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Abstract. The main goal of this paper is to establish the Lq-convergence of the truncated Euler–Maruyama
method for neutral stochastic differential equations with time-dependent delay under the Khasminskii-type
condition. Whole consideration is influenced by the presence of the neutral term and delay function. The
main theoretical result is illustrated by an example. Since the main result is related to the Lq-convergence
of the Euler–Maruyama method under the global Lipschitz condition on the coefficients of the equation
under consideration, for completeness of the paper, the appropriate results are given in Appendix.

1. Introduction and Preliminary Results

Stochastic differential equations (SDEs) with time-dependent delay are widely known as a useful tool
for describing phenomena which do not have an immediate effect from the moment of their occurrence.
In general, we can find many systems, in almost any area of science (medicine, physics, ecology, biology,
economics, etc.) where it is necessary to include this time lag in the corresponding model which we call
the delay function, since it may change with respect to time. We refer the reader to [3, 5–10, 12, 15] and
the literature cited therein, where the existence, uniqueness, stability and approximations of solutions are
considered, for stochastic differential delay equations, neutral SDEs with time-dependent delay and neutral
functional SDEs.

As is already known, explicit solutions of stochastic differential equations are difficult to obtain. As a
result, different numerical methods have been developed to produce approximate solutions of the observed
equation such as those from the papers [1, 2, 4, 11, 13, 14].

Recently, the truncated Euler–Maruyama method for different types of stochastic differential equations
has been attracted the attention of many authors, as one can observe from papers [1, 2, 11, 13], for example. In
these papers, authors studied the Lp-convergence of the truncated Euler–Maruyama solutions for ordinary
SDEs, stochastic differential delay equations and neutral SDEs with constant delay under nonlinear-growth
conditions, as well as properties of these solutions. So, the main goal of this paper is to determine the
sufficient conditions under which the truncated Euler–Maruyama solutions for neutral SDEs with time-
dependent delay converge in the Lp-sense to the exact solution of the equation. These conditions include
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the Khasminskii-type condition, as well as certain conditions related to the neutral term and delay function.
Theoretical results are illustrated through an example. Since the proof of the main result of this paper,
that is, the Lq-convergence of the truncated Euler–Maruyama method is based on the Lp-convergence of
the Euler–Maruyama method under the global Lipschitz condition, in order to complete the analysis, the
corresponding Lp-convergence result of the second method is given in Appendix.

The initial assumption is that all random variables and processes are defined on a filtered probabil-
ity space (Ω,F , {Ft}t≥0,P) with a filtration {Ft}t≥0 satisfying the usual conditions (that is, it is increasing
and right-continuous, and F0 contains all P-null sets). Let B(t) = (B1(t),B2(t), ...,Bm(t))T, t ≥ 0 be an m-
dimensional standard Brownian motion, Ft-adapted and independent of F0. Let the Euclidean norm be
denoted by | · | and, for simplicity, trace[ATA] = |A|2 for matrix A, where AT is the transpose of a vector or a
matrix. Moreover, for two real numbers a and b, we use a ∨ b = max(a, b) and a ∧ b = min(a, b).

For a given τ > 0, let C([−τ, 0]; Rd) be the family of continuous functions ϕ from [−τ, 0] to Rd, equipped
with the supremum norm ||ϕ|| = sup

−τ≤θ≤0 |ϕ(θ)|. Also, denote by Cb
F0

([−τ, 0]; Rd) the family of bounded,
F0-measurable, C([−τ, 0]; Rd)-valued random variables.

Let δ : [0,+∞) → [0, τ] be the delay function which is Borel-measurable. We introduce the following
autonomous neutral stochastic differential equation with time-dependent delay

d[x(t) − u(x(t − δ(t)))] = f (x(t), x(t − δ(t)))dt + 1(x(t), x(t − δ(t)))dB(t), t ≥ 0, (1)

satisfying the initial condition

x0 = ξ = {ξ(θ), θ ∈ [−τ, 0]}, (2)

where the functions
f : Rd

× Rd
→ Rd, 1 : Rd

× Rd
→ Rd×m, u : Rd

→ Rd,

are all Borel measurable and x(t) is a d-dimensional state process. The initial condition ξ is supposed to be
a Cb
F0

([−τ, 0]; Rd)-valued random variable.

A d-dimensional stochastic process {x(t), t ≥ −τ} is said to be a solution to Eq. (1) if it is a.s. continuous,
Ft-adapted,

∫
∞

0 | f (x(t), x(t − δ(t)))|dt < ∞ a.s.,
∫
∞

0 |1(x(t), x(t − δ(t)))|2dt < ∞, a.s., x0 = ξ a.s. and for every
t ≥ 0, the integral form of Eq. (1) holds a.s. A solution {x(t), t ≥ −τ} is said to be unique if any other solution
{x̃(t), t ≥ −τ} is indistinguishable from it, in the sense that P{x(t) = x̃(t), t ≥ −τ} = 1.

For the purpose of the following consideration we impose some hypotheses.
H1 : (The local Lipschitz condition) For each integer R, there exists a positive constant KR, such that for all
x, y, x̄, ȳ ∈ Rd with |x| ∨ |y| ∨ |x̄| ∨ |ȳ| ≤ R,

| f (x, y) − f (x̄, ȳ)|2 ∨ |1(x, y) − 1(x̄, ȳ)|2 ≤ KR

(
|x − y|2 + |x̄ − ȳ|2

)
.

H2: There exists a constant k ∈ (0, 1) such that, for all x, y ∈ Rd,

|u(x) − u(y)| ≤ k|x − y|. (3)

Moreover, we suppose that u(0) = 0 which, together with (3), implies that

|u(x)| ≤ k|x|. (4)

H3: The delay function δ is continuously differentiable and δ′(t) ≤ δ̄ < 1.
H
′

4 : There are constants p ≥ 2 and K > 0 such that, for all a ∈ (0, 1] and x, y ∈ Rd,

(x − au(y))T f (x, y) +
p − 1

2
|1(x, y)|2 ≤ K(1 + |x|2 + a|y|2).

Clearly, particularly for a = 1 we obtain the following condition.
H4 : (The Khasminski-type condition) There are constants p ≥ 2 and K > 0 such that, for all x, y ∈ Rd,

(x − u(y))T f (x, y) +
p − 1

2
|1(x, y)|2 ≤ K(1 + |x|2 + |y|2).
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H5: There exists a positive constant Cξ such that, for p ≥ 2,

E sup
t,s∈[−τ,0],|s−t|≤∆

|ξ(s) − ξ(t)|p ≤ Cξ∆
p
2 . (5)

H6: There exists a positive constant η such that

|δ(t) − δ(s)| ≤ η|t − s|, t, s ≥ 0. (6)

At the end of this section we introduce the following existence and uniqueness theorem. The proof of this
result can be found in [12] for V(x) = |x|p, U(x) = 0 for all x ∈ Rd, c1 = c2 = 1, λ1 = 2K[1 + 3(p − 2)2p−2] and
arbitrary λ2 > 0 for which λ2 > λ1/(1 − δ̄).

Theorem 1.1. Let AssumptionsH1,H2,H3 andH4 be satisfied. Then, for any initial condition ξ ∈ Cb
F0

([−τ, 0]; Rd)
there exists a unique global solution x = {x(t), t ≥ −τ} of Eq. (1). Moreover, the solution has the property that for all
T > 0, we have that

sup
−τ≤t≤T

E|x(t)|p < ∞.

2. The Truncated Euler–Maruyama Approximate Solution

In this section we will introduce the truncated Euler–Maruyama approximate solution to Eq. (1). To
define the truncated Euler–Maruyama numerical solutions, we first choose a strictly increasing continuous
function µ : R+ → R+ such that µ(r)→∞when r→∞ and for all r ≥ 1

sup
|x|∨|y|≤r

(
| f (x, y)| ∨ |1(x, y)|

)
≤ µ(r). (7)

The inverse function of µ is denoted by µ−1. So, µ−1 : [µ(0),∞) → R+ is a strictly increasing continuous
function. We also choose constant ∆∗ ∈ (0, 1) and a strictly decreasing function h : (0,∆∗]→ (0,∞) such that

h(∆∗) ≥ µ(1), lim
∆→0

h(∆) = ∞, (8)

and for all ∆ ∈ (0,∆∗] and some ε0 ∈ (0, 1) we have that

∆
1−ε0

4 h(∆) ≤ 1. (9)

Now, for a given step size ∆ ∈ (0,∆∗], we define a mapping π∆(x) from Rd to the closed ball {x ∈ Rd : |x| ≤
µ−1(h(∆))} by

π∆(x) = (|x| ∧ µ−1(h(∆)))
x
|x|
, (10)

where we set x/|x| = 0 when x = 0. Functionπ∆(x) will map x to itself when |x| ≤ µ−1(h(∆)) and to µ−1(h(∆)) x
|x|

when |x| > µ−1(h(∆)). Now, we can define the truncated functions

f∆(x, y) = f (π∆(x), π∆(y)), 1∆(x, y) = 1(π∆(x), π∆(y)), u∆(x) = u(π∆(x)),

for x, y ∈ Rd. It is easy to see that ∣∣∣∣∣(|x| ∧ µ−1(h(∆)))
x
|x|

∣∣∣∣∣ ≤ µ−1(h(∆)),

which together with (7) implies that, for all x, y ∈ Rd,

| f∆(x, y)| ∨ |1∆(x, y)| ≤ µ(µ−1(h(∆))) = h(∆). (11)
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Namely, we have showed that both truncated functions f∆ and 1∆ are bounded although f and 1 may not
be. So, we consider the following stochastic differential equation

d[x(t) − u∆(x(t − δ(t)))] = f∆(x(t), x(t − δ(t)))dt + 1∆(x(t), x(t − δ(t)))dB(t), t ≥ 0,

satisfying the initial condition (2).
Now, we will define the truncated Euler–Maruyama approximate solution x∆ of Eq. (1) on the finite

time interval [0,T], for arbitrary T > 0. Without loss of generality, we may assume that T/τ is a rational
number; otherwise we may replace T by a larger number. Let the step size ∆ ∈ (0, 1) be a fraction of τ and
T, namely, ∆ = τ/M = T/N for some integers M > τ and N > T.

Primarily, we define the discrete-time truncated Euler–Maruyama approximate solution X∆ of Eq. (1)
on the equidistant partition tk = k∆, for k ∈ {−(M + 1),−M, . . . , 0, 1, . . . ,N}. In order for this solution to be
well defined, set

δ(−∆) = δ(0), X∆(−(M + 1)∆) = ξ(−M∆). (12)

Then, define

X∆(tk) = ξ(tk), k = −M,−(M − 1), . . . , 0, (13)
X∆(tk+1) = X∆(tk) + u∆(X∆ (tk − I∆[δ(tk)]∆)) − u∆(X∆ (tk−1 − I∆[δ(tk−1)]∆)) (14)

+ f∆ (X∆(tk),X∆ (tk − I∆ [δ(tk)] ∆)) ∆ + 1∆ (X∆(tk),X∆ (tk − I∆ [δ(tk)] ∆)) ∆Bk, k ∈ {0, 1, . . . ,N},

where ∆Bk = B(tk+1) − B(tk). Here I∆[u] denotes the integer part of the real number u/∆, where u ∈ [0, τ].
Thus, I∆[δ(tk)] represents the integer part of δ(tk)/∆. In our analysis, it is more convenient to work with the
continuous-time approximations. In that sense, we introduce the step processes

x̄∆(t) =

N−1∑
k=0

X∆(tk)I[tk,tk+1)(t), ȳ∆(t) =

N−1∑
k=−1

X∆(tk − I∆[δ(tk)]∆)I[tk,tk+1)(t), (15)

where I[tk ,tk+1)(t) is the indicator function of [tk, tk+1). Then, we define the linear combination of X∆(tk−1 −

I∆[δ(tk−1)]∆) and X∆(tk − I∆[δ(tk)]∆) as

Zk(t) = ȳ∆(tk−1) +
t − tk

∆
(ȳ∆(tk) − ȳ∆(tk−1)), (16)

whenever t ∈ [tk, tk+1), k = 0, 1, 2, . . . ,N − 1. For convenience, denote that

Zk(t) =
(
1 −

t − tk

∆

)
ȳ∆(tk−1) +

t − tk

∆
ȳ∆(tk), (17)

z̄∆(t) =

N−1∑
k=0

Zk(t)I[tk ,tk+1)(t). (18)

Then, we are in a position to define the continuous-time truncated Euler–Maruyama approximate solution
{x∆(t), t ∈ [−τ,T]} such that x∆(t) = ξ(t), t ∈ [−τ, 0], while

x∆(t) = ξ(0) + u∆ (z̄∆(t)) − u∆(X∆(−∆ − I∆[δ(−∆)]∆))

+

∫ t

0
f∆(x̄∆(s), ȳ∆(s))ds +

∫ t

0
1∆(x̄∆(s), ȳ∆(s))dB(s), t ∈ [0,T]. (19)

Clearly, for t ∈ [tk, tk+1), Eq. (19) can be written as

x∆(t) = X∆(tk) + u∆(Zk(t)) − u∆(X∆(tk−1 − I∆[δ(tk−1)]∆)) +

∫ t

tk

f∆(x̄∆(s), ȳ∆(s))ds +

∫ t

tk

1∆(x̄∆(s), ȳ∆(s))dB(s). (20)
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Clearly, x∆(tk) = x̄∆(tk) = X∆(tk) for every k ≥ −M, that is, the discrete and continuous-time truncated
Euler–Maruyama solutions coincide at the grid points tk. Bearing in mind that, for t ∈ [0,T], there is a
unique integer k ≥ 0 such that t ∈ [tk, tk+1), from (18), (17) and (15), respectively we see that

|z̄∆(t)| = |Zk(t)|

≤

(
1 −

t − tk

∆

)
|ȳ∆(tk−1)| +

t − tk

∆
|ȳ∆(tk)|

≤

(
1 −

t − tk

∆

)
sup
−τ≤s≤t

|x∆(s)| +
t − tk

∆
sup
−τ≤s≤t

|x∆(s)|

≤ sup
−τ≤s≤t

|x∆(s)|. (21)

In order to complete this section we establish the following lemmas which are essential for obtaining
the main results of this paper.

Lemma 2.1. Let AssumptionH2 hold. Then, for k ∈ (0, 1
3 ) and all x, y ∈ Rd,

|u∆(x) − u∆(y)| ≤ 3k|x − y|. (22)

Moreover, for all x ∈ Rd,

|u∆(x)| ≤ k|x|. (23)

Proof. Let x, y ∈ Rd be arbitrary. In following consideration we observe x, y ∈ Rd such that x , 0 and y , 0.
For x, y ∈ Rd with |x| ≤ µ−1(h(∆)) and |y| ≤ µ−1(h(∆)), the assertion (22) follows immediately.

On the other hand, for x, y ∈ Rd with |x| > µ−1(h(∆)) and |y| > µ−1(h(∆)), on the basis of (3), we have that

|u∆(x) − u∆(y)| = |u(π∆(x)) − u(π∆(y))|
≤ k|π∆(x) − π∆(y)|

= k

∣∣∣∣∣∣µ−1(h(∆))
|x|

x −
µ−1(h(∆))
|y|

y

∣∣∣∣∣∣
= k

∣∣∣∣∣∣µ−1(h(∆))|y|x − µ−1(h(∆))|y|y + µ−1(h(∆))|y|y − µ−1(h(∆))|x|y
|x||y|

∣∣∣∣∣∣
≤ k

(
µ−1(h(∆))|y|

|x − y|
|x||y|

+ µ−1(h(∆))|y|
||y| − |x||
|x||y|

)
≤ k

(
µ−1(h(∆))
|x|

|x − y| +
µ−1(h(∆))
|x|

|x − y|
)
.

Using the condition µ−1(h(∆))/|x| < 1, we conclude that

|u∆(x) − u∆(y)| ≤ 2k|x − y|,

that is, the inequality (22) holds.
For x, y ∈ Rd with |x| > µ−1(h(∆)) and |y| ≤ µ−1(h(∆)), bearing in mind (3), we find that

|u∆(x) − u∆(y)| = |u(π∆(x)) − u(π∆(y))|
≤ k|π∆(x) − π∆(y)|

= k

∣∣∣∣∣∣µ−1(h(∆))
|x|

x − y

∣∣∣∣∣∣
= k

∣∣∣∣∣∣µ−1(h(∆))x|y| − y|x||y|
|x||y|

∣∣∣∣∣∣
= k

∣∣∣∣∣∣µ−1(h(∆))x|y| − µ−1(h(∆))|x|y + µ−1(h(∆))|x|y − y|y||x|
|x||y|

∣∣∣∣∣∣ .
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Thus, we conclude that

|u∆(x) − u∆(y)| ≤ k
(
µ−1(h(∆))
|x|

|x|y| − y|x||
|y|

+ |µ−1(h(∆)) − |y||
)
≤ k

(
|x|y| − y|x||
|y|

+ |µ−1(h(∆)) − |y||
)
. (24)

Since |x| > µ−1(h(∆)) ≥ |y|, then

|µ−1(h(∆)) − |y|| = µ−1(h(∆)) − |y| ≤ |x| − |y| = ||x| − |y|| ≤ |x − y|. (25)

Moreover, we have that

|x|y| − y|x||
|y|

=
|x|y| − y|y| + y|y| − y|x||

|y|
≤ |x − y| + ||y| − |x|| ≤ 2|x − y|. (26)

Substituting (25) and (26) into (24) yields (22). The same way (22) follows for x, y ∈ Rd with µ−1(h(∆)) ≥ |x|
and µ−1(h(∆)) < |y|.
Now, we suppose that one of the values x and y is equal to null vector, e.g. y = 0. Then, from (4), we have
that

|u∆(x) − u∆(y)| = |u(π∆(x))| ≤ k|π∆(x)| ≤ k|x| = k|x − y|.

If x = 0 and y = 0 then (22) holds. It should be pointed out that (23) holds as well.

Lemma 2.2. Let AssumptionH ′4 hold. Then, for every ∆ ∈ (0,∆∗] and all x, y ∈ Rd, we have that

(x − u∆(y))T f∆(x, y) +
p − 1

2
|1∆(x, y)|2 ≤ K̄(1 + |x|2 + |y|2), (27)

where K̄ = 3
2 K.

Proof. Fix any ∆ ∈ (0,∆∗]. Since the function h is decreasing and function µ−1 is increasing, it follows that,
for all ∆ ∈ (0,∆∗],

µ−1(h(∆)) ≥ µ−1(h(∆∗)). (28)

Thus, using the condition (8) we obtain

µ−1(h(∆)) ≥ µ−1(µ(1)) = 1. (29)

For x, y ∈ Rd with |x| ∨ |y| < µ−1(h(∆)), on the basis of Assumption H ′4, the inequality (27) obviously holds
for a = 1.

Furtheron, let |x| ∧ |y| ≥ µ−1(h(∆)). Then, we have that

(x − u∆(y))T f∆(x, y) +
p − 1

2
|1∆(x, y)|2

= (x − u(π∆(y)))T f (π∆(x), π∆(y)) +
p − 1

2
|1(π∆(x), π∆(y))|2

=
|x|

µ−1(h(∆))

(π∆(x) −
µ−1(h(∆))
|x|

u(π∆(y))
)T

f (π∆(x), π∆(y)) +
p − 1

2
µ−1(h(∆))
|x|

|1(π∆(x), π∆(y))|2


≤
|x|

µ−1(h(∆))

(π∆(x) −
µ−1(h(∆))
|x|

u(π∆(y))
)T

f (π∆(x), π∆(y)) +
p − 1

2
|1(π∆(x), π∆(y))|2

 .
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So, on the basis of AssumptionH ′4 and (29), we see that

(x − u∆(y))T f∆(x, y) +
p − 1

2
|1∆(x, y)|2 ≤

|x|
µ−1(h(∆))

K
[
1 + |π∆(x)|2 +

µ−1(h(∆))
|x|

|π∆(y)|2
]

= K
[

|x|
µ−1(h(∆))

+
µ−1(h(∆))
|x|

|x|2 + |π∆(y)|2
]

≤ K
[
|x| + |x|2 + |y|2

]
≤ K̄

[
1 + |x|2 + |y|2

]
,

where K̄ = 3
2 K.

On the other hand, if |x| ≥ µ−1(h(∆)) and y < µ−1(h(∆)), then AssumptionH ′4 and (29) imply

(x − u∆(y))T f∆(x, y) +
p − 1

2
|1∆(x, y)|2

= (x − u(y))T f (π∆(x), y) +
p − 1

2
|1(π∆(x), y)|2

≤
|x|

µ−1(h(∆))

(π∆(x) −
µ−1(h(∆))
|x|

u(y)
)T

f (π∆(x), y) +
p − 1

2
|1(π∆(x), y)|2


≤

|x|
µ−1(h(∆))

K
[
1 + |π∆(x)|2 +

µ−1(h(∆))
|x|

|y|2
]

= K
[

|x|
µ−1(h(∆))

+
µ−1(h(∆))
|x|

|x|2 + |y|2
]

≤ K
[
|x| + |x|2 + |y|2

]
≤ K̄

[
1 + |x|2 + |y|2

]
,

that is, the desired assertion (27) holds.
Finally, for |y| ≥ µ−1(h(∆)) and x < µ−1(h(∆)), applying AssumptionH ′4 for a = 1, we obtain

(x − u∆(y))T f∆(x, y) +
p − 1

2
|1∆(x, y)|2 = (x − u(π∆(y)))T f (x, π∆(y)) +

p − 1
2
|1(x, π∆(y))|2

≤ K
[
1 + |x|2 + |π∆(y)|2

]
≤ K̄

[
1 + |x|2 + |y|2

]
.

Therefore, the proof is complete.

3. The Lq-convergence of the Truncated Euler–Maruyama Solutions

The main aim in this section is to establish the Lq closeness between the truncated Euler–Maruyama
solution (19) and exact solution of Eq. (1). In that sense, we first prove several assertions which are essential
for proving the main result.

Let b·c be the integer part function.

Lemma 3.1. If AssumptionsH2,H3,H5 andH6 hold, together with the condition

k(3 + bηc)2 < 1, (30)
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then, for any ∆ ∈ (0,∆∗] and for any integer l > 1 and p ≥ 2,

E sup
−M≤k≤N

|X∆(tk) − X∆(tk−1)|p ≤ c̃∆
p
2 + c̃l∆

pl−1
2l (h(∆))p, (31)

where constants c̃ > 0 and c̃l > 0 are independent of ∆ and c̃l is dependent on l.

Proof. Fix any ∆ ∈ (0,∆∗]. On the basis of (12), (13) and AssumptionH5, we observe that

E sup
−M≤k≤0

|X∆(tk) − X∆(tk−1)|p = E sup
−M≤k≤0

|ξ(tk) − ξ(tk−1)|p ≤ Cξ∆
p
2 . (32)

When k ∈ {1, 2, . . . ,N}, from (14), we have

X∆(tk) − X∆(tk−1) = u∆(X∆ (tk−1 − I∆[δ(tk−1)]∆)) − u∆(X∆ (tk−2 − I∆[δ(tk−2)]∆))
+ f∆ (X∆(tk−1),X∆ (tk−1 − I∆ [δ(tk−1)] ∆)) ∆ + 1∆ (X∆(tk−1),X∆ (tk−1 − I∆ [δ(tk−1)] ∆)) ∆Bk−1.

Applying the elementary inequality

|a + b|p ≤
[
1 + ε

1
p−1

]p−1
(
|a|p +

|b|p

ε

)
, a, b ∈ R, p > 1, (33)

and on the basis of (22), we obtain

E sup
1≤k≤N

|X∆(tk) − X∆(tk−1)|p ≤
[
1 + ε

1
p−1

]p−1 (3k)p

ε
E sup

1≤k≤N
|X∆ (tk−1 − I∆[δ(tk−1)]∆) − X∆ (tk−2 − I∆[δ(tk−2)]∆) |p (34)

+ 2p−1
[
1 + ε

1
p−1

]p−1
E sup

1≤k≤N
| f∆ (X∆(tk−1),X∆ (tk−1 − I∆ [δ(tk−1)] ∆)) |p∆p

+ 2p−1
[
1 + ε

1
p−1

]p−1
E sup

1≤k≤N
|1∆(X∆(tk−1),X∆ (tk−1 − I∆ [δ(tk−1)] ∆)) ∆Bk−1|

p.

In the sequel, we will deal with these three terms separately. Thus, on the basis of H6, we have that, for
k = 2, 3, . . . ,N + 1,

|tk−1 − I∆[δ(tk−1)]∆ − tk−2 + I∆[δ(tk−2)]∆| ≤ ∆ + |I∆[δ(tk−2)] − I∆[δ(tk−1)]|∆ ≤ ∆ + (1 + η)∆ ≤ (3 + bηc)∆.

For k = 1, since δ(−∆) = δ(0), we find that

|tk−1 − I∆[δ(tk−1)]∆ − tk−2 + I∆[δ(tk−2)]∆| = ∆.

So, for k = 1, 2, . . . ,N + 1 we get

|(k − 1) − I∆[δ(tk−1)] − (k − 2) + I∆[δ(tk−2)]| ≤ (3 + bηc). (35)

Since, on the basis ofH3, we have that (k − 1) − I∆[δ(tk−1)] ≥ (k − 2) − I∆[δ(tk−2)] for any k ∈ {1, 2, . . . ,N + 1},
then, using (35), we obtain

|X∆ (tk−1 − I∆[δ(tk−1)]∆) − X∆ (tk−2 − I∆[δ(tk−2)]∆) |p ≤ (3 + bηc)p−1
(k−1)−I∆[δ(tk−1)]∑

j=(k−2)−I∆[δ(tk−2)]+1

|X∆(t j) − X∆(t j−1)|p

≤ (3 + bηc)p sup
−M≤ j≤N

|X∆(t j) − X∆(t j−1)|p. (36)

Consequently, we find that

E sup
1≤k≤N+1

|X∆ (tk−1 − I∆[δ(tk−1)]∆) − X∆ (tk−2 − I∆[δ(tk−2)]∆) |p ≤ (3 + bηc)pE sup
−M≤k≤N

|X∆ (tk) − X∆ (tk−1) |p. (37)

On the basis of (11), we see that

E sup
1≤k≤N

| f∆ (X∆(tk−1),X∆ (tk−1 − I∆ [δ(tk−1)] ∆)) |p ≤ (h(∆))p. (38)
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By (11) and the Hölder inequality, for any integer l > 1, we get

E sup
1≤k≤N

|1∆ (X∆(tk−1),X∆ (tk−1 − I∆ [δ(tk−1)] ∆)) ∆Bk−1|
p

≤ E
(

sup
1≤k≤N

|1∆ (X∆(tk−1),X∆ (tk−1 − I∆ [δ(tk−1)] ∆)) |p sup
1≤k≤N

|∆Bk−1|
p
)

≤ (h(∆))p
[
E
(

sup
0≤k≤N−1

|∆Bk|
2pl

)] 1
2l

≤ (h(∆))p

N−1∑
k=0

E|∆Bk|
2pl


1
2l

. (39)

Since B(t) = (B1(t),B2(t), . . . ,Bm(t))T, t ≥ 0 is an m-dimensional standard Brownian motion, we have

E|∆Bk|
2pl = E

(
|∆B1

k |
2 + |∆B2

k |
2 + · · · + |∆Bm

k |
2
)pl
≤ mpl−1

m∑
i=1

E|∆Bi
k|

2pl = mpl(2pl − 1)!!∆pl, (40)

where (2pl − 1)!! = 1 × 3 × · · · × (2pl − 1). Substituting (40) into (39), we obtain

E sup
1≤k≤N

|1∆ (X∆(tk−1),X∆ (tk−1 − I∆ [δ(tk−1)] ∆)) ∆Bk−1|
p
≤ (h(∆))p

N−1∑
k=0

mpl(2pl − 1)!!∆pl


1
2l

≤ m
p
2 (T(2pl − 1)!!)

1
2l (h(∆))p∆

pl−1
2l . (41)

Substituting (37), (38) and (41) into (34), bearing in mind that ∆ ∈ (0, 1), we get

E sup
1≤k≤N

|X∆(tk) − X∆(tk−1)|p ≤
[
1 + ε

1
p−1

]p−1 (3k)p

ε
(3 + bηc)pE sup

−M≤k≤N
|X∆ (tk) − X∆ (tk−1) |p

+ 2p−1
[
1 + ε

1
p−1

]p−1 [
1 + m

p
2 (T(2pl − 1)!!)

1
2l

]
(h(∆))p∆

pl−1
2l .

So, choosing ε =
[ √

9k
1−
√

9k

]p−1
, on the basis of (32) and the previous inequality, the application of (30) yields

E sup
−M≤k≤N

|X∆(tk) − X∆(tk−1)|p

≤ Cξ∆
p
2 + 3k

p
2 + 1

2 (3 + bηc)pE sup
−M≤k≤N

|X∆(tk) − X∆(tk−1)|p +
2p−1

(1 −
√

9k)p−1

[
1 + m

p
2 (T(2pl − 1)!!)

1
2l

]
∆

pl−1
2l (h(∆))p

≤ Cξ∆
p
2 +
√

9kE sup
−M≤k≤N

|X∆(tk) − X∆(tk−1)|p +
2p−1

(1 −
√

9k)p−1

[
1 + m

p
2 (T(2pl − 1)!!)

1
2l

]
∆

pl−1
2l (h(∆))p.

Thus, we find that

E sup
−M≤k≤N

|X∆(tk) − X∆(tk−1)|p ≤ c̃∆
p
2 + c̃l∆

pl−1
2l (h(∆))p,

where

c̃ =
1

1 −
√

9k
Cξ, c̃l =

2p−1

(1 −
√

9k)p

[
1 + m

p
2 (T(2pl − 1)!!)

1
2l

]
,

which completes the proof.
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Corollary 3.2. Let the conditions of Lemma 3.1 hold. Then, for any integer l > 1 and p ≥ 2,

E sup
−∆≤t≤T

|ȳ∆(t) − z̄∆(t)|p ≤ c̄∆
p
2 + c̄l∆

pl−1
2l (h(∆))p, (42)

E|x∆(t) − x̄∆(t)|p ≤ c′∆
p
2 + c′l∆

pl−1
2l (h(∆))p, t ∈ [0,T], (43)

where constants c̄, c′, c̄l, c′l > 0 are independent of ∆ and c̄l, c′l are dependent on l.

Proof. Fix any ∆ ∈ (0,∆∗] and t ∈ [0,T]. There is unique k ∈ {0, 1, . . . ,N − 1}, such that t ∈ [tk, tk+1).
In order to prove (42), observe that, by (15)–(17) we have

|ȳ∆(t) − z̄∆(t)|p = |X∆(tk − I∆[δ(tk)]∆) − Zk(t)|p

=
(
1 −

s − tk

∆

)p
|X∆(tk − I∆[δ(tk)]∆) − X∆(tk−1 − I∆[δ(tk−1)]∆)|p

≤ |X∆(tk − I∆[δ(tk)]∆) − X∆(tk−1 − I∆[δ(tk−1)]∆)|p .

Therefore, using (36) we get

E sup
−∆≤t≤T

|ȳ∆(t) − z̄∆(t)|p ≤ (3 + bηc)pE sup
−M≤k≤N

|X∆(tk) − X∆(tk−1)|p.

So, on the basis of Lemma 3.1, the proof of (42) is completed with

c̄ = (3 + bηc)pc̃, c̄l = (3 + bηc)pc̃l.

In order to prove (43), note that, by (20), in a view of (15), we have

E|x∆(t) − x̄∆(t)|p ≤ 3p−1E|u∆(Zk(t)) − u∆(X∆(tk−1 − I∆[δ(tk−1)]∆))|p (44)

+ 3p−1

[
E
∣∣∣∣ ∫ t

tk

f∆(x̄∆(s), ȳ∆(s))ds
∣∣∣∣p + E

∣∣∣∣ ∫ t

tk

1∆(x̄∆(s), ȳ∆(s))dB(s)
∣∣∣∣p] .

Using (22), (16) and (15), respectively, and then (37) and Lemma 3.1, we find that

E|u∆(Zk(t)) − u∆(X∆(tk−1 − I∆[δ(tk−1)]∆))|p ≤ (3k)pE|Zk(t) − X∆(tk−1 − I∆[δ(tk−1)]∆)|p (45)
≤ (3k)pE|X∆(tk − I∆[δ(tk)]∆) − X∆(tk−1 − I∆[δ(tk−1)]∆)|p

≤ (3k)p(3 + bηc)pE sup
−M≤k≤N

|X∆ (tk) − X∆ (tk−1) |p

≤ (3k)p(3 + bηc)p
(
c̃∆

p
2 + c̃l∆

pl−1
2l (h(∆))p

)
.

Applying the Hölder and Burkholder–Davis–Gundy inequalities, and then (11), we get

E
∣∣∣∣ ∫ t

tk

f∆(x̄∆(s), ȳ∆(s))ds
∣∣∣∣p + E

∣∣∣∣ ∫ t

tk

1∆(x̄∆(s), ȳ∆(s))dB(s)
∣∣∣∣p (46)

≤ (t − tk)p−1
∫ t

tk

E| f∆(x̄∆(s), ȳ∆(s))|pds +

(
p(p − 1)

2

) p
2

(t − tk)
p
2−1

∫ t

tk

E
∣∣∣1∆(x̄∆(s), ȳ∆(s))

∣∣∣p ds

≤ ∆p(h(∆))p +

(
p(p − 1)

2

) p
2

∆
p
2 (h(∆))p.

Substituting (45) and (46) into (44), since ∆ ∈ (0, 1), we obtain that

E|x∆(t) − x̄∆(t)|p ≤ 3p−1

(3k)p(3 + bηc)p
(
c̃∆

p
2 + c̃l∆

pl−1
2l (h(∆))p

)
+ ∆p(h(∆))p +

(
p(p − 1)

2

) p
2

∆
p
2 (h(∆))p


≤ c′∆

p
2 + c′l∆

pl−1
2l (h(∆))p, t ∈ [0,T],
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where

c′ = 3p−1(3k)p(3 + bηc)pc̃, c′l = 3p−1

(3k)p(3 + bηc)pc̃l + 1 +

(
p(p − 1)

2

) p
2
 .

Lemma 3.3. Let the assumptions of Lemma 2.1 hold. Then, for all t ≥ 0 and p ≥ 2,

sup
0≤s≤t

E|x∆(s)|p ≤
k

1 − k
sup
−τ≤s≤0

E|ξ(s)|p +
1

(1 − k)p sup
0≤s≤t

E|x∆(s) − u∆(z̄∆(s))|p. (47)

Proof. Let ε > 0 be arbitrary. On the basis of the elementary inequality (33), as well as (23) we have that, for
any t ≥ 0,

|x∆(t)|p = |x∆(t) − u∆(z̄∆(t)) + u∆(z̄∆(t))|p

≤

[
1 + ε

1
p−1

]p−1
(
|x∆(t) − u∆(z̄∆(t))|p +

|u∆(z̄∆(t))|p

ε

)
≤

[
1 + ε

1
p−1

]p−1
(
|x∆(t) − u∆(z̄∆(t))|p + kp |z̄∆(t)|p

ε

)
.

Letting ε =
[

k
1−k

]p−1
, we conclude from (21) that

E|x∆(t)|p ≤
1

(1 − k)p−1 E|x∆(t) − u∆(z̄∆(t))|p + kE|z̄∆(t)|p

≤
1

(1 − k)p−1 E|x∆(t) − u∆(z̄∆(t))|p + k sup
−τ≤s≤0

E|ξ(s)|p + k sup
0≤s≤t

E|x∆(t)|p.

Therefore, we get

sup
0≤s≤t

E|x∆(s)|p ≤
k

1 − k
sup
−τ≤s≤0

E|ξ(s)|p +
1

(1 − k)p sup
0≤s≤t

E|x∆(s) − u∆(z̄∆(s))|p,

which completes the proof.

Lemma 3.4. Let the conditions of Lemma 3.1 hold together with AssumptionH ′4. Then, for p > 0,

sup
0<∆≤∆∗

sup
0≤t≤T

E|x∆(t)|p ≤ C, (48)

where C is a positive real constant dependent on T, p, l, K̄, k, ξ, but independent of ∆.

Proof. First, we consider the case when p ≥ 2. Fix any ∆ ∈ (0,∆∗] and T ≥ 0. By the Ito formula, we derive
from (19) that, for t ∈ [0,T],

E|x∆(t) − u∆(z̄∆(t))|p ≤ E|ξ(0) − u∆(X∆(−∆ − I∆[δ(−∆)]∆))|p

+ E
∫ t

0
p|x∆(s) − u∆(z̄∆(s))|p−2(x∆(s) − u∆(z̄∆(s)))T f∆(x̄∆(s), ȳ∆(s))ds

+
p(p − 1)

2
E
∫ t

0
p|x∆(s) − u∆(z̄∆(s))|p−2

|1∆(x̄∆(s), ȳ∆(s))|2ds

+ E
∫ t

0
p|x∆(s) − u∆(z̄∆(s))|p−2(x∆(s) − u∆(z̄∆(s)))T1∆(x̄∆(s), ȳ∆(s))dB(s).
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Furthermore, for any t ∈ [0,T], we have that

E|x∆(t) − u∆(z̄∆(t))|p (49)
≤ E|ξ(0) − u∆(X∆(−∆ − I∆[δ(−∆)]∆))|p

+pE
∫ t

0
|x∆(s) − u∆(z̄∆(s))|p−2

(
(x∆(s) − u∆(z̄∆(s)))T f∆(x̄∆(s), ȳ∆(s)) +

p − 1
2
|1∆(x̄∆(s), ȳ∆(s))|2

)
ds

≤ E|ξ(0) − u∆(X∆(−∆ − I∆[δ(−∆)]∆))|p

+pE
∫ t

0
|x∆(s) − u∆(z̄∆(s))|p−2

(
(x̄∆(s) − u∆(ȳ∆(s)))T f∆(x̄∆(s), ȳ∆(s)) +

p − 1
2
|1∆(x̄∆(s), ȳ∆(s))|2

)
ds

+pE
∫ t

0
|x∆(s) − u∆(z̄∆(s))|p−2(x∆(s) − x̄∆(s) − u∆(z̄∆(s)) + u∆(ȳ∆(s)))T f∆(x̄∆(s), ȳ∆(s))ds.

In the sequel, we will estimate the summands on the right-hand of the last inequality separately.
Thus, on the basis of (23), we conclude that

E|ξ(0) − u∆(X∆(−∆ − I∆[δ(−∆)]∆))|p ≤ E(|ξ(0)| + |u∆(X∆(−∆ − I∆[δ(−∆)]∆))|)p (50)
≤ 2p−1(E|ξ(0)|p+kpE|X∆(−∆−I∆[δ(−∆)]∆)|p)
≤ 2p−1(1 + kp) sup

−τ≤s≤0
E|ξ(s)|p.

Let ε, a, b > 0. Using the elementary inequality

amb1−m
≤ ma + (1 −m)b, m ∈ [0, 1], (51)

we derive that, for any ε > 0,

ap−2b = (εap)
p−2

p

(
b

p
2

ε(p−2)/2

) 2
p

≤
p − 2

p
εap +

2
pε(p−2)/2

b
p
2 . (52)

Furtheron, using AssumptionH ′4 and (52) for ε = 1
4K̄(p−2)T , we find that

pE
∫ t

0
|x∆(s) − u∆(z̄∆(s))|p−2

(
(x̄∆(s) − u∆(ȳ∆(s)))T f∆(x̄∆(s), ȳ∆(s)) +

p − 1
2
|1∆(x̄∆(s), ȳ∆(s))|2

)
ds (53)

≤ pK̄E
∫ t

0
|x∆(s) − u∆(z̄∆(s))|p−2

(
1 + |x̄∆(s)|2 + |ȳ∆(s)|2

)
ds

≤
1

4T
E
∫ t

0
|x∆(s) − u∆(z̄∆(s))|pds + 2K̄[4K̄(p − 2)T]

p−2
p E

∫ t

0
(1 + |x̄∆(s)|2 + |ȳ∆(s)|2)

p
2 ds

≤
1

4T
E
∫ t

0
|x∆(s) − u∆(z̄∆(s))|pds + 2K̄[4K̄(p − 2)T]

p−2
p 3

p
2−1E

∫ t

0
(1 + |x̄∆(s)|p + |ȳ∆(s)|p)ds.

Moreover, the application of (52) yields

pE
∫ t

0
|x∆(s) − u∆(z̄∆(s))|p−2(x∆(s) − x̄∆(s) − u∆(z̄∆(s)) + u∆(ȳ∆(s)))T f∆(x̄∆(s), ȳ∆(s))ds (54)

≤ (p − 2)εE
∫ t

0
|x∆(s) − u∆(z̄∆(s))|pds +

2
ε(p−2)/2

E
∫ t

0
|x∆(s) − x̄∆(s) − u∆(z̄∆(s)) + u∆(ȳ∆(s))|

p
2 | f∆(x̄∆(s), ȳ∆(s))|

p
2 ds.
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By (11) and the Hölder inequality, we get

E
∫ t

0
|x∆(s) − x̄∆(s) − u∆(z̄∆(s)) + u∆(ȳ∆(s))|

p
2 | f∆(x̄∆(s), ȳ∆(s))|

p
2 ds

≤ (h(∆))
p
2

∫ t

0

(
E|x∆(s) − x̄∆(s) − u∆(z̄∆(s)) + u∆(ȳ∆(s))|p

) 1
2 ds

≤ 2
p−1

2 (h(∆))
p
2

∫ t

0

[
E|x∆(s) − x̄∆(s)|p + E|u∆(z̄∆(s)) − u∆(ȳ∆(s))|p

] 1
2 ds.

Bearing in mind that p ≥ 2 and applying (43), (22) and (42), respectively, we find that

E
∫ t

0
|x∆(s) − x̄∆(s) − u∆(z̄∆(s)) + u∆(ȳ∆(s))|

p
2 | f∆(x̄∆(s), ȳ∆(s))|

p
2 ds

≤ 2
p−1

2 (h(∆))
p
2

∫ t

0

(
c′∆

p
2 + c′l∆

pl−1
2l (h(∆))p + (3k)pE|z̄∆(s) − ȳ∆(s)|p

) 1
2 ds

≤ 2
p−1

2 (h(∆))
p
2 T

[(
c′ + (3k)pc̄

)
∆

p
2 +

(
c′l + (3k)pc̄l

)
∆

pl−1
2l (h(∆))p

)] 1
2

≤ 2
p−1

2 T
[(

c′ + (3k)pc̄
) 1

2
(
∆

1
2 h(∆)

) p
2

+
(
c′l + (3k)pc̄l

) 1
2
(
∆

1−1/(pl)
4 h(∆)

)p)]
.

So, for ε0 ∈ (0, 1), we can find large enough l > 1 such that l ≥ 1
pε0

. Then, the application of (9) and previous
estimate gives

E
∫ t

0
|x∆(s) − x̄∆(s) − u∆(z̄∆(s)) + u∆(ȳ∆(s))|

p
2 | f∆(x̄∆(s), ȳ∆(s))|

p
2 ds ≤ Cl,

where Cl = 2
p−1

2 T
[(

c′ + (3k)pc̄
) 1

2
+

(
c′l + (3k)pc̄l

) 1
2
)]
. Substituting the last inequality into (54) and choosing

ε = 1
4(p−2)T we get

pE
∫ t

0
|x∆(s) − u∆(z̄∆(s))|p−2(x∆(s) − x̄∆(s) − u∆(z̄∆(s)) + u∆(ȳ∆(s)))T f∆(x̄∆(s), ȳ∆(s))ds (55)

≤
1

4T
E
∫ t

0
|x∆(s) − u∆(z̄∆(s))|pds + 2(4(p − 2)T)

p−2
2 Cl.

Since t ∈ [0,T] is arbitrary, substituting (50), (53) and (55) into (49), we find that

sup
0≤s≤t

E|x∆(s) − u∆(z̄∆(s))|p ≤ 2p−1(1 + kp) sup
−τ≤s≤0

E|ξ(s)|p +
1
2

sup
0≤s≤t

E|x∆(s) − u∆(z̄∆(s))|p

+ 2K̄[4K̄(p − 2)T]
p−2

p 3
p
2−1

∫ t

0
(1 + E|x̄∆(s)|p + E|ȳ∆(s)|p)ds + 2(4(p − 2)T)

p−2
2 Cl.

So, on the basis of (15), we conclude that

sup
0≤s≤t

E|x∆(s) − u∆(z̄∆(s))|p (56)

≤ 2p(1 + kp) sup
−τ≤s≤0

E|ξ(s)|p + 4K̄[4K̄(p − 2)T]
p−2

p 3
p
2−1

∫ t

0

(
1 + 2 sup

0≤u≤r
E|x∆(u)|p

)
dr + 4(4(p − 2)T)

p−2
2 Cl

≤ 2p(1 + kp) sup
−τ≤s≤0

E|ξ(s)|p + 4K̄[4K̄(p − 2)T]
p−2

p 3
p
2−1T + 4(4(p − 2)T)

p−2
2 Cl

+ 8K̄[4K̄(p − 2)T]
p−2

p 3
p
2−1

∫ t

0
sup
0≤u≤r

E|x∆(u)|pdr.
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Then, by Lemma 3.3, we have

sup
0≤s≤t

E|x∆(s)|p ≤
(

k
1 − k

+
2p(1 + kp)
(1 − k)p

)
sup
−τ≤s≤0

E|ξ(s)|p+Ml+N̄
∫ t

0
sup
0≤u≤r

E|x∆(u)|pdr,

where

N̄ =
8K̄[4K̄(p − 2)T]

p−2
p 3

p
2−1

(1 − k)p , Ml =
4K̄[4K̄(p − 2)T]

p−2
p 3

p
2−1T + 4(4(p − 2)T)

p−2
2 Cl

(1 − k)p .

Therefore, we obtain that

sup
0≤s≤t

E|x∆(s)|p ≤ Ql + N̄
∫ t

0
sup
0≤u≤r

E|x∆(u)|pdr,

where

Ql =

(
k

1 − k
+

2p(1 + kp)
(1 − k)p

)
sup
−τ≤s≤0

E|ξ(s)|p + Ml.

Applying the Gronwall–Bellman lemma we find that

sup
0≤s≤T

E|x∆(s)|p ≤ QleN̄T
≡ Sl. (57)

As this holds for any ∆ ∈ (0,∆∗] while Sl is independent of ∆, we see that

sup
0<∆≤∆∗

sup
0≤s≤T

E|x∆(s)|p ≤ Sl.

For p ∈ (0, 2), on the basis of the Hölder inequality and previous part of the proof, we obtain that

E|x∆(t)|p =
(
E|x∆(t)|2

) p
2
≤ S

p
2
l , t ∈ [0,T].

Thus, the proof is complete with C = Sl ∨ S
p
2
l .

Lemma 3.5. Let AssumptionsH1,H2,H3 andH4 hold and let R0 be large enough integer such that

||x0|| ∨ 1 = ||ξ|| ∨ 1 < R0. (58)

For any real number R > R0, define the stopping time

τR = inf{t ≥ 0 : |x(t)| ≥ R}, (59)

where inf∅ = ∞. Then, for any p ≥ 2,

P{τR ≤ T} ≤
C′

Rp , (60)

where C′ is constant which depends on p, k, K, T and ξ.

Proof. By the Ito formula and AssumptionsH4 andH2, we derive that for t ∈ [0,T],

E|x(t ∧ τR) − u(x(t ∧ τR − δ(t ∧ τR)))|p

≤ E|ξ(0) − u(ξ(−δ(0)))|p + pE
∫ t∧τR

0
|x(s) − u(x(s − δ(s))|p−2

×

(
(x(s) − u(x(s − δ(s))))T f (x(s), x(s − δ(s))) +

p − 1
2
|1(x(s), x(s − δ(s)))|2

)
ds

≤ E|ξ(0) − u(ξ(−δ(0))|p + pKE
∫ t∧τR

0
|x(s) − u(x(s − δ(s))|p−2(1 + |x(s)|2 + |x(s − δ(s))|2)ds

≤ E|ξ(0) − u(ξ(−δ(0))|p + pK
(
2p−3
∨ 1

)
E
∫ t∧τR

0

[
|x(s)|p−2 + kp−2

|x(s − δ(s))|p−2
]
(1 + |x(s)|2 + |x(s − δ(s))|2)ds.
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Applying the elementary inequality (51), we obtain

E|x(t ∧ τR) − u(x(t ∧ τR − δ(t ∧ τR)))|p

≤ E|ξ(0) − u(ξ(−δ(0))|p + K
(
2p−3
∨ 1

)
2
(
1 + kp−2

)
T + K

(
2p−3
∨ 1

) [
3p − 4 + 2kp−2

]
E
∫ t

0
|x(s ∧ τR)|pds

+K
(
2p−3
∨ 1

) [
2 + (3p − 4)kp−2

]
E
∫ t

0
|x(s ∧ τR − δ(s ∧ τR))|pds

≤ C1 + C2

∫ t

0
sup
0≤u≤s

E|x(u ∧ τR)|pds,

where
C1 = E|ξ(0) − u(ξ(−δ(0))|p + K

(
2p−3
∨ 1

)
T
[
2 +

(
2 + (3p − 4)kp−2

)
sup
−τ≤s≤0

E|ξ(s)|p
]
,

and C2 = K
(
2p−3
∨ 1

) (
3p − 2 + (3p − 2)kp−2

)
. Therefore, we obtain that

sup
0≤u≤t

E|x(u ∧ τR) − u(x(u ∧ τR − δ(u ∧ τR)))|p ≤ C1 + C2

∫ t

0
sup
0≤u≤s

E|x(u ∧ τR)|pds. (61)

Using the same arguments as in the proof of Lemma 3.3, we get

sup
0≤u≤t

E|x(u ∧ τR)|p ≤
k

1 − k
sup
−τ≤u≤0

E|ξ(u)|p +
1

(1 − k)p sup
0≤u≤t

E|x(u ∧ τR) − u(x(u ∧ τR − δ(u ∧ τR)))|p.

Substituting (61) into the previous inequality, we find that

sup
0≤u≤t

E|x(u ∧ τR)|p ≤ C̄1 + C̄2

∫ t

0
sup
0≤u≤s

E|x(s ∧ τR)|pds,

where
C̄1 =

k
1 − k

sup
−τ≤u≤0

E|ξ(u)|p +
C1

(1 − k)p , C̄2 =
C2

(1 − k)p .

The Gronwall–Bellman inequality yields

sup
0≤u≤t

E|x(u ∧ τR)|p ≤ C̄1eTC̄2 ≡ C
′

.

In particular, we have E|x(T ∧ τR)|p ≤ C′ , such that RpP{τR ≤ T} ≤ C′ and the assertion follows.

Lemma 3.6. Let the conditions of Lemma 3.1 hold, together with Assumption H ′4. For any real number R > R0,
where R0 satisfies (58) and ∆ ∈ (0,∆∗], define the stopping time

ρ∆,R = inf{t ≥ 0 : |x∆(t)| ≥ R}. (62)

Then, for any p ≥ 2, we have

P{ρ∆,R ≤ T} ≤
C′′

Rp , (63)

where C′′ is a positive real constant which depends on p, k, l, K̄, T and ξ.

Proof. Following the procedure of the proof of Lemma 3.4, analogously to the estimate (56), for t ∈ [0,T],
we get

E|x∆(t ∧ ρ∆,R) − u∆(z̄∆(t ∧ ρ∆,R))|p ≤ 2p(1 + kp) sup
−τ≤s≤0

E|ξ(s)|p + 4K̄[4K̄(p − 2)T]
p−2

p 3
p
2−1T + 4(4(p − 2)T)

p−2
2 Cl

+ 8K̄[4K̄(p − 2)T]
p−2

p 3
p
2−1

∫ t

0
sup
0≤u≤r

E|x∆(u ∧ ρ∆,R)|pdr.
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Then, using the same arguments for obtaining the estimate (57), we conclude from the previous inequality
that

sup
0≤t≤T

E|x∆(t ∧ ρ∆,R)|p ≤ Sl ≡ C
′′

.

In particular, we have that E|x∆(T ∧ ρ∆,R)|p ≤ C′′ , such that RpP{ρ∆,R ≤ T} ≤ C′′ and the desired assertion
follows.

Now, we are in a position to prove the main result. From now on, we will fix an arbitrary T > 0 and
show that

lim
∆→0

E|x∆(T) − x(T)|q = 0, lim
∆→0

E|x̄∆(T) − x(T)|q = 0,

for every q ≥ 2.

Theorem 3.7. Let AssumptionsH1–H6 hold, together with condition (30). Then, for any q ∈ [2, p),

lim
∆→0

E|x∆(T) − x(T)|q = 0, lim
∆→0

E|x̄∆(T) − x(T)|q = 0. (64)

Proof. Let τR and ρ∆,R be the stopping times defined by (59) and (62), respectively and define

θ∆,R = τR ∧ ρ∆,R, e∆(T) = x∆(T) − x(T).

Obviously, we have that

E|e∆(T)|q = E
(
|e∆(T)|qI{θ∆,R>T}

)
+ E

(
|e∆(T)|qI{θ∆,R≤T}

)
. (65)

Let ε > 0 be arbitrary, and a, b > 0. Using the elementary inequality (51), we see that

aqb ≤ (εap)
q
p

b
p

p−q

ε
q

p−q

1− q
p

≤
qε
p

ap +
p − q

pε
q

p−q

b
p

p−q .

So, we can conclude that

E
(
|e∆(T)|qI{θ∆,R≤T}

)
≤

qε
p

E|e∆(T)|p +
p − q

pε
q

p−q

P{θ∆,R ≤ T}. (66)

By Theorem 1.1 and Lemma 3.4, there exists a positive constant C̃, such that

E|e∆(T)|p ≤ 2p−1(E|x∆(T)|p + E|x(T)|p) ≤ C̃, (67)

while by Lemmas 3.5 and 3.6, we obtain

P{θ∆,R ≤ T} ≤ P{τR ≤ T} + P{ρ∆,R ≤ T} ≤
C′ + C′′

Rp . (68)

Hence, on the basis of (65)–(68), we have that

E|e∆(T)|q ≤ E
(
|e∆(T)|qI{θ∆,R>T}

)
+

C̃qε
p

+
p − q

pε
q

p−q

C′ + C′′

Rp . (69)

Now, let ε > 0 be arbitrary. Choose ε sufficiently small for C̃qε/p ≤ ε/3 and then choose R sufficiently large
for

p − q

pε
q

p−q

C′ + C′′

Rp ≤
ε
3
.

So, from (69) we see that for this particularly chosen R,

E|e∆(T)|q ≤ E
(
|e∆(T)|qI{θ∆,R>T}

)
+

2ε
3
.
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If we can show that for all sufficiently small ∆,

E
(
|e∆(T)|qI{θ∆,R>T}

)
≤
ε
3
, (70)

we can conclude that
lim
∆→0

E|e∆(T)|q = 0,

and then by (43), we also have that
lim
∆→0

E|x(T) − x̄∆(T)|q = 0,

and the proof of the theorem would be complete.
In order to complete the proof, we need to show (70). Therefore, we define the truncated functions

FR(x, y) = f
(
(|x| ∧ R)

x
|x|
, (|y| ∧ R)

y
|y|

)
, GR(x, y) = 1

(
(|x| ∧ R)

x
|x|
, (|y| ∧ R)

y
|y|

)
, UR(x, y) = u

(
(|y| ∧ R)

y
|y|

)
,

for x, y ∈ Rd. Without loss of any generality, we may assume that ∆∗ is already sufficiently small for
µ−1(h(∆∗)) ≥ R. Hence, for all ∆ ∈ (0,∆∗], we have that

f∆(x, y) = FR(x, y), 1∆(x, y) = GR(x, y), u∆(x, y) = UR(x, y),

for those x, y ∈ Rd with |x| ∨ |y| ≤ R. Now, we consider the following neutral stochastic differential equation
with time-dependent delay

d[z(t) −UR(z(t − δ(t)))] = FR(z(t), z(t − δ(t)))dt + GR(z(t), z(t − δ(t)))dB(t), t ≥ 0, (71)

with the initial data z(u) = ξ(u), u ∈ [−τ, 0]. By Assumption H1 we see that both FR(x, y) and GR(x, y) are
globally Lipschitz continuous with the Lipschitz constant KR, while, on the basis of Lemma 2.1, the function
UR(y) is contractive mapping with constant 3k for k ∈

(
0, 1

3

)
. Thus, Eq. (71) has a unique global solution

{z(t), t ≥ −τ} (see Theorem 4.1 in Appendix, which can be found in [6]). It is straightforward to see that

P{x(t ∧ τR) = z(t ∧ τR), t ∈ [0,T]} = 1. (72)

On the other hand, for each step size ∆ ∈ (0,∆∗], we can apply the classical Euler–Maruyama method to Eq.
(71) and we denote by z∆(t) the continuous-time Euler–Maruyama solution. So, we obtain that

P{x∆(t ∧ ρ∆,R) = z∆(t ∧ ρ∆,R), t ∈ [0,T]} = 1. (73)

However, from Theorem 4.5 (see Appendix), we have

E sup
−τ≤t≤T

|z(t) − z∆(t)|q ≤ S(l)∆
ql−1

2l ,

where S(l) is a positive constant independent of ∆. Consequently, we see that

E sup
−τ≤t≤T

|z(t ∧ θ∆,R) − z∆(t ∧ θ∆,R)|q ≤ S(l)∆
ql−1

2l .

Using (72) and (73), we have

E sup
−τ≤t≤T

|x(t ∧ θ∆,R) − x∆(t ∧ θ∆,R)|q ≤ S(l)∆
ql−1

2l ,

which implies

E|x(T ∧ θ∆,R) − x∆(T ∧ θ∆,R)|q ≤ S(l)∆
ql−1

2l .

Finally, we can conclude that

E
(
|e∆(T)|qI{θ∆,R>T}

)
= E

(
|e∆(T ∧ θ∆,R)|qI{θ∆,R>T}

)
≤ E|x(T ∧ θ∆,R) − x∆(T ∧ θ∆,R)|q ≤ S(l)∆

q
2 (1− 1

l ).
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For example, if we fix l = 2, we can choose small enough ∆, such that (70) holds, which completes the
proof.

In order to illustrate the previous theoretical results, we provide the following example.

Example 3.8. Consider the following one-dimensional neutral stochastic differential equation with time-dependent
delay

d
[
x(t) +

1
27

sin x(t − δ(t))
]

= f (x(t), x(t − δ(t)))dt + 1(x(t), x(t − δ(t)))dB(t), t ≥ 0, (74)

with the initial condition ξ(θ) = 1, θ ∈ [−τ, 0], τ = 2, where the delay function is defined as δ(t) = 1− 1
4 sin t, t ≥ 0

and

f (x, y) = a1 + a2|y|
6
5 − a3x5, 1(x, y) = a4|x|

5
2 + a5y, x, y ∈ R,

and a1, · · · , a5 ∈ R with a3 > 0. Clearly, the coefficients f and 1 are locally Lipschitz continuous, namely, they satisfy
AssumptionH1, while u(x) = −1/27 sin x satisfies AssumptionH2 for k = 1/27. Since δ′ (t) ≤ 1

4 = δ̄, Assumption
H3 holds. Moreover, for any p ≥ 2 and any a ∈ (0, 1], we have

(x − au(y)) f (x, y) +
p − 1

2
|1(x, y)|2 ≤ |a1||x| + |a2||x||y|

6
5 − a3x6 +

a|a1|

27
+

a|a2|

27
|y|

6
5

+
aa3

27
|x|5 + (p − 1)a2

4|x|
5 + (p − 1)a2

5y2. (75)

Now, by the Young inequality (51) we obtain

|x||y|
6
5 ≤

2
5
|x|

5
2 +

3
5

y2, a|a2||y|
6
5 ≤

2
5

a|a2| +
3
5

a|a2|y2. (76)

Substituting (76) into (75) we get

(x − au(y)) f (x, y) +
p − 1

2
|1(x, y)|2 ≤

a
27

[
|a1| +

2
5
|a2|

]
+

[3
5
|a2|

(
1 +

a
27

)
+ (p − 1)a2

5

]
y2

+ |a1||x| +
[aa3

27
+ (p − 1)a2

4

]
|x|5 +

2
5
|a2||x|

5
2 − a3x6

≤ K(1 + x2 + ay2),

where
K =

a
27

[
|a1| +

2
5
|a2|

]
∨

1
a

[3
5
|a2|

(
1 +

a
27

)
+ (p − 1)a2

5

]
∨ ã

and
ã = sup

u≥0

{
|a1|u +

[aa3

27
+ (p − 1)a2

4

]
u5 +

2
5
|a2|u

5
2 − a3u6

}
< ∞.

Thus, AssumptionH ′4 holds for any p ≥ 2 and any a ∈ (0, 1]. Particularly, for a = 1 we find that AssumptionH4 is
fulfilled as well. The initial condition ξ(θ) = 1, θ ∈ [−τ, 0] satisfies AssumptionH5. Noting that

|δ(t) − δ(s)| ≤
1
4
|t − s|, t, s ≥ 0,

we find thatH6 holds with η = 1/4. Also, since k(3 + bηc)2 = 1/3 < 1, the condition (30) holds. To apply Theorem
3.7, we still need to design functions µ and h satisfying (7), (8) and (9). Note that, for every r ≥ 1, the inequality (7)
is satisfied with µ(r) = ār5, where ā = (|a1| + |a2| + a3) ∨ (|a4| + |a5|) and µ−1(r) = ā−

1
5 r

1
5 for r ≥ 1. For ε0 ∈ (0, 1) we

can choose ε̄ ∈ [ε0, 1) and define h(∆) = ∆−(1−ε̄) for ∆ ∈ (0,∆∗]. Letting ∆∗ ∈ (0, 1) be sufficiently small, we can make
(8) and (9) hold.

So, by Theorem 3.7, we can conclude that the truncated Euler–Maruyama solutions will converge to the exact
solution x(t) of Eq. (74) in the sense (64) for every q ∈ [2, p).
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4. Appendix: The Euler–Maruyama method under the global Lipschitz condition

For the purpose of the following consideration we impose the following hypothesis.
H
′

1 : (The global Lipschitz condition) There exists a constant K1 > 0 such that, for all x, y, x̄, ȳ ∈ Rd,

| f (x, y) − f (x̄, ȳ)|2 ∨ |1(x, y) − 1(x̄, ȳ)|2 ≤ K1(|x − y|2 + |x̄ − ȳ|2).

In this section we introduce the following existence and uniqueness theorem. The proof of this result
can be found in [6].

Theorem 4.1. Let Assumption H2 be satisfied and let f and 1 satisfy the local Lipschitz condition, that is, there
exists a constant Rn > 0 such that, for all x, y, x̄, ȳ ∈ Rd, with |x| ∨ |y| ∨ |x̄| ∨ |ȳ| ≤ n,

| f (x, y) − f (x̄, ȳ)|2 ∨ |1(x, y) − 1(x̄, ȳ)|2 ≤ Rn(|x − x̄|2 + |y − ȳ|2). (77)

Assume also that both f and 1 satisfy the linear growth condition, i.e. there exists a constant K > 0 such that, for all
x, y ∈ Rd,

| f (x, y)|2 ∨ |1(x, y)|2 ≤ K(1 + |x|2 + |y|2). (78)

Then, for any initial condition ξ ∈ Cb
F0

([−τ, 0]; Rd), there exists a unique global solution x = {x(t), t ≥ −τ} of Eq. (1).

Now, we see that if Assumption H ′1 holds, then for any x, y ∈ Rd, the condition (78) is fulfilled with
K = 2(K1 ∨ | f (0, 0)|2 ∨ |1(0, 0)|2). Clearly, Assumptions, H ′1 andH2 guarantee the existence and uniqueness
of solution to Eq. (1).

In the sequel we will establish the convergence of the Euler–Maruyama approximate solution y corre-
sponding to Eq. (1) in the Lp-sense on the finite time interval [0,T].

Primarily, we define the discrete-time Euler–Maruyama approximate solution Y of Eq. (1) on the
equidistant partition tk = k∆, for k ∈ {−(M + 1),−M, . . . ,−1, 0, 1, . . . ,N} of the interval [0,T]. In order for this
solution to be well defined, set

δ(−∆) = δ(0), Y(−(M + 1)∆) = ξ(−M∆). (79)

Then, define

Y(tk) = ξ(tk), k = −M,−(M − 1), . . . , 0, (80)
Y(tk+1) = Y(tk) + u(Y (tk − I∆[δ(tk)]∆)) − u(Y (tk−1 − I∆[δ(tk−1)]∆)) (81)

+ f (Y(tk),Y (tk − I∆ [δ(tk)] ∆)) ∆ + 1 (Y(tk),Y (tk − I∆ [δ(tk)] ∆)) ∆Bk, k ∈ {0, 1, . . . ,N}.

Let us introduce the step-processes

z1(t) =

N−1∑
k=0

Y(tk)I[tk ,tk+1)(t), z2(t) =

N−1∑
k=−1

Y(tk − I∆[δ(tk)]∆)I[tk,tk+1)(t), t ∈ [0,T] (82)

and define the linear combination of Y(tk−1 − I∆[δ(tk−1)]∆) and Y(tk − I∆[δ(tk)]∆) as

Z̄k(t) = z2(tk−1) +
t − tk

∆
(z2(tk) − z2(tk−1)), t ∈ [tk, tk+1), k = 0, 1, 2, . . . ,N − 1. (83)

For convenience, denote that

Z̄k(t) =
(
1 −

t − tk

∆

)
z2(tk−1) +

t − tk

∆
z2(tk), (84)

z3(t) =

N−1∑
k=0

Z̄k(t)I[tk,tk+1)(t). (85)
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Then, we define the continuous-time Euler–Maruyama approximate solution {y(t), t ≥ −τ} such that y(t) =
ξ(t), t ∈ [−τ, 0], while, for t ∈ [0,T], we have that

y(t) = ξ(0) + u (z3(t)) − u(Y(−∆ − I∆[δ(−∆)]∆)) +

∫ t

0
f (z1(s), z2(s))ds +

∫ t

0
1(z1(s), z2(s))dB(s). (86)

Clearly, for t ∈ [tk, tk+1), Eq. (86) can be written as

y(t) = Y(tk) + u(Z̄k(t)) − u(Y(tk−1 − I∆[δ(tk−1)]∆)) +

∫ t

tk

f (z1(s), z2(s))ds +

∫ t

tk

1(z1(s), z2(s))dB(s). (87)

It is useful to observe that y(tk) = Y(tk) for every k ≥ −M, namely the discrete and continuous-time Euler–
Maruyama solutions coincide at the grid points tk. Now, bearing in mind that, for t ∈ [0,T], there exist a
unique integer k ≥ 0 such that t ∈ [tk, tk+1), we see from (82), (84) and (85) that, for p > 1,

|z3(t)|p ≤ sup
−τ≤s≤t

|y(s)|p. (88)

Now, we are in position to establish the p-th moment boundedness of the Euler–Maruyama solution.

Lemma 4.2. If AssumptionsH ′1 andH2 hold, together with E sup
−τ≤s≤0 |ξ(s)|p < ∞, then, for any p ≥ 2,

E sup
−τ≤t≤T

|y(t)|p ≤ H, T ≥ 0, (89)

where H is a positive constant independent of ∆.

Proof. Let ε > 0 and t ∈ [0,T] be arbitrary. For any integer R ≥ R0, define the stopping time

ρR = inf{t ≥ 0 : |y(t)| ∨ |z1(t)| ∨ z3(t)| ≥ R}, inf∅ = 0, (90)

where R0 satisfies (58). Then, the sequence of stopping times {ρR,R ≥ R0} is increasing and limR→+∞ ρR = +∞
a.s. On the basis of the elementary inequality (33) and assumption (4), we have that

|y(t ∧ ρR)|p = |y(t ∧ ρR) − u(z3(t ∧ ρR)) + u(z3(t ∧ ρR))|p

≤

[
1 + ε

1
p−1

]p−1
(
|y(t ∧ ρR) − u(z3(t ∧ ρR))|p + kp |z3(t ∧ ρR)|p

ε

)
.

Letting ε =
[

k
1−k

]p−1
and using (88) we obtain

|y(t ∧ ρR)|p ≤
1

(1 − k)p−1 |y(t ∧ ρR) − u(z3(t ∧ ρR))|p + k sup
−τ≤s≤t

|y(s ∧ ρR)|p.

Therefore, we have that

E sup
−τ≤s≤t

|y(s ∧ ρR)|p ≤
1

1 − k
E sup
−τ≤s≤0

|ξ(s)|p +
1

(1 − k)p E sup
0≤s≤t
|y(s ∧ ρR) − u(z3(s ∧ ρR))|p. (91)

Applying the Hölder inequality on (86), for t ∈ [0,T], we observe that

E sup
0≤s≤t
|y(s ∧ ρR) − u(z3(s ∧ ρR))|p

≤ 3p−1E|ξ(0)−u(Y(−∆−I∆[δ(−∆)]∆))|p+3p−1Tp−1
∫ t

0
E| f (z1(s ∧ ρR), z2(s ∧ ρR))|pds

+3p−1E sup
0≤s≤t

∣∣∣∣∣∣
∫ s∧ρR

0
1(z1(r), z2(r))dB(r)

∣∣∣∣∣∣p . (92)

Using the assumption (4) and bearing in mind (79) and (80), we get

E|ξ(0) − u(Y(−∆ − I∆[δ(−∆)]∆))|p ≤ E(|ξ(0)| + k|Y(−∆ − I∆[δ(−∆)]∆)|)p
≤ (1 + k)pE sup

−τ≤s≤0
|ξ(s)|p. (93)
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On the other hand, from AssumptionH ′1, that is, from (78), we have

E| f (z1(s), z2(s))|p ∨ E|1(z1(s), z2(s))|p ≤ K2(1 + E|z1(s)|p + E|z2(s)|p), s ∈ [0, t ∧ ρR],

where K2 = 3
p
2−1K

p
2 . Now, by the Burkholder–Davis–Gandy inequality we find that

E sup
0≤s≤t

∣∣∣∣∣∣
∫ s∧ρR

0
1(z1(r), z2(r))dB(r)

∣∣∣∣∣∣p ≤ cpT
p
2−1K2

∫ t

0
(1 + E|z1(s ∧ ρR)|p + E|z2(s ∧ ρR)|p)ds, (94)

where cp is a universal constant which depends only on p. Therefore, substituting (93) and (94) into (92)
and using the definition (82) of the step-processes z1 and z2, we have

E sup
0≤s≤t
|y(s ∧ ρR) − u(z3(s ∧ ρR))|p (95)

≤ 3p−1(1 + k)pE sup
−τ≤s≤0

|ξ(s)|p + 3p−1T
p
2−1(T

p
2 + cp)K2

∫ t

0
(1 + E|z1(s ∧ ρR)|p + E|z2(s ∧ ρR)|p)ds

≤ S1 + S2

∫ t

0
E sup
−τ≤r≤s

|y(r ∧ ρR)|pds,

where

S1 = 3p−1

[
(1 + k)pE sup

−τ≤s≤0
|ξ(s)|p + T

p
2 (T

p
2 + cp)K2

]
, S2 = 3p−12T

p
2−1(T

p
2 + cp)K2.

Now, substituting (95) into (91) we obtain

E sup
−τ≤s≤t

|y(s ∧ ρR)|p ≤ S
′

1 + S
′

2

∫ t

0
E sup
−τ≤r≤s

|y(r ∧ ρR)|pds,

where
S
′

1 =
1

1 − k
E sup
−τ≤s≤0

|ξ(s)|p +
S1

(1 − k)p , S
′

2 =
S2

(1 − k)p .

Applying the Gronwall–Bellman lemma, we find that

E sup
−τ≤s≤t

|y(s ∧ ρR)|p ≤ S
′

1eS′2T
≡ H.

Letting R→ +∞, we conclude from the previous inequality that (89) holds.

Lemma 4.3. If AssumptionsH ′1,H2,H3,H5 andH6 hold, together with the assumptions (30) and

E sup
−τ≤s≤0

|ξ(s)|p < ∞,

then, for any integer l > 1 and p ≥ 2,

E sup
−M≤k≤N

|Y(tk) − Y(tk−1)|p ≤ H̄(l)∆
pl−1

2l , (96)

where H̄(l) is a positive constant, which is dependent on l, but independent of ∆.

Proof. On the basis of (79), (80) and AssumptionH5, we observe that

E sup
−M≤k≤0

|Y(tk) − Y(tk−1)|p = E sup
−M+1≤k≤0

|ξ(tk) − ξ(tk−1)|p ≤ Cξ∆
p
2 .

When k ∈ {1, 2, . . . ,N}, from (81), we have

Y(tk) − Y(tk−1) = u(Y (tk−1 − I∆[δ(tk−1)]∆)) − u(Y (tk−2 − I∆[δ(tk−2)]∆))
+ f (Y(tk−1),Y (tk−1 − I∆ [δ(tk−1)] ∆)) ∆ + 1 (Y(tk−1),Y (tk−1 − I∆ [δ(tk−1)] ∆)) ∆Bk−1.
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Applying the elementary inequality (33) and AssumptionH2 we get

E sup
1≤k≤N

|Y(tk) − Y(tk−1)|p ≤
[
1 + ε

1
p−1

]p−1 kp

ε
E sup

1≤k≤N
|Y (tk−1−I∆[δ(tk−1)]∆)−Y (tk−2−I∆[δ(tk−2)]∆) |p

+ 2p−1
[
1 + ε

1
p−1

]p−1
E sup

1≤k≤N
| f (Y(tk−1),Y (tk−1 − I∆ [δ(tk−1)] ∆)) |p∆p

+ 2p−1
[
1 + ε

1
p−1

]p−1
E sup

1≤k≤N
|1 (Y(tk−1),Y (tk−1 − I∆ [δ(tk−1)] ∆)) ∆Bk−1|

p. (97)

In the sequel, we will deal with these three terms separately.
Applying the same arguments which are used for the estimate (37), we get

E sup
1≤k≤N+1

|Y (tk−1 − I∆[δ(tk−1)]∆) − Y (tk−2 − I∆[δ(tk−2)]∆) |p ≤ (3 + bηc)pE sup
−M≤k≤N

|Y (tk) − Y (tk−1) |p. (98)

On the basis of AssumptionH ′1, that is (78), and Lemma 4.2, we see that

E sup
1≤k≤N

| f (Y(tk−1),Y (tk−1 − I∆ [δ(tk−1)] ∆)) |p ≤ 3
p
2−1K

p
2 E sup

1≤k≤N
[1 + |Y(tk−1)|p + |Y(tk−1 − I∆ [δ(tk−1)] ∆)|p]

≤ 3
p
2−1K

p
2

(
1 + 2E sup

−τ≤t≤T
|y(t)|p

)
≤ 3

p
2−1K

p
2 (1 + 2H). (99)

By the Hölder inequality, (78) and Lemma 4.2, for any integer l > 1,

E sup
1≤k≤N

|1 (Y(tk−1),Y (tk−1 − I∆ [δ(tk−1)] ∆)) ∆Bk−1|
p

≤ E
(

sup
1≤k≤N

|1 (Y(tk−1),Y (tk−1 − I∆ [δ(tk−1)] ∆)) |p sup
1≤k≤N

|∆Bk−1|
p
)

≤

[
E
(

sup
1≤k≤N

|1 (Y(tk−1),Y (tk−1 − I∆ [δ(tk−1)] ∆)) |
2pl

2l−1

)] 2l−1
2l

[
E
(

sup
0≤k≤N−1

|∆Bk|
2pl

)] 1
2l

≤ (3K)
p
2 (1 + 2H)

2l−1
2l

N−1∑
k=0

E|∆Bk|
2pl


1
2l

. (100)

Substituting (40) into (100), we obtain

E sup
1≤k≤N

|1 (Y(tk−1),Y (tk−1 − I∆ [δ(tk−1)] ∆)) ∆Bk−1|
p
≤ (3K)

p
2 (1 + 2H)

2l−1
2l

N−1∑
k=0

mpl(2pl − 1)!!∆pl


1
2l

≤ M̄(l)∆
pl−1

2l , (101)

where M̄(l) = (3K)
p
2 (1 + 2H)

2l−1
2l m

p
2 (T(2pl − 1)!!)

1
2l . Now, substituting (98), (99) and (101) into (97), we get

E sup
1≤k≤N

|Y(tk) − Y(tk−1)|p ≤
[
1 + ε

1
p−1

]p−1 kp

ε
(3 + bηc)pE sup

−M≤k≤N
|Y (tk) − Y (tk−1) |p

+
[
1 + ε

1
p−1

]p−1
2p−1

(
3

p
2−1K

p
2 (1 + 2H)∆p + M̄(l)∆

pl−1
2l

)
.
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Choosing ε =
[ √

k
1−
√

k

]p−1
, recalling that ∆ ∈ (0, 1) and applying AssumptionH5, we have

E sup
−M≤k≤N

|Y(tk)−Y(tk−1)|p ≤ Cξ∆
pl−1

2l + k
p
2 + 1

2 (3 + bηc)pE sup
−M≤k≤N

|Y(tk)−Y(tk−1)|p

+
2p−1

(1 −
√

k)p−1

(
3

p
2−1K

p
2 (1 + 2H) + M̄(l)

)
∆

pl−1
2l .

Therefore, bearing in mind (30), we obtain (96), where

H̄(l) =
Cξ

1 −
√

k
+

2p−1

(1 −
√

k)p

(
3

p
2−1K

p
2 (1 + 2H) + M̄(l)

)
,

which completes the proof.

Lemma 4.4. Let the conditions of Lemmas 4.2 and 4.3 hold. Then, for any integer l > 1 and p ≥ 2, we have that

E sup
0≤t≤T

|y(t − δ(t)) − z3(t)|p ≤ D(l)∆
pl−1

2l , (102)

where D(l) is a positive constant, which is dependent on l, but independent of ∆.

Proof. Fix any t ∈ (0,T]. Let k ∈ {0, 1, . . . ,N − 1} and let kt ∈ {−M,−M + 1, . . . ,N − 1}, such that t ∈ [tk, tk+1)
and t − δ(t) ∈ [tkt , tkt+1).

Observe that, for tk−1 − I∆[δ(tk−1)]∆ ≤ tkt ≤ t − δ(t), on the basis ofH6, we have that

|tkt − tk−1 + I∆[δ(tk−1)]∆| ≤ |t − δ(t) − tk−1 + I∆[δ(tk−1)]∆| ≤ (4 + b2ηc)∆. (103)

On the other hand, if tkt ≤ t − δ(t) < tk−1 − I∆[δ(tk−1)]∆, in a view ofH6, we get

|tkt − tk−1 + I∆[δ(tk−1)]∆| ≤ (5 + b2ηc)∆. (104)

From (103) and (104) we obtain

|kt − (k − 1 − I∆[δ(tk−1)])| ≤ 5 + b2ηc. (105)

By the definition (85) of the step-process z3, we see that

E sup
0≤t≤T

|y(t − δ(t)) − z3(t)|p ≤ 2p−1E sup
0≤t≤T

|y(t − δ(t)) − Y(tkt )|
p + 2p−1E sup

0≤t≤T
|Y(tkt ) − Z̄k(t)|p. (106)

In order to estimate E sup0≤t≤T |y(t − δ(t)) − Y(tkt )|
p, we discuss the following two cases.

Case 1: If kt < 0 then, on the basis of AssumptionH5, we obtain

E sup
0≤t≤T,kt<0

|y(t − δ(t)) − Y(tkt )|
p
≤ E sup

0≤s,t≤T,|s−t|≤∆

|ξ(t) − ξ(s)|p ≤ Cξ∆
p
2 . (107)

Case 2: If kt ≥ 0, then, from (87), we have that

E sup
0≤t≤T,kt≥0

|y(t − δ(t)) − Y(tkt )|
p

≤ 3p−1E sup
0≤t≤T,kt≥0

|u(Z̄kt (t − δ(t)) − u(Y(tkt−1 − I∆[δ(tkt−1)]∆))|p

+ 3p−1E sup
0≤t≤T,kt≥0

∣∣∣∣∣∣
∫ t−δ(t)

tkt

f (z1(s), z2(s))ds

∣∣∣∣∣∣
p

+ 3p−1E sup
0≤t≤T,kt≥0

∣∣∣∣∣∣
∫ t−δ(t)

tkt

1(z1(s), z2(s))dB(s)

∣∣∣∣∣∣
p

. (108)
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Thus, using AssumptionH2 and definitions (82) and (83), we get

E sup
0≤t≤T,kt≥0

|u(Z̄kt (t − δ(t)) − u(Y(tkt−1 − I∆[δ(tkt−1)]∆))|p

≤ kpE sup
0≤t≤T,kt≥0

∣∣∣∣∣ t − δ(t) − tkt

∆
(z2(tkt ) − z2(tkt−1))

∣∣∣∣∣p
≤ kpE sup

0≤t≤T,kt≥0

∣∣∣Y(tkt − I∆[δ(tkt )]∆) − Y(tkt−1 − I∆[δ(tkt−1)]∆)
∣∣∣p .

By the estimate (98) and Lemma 4.3, we conclude that

E sup
0≤t≤T,kt≥0

|u(Z̄kt (t − δ(t)) − u(Y(tkt−1 − I∆[δ(tkt−1)]∆))|p ≤ kp(3 + bηc)pE sup
−M≤k≤N

|Y(tk) − Y(tk−1)|p

≤ kp(3 + bηc)pH̄(l)∆
pl−1

2l . (109)

Applying the Hölder inequality, (78) and Lemma 4.2 we see that

E sup
0≤t≤T,kt≥0

∣∣∣∣∣∣
∫ t−δ(t)

tkt

f (z1(s), z2(s))ds

∣∣∣∣∣∣
p

≤ 3
p
2−1K

p
2 ∆p−1E sup

0≤t≤T,kt≥0

∫ t−δ(t)

tkt

(1 + |z1(s)|p + |z2(s)|p)ds

≤ 3
p
2−1K

p
2 ∆p−1

∫ T

0

(
1 + 2E sup

−τ≤t≤T
|y(t)|p

)
ds

≤ 3
p
2−1K

p
2 T(1 + 2H)∆p−1. (110)

On the other hand, for any integer l > 1, applying the Holder inequality we find that

E sup
0≤t≤T,kt≥0

∣∣∣∣∣∣
∫ t−δ(t)

tkt

1(z1(s), z2(s))dB(s)

∣∣∣∣∣∣
p

≤

E sup
0≤t−δ(t)≤T,kt≥0

∣∣∣1(Y(tkt ),Y(tkt − I∆[δ(tkt )]∆))
∣∣∣ 2pl

2l−1


2l−1

2l
E sup

0≤t−δ(t)≤T,kt≥0
|B(t − δ(t)) − B(kt)|2pl


1
2l

. (111)

From the Doob martingale inequality, we have

E sup
0≤t−δ(t)≤T,kt≥0

|B(t − δ(t)) − B(kt)|2pl
≤ E sup

0≤kt≤N−1
sup

kt∆≤t−δ(t)≤(kt+1)∆
|B(t − δ(t)) − B(kt)|2pl

≤

N−1∑
kt=0

E sup
kt∆≤t−δ(t)≤(kt+1)∆

|B(t − δ(t)) − B(kt)|2pl

≤

(
2pl

2pl − 1

)2pl N−1∑
kt=0

E|B(tkt+1) − B(tkt )|
2pl. (112)

Substituting (112) into (111) and using the same procedure as in obtaining (101), we get

E sup
0≤t≤T,kt≥0

∣∣∣∣∣∣
∫ t−δ(t)

tkt

1(z1(s), z2(s))dB(s)

∣∣∣∣∣∣
p

≤

(
2pl

2pl − 1

)p E sup
0≤t−δ(t)≤T,kt≥0

∣∣∣1(Y(tkt ),Y(tkt − I∆[δ(tkt )]∆))
∣∣∣ 2pl

2l−1


2l−1

2l
N−1∑

kt=0

E|B(tkt+1) − B(tkt )|
2pl


1
2l

≤

(
2pl

2pl − 1

)p

M̄(l)∆
pl−1

2l . (113)
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Moreover, substituting (109), (110) and (113) into (108) and recalling that ∆ ∈ (0, 1), we obtain

E sup
0≤t≤T,kt≥0

|y(t − δ(t)) − Y(tkt )|
p
≤ R1(l)∆

pl−1
2l , (114)

where

R1(l) = 3p−1

(
kp(3 + bηc)pH̄(l) + 3

p
2−1K

p
2 T(1 + 2H) +

(
2pl

2pl − 1

)p

M̄(l)
)
.

Consequently, from (107) and (114), we find that

E sup
0≤t≤T

|y(t − δ(t)) − Y(tkt )|
p
≤M(l)∆

pl−1
2l ,

where M(l) = Cξ ∨ R1(l). Therefore, (106) becomes

E sup
0≤t≤T

|y(t − δ(t)) − z3(t)|p ≤ 2p−1M(l)∆
pl−1

2l + 2p−1E sup
0≤t≤T

|Y(tkt ) − Z̄k(t)|p. (115)

In order to estimate the expression E sup0≤t≤T |Y(tkt )−Z̄k(t)|p from (115), we will use the definition (83). Thus,
we have that

Y(tkt ) − Z̄k(t) = Y(tkt ) − z2(tk−1) −
t − tk

∆
(z2(tk) − z2(tk−1)), t ∈ [tk, tk+1).

On the basis of (82), (98), (105) and Lemma 4.3, we obtain

E sup
0≤t≤T

|Y(tkt ) − Z̄k(t)|p (116)

≤ 2p−1E sup
0≤t≤T

|Y(tkt ) − Y(tk−1 − I∆[δ(tk−1)]∆)|p + 2p−1E sup
1≤k≤N

|Y(tk − I∆[δ(tk)]∆) − Y(tk−1 − I∆[δ(tk−1)]∆)|p

≤ 2p−1 (
(5 + b2ηc)p + (3 + bηc)p) E sup

−M≤k≤N
|Y(tk) − Y(tk−1)|p

≤ 2p−1 (
(5 + b2ηc)p + (3 + bηc)p) H̄(l)∆

pl−1
2l .

Finally, on the basis of (115) and (116), together with (106), we get (102), where

D(l) = 2p−1M(l) + 4p−1 (
(5 + b2ηc)p+(3+bηc)p) H̄(l),

which completes the proof.

Theorem 4.5. Let the conditions of Lemmas 4.2, 4.3 and 4.4 hold. Then, for any integer l > 1 and p > 0,

E sup
−τ≤t≤T

|x(t) − y(t)|p ≤ S(l)∆
pl−1

2l ,

where S(l) is a positive constant, which is dependent on l, but independent of ∆.

Proof. First, we consider the case when p ≥ 2. Let τR and ρR be the stopping times defined by (59) and (90),
respectively. Now, for any integer R ≥ R0, define the stopping time

θR = τR ∧ ρR,
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where R0 satisfies (58). Then the sequence of stopping times {θR,R ≥ R0} is increasing and limR→+∞ θR = +∞
a.s. For any t ∈ [0,T] and ε ∈ (0, 1), from the elementary inequality (33), we have

|x(t ∧ θR) − y(t ∧ θR)|p

≤

[
1 + ε

1
p−1

]p−1 1
ε
|u(x(t ∧ θR − δ(t ∧ θR)) − u(z3(t ∧ θR)) − u(ξ(−δ(0))) + u(Y(−∆ − [δ(−∆)/∆]∆))|p

+
[
1 + ε

1
p−1

]p−1
2p−1

∣∣∣∣∣∣
∫ t∧θR

0
f (x(s), x(s − δ(s))) − f (z1(s), z2(s))ds

∣∣∣∣∣∣
p

+
[
1 + ε

1
p−1

]p−1
2p−1

∣∣∣∣∣∣
∫ t∧θR

0
1(x(s), x(s − δ(s))) − 1(z1(s), z2(s))dB(s)

∣∣∣∣∣∣
p

. (117)

On the basis of AssumptionH2, we obtain

|u(x(t ∧ θR − δ(t ∧ θR)) − u(z3(t ∧ θR)) − u(ξ(−δ(0))) + u(Y(−∆ − [δ(−∆)/∆]∆))|p

≤

[
1 + ε

1
p−1

]p−1 1
ε
|u(x(t ∧ θR − δ(t ∧ θR))) − u(z3(t ∧ θR))|p

+
[
1 + ε

1
p−1

]p−1
|u(Y(−∆ − I∆[δ(−∆)]∆)) − u(ξ(−δ(0)))|p

≤

[
1 + ε

1
p−1

]2p−2 1
ε2 kp
|x(t ∧ θR − δ(t ∧ θR)) − y(t ∧ θR − δ(t ∧ θR))|p

+
[
1 + ε

1
p−1

]2p−2 1
ε

kp
|y(t ∧ θR − δ(t ∧ θR)) − z3(t ∧ θR)|p

+
[
1 + ε

1
p−1

]p−1
kp
|Y(−∆ − I∆[δ(−∆)]∆)) − ξ(−δ(0))|p.

Note that ξ(−δ(0)) = y(−δ(0)) by the definition of the continuous-time Euler–Maruyama solution y and also
that Y(−∆ − I∆[δ(−∆)]∆)) = z3(0). So,

sup
0≤s≤t
|u(x(s ∧ θR − δ(s ∧ θR)) − u(z3(s ∧ θR)) − u(ξ(−δ(0))) + u(Y(−∆ − I∆[δ(−∆)]∆))|p

≤

[
1 + ε

1
p−1

]2p−2 1
ε2 kp sup

−τ≤s≤t
|x(s ∧ θR) − y(s ∧ θR)|p

+
[
1 + ε

1
p−1

]p−1
kp

([
1 + ε

1
p−1

]p−1 1
ε

+ 1
)

sup
0≤s≤t
|y(s ∧ θR − δ(s ∧ θR)) − z3(s ∧ θR)|p.

Since the solutions x and y satisfy the same initial condition, on the basis of (117) we find that

E sup
−τ≤s≤t

|x(s ∧ θR) − y(s ∧ θR)|p

≤

[
1 + ε

1
p−1

]3p−3 1
ε3 kpE sup

−τ≤s≤t
|x(s ∧ θR) − y(s ∧ θR)|p

+
[
1 + ε

1
p−1

]2p−2 kp

ε

([
1 + ε

1
p−1

]p−1 1
ε

+ 1
)

E sup
0≤s≤t
|y(s ∧ θR − δ(s ∧ θR)) − z3(s ∧ θR)|p

+
[
1 + ε

1
p−1

]p−1
2p−1

[
Tp−1

∫ t

0
E
∣∣∣ f (x(s ∧ θR), x(s ∧ θR − δ(s ∧ θR))) − f (z1(s ∧ θR), z2(s ∧ θR))

∣∣∣p ds

+ cpT
p
2−1

∫ t

0
E|1(x(s ∧ θR), x(s ∧ θR − δ(s ∧ θR))) − 1(z1(s ∧ θR), z2(s ∧ θR))|pds

]
, (118)

where cp is a universal constant which depends only on p. Using Lemma 4.4, choosing ε =
(

3√
k

1−
3√

k

)p−1
and
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applying AssumptionH ′1, the expression (118) becomes

E sup
−τ≤s≤t

|x(s ∧ θR) − y(s ∧ θR)|p

≤

(
3√
k)p+2

[
1 + (

3√
k)p−1

]
D(l)

(1 − k)(1 −
3√
k)p−1

∆
pl−1

2l +
2

3p
2 −2T

p
2−1(T

p
2 + cp)K

p
2
1

(1 − k)(1 −
3√
k)p−1

×

∫ t

0
(E|x(s ∧ θR) − z1(s ∧ θR)|p + E|x(s ∧ θR − δ(s ∧ θR)) − z2(s ∧ θR)|p)ds. (119)

For u ∈ [0, t ∧ θR], let ku be an integer such that u ∈ [ku∆, (ku + 1)∆ ∧ θR). Recalling the definition (82) of the
step-process z1 and using the procedure which gave the estimate (114), we obtain, for s ∈ [0, t ∧ θR],

E|x(s) − z1(s)|p ≤ 2p−1E sup
−τ≤u≤s

|x(u) − y(u)|p + 2p−1E sup
0≤u≤s,ku≥0

|y(u) − Y(ku∆)|p

≤ 2p−1E sup
−τ≤u≤s

|x(u) − y(u)|p + 2p−1R1(l)∆
pl−1

2l . (120)

Using the definitions (83) and (85) we have that

z3(s) − z2(s) = z2(tk−1) +
s − tk

∆
(z2(tk) − z2(tk−1)) − z2(tk), (121)

whenever s ∈ [tk, tk+1), k = 0, 1, . . . ,N − 1. This fact, together with (82), (98) and Lemma 4.3, implies that

E|z3(s) − z2(s)|p ≤ E sup
1≤k≤N+1

|Y(tk−1 − I∆[δ(tk−1)]∆) − Y(tk−2 − I∆[δ(tk−2)]∆)|p ≤ (3 + bηc)pH̄(l)∆
pl−1

2l . (122)

On the other hand, using Lemma 4.4 and the estimate (122), we get

E|x(s − δ(s)) − z2(s)|p ≤ 3p−1E|x(s − δ(s)) − y(s − δ(s))|p + 3p−1E|y(s − δ(s)) − z3(s)|p + 3p−1E|z3(s) − z2(s)|p

≤ 3p−1E|x(s − δ(s)) − y(s − δ(s))|p + 3p−1(D(l) + (3 + bηc)pH̄(l))∆
pl−1

2l . (123)

Now, substituting (120) and (123) into (119), we obtain

E sup
−τ≤s≤t

|x(s ∧ θR) − y(s ∧ θR)|p

≤

(
3√
k)p+2

[
1 + (

3√
k)p−1

]
D(l)

(1 − k)(1 −
3√
k)p−1

∆
pl−1

2l

+
2

3p
2 −2T

p
2−1(T

p
2 + cp)K

p
2
1 (2p−1 + 3p−1)

(1 − k)(1 −
3√
k)p−1

∫ t

0
E sup
−τ≤u≤s

|x(u ∧ θR) − y(u ∧ θR)|pds

+
2

3p
2 −2T

p
2 (T

p
2 + cp)K

p
2
1

(
2p−1R1(l) + 3p−1(D(l) + (3 + bηc)pH̄(l))

)
(1 − k)(1 −

3√
k)p−1

∆
pl−1

2l .

The application of the Gronwall–Bellman lemma yields

Esup
−τ≤s≤t

|x(s∧θR)−y(s∧θR)|p≤ S0(l)∆
pl−1

2l ,

where

S0(l) = S̃(l)eTS̄, S̄ =
2

3p
2 −2T

p
2−1(T

p
2 + cp)K

p
2
1 (2p−1 + 3p−1)

(1 − k)(1 −
3√
k)p−1

S̃(l) =
(

3√
k)p+2

[
1 + (

3√
k)p−1

]
D(l)

(1 − k)(1 −
3√
k)p−1

+
2

3p
2 −2T

p
2 (T

p
2 + cp)K

p
2
1

(
2p−1R1(l) + 3p−1(D(l) + (3 + bηc)pH̄(l))

)
(1 − k)(1 −

3√
k)p−1

.
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Consequently, we have that

E sup
−τ≤s≤T

|x(s∧θR) − y(s∧θR)|p≤ S0(l)∆
pl−1

2l .

Letting R→ +∞we conclude from the previous inequality that

E sup
−τ≤s≤T

|x(s) − y(s)|p≤ S0(l)∆
pl−1

2l .

Now, for p ∈ (0, 2), on the basis of the Holder inequality and previous part of the proof, we obtain

E sup
−τ≤t≤T

|x(t) − y(t)|p ≤
(
E sup
−τ≤t≤T

|x(t) − y(t)|2
) p

2

≤ S
p
2
0 (l)∆

2l−1
2l

p
2 < S

p
2
0 (l)∆

pl−1
2l .

Thus, the proof is complete with S(l) = S0(l) ∨ S
p
2
0 (l).
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