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New Additive Results for Cauchy Dual and MP-Inverse of Weighted
Composition Operators

Morteza Sohrabi?

?Department of Mathematics, Lorestan University, Khorramabad, Iran

Abstract. In this paper, we prove some basic results for Cauchy dual of weighted composition operators.
Also we introduce some new classes of operators, called t-hyponormal, t-quasi-hyponormal, and we
provide necessary and sufficient conditions for Cauchy dual and MP—inverse of weighted composition
operators on L?(Z) to belong to these classes . In addition, we study the complex symmetry of these types
of operators. Moreover, some examples are provided to illustrate the obtained results.

1. Introduction and Preliminaries

Let (X, X, u) be a sigma finite measure space and let ¢ : X — X be a measurable transformation such
that 1 o ¢! is absolutely continuous with respect to p. It is assumed that the Radon-Nikodym derivative
h =duo @ /du is finite-valued or equivalently (X, p~!(X), u) is sigma finite. We use the notation L*(¢ (X))
for L*(X,p~"(Z), wp1(x)) and henceforth we write y in place of py,-1(x). All comparisons between two
functions or two sets are to be interpreted as holding up to a y-null set. We denote that the linear space
of all complex-valued X-measurable functions on X by L%(X). The support of f € LX) is defined by
o(f) = {x € X : f(x) # 0}. For a finite valued function u € L°(Z), the weighted composition operator T,
on L2(X) induced by ¢ and u is given by T, , = M,, o C, where M,, is a multiplication operator and C,, is a
composition operator on L*(Z) defined by M, f = uf and C,f = f o ¢, respectively.

The associated ¢~(Z) C X, there exists an operator E := E¥ & : [P(X) — LP(A), which is called

conditional expectation operator. D(E), the domain of E, contains the set of all non-negative measurable
functions and each f € LP(X) with 1 < p < oo, which satisfies

ffdu=fAE(f)dy, Aeg (D).

Recall that E : L2(X) — L2(A) is a surjective, positive and contractive orthogonal projection. For more
details on the properties of E see [19, 25, 27]. Since by the change of variable formula,

Lf°¢du=thfd#, fell(),
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then [|Tue fll2 = I VEE(uP) o ¢~ fllo. Put ] = hE(jul*) o ¢~'. It follows that T, is bounded on L*(¥) if and
only if | € L*(X) (see [20] and also [6] for a discussion of E(-) o ¢! when ¢ is not invertible). Thus, Ty
is a bounded operator precisely when J,, := h,E,([u,[?) o o™ € L¥(X), where n > 0, h, = du o e™/du,
uy = u(wo@)uo@?)---(uo¢p”!)and E, = E"®). From now on, we assume that | € L*(X) and u > 0. Put
ho = 1,]1 =],h1 =handE1 =E.

Composition operators as an extension of shift operators are a good tool for separating weak hyponormal
classes. Classic seminormal (weighted) composition operators have been extensively studied by Harrington
and whitley [18], Lambert [20, 25], Singh [29], Campbell [6-8] and Stochel [13]. In [4] and [5] some weak
hyponormal classes of composition operators are studied. In those work, examples were given which
show that composition operators can be used to separate each partial normality class from quasinormal
through w-hyponormal. But in some cases composition operators can not be separated some of these
classes. Hence, it is better that we consider the weighted case of composition operators. In [10] and
[22], the authors generalized the work done in [4] and have obtained some characterizations of related
p-hyponormal weighted composition operators as separately. In [22] some examples were presented to
illustrate that weighted composition operators lie between those classes. This note is a continuation of the
work done in [22].

Let B(H) be the algebra of all bounded linear operators on the infinite dimensional complex Hilbert
space H. Let T = U|T| be the polar decomposition for T € B(H), where U is a partial isometry and
IT| = VT*T. Associated with T € B(H) there is a useful related operator T = |T|'/2U|T|'/?, called the Aluthge
transform of T.

Definition 1.1. Let m € IN, n € IN U {0} and let p > 0. We denote by K(p, m, n) the set of all operators such as T on
H that T (T T™YT" > T (T"T"PT".

Note that K(p, m, n1) € K(p, m,np), foralln; < ny. Anoperator T is p-paranormal if ||| TPU| T x|| > ||| TJPx|?
and T is absolute-p-paranormal if |||T|PTx|| > I Tx||P*1, for all unit vectors x € H.

Let Bc(H) be the set of all bounded linear operators on H with closed range. For T € Bc(H), the
Moore-Penrose inverse of T, denoted by T", is the unique operator T" that satisfies following:

TT'T=T7, T'TT" =T, (TT') =TT!, (T'T)" =T'T.
We recall that T' exists if and only if T € Bc(H). Note that if T € Be(H), then T%, |T| and T' have closed
range. The Moore-Penrose inverse is designed as a measure for the invertibility of an operator. If T = U|T]|
is invertible, then T~! = T*, U is unitary and so |T| = VT*T is invertible. It is a classical fact that the polar
decomposition of T* is U*|T"|. It is easy to check that U'|T"| and Tz Ut T2 are the polar decomposition

and Aluthge transform of T, respectively. For other important properties of T see [1, 12].
Put S, = Mg T:Mp. Then S, € Bc(L*(X)), because % bounded away from zero on X. Since for each
7

feL*X),T,,f =hE®uf) o @', then we have

Tu,(psu,(pTu,(pf = u(su,QOTH,(Pf) op
b% _
= u(%hE(uz) opTlf)op
Xo _
%hE(uzw fog
= UXo(jop)f © P-

Since u > 0 and a(h o ) = X, a(J 0 ¢)) = o(h o pE(u?)) = o(E(u?)) 2 o(u), and so

= u(

Tu,(psu,(pTu,(pf = (uXG(u))XU(E(uZ))f ocp
= (UxXow)f 0@ = Tuef.
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And

SupTugSuef =X #hE(”TWSWf )og™
=xgﬁﬂf6wﬁ0¢ww*
= Xph(E@)Supf) o p)o @™
=x¢ﬂfw5o¢*ﬁwJ
= Xo)Supf = Supf-

Similar computations show that

Tu,(psu,q) = Muxoewy EM,, = (Tu,wsu,(p)*

E(uz)

and S,y Typ = My, = (Su,9Tue)"- These observations establish the following theorem.

Xo())

wQp

Theorem 1.2. Let Ty, € Bc(L*(X)). Then TZ,@ =My T, and (TIKP)* = Mogop) Tup-
J Jop
Corollary 1.3. Let C,, € Bc(L*(X)). Then Cl, = quhﬂ Cy.

The Cauchy dual of left invertible operators is introduced in [30] as a powerful tool in the model theory
of left-invertible operators. To be precise, if T is left invertible, it easy to see that T*T is invertible and the
operator given by Lt := (T*T)"!T" is a canonical left inverse of T. The Cauchy dual of T is then defined as

o(T):= T(T'T)"' = L,

which is a right inverse of T*. For more details on the properties of Cauchy dual see [9, 30, 32].
We introduce now the notion of Cauchy dual for Moore—Penrose inverse.

Definition 1.4. Let T € Bo(H). The Cauchy dual T is is defined as
o(T) = T(T'T)".

This article has been organized in two sections. In section 2, we study Cauchy dual of operators with closed
range. We use the notion of the Cauchy dual to give the some characterizations of weak p-hyponormal
and weak p-paranormal classes for Cauchy dual of weighted composition operators on L*(X), also we give
several basic properties such as complex symmetry of these types of operators with a special conjugation.
In section 3, the concept of -hyponormal and t-quasi-hyponormal are defined, and we provide necessary
and sufficient conditions for weighted composition operators to be t-hyponormal, t-quasi-hyponormal,
weak p-hyponormal and weak p-paranormal. Finally, some specific examples is provided to illustrate the
obtained results.

2. Cauchy dual and complex symmetry

The main goal of this section is to study the Cauchy dual of weighted composition operators. Also
we investigate which combinations of weight u and self-maps ¢ on X give rise to complex symmetric
for Cauchy dual of weighted composition operators with a special conjugation. Moreover, the class of
K(p, m,n) as a generalization of the classes of weak p-hyponormal is introduced and we investigate some
characterizations of the classes of K(p, m, n) for Cauchy dual of weighted composition operators on L*(X).
We start with the following results that extend the case of left invertible operators and are easy to obtain.
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Proposition 2.1. Let T,,, € Bc(L*(X)). we have

(a) CU(Tu,(p) = X;g(:’)) up = (T )*

(0) w(T;,) = “0T;, = Th, = (@(Tup))"

(c) CU(Tu,(p)* w( u(p) JU) w(Tu(p)w(Tu(p) = (]o;,(lo“,)lg E(uf)

(d) w(@(Tup)) = Tup-

(e) (T (p) w(Tu,(p)Jr'

Proof. (a) we know that (T*T)" = T*T*". So, for each f € L%(X), we have

* Xo(Jog)
@(Tug)f = TupTh, T f = To ; Tuef = (T},)' f.

(b) We have
. " " Xs(Jop)
w(Tu,(p)f T T ITl(pTZ(p = Tu,(p(mu (Mf))
= 20T, f = Ty S
(c)
O(Tug)'(Tup)f = Xmuaxwwuﬁ> D
and

X (/°<{’)

X, (I) T Xo(Jop)
T, (p( f) L L ME(Mf).

(Tup)(Tue) f = (J o @)E(u?)

(d) w(@(Tup)) = 0(T},p)") = Tupf-

(e) By direct computations, we get that
f Tu (pTu,(pT;,(pf = hE(Mf) o @71 = T;,(pf = (a)(Tll,([,J))+f'
O

Proposition 2.2. Let T, € Bc(L*(X)). Then @(Ty,p) = V(T )l is the polar decomposition of w(T.,,), such that

mwm=%w
V(f) = 2L 7, (h.

View

We know that 7:;:[, f=x ! X“ - (“” ==Ly f o . Now turn to the computation of W(Tuy ) and W(Tae ). By combining
the previous results we obtam the following proposition.



M. Sohrabi / Filomat 35:7 (2021), 2215-2230 2219

Proposition 2.3. Let T,,, € Bc(L*(X)). Then

T X
el =i

eI Xs E@u?
(b) a)(Tu,(p) = ho(p(E(uZ‘[}) \/4 (Jop)f oo.

Corollary 2.4. Let Ty, € Bc(L2(X)). Then (T, ) = (T,) if and only if E@2 NT) = VTE@w?).

We recall that a conjugation on a Hilbert space H is an anti-linear operator S : H — H which that
is conjugate linear, involutive and isometric. By involutive and isometric we mean that S?> = I and
(Sx,Syy = (y,x) for all x, y € H, respectively. An operator T € H is said to be complex symmetric if there
exists a conjugation S on H such that T = ST*S.The class of complex symmetric operators includes all
normal and binormal operators, Hankel operators, truncated Toeplitz operators, and Volterra integration
operators, see[14-16]. The problem of describing all complex symmetric weighted composition operators
on various analytic function spaces is very active recently (see [2, 17, 33]). In the following, we show that
the Cauchy dual of a weighted composition operator is complex symmetric.

Proposition 2.5. Let o(]) = o(h) = X, ¢* = I, the identify transformation. If h(h o ) = 1, u € L°(A), where
A = ¢ Y (X). Then w(T,,p) is complex symmetric.

Proof. Define S(f) = [0 Then Sis conjugate linear, S* = I and for each f € L*(X), we have

Vhoo

§‘
o
L

Sw(Tup)'S(f) = S(T},)S(f) = S(X](DhE(uS(f))ogo’l)_m g S0
- ”]f O°(p¢ = W(Tup)f.
Al Foolgor), [ hf
_ P)gog hfg . _
(Sf,59) = T hop fX o dn =4, f).

So, w(T,) is complex symmetric. [J

Example 2.6. Suppose that1 < a < co. Let X = [1,a], du = dx and T be the Lebesgue sets. Deﬁne the non-singular
transformation ¢ : X — X by (x) = 1. Put u(x) = x?> and A = ¢ Y(L). Then h(x) = % and E = I. Simple

X

computations show that o(J) = a(h) = X, ¢* = Land h(ho ¢) = 1. Define S(f) = LR clear that S is conjugate

\/_

linear. By direct computation we get that w(Ty) = % f(L) and
Sw(Tu,(p)*s(f) = a)(Tu,qJ)f-

Thus w(Ty,e) is complex symmetric operator on L*(Z).

In the following two theorems, to avoid tedious calculations, we investigate only K(p, 1, n) and K(p, m, 0)
classes of weighted composition operators. Note that T € K(p, 1,0) if and only if T is p-hyponormal and
T € K(p,1,1) if and only if T is p-quasihyponormal. Recall that T € K(p, 1, n) if and only if T""(T"T)PT" >
T"(TT*Y'T", and T € K(p,m,0) if and only if (T""T™)" > (T"T™).

Theorem 2.7. Let Ty, € Bc(L?(X)), n € N. Then w(Ty) € K(p,1,n) if and only if

uy unu(hP o varphi)(E(u?))P~ E(uu,,)
B 2 Top

), ona(Jn).
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Proof. Let f € L?(Z). Direct computations show that

(w(Tuxp)*)n(a)(Tu,q))*w(Tu,(p))p(w(Tu,qJ))n (f)

]2h E( S (unf o @) 0 97t f

hE()qof

E J

and

(@(Tup)") (@(Tup)a(Tup) ) (@ (T )" ()

1 (o cp)(E(uZ»P-lE(%))
= o

= Jpltnbn

Ji (Jop)¥

" f

untt(H” o @)(E(u*))"~'E(uu,)
E (Jo @)
Then w(T,,,) € K(p,1,n) if and only if

L hEn

Jop"f.

(_) > E (unu(h” o P)(EW?)" E(uun)

0 Togp )

O

Corollary 2.8. Let C, € Bc(L*(Z)). Then o(C,) € K(p,1,n) if and only if En(%) >
on a(h).

particular, if n = 1, then w(C,) is p-quasihyponormal if and only if E(3) >

Lemma 2.9. [26] Let o and B be nonnegative and measurable functions. Then for every f € L*(Z),

fx ol ffd > fX IE, (B) Py

if and only if o(B) C o(a) and E,,(%Z)(G(a)) <1l

on a(/y).

2220

L) on o(hy,). In

Theorem 2.10. Let T, € Bc(L2(Z)). Then w(Ty,) € K(p,m,0) if and only if if and only if o(uy) € o(J,) and

Em(uszi) < (]ﬁ o (Pm)Em(Mmz)-

Proof. Let f € L>(Z). Then we have

(T ™(Tug)"V f, £ = fx Xethn)| cp gy,

and

<(w(Tu,qo)m(‘)(Tu,qJ)*m))pf/ H
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- %( P En2 ) e )i
XG(]mO(P m 2
f EaCy PN En(2))F )Pl

Puta = 7 L and B = Trogm O(pm (h2 ) (pm)(Em(um)) > uy. Then o(a) = 0(J,,) and o(B) = o(u,,). Now, the desired
conclusion follows from Lemma 2.9.
O

Corollary 2.11. w(T,,,) is p-hyponormal if and only if o(u) C o(]) and

(( ° <P)pE(u2))

Lemma 2.12. [31] Let T € B(H) and let U|T| be its polar decomposition. Suppose p be a positive real numbers. Then
the following hold:

(a) T is p-paranormal if and only if for each A > 0,
IT*PITP|TP = 2AIT* [ + A* > 0.
(b) T is absolute-p-paranormal if and only if for each A > 0,
IT*ITI|T*| = (p + DAP|T*P* + pAP*! > 0.
Theorem 2.13. Let T, , € Bc(L*(X)). Then The following statements are hold.

(a) w(Ty,p) is p-paranormal if and only if

Xa())

W(E(u))3/ on o(J) N o(E(u)).

u
E(]—p

(b) w(Ty,p) is absolute-p-paranormal if and only if

) Xo())
' = W o pEy

) >

E( (E@)**!,  on o(]) N o(Ew)).

Proof. (a) Let f € L*(X). It is easy to check that

T P = G e E,
(T Pf = %uﬂuﬁ,
lwo(Tu)? f = =
It follows that
T PIT PIT f = %uﬂb}—{)-
Now, by Lemma 2.12(a), w(T},) is p-paranormal if and only if
TegP e 2~ 2\ gy e + £ 20 @
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for each A € (0, ). Put f = x,-15 with 1(p~!B) < c0. Hence, (2.1) holds if and only if

+A%)du > 0.

Xo(fog) ux, o Xo(op)UE(ux; © @)
[r)ls ToorE@ " B ) =2 (o gyEad)

Equivalently,

(E 1 n(E ~-1y2
I{M Uy oot g K0EWOT o s
B

JPE(u?) o g1 E(]_P) °e JPE(u?) o g1
But, This is equivalent to

Xo(n(E(u) 0 @71)
JPE(u?) 0 @71

u

JP

Xa()

E( )0@_1—2 W(E(U)O@_l)z-i-Az >0.

Set
u

]p) g =a

Xo()) -1
W(E(u) °op T )E(

and
Xo())

R e )

Then (T,,,) is p-paranormal if and only if
D(A):=a—-2bA+A*>0, A€(0,0).

Since
i, D(A) = D(b),

it follows that

D) >0 = a>V
Xo((E(u) 0 <P*1)E(g) o1y Ko (E@) o g
PEG@) op T ) Y ) o g2

Xo()) u Xa()) 4
o <pE(u2)E(”)E(]_p) z W(E(u)) ,

Xa())
W&W(E(u)ﬁ on o(]) N o(E(w)).

-1 )4

u
(b) The proof is similar to part(a). [

3. MP- inverse of weighted composition operators

In this section, we define the new classes of operators, called t-hyponormal and t-quasi-hyponormal.
In addition, we discuss measure theoretic characterizations for Moore-Penrose inverse of weighted compo-
sition operators in this new classes. We then give some examples illustrating these classes. From now on,
we assume that T, has closed range. Before our main results are presented, we state the following lemma.

Lemma 3.1. [21] Let 0 < v € L(A), 0 < w € LX) and let A := M,,EM,, € B(L*(X)). Then for each p € (0, ),
Ap = Mvme(a)Z)p—l EM(‘).
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Theorem 3.2. Let Ty, € Bc(L*(Z)), n € N. Then T},

€ K(p,1,n) if and only if

awam%m>awO@&

> , ono(hy).
EGEw@) = Eg) o T
Where Ky, = h,E,(uy,) o @".
Proof. Let f € L?(Z). Direct computations show that
t oyttt +
(Tu,(p) n(T u,(pTu,(p)p(Tu,(p)nf
Xo(wop)Un (Ut © (pn)E(u%hnEn(u,,f) o™ o " ;
= =a ,
(Jn 0 @")(J 0 @™ )PE(u?) 0 ¢
t et t* T \n
(Tu,(p) (Tu,(pT u,(p)p(Tu,(p) f
XJ(]VIO(P)
= u,(h, o ©YE,(u,f) := bf.
(o gy ogry ol @ POEnn)) = 0f
Then, Wy € K(p, 1, n) if and only if
((a=bf, /=0, 2)

for each A € (0, 00). Put f = x,-«p with u(¢~"B) < co. Hence, (3.1) holds if and only if

Il Kot epint© VEG I E 10 0 7)o 9"
¢™"B (Jneo@")(Jo §0n+1)pE(u2) o "

_ XU(]HOQD)
Jn 0 9")>2(J 0 ¢")
Equivalently,

ity (It © @"En1tn )yt 2 0.

f Ko En(itn) © 9" En(u) En(E@™L2K,))
B (Jn)En(JP o @)E,(E(u?))

XU(IH) —1\2
———" . (E,(u,) o o ")}, du > 0.
G2,y 1 Entn) © @70 Yty
But, this is equivalent to
Xa(J) Xo(J) Xo() Ky
E,(wE,(E(u——=K,)) — — >0,
E,(7 o p)EnEGa) P ECT TR — g T,
on d(J,,). Then TZ,@ € K(p,1,n) if and only if
E.(w)Eq(E(52)  E, (¥
n)  EnPo) Ky o(hn).

Ef(E@?))  — E(P) T’
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Corollary 3.3. Let C, € Bc(L*(X)). Then Cl, € K(p,1,n) if and only if E,(W) > E, (" o ¢) on o(hy). In particular,
ifn =1, then C* is p-quasihyponormal if and only if E(W’) > WP o ¢, on o(h).

Theorem 3.4. Let Ty, € Bc(L*(X)). Then T}, , € K(p, m,0) if and only if

u<p

(Em(”m))z > ]51 o
En(uz) — Eu(Jh)

Proof. Let f € L*(X). By direct computations and Lemma 3.1, we get that

1 0(Jm)-

XU(],,,o(p )
t* \m myp £ — _OUmPE m P
(T )" WL f = s s o Y (En )Y i),
m * m XU(]W
((Tu(p) (T+u,(p) ))Pf_ ]p f
Then, TZ,@ € K(p,m,0) if and only if
Xo(Juwop™) m 2\vp—1 X(T(I
(—————(h,, o P(E(u )W~ 1y, E (1t Yy >0, 3
Gy O & 9" Bt f) = S5, ©)
for each A € (0, o). Put f = x,,-np with u(p™B) < co. Hence, (3.2) holds if and only if
XU(]qu) ") m 2 1
{(—— P(E,,(u Uy) — —du > 0.
fMB T o " EnG) it Enit) 5 s
Equivalently,
XU(]W) —m\2 1
{ (Em(tm) 0 ™) = =——=——hpudp 2 0.
fB Jn(Em(uiy) 0 o) En(J) 0 o~

But, this is equivalent to

Xg(jm) —m\2 ]'
(Em(um) op ) - — >0
Jn(Em(u3,) 0 ™™ En(Jp) o o7

€ K(p, m,0) if and only if

(Em(um»z > ]fn o "
En(uz) — En(h)

on o(J,). Then, T, W

on o(Jm).

U
Corollary 3.5. Let Ty, € Bc(L*(Z)). Then Ty, is p-hyponormal if and only if
(E))?* JPoe

E@?) — E(")

Definition 3.6. Let T € Bc(H). We said that T is t—hyponormal if T'T* > T*T" and T is t—quasi hyponormal if
THT*T) > (T*T)T".

n a(]).

Theorem 3.7. Let T, € Bc(L*(X)). Then The following statements are hold.
(a) TI,({, is t—hyponormal if and only if Eu?) < 1.

(b) TZ,@ is t—quasi hyponormal if and only if
E(u]) 2 Jo @E(u), on o(E(w)).
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Proof. (a) Let f € L?(Z). Direct computations show that

v Tupf = f XoolfPdu

Tu(PT'I‘(pf fXU(]qu (h qD 2)]E(uf)dy

fX ECZD (14 0 o)EGR)] uf)Pdp.

]2 oQ
Hence by Lemma 2.9, T}, . is t—hyponormal if and only if

h o ©)[E(u?
(%)Xmo@) <1l

Equivalently, E(u?) < 1.
(b) By simple calculations we get that,

b _ Xo(phE(]f) o 9™
Tu,(p(Tu,(pTu,(p)f - ]

(Tr o Tug) Ty f = RE@uf) 0 @~

So, by the same of proof of Theorem 3.7, T} , is t—quasi hyponormal if and only if

XoyE@]) o 7!
J

> E(u) o qo_l =

—XU(];qZ}j;(u]) > E(u)

& E(u]) > JopE(u), ono(E(u)).

O

Let B(H) be the algebra of all bounded linear operators on the infinite dimensional complex Hilbert
space H. Let T = U|T| be the polar decomposition for T € B(H), where U is a partial isometry and
|T| = (T"T)"/?. In the following we concentrate on the polar decomposition of T} ,

Let f € L*(X). Then (T+;,¢TZ,¢)( f) = & “’)u(h o )E(uf) and so [T}, ,| follows from Lemma 3.1. Moreover,

(Jogpy*
by direct computations we have
uy, MXM T
Moreover, it is easy to check that U} |TT , U‘L oUu qu =Uu and NU! ) = N(T:,) = N(Tt ).
Y u P u P P u,p u,p u,p u,p

Consequently, we have the following proposmon

Proposition 3.8. Let Ty, € Bc(L*(2)). Then T}, = U; ,|T}, | is the polar decomposition of Ty, ,, such that

u,Q
+ _ Xo(Jop) .
o) = e E
uzqo(f)—()‘“" T, f.
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Theorem 3.9. Let T, € Bc(L*(X)). Then The following statements are hold.

(a) T} o 18 p-paranormal if and only if
E(u)
E) (T) > (]—\/- on o(]).

(b) T;(P is absolute-p-paranormal if and only if

Ew) pity s [o®y
Bz 7 onal),

Proof. (a) Let f € L*(X). It is easy to check that

Xo(Jop)

T} 7 f = WME(MJC),
_ Ko(ep)
u(Pl f WE( 2) (uf)l

. 1
t 2, _
|Twwf_ﬁ.

It follows that

Xo(jop) uf
VU o oPE@) "

Now, by Lemma 2.12(a), T+u,q, is p-paranormal if and only if

t* t o 2pprtt
T, PITS PP, P f =

u,Qp

Xo() (_f) ZAXO(I)

VIF(J o (P)”E(MZ) VP
for each A € (0, ). Put f = x,-13 with t(p~!B) < co. Hence, (3.3) holds if and only if

( f+A% )20,

Xo()) Ux ° ¢ Xo() 2
uE - o@)+ Aldu > 0.
o0 NI ogpEa) ) e e
Equivalently,
XapE@) o ¢~ () 6 o1 — 0 K0 2
f JFop pE@ ot g P T ot =0
But, This is equivalent to
a E -1 g
Xo(nE() o ¢ By 0! o, 250,
VI o o JPE@?) 0 7t NP Jrog
Set ( )
E(u) o @~ u _
- % - E(—) o 1._
VIPo @l PE@?) oo~ " NP
and

_ 1
S Jrogt

2226
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Then, T*,, is p-paranormal if and only if

D(A):=a—-2bA+A*>0, A€ (0,).

Since
fer(‘&?o) D(A) = D(b),
it follows that
Db)>0=a> b?
E(u)o 7! u _
B )op > ()
Vo g PEG@D) o gl VT Jop

gy ]%p

= <Jpo<p>E<u2> N

Ew)
= Ew) (T)‘(N on o

(b) The proof is similar to part(a). [
Corollary 3.10. Let C, € Bc(L*(X). Then The following statements are hold.

(a) Cgo is p-paranormal if and only if

(?) 2 (F)p on a(h).

(b) C;, is absolute-p-paranormal if and only if

@E(%) > (l%)i’, on o(h).

In the following, we prove that the weighted composition operators are complex symmetric

Corollary 3.11. Let o(h) = X, ¢* = I, the identity transformation. If h(h o @) = 1, u € LO(A), where A = p~1(L).
Then T, is complex symmetric.

Proof. By the same argument in the proof of Proposition 2.5, we define
S:L3(X) — LA(X)

5 u f'oqﬁ
(f) = =

].

According to assumptions it is clear that S is a conjugation and 5(T7,,)S = Tu,p. O

Example 3.12. Let X = (0,1) equipped with the Lebesgue measure du = dx on the Lebesgue measurable subsets of
X and let ¢ : X — X be a non-singular measurable transformation defined by and
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Then for each f € L*(X) and x € X we have

o =1 1+ 1=

=M.

1;
(Ef)(x)
(E(f)op™) f( )+ f(l——))

Put u(x) = vx. Direct computation shows that

E(u) = —W+2Vm,

B =5, B2\ = zi

1 1
]—Er ]O(P_E'

Then we have

_ _ 2Vxf(2 0<x<1i
@(Tup) = @(Tugp) = @(Tup) = {2 ﬁ;EZX—) 2v) 3< z - i

In this case by Theorem 2.7 and Theorem 2.10, w(T,,) € K(p,1,1)\K(p,1,0). Also by Theorem 3.2,
K(p,1,0) & x = 1.

u(p

Example 3.13. Let X = (1, 00) equipped with the Lebesque measure du on the Lebesgue measurable subsets. The
tmnsformation @ and the weighted function u(x) are given by @(x) = \x and u(x) = \/% Then h(x) =2x, E =1,

J(x) = sz, hop(x) =2+x, Jop(x) = 1+x In this case by Theorems 2.7 and 2.10, w(C,) is in K(p,1,0)\K(p, 1,1).
Also by Theorem 3.7, TW is t—hyponormal but it is not t—quasi hyponormal.

Note that the following example was used in [11] to show that the p-hyponormal classes are distinct for
p with 0 < p < 1. Now we will show that block matrix operators can separate weak p-hyponormal classes.

Example 3.14. Let M := [Ajj]1<i j<eo be a block matrix operator whose blocks are 6 X 3 matrices such that A;; = 0,
i#jand A=Ay =A1 = Ay = ..., where A, = Ay, for each n € Ny and

1 0 0
1 0 0
1 0 0

A_100
0 V& 0
0 0 @

Note that x1 and x, are fixed positive real numbers. Now, let {*(m) be the weighted Hilbert sequence space on
(No, 2o, 1). Also let i be a measure on ¥. defined by p({n}) = my. Define ¢ : No — N by

3k n=6k6k+1,6k+2,6k+3;
pn)=:3k+1 n=6k+4;
3k+2 n=6k+5.
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Then by [11, Proposition 2.2], C,, is unitarily equivalent to the block matrix M such that for every k € INg

Mef+i-1
msj

Mek+4 Mef+5
= x; and [—— = +/x, k€ Ny.
M3k41 M3zj+2

Moreover, by the same argument in the proof of [11, Proposition 3.1] M is in K(p,1,0) N K(p,1,1) if and only if
Cy € K(p,1,0) N K(p,1,1). But this equivalent to C; e K(p,1,0) N K(p,1,1). By Theorem 3.2 and Theorem 3.4,
C; € K(p,1,0) N K(p,1,1) if and only if E(h”) > hP o @, this condition is equivalent to

=1 for 1<i<4, k€N,

-1
Mo 9m),, 1 y y (5)

m(e~'()))
M) ~ m(p~(p(n))) ;

mj

Mj(

jep Hp(m)

Now by the same argqument in the proof of [11, Proposition 3.3], we deduce that (5) is equivalent to

Gr+Gr=2 ©®)

Let 0 < g < p and M be in K(p,1,0) N K(p,1,1). Then by using (6), we can find x1 and x such that M is
not in K(gq,1,0) N K(q,1,1). Namely for x; = 3.5 and x, = 4.25, by using (6) it is easy to see that M is in
K(©O,1,00nK(9,1,1), but it is not in K(8,1,0) NK(8,1,1). Also by the same argument M is is p-paranormal if and
only if w(Cy) is p-paranormal and by Theorem (2.13)(a), w(C,) is p-paranormal if and only if E(75) > 7= o This is
equivalent to

(xil)P n (%)P > 2, )

particular in the above relations if we take x1 = 3.5 and x, = 4.25, then by using (7) it is easy to see that for p > 6,
M is p-paranormal but for p < 5, it is not p-paranormal.
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