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Abstract. We present generalized extensions of Berezin number inequalities involving the Euclidean
Berezin number and f-connection of operators.

1. Introduction

Let H be a complex Hilbert space with an inner product (-, -) and the corresponding norm | - ||. Let £L(#)
be the C*-algebra of all bounded linear operators from # into itself. In the case when dimH = n, we identify

L(#H) with the matrix algebra IM,, of all n x n complex matrices. An operator A € £L(#) is said to be positive,
and denoted A > 0, if (Ax,x) > 0 for all x € .

The numerical range of T € L(H) is defined as

W(T) = {(Tx,x) : x e H,||x]| =1}

and the numerical radius of T, denoted by w(T), is defined by w(T) = sup{|z| : z¢ W(T)}.
It is well-known that the set W(T) is a convex subset of the complex plane and that the numerical radius

w(-) is a norm on L(H); being equivalent to the usual operator norm |T| = sup{||Tx| : x € X, |x| = 1}. In
fact, for every T € L(H),

1
STl <w(T) <|T]. 1)

Obtaining sharper lower and upper bounds of (1) have attracted numerous researchers due to its applica-
tions in the operator theory and other fields. For example, bounds for the zeros of polynomials is an inter-
esting application of the numerical radius inequalities (see [7]). We refer the reader to [9, 11, 18, 23, 24, 28]
as a sample of references treating numerical radius inequalities.

Another interesting set of applications of the quantity w(A) includes the study of perturbation, convergence
and approximation problems as well as iterative methods, etc; [2].

A Hilbert space H = H(Q) of complex valued functions on a nonempty open set Q c C which has the
property that point evaluations are continuous, is called a functional Hilbert space. The point evaluations are
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continuous means for each A € Q, the map f — f(A) is a continuous linear functional on . Foreach A € Q,
there is a unique element k, of H such that f(A) = (f,k,) for all f € H by Riesz representation theorem. The
collection {k; : A € Q} is known as the reproducing kernel of H. Problem 37 of [14] states that the reproducing

kernel of a functional Hilbert space H with {e,} as an orthonormal basis is ki (z) = > e,(A)eq(z). Let
n

ki = k1/lk1| be the nomalized reproducing kernel of #, where A € Q. The function A defined on Q by
A(A) = (Aky, k,) is the Berezin symbol of a bounded linear operator A on H. The Berezin set and the Berezin
number of the operator A are defined by

Ber(A) = {A(A): A eQ}and ber(A) =sup{|A(A)|: 1eQ},

respectively. These definitions are named in honor of Felix Berezin, who introduced these notions in [8].
For our purpose, we set the Berezin norm of an operator as ||A|pr = sup{|(Akx,,k1,)| : A1, A2 € Q}. Clearly,
the Berezin symbol A is a bounded function on Q whose values lie in the numerical range of the operator
A, and hence

Ber(A) c W(A) and ber(A) < w(A).
The Berezin number of an operator T satisfies the following properties:
(i) ber(BT) = |Bber(T) for all g € C.
(ii) ber(T + S) < ber(T) + ber(S).
Let T; € £L(#H(Q)),1 < i < n. Bakherad [4] then introduced the concept of generalized Euclidean Berezin
number of Ty, ..., T, as

" 1/r
ber,(T1,...,Ty) = sup (Z |(TikA1kA)|r) :

re \i=1
The generalized Euclidean Berezin number ber,, r > 1, has the following properties:
(i) ber,(BT4,...,BT,) = |B| ber,(Ty,...,Ty) forall B e C;
(ii) ber,(T1 + S1,..., Ty + Sy) <ber,(Ty,...,Ty) +ber,(Sy,...,5:),
where T;,S; € L(H(Q)),1<i<n.

The Berezin symbol has been studied in detail for Toeplitz and Hankel operators on Hardy and Bergman
spaces. A nice property of the Berezin symbol is mentioned next. If A(A) = B(A) for all A € Q, then A = B.
Therefore, the Berezin symbol uniquely determines the operator. Some excellent results about the Berezin
number were found in [4, 5, 13, 25-27] very recently.

Among many techniques in obtaining numerical radius and Berezin number inequalities is the study
of certain scalar ones. For example, the classical Young inequality which states thatifa,b>0and 0 < <1,
then

a’b'F < pa+ (1-B)b, 2)

is an example of such important scalar inequalities.

During the last decades several generalizations, reverses, refinements and applications of the Young in-
equality in various setting have been given, see [3, 19-21] and the references therein. A refinement of
inequality (2) is presented by Kittaneh and Manasrah [19] as follows:

a’b'F <Ba+ (1-P)b —ro(a> —b?)?, where ro = min{B,1-B}. 3)
Later, the same authors in [1] presented the general form of (3) as follows:
(@b P)" + i (a? —b%)? < (Ba+ (1-B)b)", where ro =min{B,1- B} (4)

and for any positive integer m. Recently, Choi [10] gave a further refinement of the Young inequality as
follows:

a+b
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where rp = min{8,1 - } and Ry = max{B,1 - B}.
We refer the reader also to [22, Section 2.4] for more elaboration on this refinement.
We know from [15] thatforO<f<landr>1,

pa+ (1-B)b< (Ba"+(1-p))". 7)
It follows from (7) and inequality (5) that
(a"6"F)" + (2r0)" ((‘”zb) - (ab)’i‘) <(pa"+ (1-p)V)", (8)
where ro = min{g, 1 - p}. In particular, for g = 1, we get
(a%bé)’”+((“;b) —(ab)’f)szlnr, @ + 1)~ )

In 1952, Kato [16] showed the mixed Schwarz inequality, which asserts
{ax y) < (jAP 0 (AP Py ), 0spst, (10)

for the operator A € £L(#) and the vectors x, y € H, where |A| = (A*A)l/z.

The objective of this paper is to present some results of Berezin number inequalities involving f-
connection of operators. Finally, we present a generalized Euclidean Berezin number inequality and refine
the inequality (13).

Many related results that extend known results from the literature will be presented with an empha-
size on the relation with known results in the literature. The first needed inequality is the following
generalization of the mixed Cauchy-Schwarz inequality [17, Theorem 1].

Lemma 1.1. Let A € L(H) and let f and g be non-negative continuous functions on [0, o) satisfying the identity
f(t)g(t) =tforallte[0,00). Then

(Ax, y)l <[ F(AR) [Tg(A™ Dy
forall x,y in H.

When dealing with inner product inequalities, the following inequality becomes handy [12, Theorem
1.2]:

f({Ax,x)) < (f(A)x,x), (11)

valid for the convex function f : | - RR, the self adjoint operator A with spectrum in | and the unit vector
x € H. The inequality (11) is reversed when f is concave. As a consequence of this inequality, we obtain the
following celebrated McCarthy inequality.

Lemma 1.2. Let T € L(H), T > 0 and x € H be a unit vector. Then
(i) (Tx,x)" <(T"x,x) forr > 1;

(ii) (T"x,x) < (Tx,x) forO<r< 1.

2. Main Results

2.1. Berezin number inequalities for f—connections of operators
For positive definite operators T, S € L(#), the operator geometric mean is defined by

Tﬂ S - T1/2(T_l/ZST_l/Z)l/ZTl/Z.
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Let f be a continuous function defined on the real interval ] containing the spectrum of T~'/2ST~1/2, where S
is a self-adjoint operator and T is a positive invertible operator. By using the continuous functional calculus,
the f-connection o is defined as follows

TosS =T f(T2STH2) T2, (12)

Note that for the functions (1 - ) + t and ##, the definition (12) leads to the arithmetic and geometric
operator means, respectively; see [12]. The aim of this subsection is to extend and generalize main result of
[6, Theorem 2].

Theorem 2.1. Let T,S, X € L(H) be such that T, S are positive invertible. Then for m e Nandr > 1,
ber" ((To;S)X) < 27" ber™/"((X* T2 fA(T2STHA)T2X) + T7) - inf &(ky),
€

where

m

E(ky) = %(X*T”z FTY2STY2)TY2X 4 Tk Ko
— ((X*TY2 (T V2ST V2TV Xk ) e ) (Th, Ko ))™2.

Proof. We have

((To;S)Xka, k)™

— |<T1/2f(T_l/ZST_l/Z)Tl/ZXl%/\,l%,\>|m

= [(f(T72ST )T 2 Xk, T hp) "

< (T RST YT XD | | T R |

— ((f(T_l/st_l/z)T1/2X12/\,f(T_l/st_l/z)T1/2XIA{A)1/2(T1/2IAC/\, T1/2f(/\)1/2)m

— (<X>i-Tl/ZfZ(T—l/ZST—l/Z)Tl/ZXI%/\’I’%/\)l/Z(’TI/%A’l’%A)l/Z)m
<27 ((X*TY2 (T VPST AT Xk k) + (T ka))

~ {( (X*T1/2f2(T_1/25T_1/2)Tl/lez)\,l})\) + (Ti%/\/i%/\) )m
2

m
r

~ ((X*Tl/zfz(T—l/ZST—l/Z)Tl/ZXIAcA,IQA)(TIA(/\,’A(/\))M/Z}

—m

<2 TV (T VST VAT XY + Ty, e )™

) { ( ((X*TY2 2(T-2ST-12YTI2X + T)k), k) )’”
2

- ((x*T"? fZ(T‘l/st‘l/z)Tl/zqu,IQA)(TI%A,I%A))’”/z}.

Taking supremum over A € (), we get the desired result. [
Putting m = 1 = r in Theorem 2.1 and using the fact that ber(T) < |T|, we get the following result as follows.
Corollary 2.2. Let T,S, X e L(#H) be such that T, S are positive invertible. Then

ber((To(S)X) < %ber(X*Tl/z T2V TV2X 4+ T - inf &(ky),
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where

. X*Tl/Z 2 T—l/ZST—l/Z T1/2X+T A
(k) = (XS Sk

— (X*TV2 (T 28T Y2) T2 Xk ), 0 ) (T, 0 ) 2.
Taking f(t) = t'/2 and m = 1 = r in Theorem 2.1, obtain the following result.
Corollary 2.3. Let T,S,X € L(H) be such that T, S are positive invertible. Then

ber((T§5)X) < %ber(X*SX 1)~ inf £(k),

where

fa ko) = (((X*SX)ka, k) (Tha, ko)) 2.

5(;}}\) - (X*Szﬁ

Taking X = I in Theorem 2.1 we get the following.
Corollary 2.4. Let T,S € L(H) be positive invertible. Then for m e IN,r > 1

m mfr

||TGfS|| Sz—m/VH(T1/2f2(T—1/2ST—1/2)T1/2)7+T7||hey —ll’lfé(f@\),

ber

where

R T1/2 2 T—l/ZST—l/Z T1/2+T W am
E(k/\)=(( S > ) )k/\/k/\>

_ ((Tl/ZfZ(T—l/ZST—l/Z)Tl/ZI’%A,]’%AHT]’%A,]’%A>)m/2.
Taking r = 1, X = I and f(t) = t'/2, we have the following simplified form.
Corollary 2.5. Let T,S € L(H) be such that T, S are positive invertible. Then for m € N,
ITysl, <2fs 7] - nf £Gi)

where

S+T, - " 7 7.\m 7. 7..\m
7 kA/kA) — (Ska, k)" (Thy, k).

E(ky) = (
Proposition 2.6. Let T,S, X € L(H) such that T,S >0and v > 1,m ¢ IN. Then

|(Tor$)X|,., <27 (| x*T 22T s 2X|) + | T, )" - A/i}r}ggé(lﬁ,fcy),

where

A A ~ N ~ m
fuk,) - (X*TV2 f2(T-Y2STY2) T2k ky Kep ) + ( Tk, k)
Arfu 5

~

- ((x*T? fz(T‘l/ZST‘l/Z)T1/2XIACA,IACA)(TIQM,ky))m/ 2

Proof. Letky,k, € H(Q), then
((TofS)Xky, k)™ = (T2 F(T2ST2YT 2 Xk, k)™
- |<f(T—l/25T—l/2)T1/2Xf{/\I Tl/2]%y>|m
S (X*Tl/ZfZ(T—l/ZST—l/Z)Tl/ZXI/%A’I’%A)m/Z(T]'%H,i%H)m/Z.

2047
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Using similar technique as in Theorem 2.1, we get
((TopS)Xky, k)™ < 27" ((X* T2 A(T2ST VYTV Xk Ry )+ (Thy, R ) )™

{( (X*T1/2f2(T‘l/ZST‘l/Z)Tl/z)UACA,]AC/\) + (TIACH,IQH) )m
- 2

_ (<X*Tl/zfz(T_l/ZST_l/Z)Tl/ZXI%/\,i(\f/\)(T’%y,i&y))m/z}

Taking supremum over A, u € (), we have

||(TGfS)X||m < z—m/r(”X*T1/2f2(T—l/ZST—l/Z)Tl/ZX”r n ”T"r)m/r _ \infoé(fq,fcy),
A, pe

where

(X*TY2f2(T-12ST-12)TV2Xky Ky ) + (Thy, Ky ) )m

é(kA/k;t) = ( 5

_ ((X*T1/2f2(T—l/ZST—l/Z)Tl/ZXf{A’ IAcA)(TIAcy, f{“))mﬁ ‘

0
In particular, letting f(t) = t'/2, m = 1,2, ... we have the following simplified form.
Corollary 2.7. Let T,S, X € L(H) such that T,S > 0 and let r > 1. Then

ITe9xly, <2 (xS, + |71, )"

, { ( (X*SXky, k) + (Thy, k) )’”
— inf -
A, ueQ) 2

((X*SXIQ/\JACA)(T’A‘w’%#»mﬂ} :

2.2. Generalized Euclidean Berezin number inequalities.

In this subsection, we show our main results; starting with the generalized Euclidean Berezin number.
Our first result is a generalized refinement of [6, Theorem 9].

Theorem 2.8. Let H = H(Q) be a reproducing kernel Hilbert space on Q and A;,B;,Si e L(H) (i=1,2,...,n)
and let f and g be non negative continuous functions on [0, 00) such that f(t)g(t) =t for all t € [0, 00). Then for
m=1,2,...andr,p>m,

1-m
n r m

n
berZ(A;51B1, . ,A;San) < 2Tb€7'7(
! i=1

([B; F2(SDBA™ +[AF g (IST)AI™))
_}i‘?(f)g(@),
where
£(k) = Zl %((([B?fz(lsil)Bi]% +[AF (IS DAL Ry Ka)) "

- (([B;f2(|5i|)Bi]%I%A,I%/\M[A;g2(|5i*|)Ai]%f<mf<A))% .
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Proof. Letk; is the normalized reproducing kernel of #((Q), then

™=

(A7 S:Bika, k)P

Ul
—_

™=

(SiBiky, Aika )P

0]
—_

™=

|£(Si)BikaAIPIg(I1S AP (by Lemma 1.1)

I
—_

4
2

> (FUISiBk, £(IS)BkA)2 (g(1ST Ak, 9(IS7 ) Aikr)

™=

]
[usy

™M=

> (B 2(S1)Bk Ka) 5 (A 2157 Ak k) )

Ul
[uty

M:

I
—_

m

> (0
[%( ([B; f2(1S:))B:] kA,ch)w<[Ang<|s;|)AJ%M)]'

™=

[l
—_

-3 (5 (4082 POsDBARR B+ (047 205 DAL R ) )

i=1

- (<[B;*f2(|sf|>B,-]ikA,iéA><[Afg2<|si*|>Ai]%,h))m’z] (by (9))

m
nt- n v

L=mfr % 2 a8 * 2 * s !
< S \ 2 ([BE 2 USDBI™ +[A7 2257 DA™ ) ko
i=1

=1

—i[(i( [B; F2ISiDBi1" + [Af 2 (ISTHAN )k, )"

- (B2 PAs DB (AT (51 DAL k) |

(B7 (S1BEa, ka) PA([A7 21T DA P k) P2) (by Lemma 1.2)

2049

where the last inequality follows from (11), noting concavity of the mapping ¢ + ¢+, as we have m < r.

Taking the supremum over A € Q, we get the desired inequality. O

Letting m = 1 in Theorem 2.8, we get [6, Theorem 9].

Corollary 2.9. Let A;,B;,Si € L(H) (i=1,...,n) and let f and g be non negative continuous functions on [0, c0)

such that f(t)g(t) =t forall t € [0, 00). Then for all r,p > 1,

ber! (A} S1By, ..., ALS,By )< berr(zn:( B f(SBY” +[AF (18] DAT"))

=1

where

&(kr) = Z (B FAUSDBY + (A7 g2 (ST DAY Yo, i)

- }Ielég(k/\),

(B2 SN Bk, k) ([AT (1S D AR )

Choosing f(t) = g(t) = tzand S; =1 fori=1,2,...,nin Theorem 2.8 we obtain the following simpler form.
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Corollary 2.10. Let A;,Bi € L(H) (i=1,2,...,n) and let f and g be non negative continuous functions on [0, co)
such that f(t)g(t) =t forall t € [0,00). Then form=1,2,...,and v,p > m,

1_m
ber,(A1Bi,...,A}B )< ——Dber (121:(|B|+|A|m ))—%1;155(10),
where
. /1 b wya oo \" waooa PPN
£k = 2 |(5 (BIF + 14k - (0B kR 14 R R)) |-
i=1
Following theorem of this article, we present an upper bound for the generalized Berezin number.
Theorem 2.11. Let S; e L(H) (1<i<n).Thenfor0<p<1,meNandp>2m,
! r eZamy . A
berh(S1,...,Su) < ber(; (BISil" + (1 -B)ISF (") ) -infe(ka),
where "

&(ky) = (2 min{B,1-B})" Z (<|S|+2|S|kum}

- <<|sl-|ﬂi%A,z%A><|s;|f;zzA,;zA>)zf)_
i=1

Proof. Let k; is the normalized reproducing kernel of H(Q), then

S (Sika, k)P
ia

= SISk, k)2 (1S PPk, k)2 )P (by (10))
i=1
= S ISPk, k) (|57 PP her, ka) ) 2
i=1
n
<y |S|"'k,\,k/\ (1S7]" k}\,k}\)l ﬁ) (by Lemma 1.2)
i=1

M:

Sk ki) + (1= B)IS71F R k) - S 2min{p, 1 - })”
i=1

]
[ty

M:

(BISIF + (1= B9l ) - S (2mins 1 - )"

Ul
[ty

i

<> (B
(( 1Sk, k) <|S Imkmkﬂ) — (IS 7R, kA IS? 7R, ) 2 ) (by (5))
(('5“*'5 "k fm) —(<|si|f’1%m><|5;*|v’»’fi%mim)'?)

<3 (S5 + (=PI R ) - S(@mingp 1 - )"

i=1

moa

m
n+|S
x(<'2"km) — ({15 E R k(IS5 R k) ) (by Lemma 1.2)

= (i(msﬂf +(1 —5)|sr|f’>%,b) - i(Zmin{ﬁfl -BH"

1=

1
(<|5|+|5| ;z) ({87, k) (187 17k, Ka ) % )
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Taking supremum over A € (), we get

u i eZam) . N
ber,(St,...,Sn) < ber(i=1 (BISi|" + (1= PB)ISF]™) ) —}\reléé(k,\),
where
4 4 m
P ~ R e o K P P
&(kr) = 2min{B,1-B})" ), — Rk = (ISl ka, ka)(|S7 | ka, ka)) 2 |-
i=1
O

The following simpler form follows from Theorem 2.11 by letting m = 1.
Corollary 2.12. Let S;e L(H) (1<i<n).Thenfor0<p<landp>2,

berl(St, ..., Sn) < ber( SIS + (1 —5)|s;|f’) - inf (),

i=1

where

eti) =2ming 1 -2 (2555 o - o ks by )
i=1

Letting f = J and m = 1 in Theorem 2.11, we obtain the following corollary.
Corollary 2.13. Let A,B € L(H). Then forp > 2,

berg(A,B) < %ber(|A|” +|A*F +|Bf +|B*|P) - }n(f)é(fq),
where
. AP+ |A* P\~ - BP +B*P\. I VA
E(ky) = ((H;')kmka) + ((H2||) kArkA) —(|APky, k) T2 (|A* ka, Ky )2

— (IBPka, a ) 72 (1B* ka, k)72

In particular, we have

ber’(A) < %ber(|A|2 +|A*P)

. A2+ A2\~ . o P
~Inf {((H;') k/\rk/\) —(JAPky, k) V(A |2kA,kA)1/2}

- sver(ata s ann) - ing {((F2EA8 Y k) - Ak iaial
= Sber(A* A+ AA") - in {2 (1Ak I+ JARR) - BaklIA*R
which is a refinement of the inequality [5, Corollary 3.2].
ber*(A) < %ber(A*A +AAY).

Once we finish studying the Euclidean Berezin number, we show a Berezin number inequality.
Hajmohamadi et al. [13] established that

ber (APXBP) < | X|" (ber(ﬁA’ +(1-B)B") - | jrﬁf 5(@)), (13)
k1 l|=1

where A, B, X € L(H), withA,B > 0,7 > 2, &(ky) = ro((ATkn, kr)2 —(B'ky, kr)2)%, 70 = min{B,1-B}and 0 < B < 1.
The following result is the generalized improvement of (13).
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Theorem 2.14. Let A, B, X € L(H) such that A, B are positive. Then
ber' (APXB!F) < | | ber(A%: + (1-p)BE) - inf £(R) |,
where

<Aﬁi(/\,f(/\> + (Bﬁi%/\,i%/\
2

(k) - <2ro>*"(( ] —<<Az’ml%A,l%A><Bz%l%A,l%A>>’%’),
where, ro = min{B,1 -}, r>2mand 0 < B < 1.
Proof. Letk; is the normalized reproducing kernel of (), then we have
(APXB™ Py, kr )|
= (XB"Pky, APRy)[
< |X|"1B*PkA|" | APka|" (by the Cauchy Schwartz inequality)
= 1XI" (B2 Pk, k) 5 (A% Ky Ry) 50 )"
< IX) ((Aii(mlA(A)wBﬁl%/\,l%A)l_ﬁ)m (by Lemma 1.2)

< ||X||f[ (B{ATk, kr) + (1 - B)(B7ky, kn))"

Ak k) + Bk k) e s e m
_(2r0)m((( A ki) + (Briky A)) —((AkaA,kAHBZ”’kA/kA))Z):|/

2

where the last inequality follows from (5). Taking supremum over A € Q2, we deduce the desired inequal-
ity,. O
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