckx) = Xi ckPa(ax), which is part 3°.
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We begin the proof of Theorem 3, following closely arguments from [3]. Let us choose f € Af, and
select N > Np,. Let u > 1 be the constant from Lemma 5. Let us choose 6 > 0 and an integer L >

max({N, %(n + 1+ a) + 1}. Using Theorem 1 and Proposition 9 we obtain
Myyf +Msf € Li(D).
Let kg € Z be the smallest integer such that
IMouf + M fllpa < 2°A(D)'F.

Fork=0,1,2,... we define
Vi=1{z € D: Myu(z) + Msf(z) > 25},

Then Vi is an open subset of D and, by the choice of kg, Vi # D for any k > 0. If Vi = 0 for some k the
theorem is trivial, because we consider any measurable function a such that [ja||;~p) < 1 to be an atom.
Therefore we assume Vj # 0 for all k > 0.

For each k > 0 we choose a Whitney type cover (B D(z’]f, r’]‘,));?‘;l of Vi and a partition of unity (qb’]‘,);?il for Vi
as given in Lemma 6.

For each j, k we have a probability measure

=
k= ———
Y ¢4,

a

and the corresponding Hilbert space L*(D, dA,, ék) which we denote simply by L? ; the norm on this space

g
is denoted by || - |, e
7
Let, for an integer L > 0, Vé? denote the finite dimensional subspace of Li, o spanned by ”polynomials”

Pik,’ ]l < L. Let 7t;(2), |]| < L, be an orthonormal basis for ng.

]
The following lemma is proved in the same manner as Lemma 4.3 from [3], see also [9].

Lemma 7. For every integer L > O there is a constant C, > 0 depending only on L and D such that

||¢k|| a Qb E-Z)L‘u(w) (68)

for all wk € Bp(z5, pr}) \ Vi.

Let Pé be the orthogonal projections of L2 o onto its subspace Vé Using the above lemma one deduces,
asin [8], the following lemma (see also [3]): ]

Lemma 8. There is a constant C > 0 such that for all f € A!, and all i, j,k € N we have

< 2otk (69)

P (NE@)
and

Pl (| - PLn (0] 0}) @t @ < cavie, 70)
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Continuing with the proof of Theorem 3 we have, for each k > 1:

f= [f— Zf¢>’;] £ Y fOh =t ) (PP, (71)
j=1 =1 =1 ’
where
I = [f— qub’;-] +) PL(H (72)
j=1 =1
Using (69) and property 5° from Lemma 5 we obtain
Y P(NE@ @) < C2.
j=1

Since (c;l)’]‘,)]?"’:1 form a partition of unity for V; we have

c Vi, k=>1.

supp (f — h) = supp {i [f - P;,;(f)] ¢

=1

Since N2, Vi = 0 this means that limy«(f — i)(z) = 0 a.e. z € D. Therefore

f=ho+ ) (ha—h)  ae. (73)
k=0

Now one easily sees that

W =l = (f =he) = (f = hyes)
= Y lr-#on)ei- Z[f PL (D)ot
j=1
- i[f 7L o
N0 [ R (R
- X
j=1
where

b= -2l

Al 0] - ([ | ) o

i=1
— k
f=ho+ Zk"b]..

7

Therefore we have
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This gives us desired atomic decomposition after normalization. Namely, we set a’}‘, =2"%)\.(B D(Z’]?, r’jf))’l/ p b’]f .

The conditions on support and size follow from the construction (since (qb’]?);?il is a partition of unity for Vi)

and from Lemma 8. Lemma 7 ensures that a’]? satisfy the moment and cancellation conditions, Therefore a’]?
are atoms. Next we have, using definition of the sets V:

Y P0Bo(,4) < CY 27NV
ik k
< C f N ofz s (Myuf + Msf)(z) > 25K} at
1
< ClfID .

Theorem 1 is used in the last inequality and property 5° from Lemma 5 in the first inequality. This gives 4°,
since we have almost everywhere convergence condition 1° is also satisfied. O.
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