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Abstract. In this paper, by using contraction principle, fractional calculus and stochastic analysis, we
study the existence and uniqueness of (weighted pseudo) almost automorphic solutions in distribution for
fractional stochastic differential equations driven by Lévy noise. An example is presented to illustrate the
application of the abstract results.

1. Introduction

In the literature, several generalized functions were presented to study almost periodic functions, such
as almost automorphic functions, asymptotically almost periodic functions, asymptotically almost auto-
morphic functions, pseudo-almost periodic functions, pseudo-almost automorphic functions and weighted
pseudo-almost automorphic functions. The properties of these functions have been extensively studied,
see the monographs of Corduneanu [12], N’Guérékata [24], the works [2,3, 5-14, 16-20, 23, 24, 27, 30,33] and
references therein.

The almost automorphic functions play a significant role in characterizing recurrence, randomness, and
complexity of dynamical systems which have been seen as an important generalization of the classical
almost periodic functions. Since they have been introduced by Bochner [5], they have been considerably
investigated and undergone some interesting, natural and powerful generalizations.

Besides, noise or stochastic perturbation is unavoidable and omnipresent in nature as well as in man-
made systems. Therefore, it is of great significance to consider stochastic effects into the investigation of
fractional differential systems. Most of the current studies on almost automorphic solutions for stochastic
differential equations are concerned with equations perturbed by Brownian motion. We refer the reader to
[9,25-27] for more details.

However, many real models involve jump perturbations, or more general Lévy noise. Wang and Liu
[29] first introduced the concept of Poisson square-mean almost periodicity and studied the existence,
uniqueness and stability of square-mean almost period solutions for stochastic evolution equations driven
by Lévy noise. Liu and Sun [22] introduced the concepts of Poisson square-mean almost automorphy and
almost automorphy in distribution, established the existence of solutions which are almost automorphic
in distribution for some semilinear stochastic differential equations with infinite dimensional Lévy noise.
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Li [21] established the existence and uniqueness of weighted pseudo almost automorphic solutions for the
following nonautonomous stochastic partial differential equations driven by Lévy noise.

dY(t) = A(t)Y(t)dt + f (t,Y(t))dt + 1(t,Y(t))dW(t)

+

∫
|x|V<1

F(t,Y(t−), x)Ñ(dt, dx) +

∫
|x|V≥1

G(t,Y(t−), x)N(dt, dx), (1.1)

where A(t) satisfies the Acquistapace-Terreni condition [1]. f : R × L2(P,H)→ L2(P,H), 1 : R × L2(P,H)→
L(V,L2(P,H)),F : R × L2(P,H) × V → L2(P,H),G : R × L2(P,H) × V → L2(P,H) are stochastic processes, W,
Ñ and N are the Lévy-Itô decomposition components of the two-sided Lévy process.

Besides, fractional calculus has gained much attention due to their extensive applications in the fields
such as physics, fluid mechanics viscoelasticity, heat conduction in materials with memory, chemistry and
engineering. In recent years, notable contributions have been made in theory and applications of fractional
differential equations, one can refer to [34,35] and the references therein.

However, up to now, most of the studies on (weighted pseudo) almost automorphic solutions for stochas-
tic differential equations are concerned with integer-order differential equations perturbed by Brownian
motion, (weighted pseudo) almost automorphic solutions for fractional stochastic differential equations
driven by Lévy noise have still rarely been treated in the literature. Motivated by these facts, in this paper,
by using sectorial operator, we mainly study the existence and uniqueness of (weighted pseudo) almost
automorphic solutions in distribution to the system

dY(t) =

∫ t

0

(t − s)α−2

Γ(α − 1)
AY(s)dsdt + f (t,Yt)dt + 1(t,Yt)dω(t)

+

∫
|u|U<1

F(t,Y(t−),u)Ñ(dt, du) +

∫
|u|U≥1

G(t,Y(t−),u)N(dt, du),

Y0 = ϕ ∈ B,

(1.2)

where 1 < α < 2, A : D(A) ⊆ H → H is a linear densely defined operator of sectorial type on a complex
Banach space H, for θ ∈ (−∞, 0], the history Yt : (−∞, 0]→ B defined by Yt(θ) = Y(t+θ) belongs to the phase
space B defined axiomatically in Section 2; f , 1,F,G are functions satisfying some additional conditions to
be specified later. The convolution integral in (1.2) is understood in the Riemann–Liouville sense.

We organize this paper as follows. In the next section, we recall several basic definitions and useful
lemmas. In Section 3, by using sectorial operator, we obtain very general results on the existence and
uniqueness of (weighted pseudo) almost automorphic solutions in distribution for the semilinear problem
(1.2) under Lipschitz hypothesis on the nonlinearity. Finally, in Section 4, we apply our theory to an example
which enables us to a better understanding of the work and hence attract the attention of researchers who
are entering the subject.

2. Preliminaries

Let (Ω,F ,P) be the complete probability space and (H, ‖·‖, 〈·, ·〉) be a separable Hilbert space. The notation
L

2(P,H) stands for the space of all H−valued random variables x such that E‖x‖2 =
∫

Ω
‖x(ω)‖2dP < ∞. For

x ∈ L2(P,H), let ‖x‖2 = (
∫

Ω
‖x(ω)‖2dP)

1
2 . It is clear that L2(P,H) is a Hilbert space equipped with the norm

‖ · ‖2. Suppose that {q̂(t) : t ∈ J} be the Poisson point process, taking its values in a measurable space
(V,B(V)) with a σ finite intensity measure ν(dx). Let N(ds, dx) be the Poisson counting measure, which
is induced by q̂(·) and the compensating martingale measure denoted by N̂(ds, dx) = N(ds, dx) − ν(dx)ds.
We assume that the filtration is generated by the Poisson point process q̂(t) and is augmented; that is,
Ft = σ{N((0, s], s ≤ t,A ∈ B(Z)} ∨ N , t ∈ J, where N is the class of P−null sets.

A closed linear operator A is said to be sectorial of type µ if there exist 0 < θ < π
2 ,M > 0 and µ ∈ R

such that the spectrum of A is contained in the sector µ + Sθ = {µ + λ : λ ∈ C \ {0}, |ar1(−λ)| < θ}, and

‖λI − A‖−1
≤

M
|λ − µ|

for all λ < µ + Sθ. (see [15])
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In order to give an operator theoretical approach to system (1.2) we recall the following definition.

Definition 2.1 ([15,31].) Let A be a closed and linear operator with domain D(A) defined on a Banach space X. We
call A the generator of a solution operator if there exist µ ∈ R and a strongly continuous function Tα : R+

→ B(X)

such that {λα : Reλ > µ} ⊆ ρ(A) and λα−1(λαI − A)−1x =

∫
∞

0
e−λtTα(t)xdt for all Reλ > µ, x ∈ X. In this case,

Tα(t) is called the solution operator generated by A which satisfies Tα(0) = I. We observe that the power function λα

is uniquely defined as λα = |λα|eαi arg(λ) with −π < arg(λ) < π.
We note that if A is a sectorial operator of type µ with 0 < θ ≤ π(1 − α

2 ) , then A is the generator of

a solution operator given by Tα(t) :=
1

2πi

∫
γ

eλtλα−1(λαI − A)−1dλ, t > 0, where γ is a suitable path lying

outside the sector µ + Σθ (cf. [13]). In 2007, Cuesta [13, Theorem 1] proved that if A is a sectorial operator
of type µ < 0, for M > 0 and 0 < θ ≤ π(1 − α

2 ), then there exists C > 0 such that

‖Tα(t)‖ ≤
CM

1 + |µ|tα
, t ≥ 0. (2.1)

In this paper, the phase space (B, ‖·‖B) will denote a seminormed linear space ofF 0-measurable functions
mapping from (−∞, 0] into H which satisfies the following axioms:

(1) If x : (−∞, b] → H, b ≥ 0, is such that x |[0,b]∈ B, then, for every t ∈ [0, b], the following conditions
hold:

(a) xt ∈ B;
(b) ‖x(t)‖ ≤ N1‖xt‖B;
(c) ‖xt‖B ≤ N2(t) sup{‖x(s)‖ : 0 ≤ s ≤ t} +N3(t)‖xη‖B;
whereN1 is a constant,N2,N3 : [0,∞)→ [1,∞),N2 is continuous,N3 is locally bounded,N1,N2,N3 are

independent of x(·).
(2) For the function x(·) in (1) the function t→ xt is continuous from [0, b] into B.
(3) The space B is complete.

Let J1 := (−∞, b] and C(J1,L2(P,H)) be the Banach space of all continuous maps from J1 into L2(P,H)
satisfying the condition sup

t∈J1

E‖xt‖
2 < ∞. Let C be the closed subspace of all continuous process x that

belongs to the space C(J1,L2(P,H)) consisting of Ft−adapted measurable processes such that F0−adapted
processes φ ∈ B. Let ‖ · ‖C be a seminorm in C defined by

E‖x‖2
C

= E(sup
t∈J1

‖xt‖
2
B

),

where
E‖x‖2

B
≤ Ñ2E‖φ‖2

B
+ Ñ3 sup{E‖x(s)‖2 : 0 ≤ s ≤ b},

Ñ2 = sup
t∈J1

{N2(t)} and Ñ3 = sup
t∈J1

{N3(t)}. It is easy to verify that C, equipped with the norm topology as

defined earlier, is a Banach space.
Remark 2.1 In the rest of this paper, we always suppose that A is a sectorial of type µ < 0 with angle θ satisfying
0 < θ ≤ π(1 − π

2 ), M and C are the constants introduced above.
We now recall some notations and properties related to weighted pseudo almost automorphic functions.
Let (H, ‖ · ‖) and (V, | · |) be real separable Hilbert spaces. Let (Ω,F ,P) be a complete probability space

with given filtration (Ft)t≥0 satisfying the usual conditions, i.e., the filtration is right continuous and F0
contains all P−null sets. Denoted by L(V,H) the family of all linear bounded operators from V into H.
L

2(P,H) stands for the space of all H−valued random variable Y such that E‖Y‖2 =
∫

Ω
‖Y‖2dP < ∞, which

is a Banach space equipped with the norm ‖Y‖2 = (E‖Y‖2)
1
2 . We consider a Lévy process with values in V.

2.1. Lévy process.
Assume that L = (L(t), t ≥ 0) is a V−valued Lévy process, then L is stochastically continuous, has

independent and stationary increments, and satisfies L(0) = 0 almost surely. We define the process of jumps
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of L by ∆L(t) = L(t) − L(t−) for each t ≥ 0. Since every Lévy process is càdlàg, then there exists Ω0 ∈ F with
P(Ω0) = 1 such that t→ L(t)(ω) is càdlàg for all ω ∈ Ω0. Define the counting Poisson random measure N on
V \ 0 by

N(t,E)(ω) = ]{0 ≤ s ≤ t : ∆L(s)(ω) ∈ E} =
∑

0≤s≤t

χE(∆L(s)(ω)) < ∞, t ≥ 0,

where ω ∈ Ω0,E ∈ B(V \ {0}) with 0 < Ē, the closure of E in V. ] means the counting, B(V \ {0} is the
Borel σ-field on V \ {0} and χE is the characteristic function. If ω ∈ Ωc

0, then N(t,E)(ω) = 0. Note that for
each ω ∈ Ω0, t ≥ 0, the set function E→ N(t,E)(ω) is a counting measure and E(N(t,E)) =

∫
N(t,E)(ω)dP(ω)

is a Borel measure. We write ν(·) = E(N(1, ·)) and call it the intensity measure associated with L. The
compensated Poisson random measure Ñ is defined by

Ñ(t, dx) = N(t, dx) − tν(dx).

Proposition 2.1 ([4, 21, 22].) If L is a V -valued Lévy process, then there exist a ∈ V, a V−valued Wiener process W
with convariance operator Q, and an independent Poisson random measure onR+

× (V \ {0}) such that for each t ≥ 0,

L(t) = at + W(t) +

∫
‖x‖V<1

xÑ(t, dx) +

∫
‖x‖V≥1

xN(t, dx), (2.2)

where the Poisson random measure N has the intensity measure ν which satisfies∫
(|x|2V

∧
1)ν(dx) < ∞.

Let L1(t) and L2(t), t ≥ 0, be two independent, identically distributed Lévy processes. Set

L(t) :=

 L1(t), t ≥ 0,

−L2((−t)−), t < 0.
(2.3)

Then L is a two-sided Lévy process defined on the filtered probability space (Ω,F,P, (Ft)t∈R). We assume
that Q is a positive, self-adjoint and trace class operator on V.
Remark 2.2 It follows from (2.2) that

∫
|x|V≥1 ν(dx) < ∞. For convenience, we denote

c :=
∫
|x|V≥1

ν(dx).

2.2. Almost automorphic process and weighted pseudo almost automorphic process.
In this subsection, we present some preliminaries which are used throughout this paper.

Definition 2.2 ([26].) A stochastic process Y : R → L2(P,H) is said to be L2
−bounded if there exists a constant

M > 0 such that E‖Y(t)‖2 =
∫

Ω
‖Y(t)‖2dP ≤M.

Definition 2.3 ([26].) A stochastic process Y : R→ L2(P,H) is said to be L2-continuous if for any s ∈ R,

lim
t→s

E‖Y(t) − Y(s)‖2 = 0.

Denote by SBC(R,L2(P,H)) the collection of all the L2
−bounded and L2

− continuous processes.
Remark 2.3 ([21,26].) SBC(R,L2(P,H)) is a Banach space equipped with the norm ‖Y‖∞ = supt∈R(E‖Y(t)‖2)

1
2 .

Let U be the set of all functions which are positive and locally integrable over R. For given r > 0 and
ρ ∈ U, define m(r, ρ) =

∫ r

−r ρ(t)dt andU∞ = {ρ ∈ U| lim
r→∞

m(r, ρ) = +∞}.

Definition 2.4 ([27].) For ρ ∈ U∞, define a class of stochastic processes

SBC0(R, ρ) = {Y ∈ SBC(R,L2(P,H))| lim
r→+∞

1
m(r, ρ)

∫ r

−r
E‖Y(t)‖2ρ(t)dt = 0}.
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Remark 2.4 ([21].) SBC0(R, ρ) is a linear closed subspace of SBC(R,L2(P,H)).
Remark 2.5 ([21].) SBC0(R, ρ) equipped with the norm ‖Y‖∞ is a Banach space.
Definition 2.5 ([21].) An L2-continuous stochastic process Y : R → L2(P,H) is said to be square-mean almost
automorphic if every sequence of real numbers {s′n} has a subsequence {sn} such that for some stochastic process
Ỹ : R→ L2(P,H), lim

n→∞
E‖Y(t + sn) − Ỹ(t)‖2 = 0 and lim

n→∞
E‖Y(t − sn) − Ỹ(t)‖2 = 0 hold for each t ∈ R.

The collection of all square-mean almost automorphic process Y : R → L
2(P,H) is denoted by

SAA(R,L2(P,H)). It is a Banach space with the norm ‖Y‖∞.
Remark 2.6 ([29].) If Y ∈ SAA(R,L2(P,H)), then Y is bounded, that is, ‖Y‖∞ < ∞. Similarly, any square-mean
almost automorphic function 1 : R→ L(V,L2(P,H)) is bounded, i.e., sups∈R ‖1(s)‖L(V,L2(P,H)) < ∞.
Proposition 2.11 ([29].) Let f : R×L2(P,H)→ L2(P,H), (t,Y) 7→ f (t,Y) be square-mean almost automorphic
in t ∈ R for each Y ∈ L2(P,H), and assume that f satisfies the Lipschitz condition in the following sense:

E‖ f (t,Y) − f (t,Z)‖2 ≤ L‖Y − Z‖2

for all Y,Z ∈ L2(P,H), and for each t ∈ R,where L > 0 is independent of t. Then for any almost automorphic
process Y : R→ L2(P,H), the stochastic process F : R→ L2(P,H) given by F(t) := f (t,Y(t)) is square-mean
almost automorphic.
Definition 2.6 ([26].) An L2

−continuous stochastic process f : R→ L2(P,H), is said to be square-mean weighted
pseudo almost automorphic with respect to ρ if it can be decomposed as f = 1 + ϕ, where 1 ∈ SAA(R,L2(P,H)) and
ϕ ∈ SBC(R, ρ).

The collection of all square-mean weighted pseudo almost automorphic processes with respect to ρ is
denoted by SWPAA(R, ρ).
Definition 2.7 ([33].)A set D is said to be translation invariant if for any f (t) ∈ D, f (t + τ) ∈ D for any τ ∈ R.

Denote
U

inv = {ρ ∈ U∞|SBC0(R, ρ) is translation invariant}.

Lemma 2.1 ([26].) For ρ ∈ Uinv, SWPAA(R, ρ) equipped with the norm ‖Y‖∞ is a Banach space. Denote

SAA(R × L2(P,H),L2(P,H)) = {1(t,Y) ∈ SAA(R,L2(P,H))| for any Y ∈ L2(P,H)}

and
SBC0(R × L2(P,H), ρ) = {ϕ(t,Y) ∈ SBC0(R, ρ)| for any Y ∈ L2(P,H)}.

Definition 2.8 ([26].) An L2-continuous stochastic process f : R × L2(P,H)→ L2(P,H) is said to be square-mean
weighted pseudo almost automorphic with respect to ρ ∈ U∞ for any Y ∈ L2(P,H) in t if it can be decomposed as
f = 1 + ϕ, where 1 ∈ SAA(R × L2(P,H),L2(P,H)) and ϕ ∈ SBC0(R × L2(P,H), ρ). We denote all such stochastic
process by SWPAA(R × L2(P,H), ρ).
Lemma 2.2 ([26].) Suppose ρ ∈ Uinv, f (t, x) ∈ SWPAA(R × L2(P,H), ρ), and there exists a constant L > 0 such
that for any x, y ∈ L2(P,H),

E‖ f (t, x) − f (t, y)‖2 ≤ LE‖x − y‖2.

Then, for any x ∈ SWPAA(R, ρ), we have f (t, x) ∈ SWPAA(R, ρ).
Definition 2.9 ([19].) A continuous stochastic process f : R×L2(P,H), ρ→ L(V,L2(P,H)) is said to be square-mean
almost automorphic in t ∈ R for all Y ∈ L2(P,H) if for every sequence of real numbers {s′n}, there exists a subsequence
{sn} such that for some function f̃ : R × L2(P,H)→ L(V,L2(P,H))

lim
n→∞

E‖ f (t + sn,Y) − f̃ (t,Y)‖2L(V,L2(P,H)) = 0,

and
lim
n→∞

E‖ f̃ (t − sn,Y) − f (t,Y)‖2L(V,L2(P,H)) = 0
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for all Y ∈ L2(P,H) and each t ∈ R.
The collection of all square-mean almost automorphic stochastic process f : R×L2(P,H)→ L(V,L2(P,H))

is denoted by SAA(R × L2(P,H),L(V,L2(P,H))).
Definition 2.10 ([24].) A stochastic process J(t, x) : R × V → L2(P,H) is said to be Poisson stochastically bounded
if there exists a constant M > 0 such that ∫

V
E‖J(t, x)‖2ν(dx) ≤M,

for all t ∈ R.
We denote the collection of all Poisson stochastically bounded processes by PSB(R × V,L2(P,H)).

Definition 2.11 ([21].) A stochastic process J(t, x) : R×V → L2(P,H) is said to be Poisson stochastically continuous
if

lim
t→s

∫
V

E‖J(t, x) − J(s, x)‖2ν(dx) = 0.

The collection of all Poisson stochastically bounded and continuous processes is denoted by PSBC(R ×
V,L2(P,H)).
Definition 2.12 ([21].) Let F : R×L2(P,H)×V → L2(P,H), (t,Y, x) 7→ F(t,Y, x),F is said to be Poisson stochastically
continuous, if ∫

V
E‖F(t,Y, x) − F(t

′

,Y
′

, x)‖2ν(dx)→ 0 as (t,Y)→ (t
′

,Y
′

).

By PSC(R×L2(P,H)×V → L2(P,H)), resp. PSBC(R×L2(P,H)×V → L2(P,H)),we denote the collection
of all Poisson stochastically continuous processes, resp. Poisson stochastically bounded and continuous
processes.
Definition 2.13 ([21].) A stochastic process J(t, x) ∈ PSBC0(R × V,L2(P,H)), provided that J(t, x) ∈ PSBC(R ×
V,L2(P,H)) and lim

r→∞
1
2r

∫ r

−r

∫
V E‖J(t, x)‖2ν(dx)dt = 0.

Definition 2.14 ([21].) For ρ ∈ U∞, define a class of stochastic processes PSBC0(R × V, ρ) = {J(t, x) ∈ PSBC(R ×

V,L2(P,H))| lim
r→+∞

1
m(r, ρ)

∫ r

−r

∫
V

E‖J(t, x)‖2ρ(t)ν(dx)dt = 0}.

Denote
U

inv
p = {ρ ∈ U∞|PSBC0(R × V, ρ) is translation invariant }.

Remark 2.7 ([21].) If ρ ≡ 1, it is obvious that PSBC0(R × V, ρ) reduces to PSBC0(R × V,L2(P,H)).
Definition 2.15 ([29].) A stochastic process F : R×L2(P,H)×V → L2(P,H), (t,Y, x)→ F(t,Y, x) is said to be Poisson
square-mean almost automorphic in t ∈ R for each Y ∈ L2(P,H) if F is Poisson stochastically continuous and for every
sequence of real numbers s′n, there exists a subsequence sn such that for some function F̃ : R×L2(P,H)×V → L2(P,H)
with

∫
V E‖F̃(t,Y, x)‖2ν(dx) < ∞ is Poisson stochastically continuous such that

lim
n→∞

∫
V

E‖F(t + sn,Y, x) − F̃(t,Y, x)‖2ν(dx) = 0,

and

lim
n→∞

∫
V

E‖F̃(t − sn,Y, x) − F(t,Y, x)‖2ν(dx) = 0,

for all Y ∈ L2(P,H) and each t ∈ R.
We denoted by PSAA(R × L2(P,H) × V˙→ L2(P,H)) the collection of all Poisson square-mean almost

automorphic stochastic processes F : R × L2(P,H) × V → L2(P,H).
In the following lemma, we give some properties of Poisson square-mean almost automorphic stochastic

processes.



M. Yang / Filomat 35:7 (2021), 2403–2424 2409

Lemma 2.3 ([29].) If F,F1,F2 : R × L2(P,H) × V → L2(P,H) are all Poisson square-mean almost automorphic
stochastic processes in t for each Y ∈ L2(P,H), then

(1) F1 + F2 is Poisson square-mean almost automorphic.
(2) λF is Poisson square-mean almost automorphic for every scalar λ.
(3) For every Y ∈ L2(P,H), there exists a constant M > 0 such that

sup
t∈R

∫
V

E‖F(t,Y, x)‖2ν(dx) < M.

Lemma 2.4 ([29].) Let F : R × L2(P,H) × V → L2(P,H), (t,Y, x) → F(t,Y, x) be Poisson square-mean almost
automorphic in t ∈ R for each Y ∈ L2(P,H), and assume that F satisfies the Lipschitz condition in the following sense:∫

V
E‖F(t,Y, x) − F(t,Z, x)‖2ν(dx) < LE‖Y − Z‖2,

for all Y,Z ∈ L2(P,H) and each t ∈ R, where L > 0 is independent of t. Then for any square-mean almost automorphic
process Y : R → L2(P,H), the stochastic process J : R × V → L2(P,H) given by J(t, x) := F(t,Y(t), x) is Poisson
square-mean almost automorphic.
Definition 2.16 ([29].) A stochastic process J : R × V → L2(P,H) is said to be Poisson square-mean pseudo almost
automorphic in t ∈ R for each Y ∈ L2(P,H) if J is Poisson stochastically continuous and it can be decomposed as
J = 1 + φ, where 1 ∈ PSAA(R × V,L2(P,H)) and φ ∈ PSBC0(R × V,L2(P,H)).

The collection of all such stochastic processes is denoted by PSPAA(R × V,L2(P,H)).
Definition 2.17 ([21].) A stochastic process J : R × V → L2(P,H) is said to be Poisson square-mean weighted
pseudo almost automorphic about ρ ∈ U∞ in t ∈ R if F is Poisson stochastically continuous and it can be decomposed
as F = 1 + φ, where 1 ∈ PSAA(R × V,L2(P,H)) and φ ∈ PSBC0(R × V, ρ).

The collection of all such stochastic processes is denoted by PSWPAA(R × V, ρ).
Set

PSAA(R × L2(P,H) × V, ρ) = {F(t,Y, x) ∈ PSAA(R × V, ρ)| for any Y ∈ L2(P,H)},

and
PSBC0(R × L2(P,H) × V, ρ) = {F(t,Y, x) ∈ PSBC0(R × V, ρ)| for any Y ∈ L2(P,H)}.

Lemma 2.5 ([21].) Assume J ∈ PSBC(R ×V,L2(P,H)). Then J ∈ PSBC0(R ×V, ρ), where ρ ∈ U∞ if and only if for
any ε > 0,

lim
r→+∞

1
m(r, ρ)

∫
Mr,ε(ϕ)

ρ(t)dt = 0,

where

Mr,ε(ϕ) = {t ∈ [−r, r]|
∫

V
‖E(J, x)‖2ν(dx) ≥ ε}.

Theorem 2.1 ([21].) If ρ ∈ U∞, F = 1 + ϕ ∈ PSWPAA(R × L2(P,H) × V, ρ) with 1 ∈ PSAA(R × L2(P,H) ×
V,L2(P,H)) and ϕ ∈ PSBC0(R × L2(P,H) × V, ρ). Assume that F and 1 are Lipschitzian in Y uniformly in t ∈ R,
that is for all Y,Z ∈ L2(P,H) and t ∈ R,∫

V
E‖F(t,Y, x) − F(t,Z, x)‖2ν(dx) ≤ LE‖Y − Z‖2,

∫
V

E‖1(t,Y, x) − 1(t,Z, x)‖2ν(dx) ≤ LE‖Y − Z‖2,

for some constant L > 0 independent of t. Then for any Y ∈ SWPAA(R, ρ), the stochastic process J : R×V → L2(P,H)
given by J(t, x) := F(t,Y(t), x) is Poisson square-mean weighted pseudo almost automorphic.
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The collection of all square-mean bi-almost automorphic processes is denoted by SBAA(R×R,L2(P,H)).
Define by P(H) the space of all Borel probability measures on H with the β metric (see [21], [22, 9.3]):
β(µ, η) := sup{|

∫
f dµ −

∫
f dη| : ‖ f ‖BL ≤ 1}, µ, η,∈ P(H), where f are Lipschitz continuous real-valued

functions on H with

‖ f ‖BL = ‖ f ‖L + ‖ f ‖H, ‖ f ‖L = sup
x,y

| f (x) − f (y)|
‖x − y‖

, ‖ f ‖H = sup
x∈H
| f (x)|.

Definition 2.18 ([21,22].) An H-valued stochastic process Y(t) is said to be almost automprphic in distribution if
its law µ(t) is a P(H)−valued almost automorphic mapping, i.e. for every sequence of real number s′n, there exist a
subsequence sn and a P(H)−valued mapping µ̃(t) such that lim

n→∞
β(µ(t + sn), µ̃(t)) = 0 and β(µ(t + sn), µ̃(t)) = 0 hold

for each t ∈ R.
Definition 2.19 ([21,22].) An H−valued stochastic process Y(t) is said to be weighted pseudo almost automorphic in
distribution with respect to ρ ∈ U∞, provided that it can be decomposed as Y = φ+ψ, where φ is almost automorphic
in distribution and ψ ∈ SBC0(R, ρ).
Lemma 2.6 ([31].) Let 1 ∈ SAA(J,L2(P,H)). If Γ is the function defined by Γ1(t) =

∫ t

0 Tα(t − s)1(s)ds, for every
t ∈ J, then Γ1(t) ∈ SAA(J,L2(P,H)).
Lemma 2.7 ([26].) Let u ∈ WPAA(R, ρ) and assume that B is a uniform fading memory space. Then the function
t→ ut belongs to WPAA(R, ρ).

If Y(t) is L2
−bounded, it is easy to see that the stochastic process

Y(t) = Tα(t)ϕ(0) +

∫ t

0
Tα(t − s) f (s,Ys)ds +

∫ t

0
Tα(t − s)1(s,Ys)dω(s)

+

∫ t

0

∫
|x|V<1

Tα(t − s)F(s,Y(s−), x)Ñ(ds, dx) +

∫ t

0

∫
|x|V≥1

Tα(t − s)G(s,Y(s−), x)N(ds, dx)
(2.4)

satisfies the equation (1.2), thus it is a mild solution of (1.2).
Let

Ŷ(t) =

∫ t

−∞

Tα(t − s) f (s,Ys)ds +

∫ t

−∞

Tα(t − s)1(s,Ys)dω(s)

+

∫ t

−∞

∫
|x|V<1

Tα(t − s)F(s,Y(s−), x)Ñ(ds, dx) +

∫ t

−∞

∫
|x|V≥1

Tα(t − s)G(s,Y(s−), x)N(ds, dx).
(2.5)

Now one can easily get

Y(t) − Ŷ(t) = Tα(t)ϕ(0) −
∫
∞

t
Tα(t − s) f (s,Ys)ds −

∫
∞

t
Tα(t − s)1(s,Ys)dω(s)

−

∫
∞

t

∫
|x|V<1

Tα(t − s)F(s,Y(s−), x)N(ds, dx) −
∫
∞

t

∫
|x|V≥1

Tα(t − s)G(s,Y(s−), x)Ñ(ds, dx).
(2.6)

Thus we have Y(t) − Ŷ(t)→ 0 as t→∞.

3. Main results

This section is mainly concerned with the existence and uniqueness of (weighted pseudo) almost
automorphic solutions in distribution.

Definition 3.1. An Ft-progressively measurable process {Ŷ(t) : t ∈ (−∞, b] = J1} is called a mild solution to

(1.2) if Y0 = ϕ ∈ B,
∫ b

−∞
E‖Y(s)‖2ds < ∞, a.s., and for each t ∈ J1

Ŷ(t) =

∫ t

−∞

Tα(t − s) f (s,Ys)ds +

∫ t

−∞

Tα(t − s)1(s,Ys)dω(s)

+

∫ t

−∞

∫
|x|V<1

Tα(t − s)F(s,Y(s−), x)Ñ(ds, dx) +

∫ t

−∞

∫
|x|V≥1

Tα(t − s)G(s,Y(s−), x)N(ds, dx).
(3.1)



M. Yang / Filomat 35:7 (2021), 2403–2424 2411

Before stating and proving the main results, we introduce the following hypothesis.
(H1) The solution operator Tα(s)x ∈ SBAA(R,L2(P,H)) uniformly for all x in any bounded subset of

L
2(P,H).

Our first theorem is for the existence and uniqueness of almost automorphic solutions in distribution.

Theorem 3.1. Assume that (H1) holds, and f ∈ SAA(R × B,L2(P,H)), 1 ∈ SAA(R × B,L(V,L2(P,H))), F,G ∈
PSAA(R × L2(P,H) × V,L2(P,H)). Suppose that f , 1,F and G satisfy the Lipschitz conditions in Y uniformly for t,
that is, there exists a constant L > 0 such that for all Y,Z ∈ L2(P,H) and t ∈ R,

E‖ f (t,Y) − f (t,Z)‖2 ≤ LE‖Y − Z‖2, (3.2)

E‖(1(t,Y) − 1(t,Z))Q
1
2 ‖

2
≤ LE‖Y − Z‖2, (3.3)

∫
|x|V<1 E‖F(t,Y, x) − F(t,Z, x)‖2ν(dx) ≤ LE‖Y − Z‖2, (3.4)

∫
|x|V≥1 E‖G(t,Y, x) − G(t,Z, x)‖2ν(dx) ≤ LE‖Y − Z‖2. (3.5)

Then equation (1.2) has a unique L2-bounded almost automorphic solution in distribution.
Proof. We now shall prove the process (3.1) is the unique almost automorphic solution in distribution for
(1.2) with three steps.

Step 1. L2
−bounded solution is L2

−continuous.
Assume Y(t) is anL2

−bounded solution of (1.2), then it satisfies (3.1), by the Cauchy-Schwarz inequality,
Itô isometry and properties of the integral for the Poisson random measure, we have for t ≥ t0,

E‖Y(t) − Y(t0)‖2 ≤ 4E‖
∫ t0

t
Tα(t − s) f (s,Ys)ds‖2

+ 4E‖
∫ t0

t
Tα(t − s)1(s,Ys)dW(s)‖2

+ 4E‖
∫ t0

t

∫
|x|V<1

Tα(t − s)F(s,Y(s−), x)Ñ(ds, dx)‖2

+ 4E‖
∫ t0

t

∫
|x|V≥1

Tα(t − s)G(s,Y(s−), x)Ñ(ds, dx)

+

∫ t0

t

∫
|x|V≥1

Tα(t − s)G(s,Y(s−), x)ν(dx)ds‖2

≤ 4E‖
∫ t0

t
Tα(t − s) f (s,Ys)ds‖2

+ 4E‖
∫ t0

t
Tα(t − s)1(s,Ys)dW(s)‖2

+ 4E‖
∫ t0

t

∫
|x|V<1

Tα(t − s)F(s,Y(s−), x)Ñ(ds, dx)‖2

+ 4
(
2E‖

∫ t0

t

∫
|x|V≥1

Tα(t − s)G(s,Y(s−), x)Ñ(ds, dx)‖2

+ 2E‖
∫ t0

t

∫
|x|V≥1

Tα(t − s)G(s,Y(s−), x)ν(dx)ds‖2
)



M. Yang / Filomat 35:7 (2021), 2403–2424 2412

≤ 4M2
∫ t0

t
E‖ f (s,Ys)‖2ds + 4M2

‖

∫ t0

t
E‖1(s,Ys)‖2L(V,L2(P,H))ds

+4M2E‖
∫ t0

t

∫
|x|V<1

E‖F(s,Y(s−), x)‖2ν(dx)ds

+4M2
(
2
∫ t0

t

∫
|x|V≥1

E‖G(s,Y(s−), x)‖2ν(dx)ds

+2
∫ t0

t

∫
|x|V≥1

E‖G(s,Y(s−), x)‖2ν(dx)ds
)
.

Since Tα(·) is integrable on [0,+∞), then E‖Y(t) − Y(t0)‖2 → 0 as t→ t0. By a similar arguments as in Step 1
in the proof of [22, Theorem 3.2], it follows that

sups∈R E‖ f (s,Ys)‖2 < M, (3.6)

sups∈R E‖1(s,Ys)‖2L(V,L2(P,H)) < M, (3.7)

sups∈R

∫
|x|V<1 E‖F(s,Y, x)‖2ν(dx) < M, (3.8)

sups∈R

∫
|x|V≥1 E‖G(s,Y, x)‖2ν(dx) < M. (3.9)

Thus, E‖Y(t) − Y(t0)‖2 → 0 as t → t0+ . Similarly, we have E‖Y(t) − Y(t0)‖2 → 0 as t → t0− . Therefore, Y(t) is
L

2
−continuous.
Step 2. Existence and uniqueness of L2

−bounded solutions.
Let Φ be the operator defined on SBC(R,L2(P,H)) by

(ΦY)(t) =

∫ t

−∞

Tα(t − s) f (s,Ys)ds +

∫ t

−∞

Tα(t − s)1(s,Ys)dω(s)

+

∫ t

−∞

∫
|x|V<1

Tα(t − s)F(s,Y(s−), x)Ñ(ds, dx)

+

∫ t

−∞

∫
|x|V≥1

Tα(t − s)G(s,Y(s−), x)N(ds, dx).

(3.10)

If Y(t) is L2-bounded, from (H1) and (3.6)-(3.9), we can derive that (ΦY)(t) is L2- bounded.

E‖(ΦY)(t) − (ΦY)(t0)‖2 ≤ 4E‖
∫ t0

t
Tα(t − s) f (s,Ys)ds‖2

+ 4E‖
∫ t0

t
Tα(t − s)1(s,Ys)dω(s)‖2

+ 4E‖
∫ t0

t

∫
|x|V<1

Tα(t − s)F(s,Y(s−), x)Ñ(ds, dx)‖2

+ 4E‖
∫ t0

t

∫
|x|V≥1

Tα(t − s)G(s,Y(s−), x)N(ds, dx)‖2

≤ 4M2
∫ t0

t
E‖ f (s,Ys)‖2ds + 4M2E‖

∫ t0

t
E‖1(s,Ys)‖2L(V,L2(P,H))dω(s)

+ 4M2E‖
∫ t0

t

∫
|x|V<1

E‖F(s,Y(s−), x)‖2ν(dx)ds

+ 4M2(2
∫ t0

t

∫
|x|V<1

E‖G(s,Y(s−), x)‖2ν(dx)ds

+ 2
∫ t0

t

∫
|x|V≥1

E‖G(s,Y(s−), x)‖2ν(dx)ds‖2).
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From the proof of Step 1, (ΦY)(t) is an L2
−continuous process as long as Y(t) is an L2

−bounded process.
Thus Φ maps SBC(R,L2(P,H)) into itself. We next show that Φ is a contraction operator. Similar to the Step
2 in the proof of [22, Theorem 3.2], we can obtain the operator Φ is a contraction. Therefore, Φ has a unique
fixed point Y∗ ∈ SBC(R,L2(P,H)) which is the unique L2

−bounded mild solution of (1.2).
Step 3. Almost automorphy of the L2

−bounded solution.
Let {sn} be an arbitrary sequence of real numbers. Since f ∈ SAA(R,L2(P,H)), 1 ∈ SAA(R,L(V,L2(P,H))),

F,G ∈ PSAA(R × V,L2(P,H)), there exists a subsequence {s′n} of {sn} and some functions f̃ , 1̃, F̃, G̃ such that

lim
n→∞

E‖ f (t + sn,Y) − f̃ (t,Y)‖2 = 0,

lim
n→∞

E‖ f̃ (t − sn,Y) − f (t,Y)‖2 = 0,

lim
n→∞

E‖1(t + sn,Y, x) − 1̃(t,Y, x)‖2L(V,L2(P,H)) = 0,

lim
n→∞

E‖1̃(t − sn,Y, x) − 1(t,Y, x)‖2L(V,L2(P,H)) = 0,

lim
n→∞

∫
|x|V<1

E‖F(t + sn,Y, x) − F̃(t,Y, x)‖2ν(dx) = 0,

lim
n→∞

∫
|x|V<1

E‖F̃(t − sn,Y, x) − F(t,Y, x)‖2ν(dx) = 0,

and

lim
n→∞

∫
|x|V≥1

E‖G(t + sn,Y, x) − G̃(t,Y, x)‖2ν(dx) = 0,

lim
n→∞

∫
|x|V≥1

E‖G̃(t − sn,Y, x) − G(t,Y, x)‖2ν(dx) = 0,

for each t ∈ R, and Y ∈ L2(P,H). By (H1), there exists a solution operator T′α(t − s) and a bounded subset B
of L2(P,H) such that for each y ∈ B,

lim
n→∞

E‖Tα(t − s + sn)y − T
′

α(t − s)y‖2 = 0,

and
lim
n→∞

E‖Tα(t − s + sn)y − T′α(t − s)y‖2 = 0.

From the estimation of solution operator Tα(·), we get

E‖Tα(t + s + sn)y‖2 ≤
(CM)2

1 + |µ|(t + s + sn)α
E‖y‖2 (3.11)

for all t > s and y ∈ B. Let Ỹ(t) satisfy the integral equation

Ỹ(t) =

∫ t

−∞

T
′

α(t − s) f̃ (s,Ys)ds +

∫ t

−∞

T
′

α(t − s)1̃(s,Ys)dω(s)

+

∫ t

−∞

∫
|x|V<1

T
′

α(t − s)F̃(s,Y(s−), x)Ñ(ds, dx)

+

∫ t

−∞

∫
|x|V≥1

T
′

α(t − s)G̃(s,Y(s−), x)N(ds, dx).

(3.12)

According to (3.11) and Steps 1-2, it follows that Y(t) is unique and L2
−bounded. Let ωn(σ) := ω(σ + sn) −

ω(sn),Nn(σ, x) := N(σ + sn, x) − N(sn, x) and Ñn(σ, x) := Ñ(σ + sn, x) − Ñ(sn, x) for each σ ∈ R. It is obvious
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that ωn is a Q-Wiener process with the same law as ω, Nn is also a Poisson random measure and has the
same law as N. In addition, Ñn is the compensated Poisson measure of Nn and has the same law as Ñ. Let
σ = s − sn, we have

Y(t + sn) =

∫ t

−∞

Tα(t − σ) f (σ + sn,Yσ+sn )dσ

+

∫ t

−∞

Tα(t − σ)1(σ + sn,Yσ+sn )dωn(σ)

+

∫ t

−∞

∫
|x|V<1

Tα(t − σ)F(σ + sn,Y((σ + sn)−), x)Ñn(dσ, dx)

+

∫ t

−∞

∫
|x|V≥1

Tα(t − σ)G(σ + sn,Y((σ + sn)−), x)Nn(dσ, dx).

(3.13)

We now consider the process

Y(n)(t) =

∫ t

−∞

Tα(t − σ) f (σ + sn,Y
(n)
σ )dσ

+

∫ t

−∞

Tα(t − σ)1(σ + sn,Y
(n)
σ )dω(σ)

+

∫ t

−∞

∫
|x|V<1

Tα(t − σ)F(σ + sn,Y(n)(σ−), x)Ñ(dσ, dx)

+

∫ t

−∞

∫
|x|V≥1

Tα(t − σ)G(σ + sn,Y(n)(σ−), x)N(dσ, dx).

(3.14)

It is obvious that Y(t + sn) has the same distribution as Y(n)(t) and Y(n)(t) is unique and L2
−bounded.

Meanwhile, we can get

E‖Y(n)(t) − Ỹ(t)‖2

≤ 4E‖
∫ t

−∞

Tα(t − σ) f (σ + sn,Y
(n)
σ )dσ −

∫ t

−∞

T
′

α(t − σ − sn) f̃ (σ, Ỹσ)dσ‖2

+4E‖
∫ t

−∞

Tα(t − σ)1(σ + sn,Y
(n)
σ )dω(σ)

−

∫ t

−∞

T
′

α(t − σ − sn)1̃(σ, Ỹσ)dω(σ)‖2

+4E‖
∫ t

−∞

∫
|x|V<1

Tα(t − σ)F(σ + sn,Y(n)(σ−), x)Ñ(dσ, dx)

−

∫ t

−∞

∫
|x|V<1

T
′

α(t − σ − sn)F̃(σ, Ỹ(σ−), x)Ñ(dσ, dx)‖2

+4E‖
∫ t

−∞

∫
|x|V≥1

Tα(t − σ)G(σ + sn,Y(n)(σ−), x)Ñ(dσ, dx)

−

∫ t

−∞

∫
|x|V≥1

T
′

α(t − σ − sn)G̃(σ, Ỹ(σ−), x)Ñ(dσ, dx)‖2

≤ 4E‖
∫
∞

0
Tα(σ) f (t − σ + sn,Y

(n)
t−σ)dσ −

∫
∞

0
T
′

α(σ − sn) f̃ (t − σ, Ỹt−σ)dσ‖2

+4E‖
∫
∞

0
Tα(σ)1(t − σ + sn,Y

(n)
t−σ)dω(σ) −

∫
∞

0
T
′

α(σ − sn)1̃(t − σ, Ỹt−σ)dω(σ)‖2

+4E‖
∫
∞

0

∫
|x|V<1

Tα(σ)F(t − σ + sn,Y(n)((t − σ)−), x)Ñ(dσ, dx)

−

∫
∞

0

∫
|x|V<1

T
′

α(σ − sn)F̃(t − σ, Ỹ((t − σ)−), x)Ñ(dσ, dx)‖2
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+4E‖
∫
∞

0

∫
|x|V≥1

Tα(σ)G(t − σ + sn,Y(n)((t − σ)−), x)Ñ(dσ, dx)

−

∫
∞

0

∫
|x|V≥1

T
′

α(σ − sn)G̃(t − σ, Ỹ((t − σ)−), x)Ñ(dσ, dx)‖2 := I1 + I2 + I3 + I4.
(3.15)

Since Tα(·) is integrable on [0,+∞), then there exists constant N > 0 such that
∫
∞

0 ‖Tα(σ)‖dσ < N. We now
evaluate each term respectively,

I1 = 4E‖
∫
∞

0
Tα(σ) f (t − σ + sn,Y

(n)
t−σ)dσ −

∫
∞

0
T
′

α(σ − sn) f̃ (t − σ, Ỹt−σ)dσ‖2

≤ 12E‖
∫
∞

0
Tα(σ)[ f (t − σ + sn,Y

(n)
t−σ) − f (t − σ + sn, Ỹt−σ)]dσ‖2

+ 12E‖
∫
∞

0
Tα(σ)[ f (t − σ + sn, Ỹt−σ) − f̃ (t − σ, Ỹt−σ)]dσ‖2

+ 12E‖
∫
∞

0
[Tα(σ) − T

′

α(σ − sn)] f̃ (t − σ, Ỹt−σ)dσ‖2

≤ 12
∫
∞

0
‖Tα(σ)‖dσ

∫
∞

0
‖Tα(σ)‖dσLE‖Y(n)(t − σ)) − Ỹ(t − σ))‖2

+ 12
∫
∞

0
‖Tα(σ)‖dσ

∫
∞

0
‖Tα(σ)‖E‖ f (t − σ + sn, Ỹt−σ) − f̃ (t − σ, Ỹt−σ)‖2dσ

+ 12
∫
∞

0
‖Tα(σ) − T

′

α(σ − sn)‖2E‖ f̃ (t − σ, Ỹt−σ)‖2dσ

≤ 12N2LE‖Y(n)(t − σ)) − Ỹ(t − σ))‖2 + χn
1 ,

(3.16)

where

χn
1 = 12

∫
∞

0
‖Tα(σ)‖dσ

∫
∞

0
‖Tα(σ)‖E‖ f (t − σ + sn, Ỹt−σ) − f̃ (t − σ, Ỹt−σ)‖2dσ

+ 12
∫
∞

0
‖Tα(σ) − T

′

α(σ − sn)‖2E‖ f̃ (t − σ, Ỹt−σ)‖2dσ.

From Remark 2.6 and that f is square-mean almost automorphic in t. Y(·) is bounded in L2(P,H), we have
sup
σ∈R
‖ f (σ+ sn, Ỹ(σ))‖2 < ∞, so sup

σ∈R
‖ f̃ (σ, Ỹ(σ))‖2 < ∞.According to inequality (3.11) and Lebesgue dominated

convergence theorem, it follows that

lim
n→∞

∫
∞

0
‖Tα(σ)‖E‖ f (t − σ + sn, Ỹt−σ) − f̃ (t − σ, Ỹt−σ)‖2dσ = 0,

lim
n→∞

∫
∞

0
‖Tα(σ) − T

′

α(σ − sn)‖2E‖ f̃ (t − σ, Ỹt−σ)‖2dσ = 0.

Hence
lim
n→∞

χn
1 = 0. (3.17)

For I2, by Itô isometry, we have

I2 = 4E‖
∫
∞

0
Tα(σ)1(t − σ + sn,Y

(n)
t−σ)dω(σ) −

∫
∞

0
T
′

α(σ − sn)1̃(t − σ, Ỹt−σ)dω(σ)‖2

≤ 12E‖
∫
∞

0
Tα(σ)[1(t − σ + sn,Y

(n)
t−σ) − 1(t − σ + sn, Ỹt−σ)]dω(σ)‖2

+ 12E‖
∫
∞

0
Tα(σ)[1(t − σ + sn, Ỹt−σ) − 1̃(t − σ, Ỹt−σ)]dω(σ)‖2
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+ 12E‖
∫
∞

0
[Tα(σ) − T

′

α(σ − sn)]1̃(t − σ, Ỹt−σ)dω(σ)‖2

≤ 12
∫
∞

0
‖Tα(σ)‖dσ

∫
∞

0
‖Tα(σ)‖dσQ

1
2 LE‖Y(n)(t − σ)) − Ỹ(t − σ))‖2

+ 12
∫
∞

0
‖Tα(σ)‖dσ

∫
∞

0
‖Tα(σ)‖E‖[1(t − σ + sn, Ỹt−σ) − 1̃(t − σ, Ỹt−σ)]Q

1
2 ‖

2
L(V,L2(P,H))dσ

+ 12
∫
∞

0
‖Tα(σ) − T

′

α(σ − sn)‖2E‖[1̃(t − σ, Ỹt−σ)]Q
1
2 ‖

2
L(V,L2(P,H))dσ

≤ 12N2Q
1
2 LE‖Y(n)(t − σ)) − Ỹ(t − σ))‖2 + χn

2 ,

(3.18)

where

χn
2 = 12

∫
∞

0
‖Tα(σ)‖dσ

∫
∞

0
‖Tα(σ)‖E‖[1(t − σ + sn, Ỹt−σ) − 1̃(t − σ, Ỹt−σ)]Q

1
2 ‖

2
L(V,L2(P,H))dσ

+ 12
∫
∞

0
‖Tα(σ) − T

′

α(σ − sn)‖2E‖1̃(t − σ, Ỹt−σ)Q
1
2 ‖

2
L(V,L2(P,H))dσ.

Similarly, we can derive

lim
n→∞

χn
2 = 0. (3.19)

For I3, Applying the properties of integral for Poisson random measure, we can obtain

I3 ≤ 12E‖
∫
∞

0

∫
|x|V<1

Tα(σ)[F(t − σ + sn,Y(n)((t − σ)−), x) − F(t − σ + sn, Ỹ((t − σ)−), x)]Ñ(dσ, dx)‖2

+ 12E‖
∫
∞

0

∫
|x|V<1

Tα(σ)[F(t − σ + sn, Ỹ((t − σ)−), x) − F̃(t − σ, Ỹ((t − σ)−), x)]Ñ(dσ, dx)‖2

+ 12E‖
∫
∞

0

∫
|x|V<1

[Tα(σ) − T
′

α(σ − sn)]F̃(σ, Ỹ(σ−), x)Ñ(dσ, dx)‖2

≤ 12
∫
∞

0

∫
|x|V<1

‖Tα(σ)‖2E‖F(t − σ + sn,Y(n)((t − σ)−), x) − F(t − σ + sn, Ỹ((t − σ)−), x)‖2Ñ(dσ, dx)

+ 12
∫
∞

0

∫
|x|V<1

‖Tα(σ)‖2E‖F(t − σ + sn, Ỹ((t − σ)−), x) − F̃(σ, Ỹ((t − σ)−), x)‖2Ñ(dσ, dx)

+ 12
∫
∞

0

∫
|x|V<1

‖Tα(σ) − T
′

α(σ − sn)‖2E‖F̃(σ, Ỹ((t − σ)−), x)‖2Ñ(dσ, dx)

≤ 12
∫
∞

0
‖Tα(σ)‖dσ ×

∫
∞

0

∫
|x|V<1

‖Tα(σ)‖E‖F(t − σ + sn,Y(n)((t − σ)−), x)

− F(t − σ + sn, Ỹ((t − σ)−), x)‖2ν(dx)dσ

+ 12
∫
∞

0
‖Tα(σ)‖dσ

∫
∞

0

∫
|x|V<1

‖Tα(σ)‖E‖F(t − σ + sn,Y(n)((t − σ)−), x)

− F̃(t − σ, Ỹ(t − σ), x)‖2ν(dx)dσ

+ 12
∫
∞

0

∫
|x|V<1

‖Tα(σ) − T
′

α(σ − sn)‖2E‖F̃(t − σ, Ỹ((t − σ)−), x)‖2ν(dx)dσ

≤ 12N
∫
∞

0
Tα(σ)dσLE‖Y(n)(t − σ) − Ỹ(t − σ)‖2

+ 12
∫
∞

0

∫
|x|V<1

‖Tα(σ)‖2E‖F(t − σ + sn,Y(n)((t − σ)−), x) − F̃(t − σ, Ỹ((t − σ)−), x)‖2ν(dx)dσ

+ 12
∫
∞

0

∫
|x|V<1

‖Tα(σ) − T
′

α(σ − sn)‖2E‖F̃(t − σ, Ỹ((t − σ)−), x)‖2ν(dx)dσ

≤ 12N2LE‖Y(n)(t − σ)) − Ỹ(t − σ))‖2 + χn
3 ,

(3.20)
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where

χn
3 = 12

∫
∞

0

∫
|x|V<1

‖Tα(σ)‖2E‖F(t − σ + sn,Y(n)((t − σ)−), x) − F̃(t − σ, Ỹ((t − σ)−), x)‖2ν(dx)dσ

+ 12
∫
∞

0

∫
|x|V<1

‖Tα(σ) − T
′

α(σ − sn)‖2E‖F̃(t − σ, Ỹ((t − σ)−), x)‖2ν(dx)dσ.

From (3.4), we have

sup
t−σ∈R

∫
|x|V<1

E‖F(t − σ + sn,Y(n)((t − σ)−), x) − F(t − σ + sn, Ỹ(0−), x)‖2ν(dx) ≤ LE‖Y(n)(t − σ) − Ỹ(0)‖2 < ∞.

By (3) of Lemma 2.3,

sup
t−σ∈R

∫
|x|V<1

E‖F̃(t − σ + sn, Ỹ(0), x)‖2ν(dx) < MỸ(0),

where MỸ(0) is a constant. Thus

sup
t−σ∈R

∫
|x|V<1

E‖F̃(t − σ, Ỹ((t − σ)−), x)‖2ν(dx) < ∞.

From assumption (H1) and (3.8), we can derive the formula

∫
∞

0

∫
|x|V<1

‖Tα(σ) − T
′

α(σ − sn)‖2E‖F̃(t − σ, Ỹ((t − σ)−), x)‖2ν(dx)dσ

tends to zero as n tends to infinity. Hence

lim
n→∞

χn
3 = 0. (3.21)

Besides,

I4 ≤ 12E‖
∫
∞

0

∫
|x|V≥1

Tα(σ)[G(t − σ + sn,Yn((t − σ)−), x) − G(t − σ + sn, Ỹ((t − σ)−), x)]N(dσ, dx)‖2

+12E‖
∫
∞

0

∫
|x|V≥1

Tα(σ)[G(t − σ + sn, Ỹ((t − σ)−), x) − G̃(t − σ, Ỹ((t − σ)−), x)]N(dσ, dx)‖2

+12E‖
∫
∞

0

∫
|x|V≥1

[Tα(σ) − T
′

α(σ − sn)]G̃(σ, Ỹ((t − σ)−), x)N(dσ, dx)‖2

≤ 24E‖
∫
∞

0

∫
|x|V≥1

Tα(σ)[G(t − σ + sn,Y(n)((t − σ)−), x) − G(t − σ + sn, Ỹ((t − σ)−), x)]Ñ(dσ, dx)‖2

+24E‖
∫
∞

0

∫
|x|V≥1

Tα(σ)[G(t − σ + sn,Y(n)((t − σ)−), x) − G(t − σ + sn, Ỹ((t − σ)−), x)]ν(dx)dσ‖2

+24E‖
∫
∞

0

∫
|x|V≥1

Tα(σ)[G(t − σ + sn, Ỹ((t − σ)−), x) − G̃(t − σ, Ỹ((t − σ)−), x)]Ñ(dσ, dx)‖2



M. Yang / Filomat 35:7 (2021), 2403–2424 2418

+24E‖
∫
∞

0

∫
|x|V≥1

Tα(σ)[G(t − σ + sn, Ỹ((t − σ)−), x) − G̃(t − σ, Ỹ((t − σ)−), x)]ν(dx)dσ‖2

+24E‖
∫
∞

0

∫
|x|V≥1

[Tα(σ) − T
′

α(σ − sn)]G̃(t − σ, Ỹ((t − σ)−), x)Ñ(dσ, ds)‖2

+24E‖
∫
∞

0

∫
|x|V≥1

[Tα(σ) − T
′

α(σ − sn)]G̃(σ, Ỹ((t − σ)−), x)ν(dx)dσ‖2

≤ 24
∫
∞

0
‖Tα(σ)‖dσ

∫
∞

0

∫
|x|V≥1

‖Tα(σ)‖E‖G(t − σ + sn,Y(n)((t − σ)−), x)

−G(t − σ + sn, Ỹ((t − σ)−), x)‖2Ñ(dσ, dx)

+24
∫
∞

0
‖Tα(σ)‖dσ

∫
∞

0

∫
|x|V≥1

‖Tα(σ)‖E‖G(t − σ + sn,Y(n)((t − σ)−), x)

−G(t − σ + sn, Ỹ((t − σ)−), x)‖2ν(dx)dσ

+24
∫
∞

0
‖Tα(σ)‖dσ

∫
∞

0

∫
|x|V≥1

‖Tα(σ)‖E‖G(t − σ + sn, Ỹ((t − σ)−), x)

−G̃(t − σ, Ỹ((t − σ)−), x)‖2Ñ(dσ, dx)

+24
∫
∞

0
‖Tα(σ)‖dσ

∫
∞

0

∫
|x|V≥1

‖Tα(σ)‖E‖G(t − σ + sn, Ỹ((t − σ)−), x)

−G̃(t − σ, Ỹ((t − σ)−), x)‖2ν(dx)dσ

+24
∫
∞

0

∫
|x|V≥1

‖Tα(σ) − T
′

α(σ − sn)‖2E‖G̃(t − σ, Ỹ((t − σ)−), x)‖2Ñ(dσ, dx)

+24
∫
∞

0

∫
|x|V≥1

‖Tα(σ) − T
′

α(σ − sn)‖2E‖G̃(t − σ, Ỹ((t − σ)−), x)‖2ν(dx)dσ

≤ 48N2LE‖Y(n)(t − σ) − Ỹ(t − σ)‖2 + χn
4 ,

(3.22)

where

χn
4 = 24

∫
∞

0
‖Tα(σ)‖dσ

∫
∞

0

∫
|x|V≥1

‖Tα(σ)‖E‖G(t − σ + sn, Ỹ((t − σ)−), x)

−G̃(t − σ, Ỹ((t − σ)−), x)‖2Ñ(dσ, dx)

+24
∫
∞

0
‖Tα(σ)‖dσ

∫
∞

0

∫
|x|V≥1

‖Tα(σ)‖E‖G(t − σ + sn, Ỹ((t − σ)−), x)

−G̃(t − σ, Ỹ((t − σ)−), x)‖2ν(dx)dσ

+24
∫
∞

0

∫
|x|V≥1

‖Tα(σ) − T
′

α(σ − sn)‖2E‖G̃(t − σ, Ỹ((t − σ)−), x)‖2Ñ(dσ, dx)

+24
∫
∞

0

∫
|x|V≥1

‖Tα(σ) − T
′

α(σ − sn)‖2E‖G̃(t − σ, Ỹ((t − σ)−), x)‖2ν(dx)dσ.

By similar arguments as above, we can get
lim
n→∞

χn
4 = 0. (3.23)

From (3.17)-(3.23), it follows that

E‖Y(n)(t) − Ỹ(t)‖2 ≤
4∑

i=1

χn
1 + (72 + 12Q

1
2 )N2LE‖Y(n)(t − σ)) − Ỹ(t − σ))‖2.

We oberave that Y(t+ sn) has the same distribution as Yn(t), from [30, Remark 2.12], we have Y(t+ sn)→ Ỹ(t)
in distribution as n → ∞. Similarly, we have that Ỹ(t − sn) → Y(t) in distribution as n → ∞ for each t ∈ R.
This makes the proof complete. �

The second theorem is for the existence and uniqueness of weighted pseudo almost automorphic solu-
tions in distribution to system (1.2).

Theorem 3.2. Assume that (H1) holds, and f ∈ SWPAA(R×B,L2(P,H)), 1 ∈ SWPAA(R×B,L(V,L2(P,H))),F,G ∈
PSWPAA(R × L2(P,H) × V,L2(P,H)). Suppose that f = m + l, 1 = p + q with m ∈ SAA(R × B,L2(P,H)),
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l, q ∈ SBC0(R × B,L2(P,H), ρ), p ∈ SAA(R × B,L(V,L2(P,H))),F = h + ϕ,G = α + β with h, α ∈ PSAA(R ×
L

2(P,H) × V,L2(P,H)) and ϕ, β ∈ PSBC0(R × L2(P,H) × V, ρ), where ρ ∈ Uinv
∩ U

inv
p and t ∈ R. In addition,

suppose that f ,m, 1, p, h, α,F and G satisfy the Lipschitz conditions in Y uniformly for t, that is, for all Y,Z ∈ L2(P,H)
and t ∈ R, there exists a constant L > 0 independent of t, such that for all Y,Z ∈ L2(P,H) and t ∈ R,

E‖ f (t,Y) − f (t,Z)‖2 ≤ LE‖Y − Z‖2,

E‖m(t,Y) −m(t,Z)‖2 ≤ LE‖Y − Z‖2,

E‖(1(t,Y) − 1(t,Z))Q
1
2 ‖

2
L(V,L2(P,H)) ≤ LE‖Y − Z‖2,

E‖(p(t,Y) − p(t,Z))Q
1
2 ‖

2
L(V,L2(P,H)) ≤ LE‖Y − Z‖2,∫

|x|V<1
E‖F(t,Y, x) − F(t,Z, x)‖2ν(dx) ≤ LE‖Y − Z‖2,∫

|x|V<1
E‖h(t,Y, x) − h(t,Z, x)‖2ν(dx) ≤ LE‖Y − Z‖2,∫

|x|V≥1
E‖G(t,Y, x) − G(t,Z, x)‖2ν(dx) ≤ LE‖Y − Z‖2,∫

|x|V≥1
E‖α(t,Y, x) − α(t,Z, x)‖2ν(dx) ≤ LE‖Y − Z‖2.

Then (1.2) has a unique L2
−bounded mild solution, which is weighted pseudo almost automorphic in distribution.

Proof. One can easily see that if Y(t) is L2
−bounded, then Y(t) is a mild solution of (1.2). From the

assumptions, we have f (t,Yt) = m(t,Yt) + l(t,Yt), 1(t,Yt) = p(t,Yt) + q(t,Yt),F(t,Y(t−), x) = h(t,Y(t−), x) +
ϕ(t,Y(t−), x),G(t,Y(t−), x) = α(t,Y(t−), x) + β(t,Y(t−), x). Then we have

Y(t) =

∫ t

−∞

Tα(t − s) f (s,Ys)ds +

∫ t

−∞

Tα(t − s)1(s,Ys)dω(s)

+

∫ t

−∞

∫
|x|V<1

Tα(t − s)F(s,Y(s−), x)Ñ(ds, dx)

+

∫ t

−∞

∫
|x|V≥1

Tα(t − s)G(s,Y(s−), x)N(ds, dx)

= [
∫ t

−∞

Tα(t − s)m(s,Ys)ds +

∫ t

−∞

Tα(t − s)p(s,Ys)dω(s)

+

∫ t

−∞

∫
|x|V<1

Tα(t − s)h(s,Y(s−), x)Ñ(ds, dx)

+

∫ t

−∞

∫
|x|V≥1

Tα(t − s)α(s,Y(s−), x)N(ds, dx)]

+[
∫ t

−∞

Tα(t − s)l(s,Ys)ds +

∫ t

−∞

Tα(t − s)q(s,Ys)dω(s)

+

∫ t

−∞

∫
|x|V<1

Tα(t − s)ϕ(s,Y(s−), x)Ñ(ds, dx)

+

∫ t

−∞

∫
|x|V≥1

Tα(t − s)β(s,Y(s−), x)N(ds, dx)]

:= Y1(t) + Y2(t).

(3.24)

From the proof of Theorem 3.1, we have that Y1 is the unique almost automorphic solution in distribution.
We now in a position to prove that Y2 ∈ SBC0(R, ρ). Y2(t) is L2

−continuous and L2
−bounded would be

showed first. Set Λ(t) =
∫ t

−∞
Tα(t−s)m(s,Ys)ds+

∫ t

−∞
Tα(t−s)q(s,Ys)dω(s).By similar arguments as [13, Theorem



M. Yang / Filomat 35:7 (2021), 2403–2424 2420

4.1], it follows that Λ(t) is L2
−continuous and L2

−bounded. Since ϕ, β ∈ PSBC0(R × L2(P,H) × V, ρ), then
ϕ, β are both Poisson stochastically bounded and Poisson stochastically continuous. Similarly, we can show

that
∫ t

−∞

∫
|x|V<1

Tα(t − s)ϕ(s,Y(s−), x)Ñ(ds, dx) +

∫ t

−∞

∫
|x|V≥1

Tα(t − s)β(s,Y(s−), x)N(ds, dx) is L2
−continuous.

According to the properties of the integral for the Poisson random measure, we have

E‖
∫ t

−∞

∫
|x|V<1

Tα(t − s)ϕ(s,Y(s−), x)Ñ(ds, dx)

+

∫ t

−∞

∫
|x|V≥1

Tα(t − s)β(s,Y(s−), x)N(ds, dx)‖2

≤ 2E‖
∫ t

−∞

∫
|x|V<1

Tα(t − s)ϕ(s,Y(s−), x)Ñ(ds, dx)‖2

+4E‖
∫ t

−∞

∫
|x|V≥1

Tα(t − s)β(s,Y(s−), x)Ñ(ds, dx)‖2

+4E‖
∫ t

−∞

∫
|x|V≥1

Tα(t − s)β(s,Y(s−), x)ν(dx)ds‖2

≤ 2
∫ t

−∞

∫
|x|V<1

‖Tα(t − s)‖2E‖ϕ(s,Y(s−), x)‖2Ñ(ds, dx)

+4
∫ t

−∞

∫
|x|V≥1

‖Tα(t − s)‖2E‖β(s,Y(s−), x)‖2Ñ(ds, dx)

+4
∫ t

−∞

∫
|x|V≥1

‖Tα(t − s)‖2E‖β(s,Y(s−), x)‖2ν(dx)ds.

(3.25)

Since Tα(·) is integral on [0,∞) and ϕ, β ∈ PSBC0(R × L2(P,H) × V, ρ), we have

E‖
∫ t

−∞

∫
|x|V<1

Tα(t − s)ϕ(s,Y(s−), x)ν(dx)ds

≤

∫
∞

0

∫
|x|V<1

‖Tα(s)‖2E‖ϕ(t − s,Y((t − s)−), x)‖2ν(dx)ds

≤

∫
∞

0

CM
1 + |µ|sα

ds
∫
∞

0

CM
1 + |µ|sα

ds
∫
|x|V<1

E‖ϕ(t − s,Y((t − s)−), x)‖2ν(dx)

≤ (CM)2
∫
|x|V<1 E‖ϕ(t − s,Y((t − s)−), x)‖2ν(dx) < ∞.

(3.26)

Similarly,

E‖
∫ t

−∞

∫
|x|V≥1

Tα(t − s)β(s,Y(s−), x)ν(dx)ds‖2

≤

∫
∞

0

CM
1 + |µ|sα

ds
∫
|x|V≥1

ν(dx)
∫
∞

0

CM
1 + |µ|sα

ds
∫
|x|V≥1

E‖β(t − s,Y((t − s)−), x)‖2ν(dx)ds

≤ (CM)2
∫
|x|V≥1

E‖β(t − s,Y((t − s)−), x)‖2ν(dx) < ∞.

(3.27)

By (3.25)-(3.27), we have

E‖
∫ t

−∞

∫
|x|V<1

Tα(t − s)ϕ(s,Y(s−), x)ν(dx)ds

+

∫ t

−∞

∫
|x|V≥1

Tα(t − s)β(s,Y(s−), x)ν(dx)ds‖2 < ∞.

Then Y2(t) is L2
−bounded. We next show that lim

r→+∞

1
m(r, ρ)

∫ r

−r
E‖Y2(t)‖2ρ(t)dt < ∞. From the definition of
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Y2(t), we can derive

1
m(r, ρ)

∫ r

−r
E‖Y2(t)‖2ρ(t)dt

≤
1

m(r, ρ)

∫ r

−r
E
∥∥∥∥∥∫ t

−∞

Tα(t − s)l(s,Ys)ds +

∫ t

−∞

Tα(t − s)q(s,Ys)dω(s)

+

∫ t

−∞

∫
|x|V<1

Tα(t − s)ϕ(s,Y(s−), x)ν(dx)ds

+

∫ t

−∞

∫
|x|V≥1

Tα(t − s)β(s,Y(s−), x)ν(dx)ds
∥∥∥∥∥2

ρ(t)dt

≤
2

m(r, ρ)

∫ r

−r
E
∥∥∥∥∥∫ t

−∞

Tα(t − s)l(s,Ys)ds +

∫ t

−∞

Tα(t − s)q(s,Ys)dω(s)
∥∥∥∥∥2

ρ(t)dt

+
2

m(r, ρ)

∫ r

−r
E
∥∥∥∥∥∫ t

−∞

∫
|x|V<1

Tα(t − s)ϕ(s,Y(s−), x)ν(dx)ds

+

∫ t

−∞

∫
|x|V≥1

Tα(t − s)β(s,Y(s−), x)ν(dx)ds
∥∥∥∥∥2

ρ(t)dt.

(3.28)

By a similar way as the proof of [28, Theorem 4.1], we can derive

lim
r→+∞

1
m(r, ρ)

∫ r

−r
E
∥∥∥∥∥∫ t

−∞

Tα(t − s)l(s,Ys)ds +

∫ t

−∞

Tα(t − s)q(s,Ys)dω(s)
∥∥∥∥∥2

ρ(t)dt = 0.

In addition,

1
m(r, ρ)

∫ r

−r
E‖

∫ t

−∞

∫
|x|V<1

Tα(t − s)ϕ(s,Y(s−), x)Ñ(ds, dx)

+

∫ t

−∞

∫
|x|V≥1

Tα(t − s)β(s,Y(s−), x)N(ds, dx)‖2ρ(t)dt

≤
2

m(r, ρ)

∫ r

−r
E‖

∫ t

−∞

∫
|x|V<1

Tα(t − s)ϕ(s,Y(s−), x)Ñ(ds, dx)‖2ρ(t)dt

+
2

m(r, ρ)

∫ r

−r
E‖

∫ t

−∞

∫
|x|V<1

Tα(t − s)β(s,Y(s−), x)N(ds, dx)‖2ρ(t)dt

≤
2

m(r, ρ)

∫ r

−r
E‖

∫ t

−∞

∫
|x|V<1

Tα(t − s)ϕ(s,Y(s−), x)Ñ(ds, dx)‖2ρ(t)dt

+
4

m(r, ρ)

∫ r

−r
E‖

∫ t

−∞

∫
|x|V<1

Tα(t − s)β(s,Y(s−), x)Ñ(ds, dx)‖2ρ(t)dt

+
4

m(r, ρ)

∫ r

−r
E‖

∫ t

−∞

∫
|x|V<1

Tα(t − s)β(s,Y(s−), x)ν(dx)ds‖2ρ(t)dt,

and

1
m(r, ρ)

∫ r

−r
E‖

∫ t

−∞

∫
|x|V<1

Tα(t − s)ϕ(s,Y(s−), x)Ñ(ds, dx)‖2ρ(t)dt

≤
1

m(r, ρ)

∫ r

−r
ρ(t)dtE‖

∫
∞

0

∫
|x|V<1

Tα(s)ϕ(t − s,Y((t − s)−), x)ν(dx)ds‖2

≤
1

m(r, ρ)

∫ r

−r
ρ(t)dtE‖

∫
∞

0

∫
|x|V<1

CM
1 + µsα

ϕ(t − s,Y((t − s)−), x)ν(dx)ds‖2

≤
(CM)2

m(r, ρ)

∫ r

−r
ρ(t)dt

∫
∞

0

∫
|x|V<1

1
1 + µsα

E‖ϕ(t − s,Y((t − s)−), x)‖2ν(dx)ds.
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According to Fubini theorem, we derive that

(CM)2

m(r, ρ)

∫ r

−r
ρ(t)dt

∫
∞

0

∫
|x|V<1

1
1 + µsα

E‖ϕ(t − s,Y((t − s)−), x)‖2ν(dx)ds

≤
CM

m(r, ρ)

∫
∞

0

1
1 + |µ|sα

ds
∫ r

−r

∫
|x|V<1

E‖ϕ(t − s,Y((t − s)−), x)‖2ν(dx)ρ(t)dt.

Since ρ ∈ Uinv, ϕ ∈ PSBC0(R × L2(P,H) × V, ρ), it follows that

lim
r→+∞

1
m(r, ρ)

∫ r

−r
E‖

∫
∞

0

∫
|x|V<1

Tα(s)ϕ(t − s,Y((t − s)−), x)ν(dx)ds‖2ρ(t)dt→ 0. (3.29)

Similarly,

lim
r→+∞

1
m(r, ρ)

∫ r

−r
E‖

∫
∞

0

∫
|x|V≥1

Tα(s)β(t − s,Y((t − s)−), x)ν(dx)ds‖2ρ(t)dt→ 0. (3.30)

Combing (3.28), (3.29) with (3.30), we have

lim
r→+∞

1
m(r, ρ)

∫ r

−r
E‖Y2(t)‖2ρ(t)dt = 0.

Therefore Y2(t) ∈ SBC0(R, ρ). The proof is complete. �

4. Applications

In what follows, we use the previous theory to verify the existence and uniqueness of almost automorphic
solutions in distribution for a class of fractional partial integro-differential equations. We are concerned
with the following system

∂
∂t

v(t, ϑ) = Jα−1
t (

∂2

∂ϑ
− c)v(t, ϑ)

+ h(t)
∫ 0

−∞

k(s)v(t + s, ϑ)ds + a(t)
∫ 0

−∞

b(s)v(t − s, ϑ)dω(s) + h̄(t,u, z)
∂Z
∂t
, t ≥ 0, c > 0, ϑ ∈ [0, π],

v(θ, ϑ) = ϕ(θ, ϑ), θ ∈ (−∞, 0],

(4.1)

where 1 < α < 2, Let H = L2([0, π],R, ‖ · ‖L2 ), h(t), a(t) ∈ SAA(R,L2(P,H)), k, b ∈ Cb([−∞, 0],R) and

satisfy some particular conditions specified later. Define the operator A on H by Av = (
∂2

∂ϑ
− c)v.

D(A) = {v ∈ H = L2([0, π],R) : v′′ ∈ L2[0, π], v(0) = v(π) = 0}. It is well known that A is sec-

torial of type ω = −c < 0. Let u(t)(ϑ) = v(t, ϑ) for t ∈ [0,∞), f (t,ut)(ϑ) = h(t)
∫ 0

−∞

k(s)v(t + s, ϑ)ds,

1(t,ut)(ϑ) = a(t)
∫ 0

−∞

b(s)v(t + s, ϑ)dω(s), h̄(t,u, z)dZ :=
∫
‖z‖U<1

H(t,X, z)Ñ(dt, dz) +

∫
‖z‖U≥1

H(t,X, z)N(dt, dz),

with Z(t, x) =
∫
‖z‖U<1 zÑ(dt, dz) +

∫
‖z‖U≥1 zN(dt, dz), H(t,X, z) = h̄(t,u, z)z. Here we may assume for simplicity

that the Lévy pure jump process Z on L2(0, π) is decomposed as above by the Lévy-Itô decomposition

theorem and Jα−1
t u(t) =

∫ t

0

(t − s)α−2

Γ(α − 1)
u(s)ds. Let {q̂(t) : t ∈ J} be the Poisson point process taking values

in the space K = [0,+∞) with a σ−finite intensity measure (Ω,Ft,P) on the complete probability space.
Let N(ds, dη) be the Poisson counting measure which is induced by q̂(·) and the compensating martingale
measure is denoted by Ñ(ds, dz) = N(ds, dz) − ν(dz)ds, then (4.1) can be rewritten as an abstract system of
the form (1.2). Furthermore, suppose that the assumptions of Theorem 3.1 hold, then from Theorem 3.1,
system (4.1) admits an almost automorphic solution in distribution.
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5. Conclusion

In this paper, we have considered a class of fractional integro-differential equations driven by Lévy noise.
Since Tα(·) generated by sectorial operator is integral in t on [0,∞), it enables us to use sectorial operator to
establish the existence and uniqueness of (weighted pseudo) almost automorphic solutions in distribution
for system (1.2). In particular, the fixed point technique, fractional calculus and stochastic analysis are used
for achieving the sufficient conditions to ensure the existence and uniqueness of (weighted pseudo) almost
automorphic solutions in distribution for fractional integro-differential equations driven by Lévy noise
with an illustrative example. Our future work will be focused on investigating the Stepanov-like almost
automorphic solutions for fractional stochastic differential equations with Poison jumps or Lévy noise.
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