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aSchool of Natural Sciences, National University of Sciences and Technology, Islamabad, Pakistan
bDepartment of Mathematical Analysis and Numerical Mathematics,

Faculty of Mathematics, Physics and Informatics Comenius University in Bratislava, Mlynská dolina, 842 48 Bratislava, Slovakia;
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Abstract. In this paper, we consider the newly defined partial (φ, χ)−fractional integral and derivative to
study a new class of partial fractional differential equations with impulses. The existence and Ulam–Hyers
stability of solutions for the proposed equation are investigated via the means of measure of noncompactness
and fixed point theorems. The presented results are quite general in their nature and further complement
the existing ones.

1. Introduction

One of the most important tasks in mathematics is to prove results which are more general in their nature.
The differential equations of integer order are well known in literature and thus a huge amounts of work
have been achieved with respect to their theory and applications. One of the generalizations of ordinary
differential equations is so called as fractional differential equations that is based on the fractional calculus
which explores various possibilities of determining the differentiation and integration for an arbitrary
order. It is worth mentioning that many physical phenomena having memory and genetic characteristics
can be adequately described by using systems governed by fractional differential equations. The physical
phenomena often demonstrate fractional dynamical behavior due to the property of nonlocal behaviour
[18, 19, 28, 30, 31].

Qualitative theory of fractional differential equations have been investigated by many researchers [4,
5, 27, 34]. The theory of impulsive fractional differential equations has also gained considerable attention
and as a result many researchers have reported very useful results in these settings [20–22, 29, 35, 36, 38].
It is realized that impulsive fractional differential equations can provide ideal models to explain the actual
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processes that at some moments suddenly deviate from their states and can not be represented using the
classical fractional differential equations. Over the past three decades, the problem of impulsive partial
fractional differential equations have received a great deal of interest amongst many mathematicians and
scientists due to their widespread applications in different real world phenomena [1–3]. A few number of
research papers, however, have been comparably reported in this regard.

On the other hand, the study of stability for fractional differential equations appears to be very crucial
topic. There are several types of stability. One of its well known types is the so known as Ulam stability
which has been introduced by Ulam for functional equation. Ulam originally addressed the consistency of
functional equations in a speech given at the University of Wisconsin in 1940. His question was: under what
circumstances does an additive mapping occur similar to an approximately additive mapping?. In 1941,
Hyers gave the first response to Ulam’s question in the case of Banach spaces in [26]. This type of stability
is then called the Ulam–Hyers stability. In 1978, Rassias [32] introduced a remarkable generalization of
the Ulam–Hyers stability of mappings by considering variables. The concept of stability for a functional
equation arises when we replace the functional equation by an inequality which acts as a perturbation of the
equation. Considerable attention has been paid to the study of the Ulam–Hyers and Ulam–Hyers–Rassias
stability of all kinds of integer order fractional differential equations [12–15, 24, 33, 37].

The problem of existence and stability of solutions of fractional order Darboux problem was studied by
researchers in the papers [6–11, 16] and many others. In [8], Abbas and Benchohra proved the existence
results by applying the nonlinear alternative of Leray–Schauder type fixed point theorem for the following
problem 

(
DνOu

)
(t, r) = f

(
t, r,u(t, r),DνOu(t, r)

)
, (t, r) ∈ J, t , tk, k = 1, 2, · · · ,m,

u(t+
k , r) = u(t−k , r) + Ik(u(t−k , r)), r ∈ [0, b], k = 1, 2, · · · ,m,

u(t, 0) = ϕ(t), t ∈ [0, a], u(0, r) = ψ(r), r ∈ [0, b], ϕ(0) = ψ(0),

where a, b > 0, O = (0, 0), DνO is the mixed regularized derivative of order ν = (ν1, ν2) ∈ (0, 1]×(0, 1], 0 = t0 <
t1 · · · < tm < tm+1 = a, f : J ×Rn

×Rn
→ Rn, Ik : Rn

→ Rn, k = 1, 2, · · · ,m, ϕ : [0, a] → B and ψ : [0, b] → B
are given absolutely continuous functions. In another work [6], Abbas et al. considered a class of partial
fractional differential equations with non instantaneous impulses on a Banach space B. They investigated
the stability and uniqueness of the solution.

For the sake of a deep understanding of the behavior of complex systems, generalization of fractional
differential operators was subject to an intensive debate in the last few years. The objective of this paper is
to resume this trend and establish existence and stability criteria for the following class of impulsive partial
fractional differential equations


(

cDν,φ,χO u
)
(t, r) = f

(
t, r,u(t, r), cDν,φ,χO u(t, r)

)
, (t, r) ∈ J := [0, a] × [0, b], t , tk, k = 1, 2, · · · ,m,

u(t+
k , r) = u(t−k , r) + Ik(u(t−k , r)), r ∈ [0, b], k = 1, 2, · · · ,m,

u(t, 0) = ϕ(t), t ∈ [0, a], u(0, r) = ψ(r), r ∈ [0, b], ϕ(0) = ψ(0),
(1)

within the newly defined partial (φ, χ)−fractional integral and derivative. Here a, b > 0, O = (0, 0), cDν,φ,χO
is the fractional (φ, χ)−partial Caputo derivative of order ν = (ν1, ν2) ∈ (0, 1] × (0, 1], 0 = t0 < t1 · · · <
tm < tm+1 = a, f : J × B × B → B, Ik : B → B, k = 1, 2, · · · ,m, ϕ : [0, a] → B and ψ : [0, b] → B are
given absolutely continuous functions and B is a Banach space. Furthermore φ, χ ∈ C2([0, a], [0, b]) are
second order continuously differentiable strictly increasing and positive functions on [0, a], [0, b], such that
φ′(t), χ′(r) , 0 for all (t, r) ∈ J.We consider equation (1) in frame of partial fractional derivative with respect
to two functions (φ, χ) which generalizes the above cited problems to a larger class of functions. Unlike
previous results, the main theorems are proved by using different approach that is based on the measure of
noncompactness and Mönch’s fixed point theorem. Furthermore, we establish sufficient conditions for the
generalized Ulam–Hyers–Rassias stability of the solutions of equation (1).



A. Seemab et al. / Filomat 35:6 (2021), 1977–1991 1979

2. Auxiliary preliminaries

By C(J),we denote the Banach space of all continuous functions from J in to B equipped with the norm
‖u‖∞ = sup(t,r)∈J ‖u(t, r)‖. The L1(J) is the space of Lebegue integrable functions u : J→ B with the norm

‖u‖L1 =

∫ a

0

∫ b

0
‖u(t, r)‖drdt.

Definition 2.1. Let O = (0, 0), ν = (ν1, ν2) > O, u ∈ L1(J) and φ, χ ∈ C2([0, a], [0, b]) be positive strictly
increasing functions such that φ′(t), χ′(r) , 0 for all (t, r) ∈ J. The partial Riemann–Liouville (φ, χ)−fractional
integral of order ν of u(t, r) with respect to φ, χ is defined as

Iν,φ,χO u(t, r) =
1

Γ(ν1)Γ(ν2)

∫ t

0

∫ r

0
(φ(t) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1φ′(s)χ′(τ)u(s, τ)dτds.

In particular, we write

(IO,φ,χ
O u)(t, r) = u(t, r), and (Iυ,φ,χO u)(t, r) =

∫ t

0

∫ r

0
u(s, τ)φ′(s)χ′(τ)dτds,

for almost all (t, r) ∈ J, where υ = (1, 1). Moreover

(Iν,φ,χO u)(t, 0) = (IνOu)(0, r) = 0, t ∈ [0, a], r ∈ [0, b].

If φ = χ, then we write Iν,φ,χO = Iν,φO .

Example 2.2. Let ν ∈ (0, 1] × (0, 1], and β, γ > −1, φ(0), χ(0) = 0. Then

IνO(φ(t))β(χ(r))γ =
Γ(β + 1)Γ(γ + 1)

Γ(ν1 + β + 1)Γ(ν2 + γ + 1)
(φ(t))ν1+β(χ(r))ν2+γ,

for almost all φ(t), χ(r) ∈ C2([0, a], [0, b]).

Definition 2.3. Let u ∈ L1(J) and ν ∈ (0, 1]× (0, 1]. Then the partial Caputo (φ, χ)−fractional derivative of order ν
of u(t, r) is defined by

cDν,φ,χO u(t, r) = (I1−ν
O Dφ,χ

tr u)(t, r)

=
1

Γ(1 − ν1)Γ(1 − ν2)

∫ t

0

∫ r

0

(Dφ,χ
sτ u)(s, τ)

(φ(t) − φ(s))ν1 (χ(r) − χ(τ))ν2
χ′(τ)φ′(s)dτds.

For υ = (1, 1), we have

cDυ,φ,χ
O u(t, r) = (Dφ,χ

tr u)(t, r),

for almost all (t, r) ∈ J. By 1 − ν we mean (1 − ν1, 1 − ν2) ∈ [0, 1) × [0, 1).

Example 2.4. Let β, γ > −1, φ(0), χ(0) = 0, ν ∈ (0, 1] × (0, 1]. Then

cDν,φ,χO (φ(t))β(χ(r))γ =
Γ(β + 1)Γ(γ + 1)

Γ(β − ν1 + 1)Γ(γ − ν2 + 1)
(φ(t))β−ν1 (χ(r))γ−ν2 ,

for almost all φ(t), χ(r) ∈ C2([0, a], [0, b]).
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Denote by Dφ,χ
tr = ( 1

φ′(t)χ′(r)
∂2

∂t∂r ), the mixed order partial (φ, χ)−fractional derivative. In what follows, we
present some properties of partial Riemann–Liouville (φ, χ)−fractional integral and the mixed order partial
(φ, χ)−fractional derivative.

Lemma 2.5. The following properties are satisfied:

(P1) Iν,φ,χO Iν,φ,χO u = Iν+ν,φ,χO u. (Semi group property).

(P2) I1,φ,χ
O Dφ,χ

tr u)(t, r) = u(t, r) − u(0, r) − u(t, 0) + u(0, 0).

Proof. The proof of (P1) follows from the definition. We proceed to prove (P2) as follows:

(I1,φ,χ
O Dφ,χ

tr u)(t, r) = I1,φ,χ
O

[(
1

φ′(t)χ′(r)
∂2

∂t∂r

)
u(t, r)

]
=

∫ t

0

∫ r

0
φ′(s)χ′(τ)

[(
1

φ′(s)χ′(τ)
∂2

∂s∂τ

)
u(s, τ)

]
dτds

=

∫ t

0

[∫ r

0

∂
∂τ

(
∂
∂s

u(s, τ)
)

dτ
]

ds

=

∫ t

0

[
∂
∂s

u(s, r) −
∂
∂s

u(s, 0)
]

ds

= u(t, r) − u(0, r) − u(t, 0) + u(0, 0),

which completes the proof.

Lemma 2.6. Let f : J × B × B→ B be a continuous function. Then u ∈ C is a solution of the problem:
(cDν,φ,χO u)(t, r) = f (t, r,u(t, r),Dν,φ,χO u(t, r)), (t, r) ∈ J
u(t, 0) = ϕ(t), t ∈ [0, a],
u(0, r) = ψ(r), r ∈ [0, b],
ϕ(0) = ψ(0),

(2)

if and only if u(t, r) satisfies

u(t, r) = ω(t, r) + Iν,φ,χO f(t, r,u(t, r),Dν,φ,χO u(t, r)), (t, r) ∈ J, (3)

where ω(t, r) = ϕ(t) + ψ(r) − ϕ(0).

Proof. Let u(t, r) be a solution of problem (2). Then by the definition of the derivative (cDν,φ,χO u)(t, r),we have

I1−ν,φ,χ
O (Dφ,χ

tr u)(t, r) = f(t, r,u(t, r),Dν,φ,χO u(t, r)).

Thus, applying Iν,φ,χO on both sides of the above equation, we get

Iν,φ,χO (I1−ν,φ,χ
O (Dφ,χ

tr u))(t, r) = (Iν,φ,χO f)((t, r),u(t, r),Dν,φ,χO u(t, r)).

Consequently by the semi group property (P1), we have

I1,φ,χ
O Dφ,χ

tr u(t, r) = Iν,φ,χO f(t, r,u(t, r),Dν,φ,χO u(t, r)).

Since from property (P2), we have I1,φ,χ
O Dφ,χ

tr u(t, r) = u(t, r) − ω(t, r), thus, we obtain

u(t, r) = ω(t, r) + Iν,φ,χO f(t, r,u(t, r),Dν,φ,χO u(t, r)).

If we let u(t, r) satisfy (3), then, clearly u(t, r) satisfies (2).
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Lemma 2.7. [25] Let function f : J × B × B→ B be continuous. Then problem (2) is equivalent to the equation

1(t, r) = f(t, r, ω(t, r) + Iν,φ,χO 1(t, r), 1(t, r)),

and if 1 ∈ C(J) is the solution of this equation, then u(t, r) = ω(t, r) + Iν,φ,χO 1(t, r).

To proceed further, we set

Jk := (tk, tk+1] × [0, b].

To define the solutions of problem (1), we shall consider the space PC(J,B) =
{
u : J→ B : u ∈ C(Jk,B); k =

0, 1. · · · ,m, and there exist u(t−k , r) and u(t+
k , r); k = 1, 2 · · · ,m, with u(t−k , r) = u(tk, r) for each r ∈ [0, b]

}
. The

set PC(J,B) is a Banach space equipped with the norm

‖u‖PC = sup
(t,r)∈J

‖u(t, r)‖.

Set

J′ := J/{(t1, r), · · · , (tm, r), r ∈ [0, b]}.

Definition 2.8. Let u ∈ PC(J,B) and νth−derivative of u exist on J′. Then u is said to be a solution of problem (1)
if u satisfies (cDν,φ,χO u)(t, r) = f (t, r,u(t, r),Dν,φ,χO u(t, r)) on J′ and the conditions of problem (1) are satisfied.

For the next lemma, we let h ∈ C([tk, tk+1] × [0, b],B), zk = (tk, 0), and

ωk(t, r) = u(t, 0) + u(t+
k , r) − u(t+

k , 0), k = 0, 1, · · · ,m. (4)

Lemma 2.9. A function u ∈ AC([tk, tk+1] × [0, b],B); k = 0, 1 · · · ,m is the solution of the differential equation

(cDν,φ,χz+
k

u)(t, r) = h(t, r); (t, r) ∈ [tk, tk+1] × [0, b],

with condition (4) if and only if u(t, r) satisfies

u(t, r) = ωk(t, r) + (Iν,φ,χz+
k

h)(t, r); (t, r) ∈ [tk, tk+1] × [0, b]. (5)

Lemma 2.10 can be proved by using the same algorithms as in the proof of Lemma 3.3 in [10]. Lemma 3.3
in [10] is the special case of Lemma 2.10, if we take φ(t) = χ(t) = t.

Lemma 2.10. Let ν1, ν2 ∈ (0, 1] and h : J → B be continuous. A function u is a solution of the fractional integral
equation

u(t, r) =



ω(t, r) + 1
Γ(ν1)Γ(ν2)

∫ t

0

∫ r

0 (φ(t) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)h(s, τ)dτds; if (t, r) ∈ [0, t1] × [0, b],
ω(t, r) +

∑k
i=1(Ii(u(t−i , r)) − Ii(u(t−i , 0)))

+ 1
Γ(ν1)Γ(ν2)

∑k
i=1

∫ ti

ti−1

∫ r

0 (φ(ti) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)h(s, τ)dτds
+ 1

Γ(ν1)Γ(ν2)

∫ t

tk

∫ r

0 (φ(t) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)h(s, τ)dτds;
if (t, r) ∈ (tk, tk+1] × [0, b], k = 1, 2 · · · ,m,

(6)

if and only if u is a solution of the fractional initial value problem

cDν,φ,χz+
k

u(t, r) = h(t, r), (t, r) ∈ J′, k = 1, 2, · · · ,m,

u(t+
k , r) = u(t−k , r) + Ik(u(t−k , r)), r ∈ [0, b], k = 1, 2, · · · ,m.

(7)
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In view of Lemma 2.7 and Lemma 2.10, we state following.

Lemma 2.11. Let the function f : J × B × B→ B be continuous. Then Problem (1) is equivalent to the problem

1(t, r) = f(t, r, ξ(t, r), 1(t, r)), (8)

where

ξ(t, r) =



ω(t, r) + 1
Γ(ν1)Γ(ν2)

∫ t

0

∫ r

0 (φ(t) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)1(s, τ)dτds; if (t, r) ∈ [0, t1] × [0, b],
ω(t, r) +

∑k
i=1(Ii(u(t−i , r)) − Ii(u(t−i , 0)))

+ 1
Γ(ν1)Γ(ν2)

∑k
i=1

∫ ti

ti−1

∫ r

0 (φ(ti) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)1(s, τ)dτds
+ 1

Γ(ν1)Γ(ν2)

∫ t

tk

∫ r

0 (φ(t) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)1(s, τ)dτds;
if (t, r) ∈ (tk, tk+1] × [0, b], k = 1, 2 · · · ,m,

ω(t, r) = ϕ(t) + ψ(r) − ϕ(0).

Furthermore, if 1 ∈ C(J) is the solution of (8), then u(t, r) = ξ(t, r).

Now we establish the Ulam–Hyers stability for problem (1). Let ε > 0 and θ : J → [0,∞) be a continuous
function.

Definition 2.12. Problem (1) is Ulam–Hyers–Rassias stable with respect to θ if there exists a constant cΦ,θ > 0 such
that for each solution u ∈ PC of the inequality ‖u(t, r)− (Φu)(t, r)‖B ≤ θ(t, r); (t, r) ∈ J, there exists a solution u ∈ PC
of problem (1) with

‖u(t, r) − u(t, r)‖B ≤ cΦ,θθ(t, r); (t, r) ∈ J.

Lemma 2.13. [6] Let β > 0, b is a nonnegative locally integrable function on t ∈ [0,T) and η be a nonnegative,
nondecreasing continuous function defined on t ∈ [0,T), η(t) ≤ M and let u(t) is nonnegative and locally integrable
on [0,T) with

u(t) ≤ b(t) + η(t)
∫ t

0
(t − s)β−1u(s)ds.

Then for t ∈ [0,T), we have

u(t) ≤ b(t) +

∫ t

0

 ∞∑
n=1

(η(t)Γ(β))n

Γ(nβ)
(t − s)nβ−1b(s)

 ds.

The above lemma can easily be extended to functions of two variables.

Lemma 2.14. Let ν1, ν2 > 0, φ, χ ∈ C2([0, a], [0, b]) are strictly increasing functions such that φ′(t), χ′(r) , 0 for
all (t, r) ∈ J, b(t, r) is nonnegative function locally integrable on J, η(t, r) ≤ M, and suppose u(t, r) is nonnegative
and locally integrable on J with

u(t, r) ≤ b(t, r) + η(t, r)
∫ t

0

∫ r

0
(φ(t) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1u(s, τ)dsdτ.

Then

u(t, r) ≤ b(t, r) +

∫ t

0

∫ r

0

[ ∞∑
n=1

(η(t, r)Γ(ν1)Γ(ν2))n

Γ(nν1)Γ(nν2)
(φ(t) − φ(s))nν1−1(χ(r) − χ(τ))nν2−1b(s, τ)

]
dsdτ, on J.
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Definition 2.15. [23] Let B be a Banach space and ΩB be the bounded subset of B. The Kuratowski measure of
noncompactness is the map γ : ΩB → [0,+∞) defined by

γ(E) = inf

d > 0 : E ⊂
n⋃

i=1

Ei, diam(Ei) < d

 , Ei ∈ ΩB.

Proposition 2.16. [23] The Kuratowski measure of noncompactness satisfies the following properties:

(i) γ(E) = 0⇐⇒ E is compact;

(ii) γ(E) = γ(E);
(iii) E ⊂ F⇒ γ(E) ≤ γ(F);
(iv) γ(E + F) ≤ γ(E) + γ(F);
(v) γ(cE) = |c|γ(E); c ∈ R;

(vi) γ(convE) = γ(E).

Theorem 2.17. [23] Let S be a closed, bounded and convex subset of a Banach space such that 0 ∈ S, and let Φ : S→ S
be a continuous mapping. If the implication W = convΦ(W) or W = Φ(W) ∪ {0} =⇒ γ(W) = 0, hold for every
W ⊂ S, then Φ has a fixed point.

3. Main results

In this section, we investigate the main results for the existence and Ulam–Hyers stability of solution
for problem (1). Before we proceed, we set forth these hypotheses:

(S1) The function f : J × B × B→ B be continuous,

(S2) There exist constants l f > 0, 0 < l′f < 1 such that

‖f(t, r,u, v) − f(t, r,u, v)‖ ≤ l f ‖u − u‖ + l′f ‖v − v‖,

for each u, v,u, v ∈ B and (t, r) ∈ J.

(S3) There exist a constant l∗ > 0 such that

‖Ik(u) − Ik(u)‖ ≤ l∗‖u − u‖,

for any u,u ∈ B, k = 1, 2, · · · ,m.

Theorem 3.1. Suppose that (S1) − (S3) are satisfied. If

2ml∗ +
2l f (φ(a))ν1 (χ(b))ν2

(1 − l′f )Γ(ν1 + 1)Γ(ν2 + 1)
< 1, (9)

then problem (1) has unique solution on J.

Proof. Let us define an operator Φ : PC(J)→ PC(J), by

Φ(u)(t, r) = ω(t, r) +
∑

0<tk<t

(Ik(u(t−k , r)) − Ik(u(t−k , 0)))

+
1

Γ(ν1)Γ(ν2)

∑
0<tk<t

∫ tk

tk−1

∫ r

0
(φ(tk) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)1(s, τ)dτds

+
1

Γ(ν1)Γ(ν2)

∫ t

tk

∫ r

0
(φ(t) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)1(s, τ)dτds,
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where 1 ∈ C(J) such that

1(t, r) = f(t, r,u(t, r), 1(t, r)).

Certainly, the fixed points of the operator Φ are solutions of the problem (1). Let u,u ∈ PC(J), then we have

‖Φ(u)(t, r) −Φ(u)(t, r)‖ ≤
m∑

k=1

(
‖Ik(u(t−k , r)) − Ik(u(t−k , r))‖

+ ‖Ik(u(t−k , 0)) − Ik(u(t−k , 0))‖
)

+
1

Γ(ν1)Γ(ν2)

m∑
k=1

∫ tk

tk−1

∫ r

0
(φ(tk) − φ(s))ν1−1

(χ(r) − χ(τ))ν2−1φ′(s)χ′(τ)‖1(s, τ) − h(s, τ)‖dτds

+
1

Γ(ν1)Γ(ν2)

∫ t

tk

∫ r

0
(φ(t) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)‖1(s, τ) − h(s, τ)‖dτds,

(10)

where 1, h ∈ C(J) such that 1(t, r) = f(t, r,u(t, r), 1(t, r)) and h(t, r) = f(t, r,u(t, r), h(t, r)).
By (S2), we get the estimate

‖1(t, r) − h(t, r)‖ ≤ l f ‖u(t, r) − u(t, r)‖ + l′f ‖1(t, r) − h(t, r)‖,

which implies

‖1(t, r) − h(t, r)‖ ≤
l f

1 − l′f
‖u(t, r) − u(t, r)‖ ≤

l f

1 − l′f
‖u − u‖PC.

Thus (S3) and (10) imply

‖Φ(u)(t, r) −Φ(u)(t, r)‖PC ≤

m∑
k=1

l∗
(
‖u(t−k , r) − u(t−k , r)‖ + ‖u(t−k , 0) − u(t−k , 0)‖

)
+

l f

(1 − l′f )Γ(ν1)Γ(ν2)

m∑
k=1

∫ tk

tk−1

∫ r

0
(φ(tk) − φ(s))ν1−1

(χ(r) − χ(τ))ν2−1φ′(s)χ′(τ)‖u − u‖PCdτds

+
l f

(1 − l′f )Γ(ν1)Γ(ν2)

∫ t

tk

∫ r

0
(φ(t) − φ(s))ν1−1

(χ(r) − χ(τ))ν2−1φ′(s)χ′(τ)‖u − u‖PCdτds,

≤

2ml∗ +
2l f (φ(a))ν1 (χ(b))ν2

(1 − l′f )Γ(ν1 + 1)Γ(ν2 + 1)

 ‖u − u‖.

From the above inequalities, we conclude that Φ is a contraction. Hence by contraction mapping principle
Φ has a unique fixed point.

We introduce the notation

ςn :=
(l f )n

(1 − l′f )
n(1 − 2ml∗)nΓ(nν1)Γ(nν2)

.
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Theorem 3.2. Let the hypothesis (S1) − (S3) hold and the following assumption hold
(iv) θ ∈ L1(J, [0,∞)) and there exists λθ = (λθ1 + λθ2 ) > 0 such that, for each (t, r) ∈ J, we have

m∑
k=1

∫ tk

tk−1

∫ r

0

 ∞∑
n=1

ςn(φ(tk) − φ(s))nν1−1(χ(r) − χ(τ))nν2−1φ′(s)χ′(τ)θ(s, τ)

 dτds ≤ λθ1θ(t, r),

and ∫ tk

0

∫ r

0

 ∞∑
n=1

ςn(φ(t) − φ(s))nν1−1(χ(r) − χ(τ))nν2−1φ′(s)χ′(τ)θ(s, τ)

 dτds ≤ λθ2θ(t, r).

If condition (9) holds, then the problem (1) is a generalized Ulam–Hyers–Rassias stable.

Proof. Let u ∈ PC be a solution of the inequality ‖u − Φ(u)‖PC ≤ θ(t, r); (t, r) ∈ J. It follows from Theorem
3.1, u is a unique fixed point of Φ. Thus for each (t, r) ∈ J, we have

u(t, r) = Φ(u)(t, r) = ω(t, r) +
∑

0<tk<t

(Ik(u(t−k , r)) − Ik(u(t−k , 0)))

+
1

Γ(ν1)Γ(ν2)

∑
0<tk<t

∫ tk

tk−1

∫ r

0
(φ(tk) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1φ′(s)χ′(τ)h(s, τ)dτds

+
1

Γ(ν1)Γ(ν2)

∫ t

tk

∫ r

0
(φ(t) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1φ′(s)χ′(τ)h(s, τ)dτds.

For each (t, r) ∈ J, it follows that

‖u(t, r) − u(t, r)‖PC = ‖u(t, r) −Φ(u)(t, r)‖PC ≤ ‖u(t, r) −Φ(u)(t, r)‖PC + ‖Φ(u)(t, r) −Φ(u)(t, r)‖PC

≤ θ(t, r) + 2ml∗‖u(t, r) − u(t, r)‖PC

+
l f

(1 − l′f )Γ(ν1)Γ(ν2)

m∑
k=1

∫ tk

tk−1

∫ r

0
(φ(tk) − φ(s))ν1−1

(χ(r) − χ(τ))ν2−1φ′(s)χ′(τ)‖u − u‖PCdτds

+
l f

(1 − l′f )Γ(ν1)Γ(ν2)

∫ t

tk

∫ r

0
(φ(t) − φ(s))ν1−1

(χ(r) − χ(τ))ν2−1φ′(s)χ′(τ)‖u − u‖PCdτds

or

‖u(t, r) − u(t, r)‖PC ≤
1

(1 − 2ml∗)
θ(t, r)

+
l f

(1 − l′f )(1 − 2ml∗)Γ(ν1)Γ(ν2)

m∑
k=1

∫ tk

tk−1

∫ r

0
(φ(tk) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1φ′(s)χ′(τ)‖u − u‖PCdτds

+
l f

(1 − l′f )(1 − 2ml∗)Γ(ν1)Γ(ν2)

∫ t

tk

∫ r

0
(φ(t) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1φ′(s)χ′(τ)‖u − u‖PCdτds.
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By Lemma 2.14, we obtain

‖u(t, r) − u(t, r)‖PC ≤
1

(1 − 2ml∗)
θ(t, r) +

1
(1 − 2ml∗)

m∑
k=1

∫ tk

tk−1

∫ r

0

[ ∞∑
n=1

ςn(φ(tk) − φ(s))nν1−1(χ(r) − χ(τ))nν2−1

φ′(s)χ′(τ)θ(s, τ)
]
dτds

+
1

(1 − 2ml∗)

∫ t

tk

∫ r

0

[ ∞∑
n=1

ςn(φ(t) − φ(s))nν1−1(χ(r) − χ(τ))nν2−1

φ′(s)χ′(τ)θ(s, τ)
]
dτds

≤
1

(1 − 2ml∗)
(1 + λθ)θ(t, r) = cΦ,θθ(t, r),

from which we deduce that problem (1) is a generalized Ulam–Hyers–Rassias stable.

For our next existence result, we make use of the following hypotheses:

(A1) f : J × B × B→ B satisfies the Caratheodory conditions:

• f(t, r,u, v) is continuous in u, v for each fixed t and r.

• f(t, r,u, v) is measurable in t, r for each fixed u and v.

(A2) There exist p, q ∈ L1(J,R+) ∩ C(J,R+), such that

‖f(t, r,u, v)‖ ≤ p(t, r)‖u‖ + q(t, r)‖v‖, for (t, r) ∈ J and each u, v ∈ B.

(A3) There exists a real number c > 0 such that ‖Ik(u)‖ ≤ c‖u‖, for each u ∈ B.

(A4) Ik ∈ C(B,B) and for each bounded set E ⊂ B, we assume γ(Ik(E)) ≤ cγ(E), k = 1, 2, · · · ,m.

(A5) For each (t, r) ∈ J and each bounded set E ⊂ B, we assume

lim
h→0+

γ(f(J(t,r),h × E × E)) ≤ p(t,r)
1−q(t,r)γ(E); here J(t,r),h =

{
[t − h, t] × [r − h, r]

}
∩ J.

Theorem 3.3. Suppose the hypotheses (S2) and (A1) − (A5) hold. Let P∗ = sup
(t,r)∈J

p(t, r) and Q∗ = sup
(t,r)∈J

q(t, r) < 1. If

2mc +
2P∗(φ(a))ν1 (χ(b))ν2

(1 −Q∗)Γ(ν1 + 1)Γ(ν2 + 1)
< 1, (11)

then problem (1) has at least one solution.

Proof. Let us define an operator Φ : PC(J)→ PC(J), by

Φ(u)(t, r) =ω(t, r) +
∑

0<tk<t

(Ik(u(t−k , r)) − Ik(u(t−k , 0)))

+
1

Γ(ν1)Γ(ν2)

∑
0<tk<t

∫ tk

tk−1

∫ r

0
(φ(tk) − φ(s))ν1−1

(χ(r) − χ(τ))ν2−1φ′(s)χ′(τ)f(s, τ,u, v)dτds

+
1

Γ(ν1)Γ(ν2)

∫ t

tk

∫ r

0
(φ(t) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)f(s, τ,u, v)dτds,
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where v(t, r) = cDν,φ,χθ u(t, r). Clearly the fixed points of the operator Φ are solutions of problem (1).

Define a closed bounded and convex set Br0 = {u ∈ PC(J,B) : ‖u‖PC ≤ r0}, where

‖ω‖∞

1 − 2mc − 2P∗(φ(a))ν1 (χ(b))ν2

(1−Q∗)Γ(ν1+1)Γ(ν2+1)

≤ r0. (12)

First we show that Φ is continuous.

Let {un} be a sequence such that un → u, in C([0, t1] × [0, b],B). In view of assumption (S2), and for each
(t, r) ∈ [0, t1] × [0, b], we have

‖(Φun)(t, r) − (Φu)(t, r)‖ ≤
1

Γ(ν1)Γ(ν2)

∫ t

0

∫ r

0
(φ(tk) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)‖f(s, t,un(s, τ), vn(s, τ)) − f(s, t,u(s, τ), v(s, τ))‖dτds

≤
l f

(1 − l′f )Γ(ν1)Γ(ν2)

∫ t

0

∫ r

0
(φ(tk) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)‖un(s, τ) − u(s, τ)‖dτds.

Since f is Caratheodory type function, then by the Lebsegue dominated convergence theorem [17], we
obtain

‖(Φun)(t, r) − (Φu)(t, r)‖C([0,t1]×[0,b],B) → 0, as n→∞.

For each (t, r) ∈ (tk, tk+1] × [0, b], k = 1, 2, · · · ,m, we have

‖(Φun)(t, r) − (Φu)(t, r)‖ ≤
m∑

k=1

‖Ik(un(t−k , r)) − Ik(u(t−k , r))‖

+

m∑
k=1

‖Ik(un(t−k , 0)) − Ik(u(t−k , 0))‖

+
1

Γ(ν1)Γ(ν2)

m∑
k=1

∫ tk

tk−1

∫ r

0
(φ(tk) − φ(s))ν1−1

(χ(r) − χ(τ))ν2−1φ′(s)χ′(τ)‖f(s, τ,un, vn) − f(s, τ,u, v)‖dτds

+
1

Γ(ν1)Γ(ν2)

∫ t

tk

∫ r

0
(φ(t) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)‖f(s, τ,un, vn) − f(s, τ,u, v)‖dτds.

Since Ik is continuous, then again by Lebsegue dominated convergence theorem, we obtain

‖(Φun)(t, r) − (Φu)(t, r)‖C((tk,tk+1]×[0,b],B) → 0, as n→∞.

Next we show that Φ maps Br0 into itself.



A. Seemab et al. / Filomat 35:6 (2021), 1977–1991 1988

For each u ∈ Br0 , by (A2), (A3) and by condition (11), (12), we have for each (t, r) ∈ J, we have

‖(Φu)(t, r)‖ ≤ ‖ω(t, r)‖ +

m∑
k=1

‖Ik(u(t−k , r))‖ +

m∑
k=1

‖Ik(u(t−k , 0))‖

+
1

Γ(ν1)Γ(ν2)

m∑
k=1

∫ tk

tk−1

∫ r

0
(φ(tk) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)‖f(s, τ,u, v)‖dτds

+
1

Γ(ν1)Γ(ν2)

∫ t

tk

∫ r

0
(φ(t) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1φ′(s)χ′(τ)

‖f(s, τ,u, v)‖dτds
≤ ‖ω‖PC + 2mc‖u‖PC

+
1

Γ(ν1)Γ(ν2)

m∑
k=1

∫ tk

tk−1

∫ r

0
(φ(tk) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)
p(s, τ)

1 − q(s, τ)
‖u‖PCdτds

+
1

Γ(ν1)Γ(ν2)

∫ t

tk

∫ r

0
(φ(t) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)
p(s, τ)

1 − q(s, τ)
‖u‖PCdτds

≤ ‖ω‖∞ +

[
2mc +

2P∗(φ(a))ν1 (χ(b))ν2

(1 −Q∗)Γ(ν1 + 1)Γ(ν2 + 1)

]
r0 ≤ r0.

Now we show that Φ(Br0 ) is bounded and equicontinuous.

As by the previous step, it is clear that Φ(Br0 ) is a bounded set of PC(J,B). Take (τ1, r1), (τ2, r2) ∈ J, τ1 <
τ2, r1 < r2, and let u ∈ Br0 , we have

‖(Φu)(τ2, r2) − (Φu)(τ1, r1)‖ ≤ ‖ω(τ2, r2) − ω(τ1, r1)‖ +

m∑
k=1

(‖Ik(u(t−k , r2) − Ik(u(t−k , r1))‖)

+
1

Γ(ν1)Γ(ν2)

m∑
k=1

∫ tk

tk−1

∫ r2

0
(φ(tk) − φ(s))ν1−1(χ(r2) − χ(τ))ν2−1

φ′(s)χ′(τ)‖f(s, τ,u, v)‖dτds

+
1

Γ(ν1)Γ(ν2)

∫ τ2

tk

∫ r2

0
(φ(τ2) − φ(s))ν1−1(χ(r2) − χ(τ))ν2−1

φ′(s)χ′(τ)‖f(s, τ,u, v)‖dτds

−
1

Γ(ν1)Γ(ν2)

m∑
k=1

∫ tk

tk−1

∫ r1

0
(φ(tk) − φ(s))ν1−1(χ(r1) − χ(τ))ν2−1

φ′(s)χ′(τ)‖f(s, τ,u, v)‖dτds.
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It follows that

‖(Φu)(τ2, r2) − (Φu)(τ1, r1)‖ −
1

Γ(ν1)Γ(ν2)

∫ τ1

tk

∫ r1

0
(φ(τ1) − φ(s))ν1−1(χ(r1) − χ(τ))ν2−1

φ′(s)χ′(τ)‖f(s, τ,u, v)‖dτds

≤ ‖ω(τ2, r2) − ω(τ1, r1)‖ +

m∑
k=1

(‖Ik(u(t−k , r2) − Ik(u(t−k , r1))‖)

+
1

Γ(ν1)Γ(ν2)

m∑
k=1

∫ tk

tk−1

∫ r1

0
(φ(tk) − φ(s))ν1−1

[
(χ(r2) − χ(τ))ν2−1

− (χ(r1) − χ(τ))ν2−1
]
φ′(s)χ′(τ)‖f(s, τ,u, v)‖dτds

+
1

Γ(ν1)Γ(ν2)

m∑
k=1

∫ tk

tk−1

∫ r2

r1

(φ(tk) − φ(s))ν1−1(χ(r2) − χ(τ))ν2−1

φ′(s)χ′(τ)‖f(s, τ,u, v)‖dτds

+
1

Γ(ν1)Γ(ν2)

∫ τ1

tk

∫ r1

0

[
(φ(τ2) − φ(s))ν1−1(χ(r2) − χ(τ))ν2−1

− (φ(τ1) − φ(s))ν1−1(χ(r1) − χ(τ))ν2−1
]
φ′(s)χ′(τ)‖f(s, τ,u, v)‖dτds

+
1

Γ(ν1)Γ(ν2)

∫ τ2

τ1

∫ r1

0
(φ(τ2) − φ(s))ν1−1(χ(r2) − χ(τ))ν2−1

φ′(s)χ′(τ)‖f(s, τ,u, v)‖dτds

+
1

Γ(ν1)Γ(ν2)

∫ τ2

τ1

∫ r2

r1

(φ(τ2) − φ(s))ν1−1(χ(r2) − χ(τ))ν2−1

φ′(s)χ′(τ)‖f(s, τ,u, v)‖dτds

+
1

Γ(ν1)Γ(ν2)

∫ τ1

tk

∫ r2

r1

(φ(τ2) − φ(s))ν1−1(χ(r2) − χ(τ))ν2−1

φ′(s)χ′(τ)‖f(s, τ,u, v)‖dτds.

From ‖f(s, τ,u, v)‖ ≤ P∗r0
(1−Q∗) , we obtain

‖(Φu)(τ2, r2) − (Φu)(τ1, r1)‖ ≤ ‖ω(τ2, r2) − ω(τ1, r1)‖ +

m∑
k=1

(‖Ik(u(t−k , r2) − Ik(u(t−k , r1))‖)

+
P∗r0

(1 −Q∗)Γ(ν1)Γ(ν2)

m∑
k=1

∫ tk

tk−1

∫ r1

0
(φ(tk) − φ(s))ν1−1

[
(χ(r2) − χ(τ))ν2−1

− (χ(r1) − χ(τ))ν2−1
]
φ′(s)χ′(τ)dτds

+
P∗r0

(1 −Q∗)Γ(ν1)Γ(ν2)

m∑
k=1

∫ tk

tk−1

∫ r2

r1

(φ(tk) − φ(s))ν1−1(χ(r2) − χ(τ))ν2−1

φ′(s)χ′(τ)dτds

+
P∗r0

(1 −Q∗)Γ(ν1)Γ(ν2)

∫ τ1

tk

∫ r1

0

[
(φ(τ2) − φ(s))ν1−1(χ(r2) − χ(τ))ν2−1

− (φ(τ1) − φ(s))ν1−1(χ(r1) − χ(τ))ν2−1
]
φ′(s)χ′(τ)dτds
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+
P∗r0

(1 −Q∗)Γ(ν1)Γ(ν2)

∫ τ2

τ1

∫ r1

0
(φ(τ2) − φ(s))ν1−1(χ(r2) − χ(τ))ν2−1

φ′(s)χ′(τ)dτds

+
P∗r0

(1 −Q∗)Γ(ν1)Γ(ν2)

∫ τ2

τ1

∫ r2

r1

(φ(τ2) − φ(s))ν1−1(χ(r2) − χ(τ))ν2−1

φ′(s)χ′(τ)dτds

+
P∗r0

(1 −Q∗)Γ(ν1)Γ(ν2)

∫ τ1

tk

∫ r2

r1

(φ(τ2) − φ(s))ν1−1(χ(r2) − χ(τ))ν2−1

φ′(s)χ′(τ)dτds.

As τ1 → τ2 and r1 → r2, implies ‖(Φu)(τ2, r2) − (Φu)(τ1, r1)‖ → 0.
Now let W ⊂ Br0 such that W ⊂ conv(Φ(W) ∪ 0). Since W is a bounded and equicontinuous set. Thus

the function (t, r) → w(t, r) = γ(W(t, r)) is continuous on J. In view of (A4), (A5) and the properties of the
measure γ, for each (t, r) ∈ J, we have

w(t, r) ≤ γ((ΦW)(t, r) ∪ {0}) ≤ γ((ΦW)(t, r)) ≤
m∑

k=1

γ(Ik(W(s, t))) +

m∑
k=1

γ(Ik(W(s, 0)))

+
1

Γ(ν1)Γ(ν2)

m∑
k=1

∫ tk

tk−1

∫ r

0
(φ(tk) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)
p(s, τ)

1 − q(s, τ)
γ(W(s, t))dτds

+
1

Γ(ν1)Γ(ν2)

∫ t

tk

∫ r

0
(φ(t) − φ(s))ν1−1(χ(r) − χ(τ))ν2−1

φ′(s)χ′(τ)
p(s, τ)

1 − q(s, τ)
γ(W(s, t))dτds

≤ ‖w‖PC

[
2mc +

2P∗(φ(a))ν1 (χ(b))ν2

(1 −Q∗)Γ(ν1 + 1)Γ(ν2 + 1)

]
.

This means that

‖w‖PC

(
1 −

[
2mc +

2P∗(φ(a))ν1 (χ(b))ν2

(1 −Q∗)Γ(ν1 + 1)Γ(ν2 + 1)

])
≤ 0.

As a consequence of (11) ‖w‖PC = 0, that is, for each (t, r) ∈ J, we have w(t, r) = 0, so W(t, r) is relatively
compact in B. Therefore W is relatively compact in Br0 , by the PC-type Ascoli-Arzela theorem. Now from
Theorem 2.17, Φ has a fixed point which is a solution of problem (1).
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[34] R. S. Adigüzel, Ü. Aksoy , E. Karapinar, İ. Erhan , On the solution of a boundary value problem associated with a fractional
differential equation, Mathematical Methods in the Applied Sciences. 23 (2020), https:doi.org/10.1002/mma.665.

[35] I. Stamova, G. Stamov, Functional and Impulsive Differential Equations of Frac- tional Order, Qualitative Analysis and Applica-
tions, CRC Press, Boca Raton FL, 2017.

[36] G. Stamov, I. Stamova, J. Alzabut, Global exponential stability for a class of impulsive BAM neural networks with distributed
delays, Applied Mathenatics and Information Sciences 7 (4) (2013), 1539-—1546.

[37] A. Zada, J. Alzabut, H. Waheed, I-Lucian Popa, Ulam–Hyers stability of impulsive integrodifferential equations with Rie-
mann–Liouville boundary conditions, Advances in Difference Equations 2020, 64 (2020). https://doi.org/10.1186/s13662-020-2534-
1.

[38] K. Zhao, Impulsive boundary value problems for two classes of fractional diferential equation with two diferent Caputo fractional
derivatives, Mediterranian Journal of Mathematics 13(3) (2016), 1033-–1050.


