Filomat 35:6 (2021), 1889-1897
https://doi.org/10.2298/FIL2106889B

Published by Faculty of Sciences and Mathematics,
University of Ni$, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

2y

‘&,
g,
T &

&
Ipapor®

Best Proximity Point Theorems for Proximal Multi-valued Contractions

Nuttawut Bunlue?, Yeol Je ChoP<, Suthep Suantai®*

*Graduate Ph.D. Degree Program in Mathematics, Faculty of Science, Chiang Mai University Chiang Mai 50200, Thailand
YDepartment of Mathematics Education, Gyeongsang National University, Jinju 52828, Korea
Center for General Education, China Medical University, Taichung, 40402, Taiwan
Research Center in Mathematics and Applied Mathematics, Department of Mathematics, Faculty of Science, Chiang Mai University, Chiang
Mai 50200, Thailand
¢Data Science Research Center, Department of Mathematics, Faculty of Science, Chiang Mai University, Chiang Mai 50200, Thailand

Abstract. In this paper, we introduce new classes of proximal multi-valued contractions in a metric space
and proximal multi-valued nonexpansive mappings in a Banach space and show the existence of best
proximity points for both classes. Further, for proximal multi-valued nonexpansive mappings, we prove a
best proximity point theorem on starshape sets. As a consequence, we also obtain some new fixed point
theorems. Finally, we give some examples to illustrate our main results.

1. Introduction

Fixed point theory is one of the most powerful and prolific tools of mathematics and it is an important
part of nonlinear analysis which can be applied to many important problems such as optimization, image
and signal processing, machine learning, engineering and economics. One of the most well known fixed
point theorems for multi-valued contractions was first proved by Nadler [1] which states that every multi-
valued contractive mapping from a complete metric space X into nonempty closed bounded subsets of X
always has a fixed point.

However, the best proximity point problem is to consider the question of what happen when T is a
non-self mapping.

Let A, B be nonempty disjoint subsets of a metric space (X,d) and T : A — 28 be a multi-valued mapping,
where 28 is the family of all nonempty subsets of B. It is noted that the fixed point equation x € Tx has no
any solution because d(x, Tx) > D(A, B) for all x € A, where D(A, B) = inf{d(a,b) : a € A, b € B}. So, it natural
to ask the following question:

Find a point x € A such that d(x, Tx) = D(A, B),

where such a point x is known as a best proximity point of T.
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The best proximity point problem for non-self nonlinear mappings is an interesting topic in optimization
theory (see [2-5]) and best proximity point theorems can be applied to study equilibrium point in economics
(see [6-9]). Thus this topic attracts attentions of many mathematicians.

The existence of best proximity points of single-valued mappings have been studied by many authors
(see [10-18]). In 2011, the concept of the proximal contraction was first introduced by Basha [2]. Later,
Gabeleh [19] introduced a new concept of proximal nonexpansive mappings and proved the existence of
best proximity points of such mappings. In 2015, Chen [20] proved an interesting existence theorem of
proximity points for proximal nonexpansive mappings under starshape sets A and B.

For multi-valued mappings, the existence of best proximity points was established by many authors
(see, for instance, [21-27]). Recently, Sarnmeta [28] introduced a new concept of proximal multi-valued
mappings and proved the existence of best proximity points for such mappings when Ay is a nonempty
weakly compact convex set.

In this paper, we show the existence of a best proximity point theorem for our new concept of the
proximal multi-valued mapping, which is called the proximal multivalued contraction with respect Ay and
the proximal multi-valued nonexpansive mapping with respect Ay under starshape sets Ay and By. Our results
extend and improve some results in fixed point theory and best proximity point theory given by some
authors.

2. Preliminaries

Let (X, d) be a metric space and 2%, CB(X), P(X) and K(X) denote the families of nonempty subsets,
nonempty closed bounded subsets, nonempty proximinal bounded subsets and nonempty compact subsets
of X, respectively. For each A, B € CB(X) and x € X, define

d(x,A) = inf{d(x, y) : y € A},
D(A,B) =infld(x,y) : x € A,y € B},

H(A, B) = max { sup d(x, B), sup d(y, A)}.
xeA yeB

The mapping H is called the Pompeiu-Hausdorff metric or Hausdorf metric on CB(X).
Let A and B be nonempty subsets of a metric space (X, d). Further, we denote by A and By the following
sets:
Ao ={x e A:d(x,y) = D(A, B) for some y € B},

By ={y € B:d(x,y) = D(A, B) for some x € A}.
A nonempty subset A of a linear space X is called a p-starshape set if there exists a point p in A such that
ap+(l—a)xe A forallx e Aand a € [0,1]
and p is called a center of A.

Notice that, in a normed space (X, || - ||), if both of A and B are closed and Ay is nonempty, then Ay is a
closed set. In a starshape set, if A is a p-starshape set, B is a g-starshaped set and ||p — g|| = D(A, B), then Ay
is a p-starshape set and By is a g-starshaped set (see [20]).

Definition 2.1. [30] Let (A, B) be a pair of nonempty subsets of a metric space (X, d). The pair (A, B) is said
to be a semi-sharp proximinal pair if, for each x € A, there exists at most one x* in B such that

d(x,x*) = D(A, B).

Definition 2.2. [31] Let (A, B) be a pair of nonempty subsets of a metric space (X,d) with A # 0. Then the
pair (A, B) is said to have the weak P-property if, for all x1,x, € Ag and y1, y2 € Bo,

d(x1,y1) =D(A,B)
d(x; y;) = D(A, B) } = d(x1,x2) < d(y1,Y2).
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In Definition 2.2, if d(x1,x2) = d(y1,y2), then (A, B) have the P-property (see [32]). It is clear that the
weak P-property is weaker than the P-property and (A, B) has the P-property if and only if both (A, B) and
(B, A) have the weak P-property. Moreover, if a pair (A, B) has the weak P-property, then (B, A) must be a
semi-sharp proximinal pair. Obviously, a semi-sharp proximinal pair (A, B) is not necessarily to have the
weak P-property.

3. The Proximal Multi-valued Contraction

In this section, we first introduce a new concept of contraction multi-valued mapping, called proximal
multivalued contraction with respect Ay, and give an example of this type of mapping.

Definition 3.1. Let (A, B) be a pair of nonempty subsets of a metric space (X,d). A mapping T : A — 28 is
said to be a proximal multi-valued contraction with respect to Ay if there exists @ € (0,1) such that, for each
X1,X2 € Ao, two sets Uy, = {y € Ap : d(y, Tx1) = D(A,B)} and U,, := {y € Ap : d(y,Tx2) = D(A,B)} are
nonempty closed and bounded and

H(wa uxz) < ad(xlr x2)'

Remark 1. In Definition 3.1, if B=A and T : A — CB(A) is a multi-valued mapping, then U, = Tx for all
x € A. It follows that T is a multi-valued contraction.

The following example is an example of proximal multi-valued contraction with respect to Ay which is
not a proximal multi-valued contraction with respect to A:

Example 3.2. Let X = R? with the usual norm,

A= {(0’ y) : y € [_21 _1] U [012]}/
B =((1,00) x(=3,3) U{(Ly) : y € [0,1]}

and T : A — 28 be a multi-valued mapping defined by

[1,00) X
(1, 00) X

3l if y €[0,2],

TO,y) =
O { $-1,4-1] ifye[-2,-1]

It is not hard to see that, Ag = {(0,y) : y € [0,1]} and By = {(1, y) : y € [0, 1]}.
Now, we can show that T is a proximal multi-valued contraction with respect to Ag. Let x1, x; € {0}%[0,2].
Then U,, = {(0, 3)} and Uy, = {(0, 3)}. It follows that

H(U,,, Uy,) < %d(xl,xz).
We note that, if x; = (0, 1) and x, = (0, -1), then
Vi ={x e A:d(x, Tx) = DA, B)} = {(0, )]
and
-3 -5
V., = {x € A:d(x,Txz) = D(A, B)} = {(o, y):y € [7, Z]}'

We know that d(xq, x;) = % < g = H(Vy,, Vy,). Therefore, T is not a proximal multi-valued contraction with
respect to A.

To prove the our main results, we need the following lemmas:
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Lemma 3.3. Let (A, B) be a pair of nonempty subsets of a metric space (X, d) such that Ag is nonempty. Suppose that
T : A — 28 is a mapping such that, for each x € Ao, Tx N By is nonempty. Then we have the following:

(1) forall x € Ay, U, is a nonempty set;
(2) if Ao is closed and x € Ay, then Uy is closed;
(3) for each x € Ay, Tx N By is bounded if and only if U, is bounded.

Proof. (1) Let x € Ap. Since Tx N By is nonempty, there exist v € Tx N By and u € Ay such that
d(u,v) = D(A, B).

It follows that d(u, Tx) = D(A, B) and hence U, is a nonempty set.

(2) To show that U, is closed, let {y,} be a sequence in U, such that y, — y. From y, € Ay and
d(yn, Tx) = D(A, B) for each n € IN, we have d(y,, Tx) — D(A, B) as n — oo. Therefore, d(y, Tx) = D(A, B).
Since Ay is closed, we have y € Ay, which implies y € U, and so U is closed.

(3) To show U, is bounded, we suppose that U, is unbounded. So, for each n € IN, there exist x,, ¥, in
U, such that d(x,, y,) > n. Since x,, y, € U,, there exist x},, y,, € Tx N By such that d(x,, x;,) < D(A, B) + % and
d(yu, yy) < D(A, B) + % for each n € IN. From

n < d(Xn, Yn) < d(xn, X3) + (0, Yi) + A(Yrs Yn),s

we have
2 4 /
n—2D(A,B) - - <d(x;,y,) foreachn € N.

Thus Tx N By is unbounded, which is a contradiction. Therefore, U, is bounded.

Conversely, we want to show that Tx N By is bounded. Suppose that Tx N By is unbounded. So, for each
n € N, there exist x,, y, € Tx N By such that d(x,, y,) > n. Since x,, y, € Tx N By, there exist x;,, y;, € U, such
that d(x,, x;,) = D(A, B) and d(y,,, y;,) = D(A, B) for all n € N. From

n < d(xn, yn) < dxn, x,) + (3, ) + AW, Y,
we have
n—2D(A,B) < d(x),y,) for each n € IN.

Therefore, U, is unbounded, which is a contradiction. Hence Tx N By is bounded. This completes the
proof. [

First, we prove the existence of a best proximity point for the proximal multi-valued contraction map-
ping.

Theorem 3.4. Let (X, d) be a complete metric space and (A, B) a pair of nonempty subsets of X such that Ay nonempty
and closed. Assume that T : A — 28 satisfies the following conditions:

(i) T is an a-proximal multi-valued contraction with respect to Ao;
(ii) for each x € Ao, Tx N By is nonempty and bounded.

Then there exists x* € Ag such that d(x*, Tx*) = D(A, B).

Proof. Let xy € Ag. By Lemma 3.3 (1), we have Uy, is a nonempty set. Let x; € U,,. Then x; € Ag an so Uy,
is nonempty. By Lemma 3.3 (2), (3), U, is closed and bounded for each x € Ag. Choose x; € U, such that

d(JC2, x1) < H(le, UXO) + a.
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Continuing this process, we get a sequence {x,} in Ay such that d(x,+1, Tx,) = D(A, B) and
d(xp41,x,) < HU,,, Uy, ) +a" foralln e IN.

Next, we show that {x,} is a Cauchy sequence and its limit is a best proximity point of T. By the definition
of T, we have

A(xXps1, xn) < HUy,, Uy, ,) + "
< ad(xy, x,1) + "
< a(H(U,, ,, Uy, ,) +a™) +a"
=aH(U,, ,,Uy,_,) +2a"

< a'd(xy, x0) + na”.

Since X ja" < oo and I jna" < oo, it follows that {x,} is a Cauchy sequence in Ay. Since Ay is closed, there
exists x* € Ag such that x, = x* as n — co. By Lemma 3.3 (1), it follows that U, is nonempty. Thus there
exists x;, € Uy such that

1 1
A1, ) < H(Us, Un) + — < ad(x,, X) + ~,

which implies that

lim d(x,41,x;,) = 0.
n—oo

Therefore, x;, — x*. Since U, is closed, it follows that x* € U, that is, d(x*, Tx*) = D(A, B). This completes
the proof. [

Obviously, If T is a mapping from A to CB(A) then we have a fixed point theorem which is directly
derived from Theorem 3.4.

Corollary 3.5. Let A be a nonempty closed subset of a complete metric space (X,d) and T : A — CB(A) be a
multi-valued contraction. Then T has a fixed point.

4. The Proximal Multi-valued Nonexpansive Mapping

In this section, we introduce a proximal multi-valued nonexpansive mapping with respect to Ay and
prove the existence of best proximity points for such mapping on starshape sets in Banach spaces.

Definition 4.1. Let (A, B) be a pair of nonempty subsets of a normed space X. A mapping T : A — 28
is said to be proximal multi-valued nonexpansive with respect to Ag. If, for each x1,x, € Aoy, two sets
Uy, =1{y € Ay : d(y, Tx1) = D(A,B)} and Uy, := {y € Ay : d(y, Txp) = D(A,B)} are nonempty closed
and bounded and

H(Uy,,, Uy,) < llx1 = xal.

Remark 2. In Definition 4.1, If B= A and T : A — CB(A) is a multi-valued mapping, then U, = Tx for all
x € A. So, T is a multi-valued nonexpansive mapping.

Theorem 4.2. Let X be a Banach space, (A, B) be a pair of nonempty subsets of X such that Ag is a p—starshaped
set, By is a g-starshaped set with ||p — ql| = D(A, B). Assume that Ag is a compact set and (By, Ao) is a semi-sharp
proximinal pair. Suppose that a multi-valued mapping T : A — P(B) satisfies the following conditions:

(i) T is proximal multivalued nonexpansive with respect to Ay;
(ii) for each x € Ay, Tx N By is nonempty.
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Then there exists x* in Ag such that d(x*, Tx*) = D(A, B).
Proof. For eachn € N, define T,, : A9 — P(B) by
Tnx = a,q + (1 —a,)Tx for each x € Ay,

where {a,} is a sequence in (0, 1) such that lim, .4, = 0. Let x € Ay. From (ii), there exist x’ € Tx and
x" € By. Then there exists w € Ag such that

llw = x'|| = D(A, B).
Set w), = a,p + (1 —a,)w and xj, = a,q + (1 — a,)x’. Then x}, € T,x and

lw;, = x|l = llanp + (1 = ap)w — a,q — (1 — a,)x||
< ayllp —qll + (1 - ay)llw — x|
= D(A, B),

which implies x;, € By. Therefore, T,x N By is nonempty. Now, define
Uz ={w e Ap : d(w, Tyx) = D(A, B)}.
Now, we show that, for each x € A,
Ut =a,p+ (1 —a,)U, foreachn € N.

To show this, let n € IN be fixed and w € U}. Since T)x is a proximinal subset of B, there exist y in T, x
such that

llw — yll = d(w, Tux) = D(A, B). 1
Hence y € By. Since x’ € By, there exist w’ € A such that

|l — x'|| = d(w’, Tx) = D(A, B).
So, w’' € U,. Setv = a,q + (1 —a,)w’, we obtain

lo—yll = llayp + (1 — an)w’ — ang — (1 — a,)x’||
< anllp —gll + (1 = ap)llw’ — x|
= D(A, B). )

Since (B, A) is a semi-sharp proximinal pair, it follows from (1) and (2) that
w=v=a,p+ (1 —-a,)w.

So, wy, € ap + (1 —a,)Uy and hence U} Ca,p + (1 — a,)U,.
Now, let y, € a,p + (1 —a,)U,. Then we have y,, = a,p + (1 —a,)y’ for some y’ € U,. Since y’ € U, and Tx
is proximinal, there exist x” € Tx such that

ly' = x'll = d(y’, Tx) = D(A, B).
Set x;, = a,qg + (1 — a,)x’ € T,,x, we have
d(yn; Tpx) < ”yn - x:,”
= llayp + (1 = an)y" — (@nq + (1 — a,)X)||

< allp =gl + A —an)lly’ - Il
= D(A, B),
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which implies d(y,,, T»x) = D(A, B). So, y, € U} and hence
ap + (1 —a,)U, € Uy.

Therefore, U = a,p + (1 —a,)Uy for each n € IN. By the compactness of Ay, it follows that U is also compact.
From Lemma 3.3 (3), Tx N By is bounded. Let x1,x; € Ag. Since T is proximal multi-valued nonexpansive
with respect Ay, we have

H(Uaycllr ng) = (1 —a)H(Uy,, Uy,) < (1 —ay)llx; — x2l|.

Hence T}, is proximal multi-valued contraction with respect Ayp. By Theorem 3.4, there exist x;, € Ay such
that

d(x;, Tux,) = D(A, B).

Since A is compact, without loss of generality, we assume that there exist x* € Ap such that x;, — x* as
n — oo. Since x;, € U;., we have

X, = azp + (1 — ay)x,, for some x,, € Uy,
which implies
I}, — x|l = aullx;, —pll > 0 asn — oo

since a4, — 0. Thus it follows that lim, . x;, = x*. By Lemma 3.3 (1), U,- is nonempty. Then there exist
u, € U, such that

llxy, = wall = d(x;,, Uy) < H(Uy;, Uy) < [lx;, = x*]| = 0 as n — oo,

It follows that u, — x*. Since U, is closed, x* € U,-. Therefore, d(x*, Tx*) = D(A, B). This completes the
proof. O

It is clear that, if a pair (A, B) has the weak P-property, then (B, A) is a semi-sharp proximinal pair. So,
we have the following result:

Corollary 4.3. Let X be a Banach space, (A, B) be a pair of nonempty subsets of X such that Ay is a p-starshaped set,
By is a g-starshaped set and ||p — q|l = D(A, B). Assume that Ay is a compact set and (A, B) has the weak P-property.
Suppose that a multi-valued mapping T : A — P(B) satisfies the following conditions:

(i) T is proximal multi-valued nonexpansive with respect to Ao,
(ii) for each x € Ao, Tx N By is nonempty.

Then there exists x* in Ag such that d(x*, Tx*) = D(A, B).
The following result is a fixed point theorem which is directly obtained by Theorem 4.2:

Corollary 4.4. Let A be a nonempty p-starshaped compact subset of a Banach space X and T : A — P(A) be a
multi-valued nonexpansive mapping. Then T has a fixed point.

The following example illustrates the preceding theorem:
Example 4.5. Let X = R® with the norm ||(x, v, 2)|| = |x| + |y| + |zI,
A={(x0,0):x€[0,2}U{(0,y,0): y[-11]},
3
Bi={(xy,2):xe0, 5] yel-22]},

BZ = {(x/]/zz) Z-X= 2/x € [_2/01/]/ € [_/]-/1]}/
B=BiUB,
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and T : A — P(B) be a multi-valued mapping defined by

L By -2 Z]x{0}, if y =0,
T(x/ylz): [3/ 4/] /[ 2 2]/ {} ’ yz yz ly
(@, y,2)eB:x el-lyl-1Llylly €[- 5. %], ify=o.

We see that the following properties are satisfied:

(1) Aisa(0,0,0)-starshape set, and B is a (0, y, 2)-starshaped set, where y € [-1,1];

(2) Ag = {(x, 0,0):x¢€ [0, %]} U{(0,y,0):y €[-1,1]} is a compact set;

(3) Bo={(x,0,0): x € [0,0,3]}UBy;

(4) for each (x,y,z) € Ay, T(x, y,z) N By is nonempty;

(5) (Bo, Ap) is a semi-sharp proximinal pair, (A, By) is not a semi-sharp proximinal pair from
1(0,0,0) — (-=1,0,-1)|| = D(A, B) = ||(0,0,0) — (0, 0,2)||, but (-1,0,-1) # (0,0,2);

(6) (0,0,0) is a best proximity point of T.

It can be shown that T is a proximal multi-valued nonexpansive mapping with respect to Ay. It is easy

to see that, if x; = (2,0,0) and x; = (0,0, 0), then

Tx1 = {(0,0,0)), Tx; = [% g] x [-2,2] x {0}

and

So,

7
llx1 = x2ll =2, [|[Txq = Txoll = 5

T is not a non-self nonexpansive mapping.
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