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Two Extensions of the Stone Duality to the Category of
Zero-Dimensional Hausdorff Spaces

Georgi Dimov?, Elza Ivanova-Dimova?

?Faculty of Mathematics and Informatics, Sofia University, 5 J. Bourchier Blvd., 1164 Sofia, Bulgaria

Abstract. Extending the Stone Duality Theorem, we prove two duality theorems for the category ZHaus of
zero-dimensional Hausdorff spaces and continuous maps. They extend also the Tarski Duality Theorem; the
latter is even derived from one of them. We prove as well two new duality theorems for the category EDTych
of extremally disconnected Tychonoff spaces and continuous maps. Also, we describe two categories
which are dually equivalent to the category ZComp of zero-dimensional Hausdorff compactifications of

zero-dimensional Hausdorff spaces and obtain as a corollary the Dwinger Theorem about zero-dimensional
compactifications of a zero-dimensional Hausdorff space.

1. Introduction

In 1937, M. Stone [17] proved that there exists a bijective correspondence T; between the class of all
(up to homeomorphism) zero-dimensional locally compact Hausdorff spaces and the class of all (up to
isomorphism) generalized Boolean algebras (or, equivalently, Boolean rings with or without unit). In the
class of compact zero-dimensional Hausdorff spaces (briefly, Stone spaces) this bijection can be extended to
a dual equivalence T : Stone — Boole between the category Stone of Stone spaces and continuous maps
and the category Boole of Boolean algebras and Boolean homomorphisms; this is the classical Stone Duality.
In 1964, H. P. Doctor [10] showed that the Stone bijection T; can be even extended to a dual equivalence
between the category of zero-dimensional locally compact Hausdorff spaces and perfect maps between
them and the category of generalized Boolean algebras and suitable morphisms between them. Later on,
G. Dimov [6, 7] extended the Stone Duality to the category of zero-dimensional locally compact Hausdorff
spaces and continuous maps.

In this article, which was inspired by the recent paper [4] of G. Bezhanishvili, P. ]. Morandi and B.
Olberding, we describe two extensions of the Stone Duality to the category ZHaus of zero-dimensional
Hausdorff spaces and continuous maps. Namely, we define two categories dzBoole and mzMaps, and
prove that there exist dual equivalences F : ZHaus — dzBoole and F : ZHaus — mzMaps. Using the
restrictions of F and F to the category D of discrete spaces and continuous maps, we show that our duality
theorems extend the Tarski Duality as well. Moreover, with the help of the restriction of the dual equivalence
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F to the category D, we obtain a new proof of the Tarski Duality Theorem. The restrictions of F and F to the
category EDTych of extremally disconnected Tychonoff spaces and continuous maps give us two duality
theorems for the category EDTych. We introduce as well two other categories, namely, the categories
zBoole and zMaps, and show that they are dually equivalent to the category ZComp of zero-dimensional
Hausdorff compactifications of zero-dimensional Hausdorff spaces. As a corollary, we obtain the Dwinger
Theorem [11] about zero-dimensional compactifications of a zero-dimensional Hausdorff space. Let us note
that the category ZComp is a full subcategory of the category Comp of all Hausdorff compactifications of
Tychonoff spaces defined in [4].

The paper is organized as follows. Section 2 contains all preliminary facts and definitions which are
used in this paper.

In Section 3, we introduce the notions of Boolean z-algebra and Boolean dz-algebra, define the category
zBoole having as objects all Boolean z-algebras, as well as its full subcategory dzBoole whose objects are
all Boolean dz-algebras. Here we prove our first duality theorem for the category ZHaus by showing that
there exist contravariant functors F : ZHaus — dzBoole and G : dzBoole — ZHaus that yield a dual
equivalence between the categories ZHaus and dzBoole (see Theorem 3.15).

In the next Section 4, we introduce the notions of Boolean z-map and maximal Boolean z-map, define the
category zMaps having as objects all Boolean z-maps and its full subcategory mzMaps whose objects are all
maximal Boolean z-maps. In Theorem 4.8 we show that the categories dzBoole and mzMaps are equivalent.
This implies immediately that the categories ZHaus and mzMaps are dually equivalent (see Theorem 4.9
which is our second duality theorem for the category ZHaus). The corresponding dual equivalences are
denoted by F : ZHaus — mzMaps and G : mzMaps — ZHaus.

In Section 5 we describe the subcategories of the categories dzBoole and mzMaps which are isomorphic
to the category Boole (see Propositions 5.1 and 5.3) and show that the dual equivalences F, G, F and G are
extensions of the classical Stone dual equivalences T : Stone — Boole and S : Boole — Stone.

In Section 6 we describe the subcategories of the categories dzBoole and mzMaps which are isomorphic
to the category D (see Proposition 6.1), prove that the corresponding restrictions of F, G, F and G lead to
one and the same dual equivalence

A : Caba — Set

which is slightly different from the classical Tarski dual equivalence At : Caba — Set, and show that it
implies the Tarski Duality Theorem (see Propositions 6.3). Hence, both of our duality theorems extend the
Tarski Duality Theorem. Moreover, since in the proof of our Theorem 3.15 we do not use the Tarski Duality
Theorem, we obtain in such a way a new proof of the latter one.

In Section 7 we regard the restrictions of F, G, F and G to the category EDTych and obtain two duality
theorems for the category EDTych (see Theorems 7.2 and 7.4). The categories which a dually equivalent to
the category EDTych are simpler than the categories dzBoole and mzMaps; their objects are all complete
Boolean z-algebras and all complete Boolean z-maps, respectively, although one could expect that their
objects should be all complete Boolean dz-algebras and all complete Boolean mz-maps, respectively.

In the last Section 8, we show that the category zBoole is dually equivalent to the category ZComp (see
Theorem 8.5). Then we prove that the categories ZComp and zMaps are dually equivalent (see Theorem
8.9). In 8.11 we show that both of these results imply the Dwinger Theorem [11] which describes the ordered
set of all, up to equivalence, zero-dimensional compactifications of a zero-dimensional Hausdorff space X.

We want to add that in the continuation [8] of this paper, we show how the extension of the Stone
Duality Theorem to the category of zero-dimensional locally compact Hausdorff spaces and continuous
maps obtained by Dimov in [6, 7] can be derived from any of our duality theorems 3.15 and 4.9, and prove
two new duality theorems for this category.

We now fix the notation.

Throughout, (B, A, V,*,0, 1) will denote a Boolean algebra unless indicated otherwise; we do not assume
that 0 # 1. With some abuse of language, we shall usually identify algebras with their universe, if no
confusion can arise.

We denote by 2 the two-element Boolean algebra.
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If A is a Boolean algebra, then A* ) \ {0}, At(A) is the set of all atoms of A and Ult(A) is the set of all
ultrafilters in A.

If X is a set, we denote by P(X) the power set of X; clearly, (P(X),U,N,\,0,X) (= (P(X), ©)) is a complete
atomic Boolean algebra.

If X is a topological space, we denote by CO(X) the set of all clopen (= closed and open) subsets of X.
Obviously, (CO(X), U, N, \,0, X) (= (CO(X), ©)) is a Boolean algebra.

If M is a subset of X, we denote by cl(M) the closure of M in X and by int(M) the interior of M in X.

If C is a category, we denote by |C| the class of the objects of C and by C(X, Y) the set of all G-morphisms
between two C-objects X and Y.

We denote by:

e Set the category of sets and functions,

Top the category of topological spaces and continuous maps,
e ZHaus the category of zero-dimensional Hausdorff spaces and continuous maps,
o D the category of discrete spaces and continuous maps,

e Stone the category of compact Hausdorff zero-dimensional spaces (= Stone spaces) and continuous
maps,

e EDTych the category of extremally disconnected Tychonoff spaces and continuous maps,
e Boole the category of Boolean algebras and Boolean homomorphisms,

e Caba the category of complete atomic Boolean algebras and complete Boolean homomorphisms.

The main reference books for all notions which are not defined here are [1, 11, 12, 16].

2. Preliminaries

We start with recalling briefly the Stone Duality Theorem and the Tarski Duality Theorem; we also fix
the notation.

2.1. The Stone duality. We will denote by CO : Top — Boole the contravariant functor which assigns to
every X € |Top| the Boolean algebra (CO(X), C) and to every f € Top(X,Y), the Boolean homomorphism

CO(f) : CO(Y) — CO(X) defined by CO(f)(U) & F7Y(U), for every U € CO(Y).
Now we will briefly describe the Stone duality [17] between the categories Boole and Stone using its
presentation given in [14]. We will define two contravariant functors
S : Boole — Stone and T: Stone — Boole.
For any Boolean algebra A, we let the space S(A) to be the set
Boole(4, 2)

endowed with a topology T4 having as a closed base the family {sa(a) | a € A}, where

sa(@) ¥ (x € Boole(4,2) | x(a) = 1}, 1)

for every a € A; then S(A) = (Boole(A, 2), T4) is a Stone space. (Many times in this paper, we will write S(A)
instead of its underlying set Boole(A, 2). It will be clear from the context what we mean in every concrete
case.)

Note that the family {s4(a) | 2 € A} is also an open base for the space S(A).
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If ¢ € Boole(A, B), then we define S(¢) : S(B) — S(A) by the formula S(¢)(y) # yog forevery y € S(B).
It is easy to see that S is a contravariant functor.
The contravariant functor T is defined to be the restriction of the contravariant functor CO to the category
Stone.
For every X € |Stone|, the map tx : X — S(T(X)), x— (£: CO(X) — 2), where#(U) =1 o xe U, isa
homeomorphism and
t:ldsione — SoT, X ty,

is a natural isomorphism. Also, the Stone map
SatA— T(S(A))/ ar SA(Q), (2)

is a Boole-isomorphism and
5 IdBoole —To S/ A sy,

is natural isomorphism. Thus (T, S,t,s) : Stone — Boole is an adjoint dual equivalence (in the sense of
[16]).

Note that the transition between the above description of the Stone Duality and the usual one dealing
with ultrafilters can be easily done using the following well-known assertion: a subset u of a Boolean
algebra A is an ultrafilter if and only if u = ¢~(1) for a (unique) Boolean homomorphism ¢ : A — 2 (see,
e.g., [15, Propositions 2.2 and 2.6]).

2.2. The Tarski duality. The Tarski Duality between the categories Set and Caba consists of two contravariant
functors
P:Set — Caba and At: Caba — Set

which are defined as follows. For every set X,
df
P(X) = (P(X), ©).
If f € Set(X,Y), then P(f) : P(Y) — P(X) is defined by the formula

df ,_
P(HMM) = f7(M),
for every M € P(Y). Further, for every B € |Cabal|,
At(B) ¥ At(B);
if 0 € Caba(B, B’), then At(o) : At(B’) — At(B) is defined by the formula

Ato)) E \lbe Bl ¥ <o),

for every x’ € At(B’).
For each set X, we have a bijection nx : X — At(P(X)), given by nx(x) g {x} for every x € X, and

n:ldset — Ato P, X nx,

is a natural isomorphism.
For each B € |Caba|, we have a Caba-isomorphism

ep : B— P(Al(B)),
given by ep(b) o {x € At(B) | x < b} for each b € B, and
€ :ldcapa — P o At, B ¢p,

is a natural isomorphism. Note that egl(M) = VM, for all M C At(B).
Thus (P, At, 1, ¢) : Set — Caba is an adjoint dual equivalence.
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The following assertion is well known (because At(o) is the restriction to At(B’) of the lower (or, left)
adjoint for o (see [15, Theorem 4.2])), but we will present here its short proof.

Lemma 2.3. Let o € Caba(B, B’). Then, for every b € B and each x" € At(B’), (x' < o(b)) © (At(o)(x") < b).

Proof. Since At(o)(x") = Af{b € B | ¥’ < o(b)}, we obtain immediately that (x’ < o(b)) = (At(o)(x") < b).
Suppose now that At(o)(x") < b. Then o(At(o)(x)) < o(b). Since o(At(c)(x")) = o(Afc € B|x" < o(c)}) =
Alo(c) | c € B,x’ <0(c)} = ¥/, we obtain that x” < o(b). O

2.4. Some special types of Boolean homomorphisms. In the proofs of our duality theorems we will use very
often some special Boolean homomorphisms. We give here the list of these homomorphisms and the
corresponding notation.

Let a € Boole(A, B) and x € At(B). Then it is easy to see that the map

ay:A—2

defined by a,(a) =1 © x < a(a), where a € A, is a Boolean homomorphism. We put

Xy 2 {ay | x € AKB)}.

Note that if o is a complete Boolean homomorphism, then, for every x € At(B), a, is a complete Boolean homomorphism
as well. We put

hy : At(B) — X,, x> ay.
It is easy to see that if every atom of B is a meet of some elements of a(A), then h, is a bijection.

If A = B and a = idp, then we have that a,(b) = 1 & x < b, where b € B. In this case, for simplicity, we
will write x instead of a,, Xg instead of X, and hp instead of h,. Hence,

X:B—2
is defined by ¥(b) =1 & x < b, forallb € B,

Xp ¥ (5| x € At(B)}

and '
]’lB At(B) — XB, X X.

Note that every % is a complete Boolean homomorphism and hy is a bijection; also, X is the set of all isolated points
of S(B).

Further, if X is a set, B = P(X), A is a Boolean subalgebra of B and «a is the inclusion map, then, obviously,
the map a, is defined by a,(U) =1 & x € U, where U € A. In order to simplify the notation, for such
A and B, we will write £ (and, sometimes, even £,) instead of ay. (Note that every % is a complete Boolean
homomorphism.) Thus, in such a case, by

X:A—2

we will understand the map defined by #(U) =1 & x € U, where U € A; also, we will write X, instead of
X,, and sz,A instead of I, i.e.,

Xa={#:A—>2|xeX}
and A

hXIAZX—>XA, X X
Note that if the family A To-separates the points of X (i.e., for every x, y € X such that x # y, there exists U € A
with [U N {x, y}| = 1), then the map ﬁX,A is a bijection.

If X is a topological space and A = (CO(X), C), we will simply write X instead of X4, and hx instead of fix 4,
1e.,

hy: X— X, x> 2

Obviously, if X is a zero-dimensional Hausdorff space, then hy is a bijection.
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Definition 2.5. Let X be a Tychonoff space. A compactification of X is any dense embedding ¢ : X — Y,
where Y is a compact Hausdorff space. Often we will write (Y, c) instead of c and will say that (Y,c) is a
compactification of X.

Two compactifications (Y;,¢;), i = 1,2, of X are called equivalent if there exists a homeomorphism
f Yy — Y such that f o¢; = cp. Clearly, this defines an equivalence relation in the class of all
compactifications of X; the equivalence class of a compactification (Y, c) of X will be denoted by [(Y, c)]. We
write (Y1, ¢1) < (Y2, ¢2) and say that the compactification (Y3, ¢2) is larger than the compactification (Y1, ¢1)
if there exists a continuous mapping f : Yo — Y7 such that f o c; = ¢;. This relation is a preorder (i.e., it is
reflexive and transitive). The equivalence relation associated with this preorder (i.e., (Y1, ¢1) is larger than
(Y2,c2) and conversely) coincides with the relation of equivalence defined above. Setting for every two
compactifications (Yj,¢;), i=1,2, of X,

[(Y1, )] < [(Y2, )] iff (Y1, ¢1) < (Yo, 02),

we obtain a well-defined relation on the set of all, up to equivalence, compactifications of X; it is already an
order.

Definition 2.6. ([11]) Let X be a zero-dimensional Hausdorff space. A Boolean algebra A is called admissible
for X (or, a Boolean base for X) if A is a Boolean subalgebra of the Boolean algebra CO(X) and A is an open
base for X. The set of all admissible Boolean algebras for X will be denoted by BA(X).

Notation 2.7. The set of all, up to equivalence, zero-dimensional compactifications of a zero-dimensional
Hausdorff space X will be denoted by Ky(X). The order on Xy(X) induced by the order “ < ” on the set of
all, up to equivalence, compactifications of X (defined in 2.5) will be denoted again by “ <”.

Theorem 2.8. ([11]) Let X be a zero-dimensional Hausdorff space. Then the ordered sets (BA(X), C) and (Ko(X), <)
are isomorphic. The isomorphism 6 between these two ordered sets is the following one: for every A € BA(X),
O0(A) o [(S(A),ea)], withea : X — S(A) defined by ea(x) o (% : A —> 2), for every x € X (see 2.4 for the notation
2).

For every zero-dimensional Hausdorff space X, the ordered set (BA(X), C) has a greatest element, namely
the Boolean algebra CO(X). Thus, by the Dwinger Theorem 2.8, the ordered set (X(X), <) also has a greatest
element. It is denoted by (89X, fo). This fact was discovered earlier by B. Banaschewski [2] and (80X, o)
is said to be the Banaschewski compactification of X. Clearly, (BoX, fo) = 6(CO(X)), i.e. foX = S(CO(X)) and
Po = ecox)-

Theorem 2.9. ([2]) Let X;, i = 1,2, be zero-dimensional Hausdorff spaces and (cX,c) be a zero-dimensional
compactification of X,. Then for every continuous function f : X1 — Xy there exists a unique continuous function
g : PoX1 — cXp such that g o By = c o f. In other words, one has the commutative diagram

BoX1 LA Xy

3 f T

X1 Xz

2.10. A set F in a topological space X is regular closed (or a closed domain [12]) if it is the closure of its interior
in X: F = cl(int(F)). The collection RC(X) of all regular closed sets in X becomes a Boolean algebra, with the
Boolean operations V, A, *,0,1 given by

FVG=FUG, FAG = dl(int(F N G)), F =c(X\F), 0=0, 1=X

The Boolean algebra RC(X) is actually complete, with the infinite joins and meets given by

v Fi = cl(U F) = cl(U int(F;)) = cl(int(U F)), /\ Fi = cl(int(ﬂ F)).

iel iel iel iel iel iel
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We will need as well the following well-known statement (see, e.g., [5], p.271, and, for a proof, [18]).

Lemma 2.11. Let X be a dense subspace of a topological space Y. Then the functions
r:RC(Y) — RC(X), F—» FNX,

and
e : RC(X) — RC(Y), G b cly(G),

are inverse to each other Boolean isomorphisms. (We will sometimes write rxy (resp., exy) instead of r (resp., e).)

3. The First Duality Theorem for the Category ZHaus

The classical Stone Duality shows that the whole information about a Stone space X is contained in the
Boolean algebra CO(X), i.e., knowing the Boolean algebra CO(X), we can reconstruct the space X up to
homeomorphism. If X is not compact, i.e., X is only a zero-dimensional Hausdorff space, then the Boolean
algebra CO(X) is not enough for reconstructing the space X. Indeed, by the Dwinger Theorem 2.8, the
Banaschewski compactification (80X, fo) is the Stone dual of CO(X) and thus, by the Stone duality, CO(yX)
and CO(X) are isomorphic Boolean algebras. However, if we regard, together with the Boolean algebra
CO(X), the set o(X) (i-e., the image of X under the map y) which is a subset of S(CO(X)), then the space X
will be homeomorphic (via the map fy : X — foX) to the set fy(X) endowed with the subspace topology
of S(CO(X)). Moreover, the trace of CO(BpX) on fo(X) will be precisely CO(Bo(X)). In this way we see
that the pair (CO(X), fo(X)), where By(X) is regarded only as a set, is enough for the reconstruction of the
space X up to homeomorphism. The algebraic description of such pairs is given below in Definition 3.6
(see also Example 3.9 which confirms that the algebraic notion introduced by us is adequate). Since the set
Bo(X) is a dense subset of the Banaschewski compactification $yX of X, we first describe algebraically the
pairs (CO(X), Y), where Y is a dense subset of S(CO(X)). We call them Boolean z-algebras (see Definition 3.1
below). They will help us to describe in Section 8 the category of all zero-dimensional compactifications
of zero-dimensional Hausdorff spaces which is just a subcategory of the category of all compactifications
of Tychonoff spaces introduced and described in [4]. The algebraic notion which corresponds to the pairs
(CO(X), Bo(X)) is introduced under the name Boolean dz-algebra because, firstly, every Boolean dz-algebra is
a Boolean z-algebra, and secondly, with the letter “d” we want to refer to the Dwinger Theorem 2.8. With
the help of this notion we will obtain our first duality theorem for the category ZHaus.

Definition 3.1. A pair (4, X), where A is a Boolean algebra and X C Boole(A4, 2), is called a Boolean z-algebra
(briefly, z-algebra; abbreviated as ZA) if for each a € A* there exists x € X such that x(a) = 1.

Clearly, the definition of Boolean z-algebras can be expressed on the language of ultrafilters as follows:
a pair (A, X), where A is a Boolean algebra and X € Ult(A), is called a Boolean z-algebra if for each a € A*
there exists u € X such thata € u.

Using the definition of the space S(A) (see 2.1), where A is a Boolean algebra, we obtain immediately
the following result:

Fact 3.2. A pair (A, X) is a z-algebra if and only if A is a Boolean algebra and X is a dense subset of S(A).
Notation 3.3. If A is a Boolean algebra and X C Boole(4, 2), we set

sﬁ(a) ¥'xn sa(a)
for each a € A (see (1) for s4), defining in such a way a map
shiA— P(X), ar si).

Fact 3.4. A pair (A, X) is a z-algebra if and only if A is a Boolean algebra, X C Boole(A,2) and s% : A — P(X) is
a Boolean monomorphism.



G. Dimov, E. Ivanova-Dimova / Filomat 35:6 (2021), 18511878 1858

Proof. Supposethat (A, X)isaZA. Then, by Fact 3.2, Xisa dense subset of K if S(A) and thus CIK(Sf (@) =sala)
for each a € A. Therefore, using the fact that s, is a Boolean isomorphism, we obtain that sﬁ is a Boolean
monomorphism.

Conversely, if sfg is a Boolean monomorphism, then sf (a) # 0 for each a € A*. Thus X is dense in S(A),
which implies that (4, X)isa ZA. O

Fact 3.5. Let (A, X) be a z-algebra. Then sf(A) C CO(X) and the subspace topology on X induced by S(A) coincides
with the topology on X generated by the base s (A).

Proof. SetY o S(A). Then CO(Y) = s4(A) and CO(Y) is a base for Y. Regarding X as a subspace of Y and
using the fact that s¥(A) = X N's4(A), we obtain that s (A) is a base for the subspace topology on X induced
by Y and s%(A) € CO(X). Hence, the topology on X generated by the base s%(A) coincides with the subspace
topology on X induced by Y. [

When (A, X) is a z-algebra, having in mind Fact 3.5, we will denote by 5% that restriction of the function s whose
domain is A and whose codomain is CO(X), i.e.,

551 A — CO(X).

Definition 3.6. A z-algebra (A, X) is called a Boolean dz-algebra (briefly, dz-algebra; abbreviated as DZA) if
s;f(A) = CO(X), where X is regarded as a subspace of S(A).

Clearly, on the language of ultrafilters, the definition of a Boolean dz-algebra can be expressed as follows:
a z-algebra (A, X) is called a Boolean dz-algebra if for every U € CO(X), where X is regarded as a subspace of
S(A), there exists a € A such that U = {u € X | a € u}. From now on, we will not make such translations.
Now, using Fact 3.4, we obtain immediately the following result:

Fact3.7. A z-algebra (A,X) is a DZA if and only if the map 5% : A — CO(X) is a Boolean isomorphism (regarding
X as a subspace of S(A)).

Example 3.8. Let A be a Boolean algebra. Then (A, Boole(4, 2)) is a dz-algebra. (The dz-algebras of this type
will be called compact Boolean dz-algebras (or, simply, compact dz-algebras). As we will see in Proposition 5.1
below, they correspond to the Boolean algebras and thus, by the Stone Duality, to compact zero-dimensional
Hausdorff spaces.)

Indeed, setting X d Boole(A,2), we have that (A, X) is a z-algebra, s‘)Af = 54 and thus §§(A) = CO(X).
Hence, (A, X) is a DZA.

Example 3.9. Let X be a zero-dimensional Hausdorffspace and A € BA(X) (see Definition 2.6). Then the pair
(A, Xy)isa z-algebra, the pair (CO(X), X)isa dz-algebra and the map sz,A X — Xyisa homeomorphism
(see 2.4 for the notation).

Indeed, the pair (A, X4) is a z-algebra since forevery U € A* there exists x € U and thus (U) = 1. Also, we
have to show that fix 4 is a homeomorphism. The family A Ty-separates the points of X because A is a base for
the Hausdorff space X. Hence, by 2.4, fixaisa bijection. The family X4 N CO(S(A)) = X4 Nsa(A) = sﬁA (A)
is a base for X, and, for every U € A, sXA(U) =feXa|2U) =1 =EkeXu|lxel = sz,A(U);
thus, fl;(/lA(Si(A(U)) = U. This shows that fix4 is a continuous and open bijection and, therefore, it is a
homeomorphism. Finally, if A = CO(X), then, since hy = sz,A is a homeomorphism, hix(CO(X)) = CO(X).
Thus, sX(CO(X)) = CO(X), i.e., (CO(X), X) is a DZA.

Example 3.10. The pair (B, X3), where B € |Cabal, is a dz-algebra (see 2.4 for the notation Xz). (The
dz-algebras of this type will be called Boolean T-algebras (o, simply, T-algebras)).
Indeed, for every b € B”, there exists x € At(B) such that x < b. Then x%(b) = 1. Thus, (B, X3) is a z-

algebra. For every x € At(B), we have that s;(B (x) = {x}. Hence, X is a discrete subspace of S(B). Therefore,
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CO(Xp) = P(Xp). By 2.4, the function /15 : At(B) — Xp, x %, is a bijection. Also, if M C At(B) and
by = VM, then M = {x € At(B) | x < by;}. Finally, forevery b € B,s,*(b) = {x € Xp |(b) = 1} = {x € Xp|x < b}.
Thus, 55 (B) = P(Xp). This shows that (B, Xp) is a dz-algebra.

In Fact 3.13 below we will present an equivalent definition of the notion of dz-algebra which will be
purely algebraic. For doing this we will need a definition, namely, Definition 3.11. The idea behind it comes
from the Dwinger Theorem 2.8 and the following well-known elementary topological fact: if X is a set and
01, O, are two topologies on it with bases B; and B,, respectively, then the topology O is coarser than the
topology O (i.e., 01 € 0) if, and only if, for every x € X and every U € B; which contains x, there exists
Ve By,suchthatxe V C U.

Definition 3.11. Let C € [Cabal and A, B be Boolean subalgebras of C. If for every a € A and any x € At(C)
such that x < a there exists b € B with x < b < g, then we will say that A is t-coarser than B in C or that B
is t-finer than A in C; in this case we will write A <c B. We will say that the Boolean algebras A and B are
t-equal in C if A <c B and B <¢ A.

The following assertion is obvious:

Fact 3.12. Let X be a set and A, B be Boolean subalgebras of the Boolean algebra P(X). Let Q4 (resp., Op) be the
topology on X generated by the base A (resp., B). Then A and B are t-equal in P(X) if and only if the topologies O4
and Op coincide.

Fact 3.13. A z-algebra (A, X) is a DZA if and only if it satisfies the following condition:
(Dw) If B is a Boolean subalgebra of P(X) and B is t-equal to si(A) in P(X), then B C sif(A).

Proof. Suppose that the ZA (A, X) satisfies condition (Dw). By Fact 3.5, we have that sf;(A) is a base for X
and sf(A) C CO(X). Then the Fact 3.12 shows that the Boolean algebras s;f(A) and CO(X) are t-equal in
P(X). Thus, by condition (Dw), we obtain that CO(X) C sf(A). Therefore, s)A((A) = CO(X), i.e., (A, X)is a
DZA.

Conversely, suppose that (A, X) is a DZA. If B is a Boolean subalgebra of P(X) and B is t-equal to s%(A)
in P(X), then B € CO(X). Therefore, B C s%X(A). This shows that (A, X) satisfies condition (Dw). [

Now, we are ready to formulate and prove our first duality theorem for the category ZHaus. The proof
of the next assertion is obvious.

Proposition 3.14. There is a category zBoole whose objects are all z-algebras and whose morphisms between any two
zBoole-objects (A, X) and (A’, X") are all pairs (@, f) such that ¢ € Boole(A,A’), f € Set(X’, X)and x" o = f(x’)
for every x” € X'. The composition (¢’, f') o (@, f) between two zBoole-morphisms (@, f) : (A, X) — (A’, X’) and
(@', f) (A, X") — (A”,X") is defined to be the zBoole-morphism (¢’ o @, f o f') : (A, X) — (A”,X"); the
identity morphism of a zBoole-object (A, X) is defined to be (ida, idx).

We denote by dzBoole the full subcategory of the category zBoole whose objects are all dz-algebras.
Theorem 3.15. The categories ZHaus and dzBoole are dually equivalent.
Proof. We will first define a contravariant functor

F : ZHaus — dzBoole.

For every X € |ZHaus], let
Fx) ¥ (cox), X).
Then Example 3.9 shows that F(X) € |dzBoole|. Further, for f € ZHaus(X, Y), set

F(f) £ (CO(f), ),
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where . A
f: X—Y

is defined by
Ao df T
f(®) = f(x)

for every x € X. We will show that F(f) € dzBoole(F(Y), F(X)). We need only to prove that £ o CO(f) = f(x)
for every x € X. So, let x € X. Then, for every U € CO(Y), we have that (£ o CO(f))(U) = 1 & £(f"}(U)) =
lexe fi(U) & f(x) € U & f(x)(U) = 1. Therefore, £ o CO(f) = f(&), for every x € X. Thus,
F(f) € dzBoole(F(Y), F(X)).

It is easy to see that F is a contravariant functor.

Now we will define a contravariant functor

G : dzBoole — ZHaus

and will prove that the functors F o G and G o F are naturally isomorphic to the corresponding identity
functors.
For every (A, X) € |dzBoole|, we set

G, x)¥x

where X is regarded as a subspace of S(A). Then, clearly, G(A, X) € |ZHaus|. If (¢, ) : (A, X) — (A’,X’) is
a dzBoole-morphism, we put
df
Glp, f) = f.
Let us show that G(¢, f) is a continuous function. We have that X’ € S(A’) and X € S(A). For every x’ € X/,
S(p)(x') = x" o @ = f(x'). Thus, f is a restriction of the continuous function S(¢). Hence, f : X’ — Xisa
continuous function. Therefore, G is well-defined. Now it is easy to see that G is a contravariant functor.

We will show that the functors F o G and Idg;Beole are naturally isomorphic.
Let (4, X) € |dzBoole|. Then F(G(A, X)) = F(X) = (CO(X), X), where X is regarded as a subspace of S(A).
By Fact 3.7, the map s‘fi : A — CO(X) is a Boolean isomorphism. We put ix & fl)_(l (recall that, by 2.4, sz isa
bijection). Hence, A
Ix: X—X X x,

for every x € X. Also, for every x € X, £ 05, = ix(¥). Indeed, for every a € A, J?(S?if(a)) =1 xce€
sa(@) & x(a) = 1, and thus £ 0 5% = x = ix(%). This shows that the map (5%,7x) : (4,X) — (CO(X),X) is a

dzBoole-morphism and, moreover, it is a dzBoole-isomorphism. We put SE AX) a (§f§, Ix). Then
Siax | (A X) — (Fo G)(A,X)

is a dzBoole-isomorphism. Let now (¢, f) : (A, X) — (4’, X’) be a dzBoole-morphism. We will show that
the diagram

(4,%) @ (A, X)

,
Stax j lsmcxw

(COX), &) —=2D _ cow, X)

is commutative. Indeed, we have that
SzA',X’) © ((P/ f) = (S_ﬁrriX’) o ((Pr f) = (S_,)i/ o (P/f o iX’)

and

(Fo G)@, f) 054 x) = (CO(f), f) © (5}, 7x) = (CO(f) 0 5, 7x © ).
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Thus, we have to show that
55 0@ =CO(f) 05X and foiIx =Ixo f.
Leta € A. Then
CO(NEL@) = fFH (X Nsala))
={x e X' | f(x') € 54(a)}
={x eX' | f(x)(a) =1}
={x' e X' | x'(pa)) =1}
= X' Nsx(p(@)
= 55 (p(@)).
Also, for every ¥’ € X', ix(f(¥')) = Ix(F(x")) = f(x') = f(ix(x')). Hence,

s IddzBoole — FogG, (A/ X) = SEA,X)’

is a natural isomorphism.
Finally, we will show that the functors G o F and ldzyays are naturally isomorphic. Let X € |ZHaus].
Then G(F(X)) = G(CO(X), X) = X, where X is regarded as a subspace of S(CO(X)). By Example 3.9, hix is a

~

homeomorphism. Let f : X — Y be a ZHaus-morphism. Then G(F(f)) = f, and we have to show that the
diagram
X
}tlx l/

X———=7Y

>-<

hy

<~

is commutative. For every x € X, we have iy ( fx) = ]7(;) = f %) = f (hx(x)). Therefore,
i/\l: IdZHaus B GOF: X'_)i:lX/

is a natural isomorphism. All this shows that the categories ZHaus and dzBoole are dually equivalent. [

4. The Second Duality Theorem for the Category ZHaus

Now we will define a new category mzMaps and will show, using the Tarski duality, that it is equivalent
to the category dzBoole. This will imply immediately that the category mzMaps is dually equivalent to the
category ZHaus. The category mzMaps is similar to the category MDeVe, constructed in [4] as a category
dually equivalent to the category Tych of Tychonoff spaces and continuous maps.

The key for the transition from the category dzBoole to the category mzMaps is the replacement of the
component X of a dz-algebra (A, X) with the complete atomic Boolean algebra P(X) from which the set X
can be reconstructed in the form At(P(X)). Thus, using the Tarski Duality which shows that every complete
atomic Boolean algebra B is isomorphic to P(At(B)), we can take as a second component of a dz-algebra
(A, X) the complete atomic Boolean algebra B = P(X) instead of the set X. This idea we borrow in fact
from [4] although it is implicit there because in [4] there is no duality theorem similar to our Theorem 3.15.
We realize it with the help of the notions of Boolean z-map and maximal Boolean z-map (see Definition 4.1
below) which are similar to the notions of de Vries extension and maximal de Vries extension, respectively,
introduced in [4]. The similarity between Boolean z-maps and de Vries extensions can be seen looking at
their definitions, while that one between maximal Boolean z-maps and maximal de Vries extensions is only
in the fact that they are maximal elements of the preordered classes of all Boolean z-maps and all de Vries
extensions, respectively. More precisely: as it is proved in [4], the de Vries extensions correspond to the
compactifications of Tychonoff spaces, and the maximal de Vries extensions correspond to the Stone-Cech
compactifications of Tychonoff spaces. In Section 8 below we will show that our Boolean z-maps correspond
to the zero-dimensional compactifications of zero-dimensional Hausdorff spaces, and our maximal Boolean
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z-maps correspond to the Banaschewski compactifications of zero-dimensional Hausdorff spaces. It is
well known that, firstly, the Stone-Cech compactification X of a zero-dimensional Hausdorff space X is
equivalent to the Banaschewski compactification fpX of X (i.e., fX is zero-dimensional) if, and only if,
the space X is strongly zero-dimensional, and, secondly, the class of strongly zero-dimensional Hausdorff
spaces is a proper subclass of the class of zero-dimensional Hausdorff spaces (see, e.g., [12, Theorems 6.2.7
and 6.2.12, and the Dowker Example 6.2.20]). So that, instead of saying that the notions of maximal Boolean
z-map and maximal de Vries extension are similar, it is better to say that they are parallel to each other.

Definition 4.1. Let A be a Boolean algebra and B € |Cabal. A Boolean monomorphism a : A — Bis said to
be a Boolean z-map (briefly, z-map) if every atom of B is a meet of some elements of a(A). Az-mapa: A — B
is called a maximal Boolean z-map (briefly, mz-map) if CO(X,) = Si“ (A), where X, is regarded as a subspace
of S(A) (see 2.4 and 3.3 for the notation).

Example 4.2. Let X € |ZHaus|, A € BA(X) (see Definition 2.6 for this notation) and iy : A — P(X) be the
inclusion monomorphism. Then iz is a z-map.

Indeed, since A is a base for the Hausdorff space X, we have that forevery x € X, {x} = N{U € A|x € U}.
Hence, ia is a z-map.

Example 4.3. The map idp : B — B, b b, where B € |Cabal, is a mz-map. (The mz-maps of this type will
be called Boolean T-maps (or, simply, T-maps)).

Indeed, it is obvious that idp is a z-map. Setting « & idg, we obtain, as in 2.4, that X, = Xz. In Example

3.10, we proved that X is a discrete subspace of S(B) (and, thus, CO(Xg) = P(Xg)) and sgB(B) = P(Xp). This
shows that idp is a mz-map.

Example 4.4. Let A € |Boole|. Then the map si(A) : A — P(S(A)), is a mz-map. (The mz-maps of this type
will be called compact mz-maps. As we will see in Proposition 5.3 below, they correspond to the Boolean
algebras and thus, by the Stone Duality, to compact zero-dimensional Hausdorff spaces.)

Indeed, by Example 3.8, (4, S(A)) is a dz-algebra. Thus si(A)(A) = CO(S(A)). Since S(A) is a Hausdorff

space, and CO(S(A)) is a base for S(A), we obtain that si(A) is a z-map. Set « d si(A). Then X, = {ay : A —

2| x € S(A)} and, for every x € S(A) and every a € A, a,(a) =1 & x € a(a) & x(a) = 1. Thus, a, = x. Hence,

X, = S(A). Then si“(A) = sj(A)(A) = CO(S(A)) = CO(X,). Therefore, sf‘(A) is a mz-map.

Example 4.5. Let (A4, X) be a dz-algebra. Then Sf{f : A — P(X) is a mz-map (see Notation 3.3 for sﬁ).
Indeed, notice first that P(X) € |Cabal and, by Fact 3.4, sif is a Boolean monomorphism. Furthermore, by

Fact 3.5, the topology on X generated by the base s%(A) is a T,-topology. Thus, for every x € X, we have that

{x} = Ns(@) | x(a) = 1}. Hence, s is a z-map. Set « & s% and B d P(X). Then a : A — B and At(B) = X.
Since (A, X) is a dz-algebra, we have that a(A) = CO(X). Using the notation from 2.4, we obtain that for
every x € X = At(B) and everya € A, a,(a) =1 © x < a(a) & x € 54(a) © x(a) = 1. Thus, x = a, for every

x € X. Hence X = X, and, therefore, si" A) = sf(A) = CO(X) = CO(X,). This shows that s;f is a mz-map.

We will present an equivalent definition of the notion of mz-map as well. It express the definition of
an mz-map in purely algebraic terms and is analogous to Fact 3.13. Its straightforward proof is left to the
reader.

Proposition 4.6. Let A be a Boolean algebra and B € |Cabal. A z-map « : A — B is an mz-map if and only if for
every Boolean subalgebra C of B which is t-equal to a(A) in B, we have that C C a(A).

The proof of the next assertion is obvious.

Proposition 4.7. There is a category zMaps whose objects are all z-maps and whose morphisms between any two
zMaps-objects a« : A — Band o’ : A’ — B’ are all pairs (¢, o) such that ¢ € Boole(A,A’), 0 € Caba(B, B’)
and o’ o @ = o oa. The composition (¢’,0") o (p,0) between two zMaps-morphisms (¢,0) : ¢« — o and
(p’',0") : &' —> a” is defined to be the zMaps-morphism (¢’ o ¢,0’ 0o 0) : a« —> a”; the identity map of a
zMaps-object o : A — B is defined to be (id 4, idp).
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We denote by mzMaps the full subcategory of the category zMaps whose objects are all mz-maps.
Theorem 4.8. The categories mzMaps and dzBoole are equivalent.

Proof. We start with defining a functor F’ : dzBoole — mzMaps.

For every (A, X) € |dzBoole|, set
F'(A,X) E s
(see Notation 3.3 for sX). Then, by Example 4.5, F'(A, X) € [mzMaps|.
For every (¢, f) € dzBoole((4, X), (A’, X")), set

F(o, /) £ (¢, P(f).

We have that x" o ¢ = f(x') for every x € X’. Having this in mind, we obtain that for every a € A,
(P(Hos@) = f(fx e X|x(@) =1}) = {x' € X' | f(x')(a) = 1} = {x’ € X' | (x' 0 @)(a) = 1} = (s}, © p)(a). Hence,
P(f) o sX = 5% o . Since P(f) € Caba(P(X), P(X")), we obtain that F'(¢, f) € mzMaps(F'(4, X), F'(A’, X")).
Now it is easy to see that F’ is a functor.

Further, we will define a functor G’ : mzMaps — dzBoole.

For every (@ : A — B) € [mzMaps|, we set, in the notation from 2.4,

G'(a) £ (CO(X,), Xa),

where X,, is regarded as a subspace of S(A). Hence X,, = {ay : A — 2| x € At(B)} and}/(; = {a, : CO(X,) —
2 | ay € X,}. Obviously, X, € [ZHaus|. It is now clear that G’(a) = F(X,) (Where F is the contravariant
functor defined in the proof of Theorem 3.15) and, therefore, by Theorem 3.15, G’() € |[dzBoole|.

Let (¢, 0) € mzMaps(a,a’), wherea: A — Band o’ : A” — B’. We set

G'(p,0) £ (CO(fy), fo),

where f; : X — X, is defined by a’, = @) and f; : 5(; — }?; is defined by «;, — fXa\;,). Clearly,
G'(@,0) = F(f;), so that we need only to show that f; is a continuous map between the sets X, and X,
supplied with the subspace topology from the spaces S(A’) and S(A), respectively. Leta € Aand x’ € At(B’).
Then, using Lemma 2.3, we obtain that
@)@ =1 & anouw@ =1

o At(o)(x') < a(a)

& x' < o(a(a))

& ¥ < (p()

& o, (p@) =1

& (a,op)a) =1

& (S(p) e )@) = 1.
Thus

fo : Xoo — X, is a restriction of the map S(¢) : S(A") — S(A).

This implies the continuity of f;. Now, using Theorem 3.15, we conclude that G’(¢, 0) is a dzBoole-morphism
between G’(a) and G’(a’). Having all this in mind, it is easy to see that G’ is a functor.
We will now prove that F’ o G” = ldmzmaps-

Let (@ : A —> B) € [mzMaps|. Then (F' o G')(@) = F'(CO(X,), Xa) = 5ty ) and sty + CO(Xa) —

P()?;), where X, is regarded as a subspace of S(A). By 2.4, the map h, : At(B) — X,, x — ay, is a bijection.
Then, clearly, the map K% : P(At(B)) — P(X,), M — {h,(x) | x € M}, is a Boolean isomorphism. Again by

J—

2.4, the map ]:lxa : Xo — Xa, ax > 0y, for all x € At(B), is a bijection. Then the map ﬁ;x : P(X,) — P(X,),

M- {fzxa (ay) | ax € M}, is a Boolean isomorphism. Put &g A PAZI;( o hP o e (see 2.2 for the notation ¢5). Then

& :B— P(Xy), b {a|xe At(B),x < b)
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is a Boolean isomorphism. Since « is an mz-map, we have that sf“ (A) = CO(X,). Thus the map
5 1 A— CO(Xa), a+> XoNsala),

is a Boolean isomorphism. Put
, df X, —
&y = (5", €B)-
We will show that ¢/, € mzMaps(a, (F' o G’)(«)). We need only to prove that the diagram

Xu

CO(Xa)

A
\ l sg)(xm
B

P(X.)

is commutative. Leta € A. Then sCO(X )(s “(a)) = sco(X )({ay € Xy la,@) =1)) ={ax € X, | ax({lay € Xoly <

a@)) =1} = {ay € Xa lay € {ay € Xo ly < al@)l} = {ay € X | x < a(a)} = €g(a(a)). Obviously, this implies
that ¢/, is an mzMaps-isomorphism.

Leta: A — Band o’ : A” — B’ be mzMaps-objects and (¢,0) : @ — a’ be an mzMaps-morphism.
We will prove that the diagram

(¢,0)

a a
65‘ l L E(/Y,

b FCwo) X
CO(X,) CO(X,r)

is commutative. We have that

F/(G'(¢,0)) = F(CO(f,), f,) = (CO(f,), P(f,))

and
7

v © ((P/ 0) = (SA/ ’ ) (§0, 0) = ( X o @, & ep o 0).
Also R
F/(G'(¢,0)) o ), = (CO(fy), P(f,)) o ), &) = (CO(f,) 0 55, P(f,) o &p).

Hence, we have to show that
Xy _ X — _ - —
8, op =CO(f;)05," and ep oo = P(f;)o ép.

Leta € A. Then
CO(f)E (@) = fi'(lax € Xo | ax(a) = 1)

= {a; € Xy Iffr(ax ) € {ax € X, | ax(a) =1}
= {g; € X |, (p(a)) = 1}
=5, (p(a)).
So, § Aj*' o@ =CO(f5) 0 sﬁ Let now b € B. Then, using Lemma 2.3, we obtain that

P(f)(E(b) = o ({OéxeX lx<bp

{a eXalfg(x {ay € X, |x<b}}
&, € Xy | f3(a],) € a: € Xo | x < b))
= a; € Xa | At(o)(x") < b}
€ X | < 0(b)) = E (0 (D).

>><

[24

,_,._,_,._,_,_
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Hence, €p 00 = P(E) o &g. This shows that ¢/, o (¢, 0) = F/(G'(¢, 0)) o ¢,,. Therefore,

¢ ldmamaps — F' 0 G, a- ¢,

is a natural isomorphism.
Finally, we will prove that G’ o F’ = |dgzBoole-
Let (A, X) € |dzBoole|. Then G'(F’'(A, X)) = G’(sif) = (CO(X), X), where X is regarded as a subspace of

S(A). Indeed, putting o d sf, we obtain, as in Example 4.4, that a, = x for every x € X, and, hence,
X, =X

Thus, £ : CO(X) — 2 is defined by #(U) = 1 & x € U, for U € CO(X), and X={%]xeX). Obviously, we
have that G'(F'(A, X)) = F(G(A, X)), where F and G are the contravariant functors defined in the proof of
Theorem 3.15. Hence, we can use the dzBoole-isomorphism

SzA,X) 1(A,X) — G'(F'(A, X))

. df ,_ . . .
defined there by s sﬁ, Ix), whereiy : X — X, 2 > x.

’ = (
(AX)
Let (¢, f) € dzBoole((A, X), (A’, X")). Then G'(F'(¢, f)) = G'(p,P(f)) = (CO(fg),ﬁ), where o d P(f),
fo: Xe — Xoa = F(AX) =s¥and o’ = F/(A,X') = s%. Since Xy = X’ and X, = X, we obtain that
£.() = A0)(x) = AP = f(x), ie. fo = f. Thus G'(F'(p, f)) = (COf), f) = F(G(, f)). Thus the

proof of the commutativity of the diagram

(4,X) @ A, X')

Stax l ls@v,x')
)Ty (G'oF")(e.f) ST Ar <y
G(F(A X)) —G'(F'(A, X))

proceeds as in the proof of Theorem 3.15. Therefore,
s" 1 1dazBootle — G o F', (A, X) SEA,X)’

is a natural isomorphism.
All this shows that the categories mzMaps and dzBoole are equivalent. [

Obviously, Theorems 3.15 and 4.8 imply the following theorem:
Theorem 4.9. The categories ZHaus and mzMaps are dually equivalent.
Proof. We put Fy L FoFand Gy Z GoG'. Then
Fo : ZHaus — mzMaps and Gy : mzMaps — ZHaus.

Clearly, they are dual equivalences. In the rest of this proof, we will find the explicit descriptions of these
contravariant functors, as well as the descriptions of the natural isomorphisms 770 : 1dztaus — Go o Fp and
&0, Idmzmaps — Fo o Go. Moreover, we will define two new contravariant functors

F : ZHaus — mzMaps and G : mzMaps — ZHaus

which are simpler than Fy and Gy but are again dual equivalences.
For every X € |ZHaus|, we have that

Fo(X) = F/(CO(X), %) = sy,
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For every f € ZHaus(X, Y),
Fo(f) = F(CO(f), f) = (CO(f), P())

(see the beginning of the proof of Theorem 3.15 for the notation f).
For every (@ : A — B) € [mzMaps|,

Go(a) = G(CO(Xa), Xa) = Xa,
where X, is regarded as a subspace of S(A).
For (¢, 0) € mzMaps(a, o),
Go(p,0) = G(CO(fo), fo) = fo

(see the definition of G’ in the proof of Theorem 4.8 for the notation f, and ﬁ).
Now, for every X € |ZHaus|, we have that

(Go o Fo)(X) = GO(S)CZO(X)) = X,, where a = SéO(X)‘

Hence X, = {a; : CO(X) — 2| % € X} and, for every U € CO(X) and every x € X, ax(U) =lefteall) e

#(U) = 1. Thus, az = & for every x € X. Hence, X, = = X and (Gy o Fo)(X) = - X According to the
general theorem about compositions of adjoint functors (see, e.g., [16, Theorem IV8 1]), we have that for
every X € |ZHaus|, nX X — (Gp o Fp)(X) is defined by the formula 7y = (G(s 16 Jix (see Theorem

o)™
3.15 for i and s’). Since F(X) = (CO(X), X) and s’
G(s}(X)) =15. Thus,

0 = (3% Scowy 15), where Ip: X —> X, £ — %, we obtain that
iy (x) = (&),

for every x € X. Finally, note that CO(X) = a(CO(X)) (because a = SCO(X)

% : CO(X) — 2 is defined by YaU)=1o %€ sCO(X)(U) © %(U) =1 e x e U, for every x € X and every

U e CO(X).

We will now describe the natural isomorphism &9 : |dmzmaps — Fo © Go. For (@ : A — B) € [mzMaps|,
we have that

is an mz-map) and thus

(Fo © Go)(@) = Fo(X,) =

CO( a)
and S)C(AO(XA) : CO(}/(;) — P()/(;), where X, = {c’t’i : CO()/(;) — 2| ay € }/(;} and, for U € CO(}/(;),
0:(\;(11) =lea el Thus&):a — sﬁ)(XA). The cited above theorem about compositions of adjoint

functors gives us that &) = F'(sg, (a)) o &. We have that G'(a) = (CO(X,), X, «) and thus s;.
where

) ( CO(XA)' )/

—
j——

VX—(: Xy — Xa, a,, — ay, and 3 _é%(Xa) :CO(X,) — P()/(;)

Then F'(s/ ). Hence,

G'(a )) ( CO(X ) (fX’:)

509 (§CO(X ) P(TA)) © E’

(§CO(X ) ( )) (SA /‘(—B)
Z(CO(X) X/ ( )OEB)/

where &5 : B — P(X a) b {a, | x € At(B),x < b}.
Now we will define the contravariant functors F : ZHaus — mzMaps and G : mzMaps — ZHaus.
For every X € |ZHaus|, we put

F(X) < ix,
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where ix : CO(X) — P(X) is the inclusion map. Set a o ix. Obviously, a is a z-map. Further, for every
x € X = At(P(X)), ay : CO(X) — 2 and ay(U) = 1 & x € a(U), for every U € CO(X). Since a(U) = U,

we obtain that a, = £ and thus X, = X. For every U € CO(X), we have that S§O(X)(U) ={XlxeX 2(U) =

1} = {# | x e U} = U = hy(U). Thus sgo(x)(CO(X)) = hx(CO(X)) = CO(X) because fix : X — X is a
homeomorphism (as it is shown in Example 3.9). Hence, ix is an mz-map.

For f € ZHaus(X,Y), we set
F(f) £ (COf), P(f)).

Obviously, F(f) is a mzMaps-morphism.
For (@ : A — B) € [mzMaps|, we put

G(a) d Xa.

Clearly, the set X, endowed with the subspace topology from the space S(A) is a ZHaus-object.
For (¢, 0) € mzMaps(a, a’), we set
df

G(p,0) = fo.

The fact that f; is a continuous map was proved in Theorem 4.8 after the definition of G’ on the morphisms.
We define a natural isomorphism 7 : Fg — F by

& . 5
Tx = (idcog), 1)

for every X € |ZHaus|, where Ix : X — X, % x, and f§< : P(X) — P(X), M — {ix(ii) | it € M}, (ie.,
iI;((M) = M, for every M C X). Indeed, it is obvious that for every X € |ZHaus|, 7x : Fo(X) — F(X) is a
mzMaps-isomorphism and that, for every f € ZHaus(X, X’), the diagram

Fo(f)
Fo(X") ————— Fy(X)

1k
(6))

FXy —2 L Fx)

is commutative.
Now we define a natural isomorphism 7’ : Go — G by
df
Ty = Ix,
for every a € |mzMaps|. Indeed, for every X € |ZHaus|, the map 7y : X — Xisa homeomorphism
since ix = h;(l and the map hx : X — Xis a homeomorphism; hence, 7, : Go(0) — G(a) is a ZHaus-
isomorphism. Also, it is clear that, for every (¢, 0) € mzMaps(a, '), the diagram

Go(p,0)
Go(o') —— > Go(av)

T;/ L l Tg
G(p,0)

G(@) ———Gil(a)

is commutative.
Hence, we obtain that 7"+ 7 : Gy o Fg — G o F, where (7" *7)x = T
is a natural isomorphism (see, e.g., [1, Exercise 6A]) and thus

’

Foo © Go(ty') for every X € |ZHaus|,

fi=(t"*1) 07" : ldzpaus — GoF
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is a natural isomorphism. Analogously, 7+7" : Fgo Gy — Fo G, where (1% 1)y = TG © Fo((t2)™") for every
a € [mzMaps|, is a natural isomorphism and thus

§=(T*T/)0501|dszaP5—> FoG

is a natural isomorphism. Therefore, F and G are dual equivalences. It is now easy to obtain that, for every
X € |ZHaus| and every x € X,

x(x) = {£}

and, for every (a : A — B) € [mzMaps|,

€y = (§§“, Eg),

where ¢5 : B— P(X,), b — {a, | x € At(B),x < b}, forevery b € B. [J

5. The Dual Equivalences F, G, F and G are Extensions of the Stone Dual Equivalences T and S

In this section we will show that our dual equivalences F, G, F and G can be regarded as extensions of
the Stone dual equivalences T and S. For doing this we will first describe the subcategories of the categories
dzBoole and mzMaps which are isomorphic to the category Boole.

We start with realizing our plan for the dual equivalences F, G.

Let us denote by kBoole the full subcategory of the category dzBoole having as objects all compact
dz-algebras (see Example 3.8 for this notion).

Proposition 5.1. The categories Boole and kBoole are isomorphic.

Proof. Define a functor E : Boole — kBoole by setting E(A) o (A,Boole(4, 2)), for every A € |Boole|

(see Example 3.8 (or 2.1) for the notation), and E(¢) g (¢, S(@)), for every Boole-morphism ¢. Then, by
Example 3.8, E(A) € |kBoole| for every A € [Boole|. If ¢ € Boole(A, A’), then (S(¢))(x’) = x" o @ for every
x’' € Boole(A’,2) (see 2.1). Hence E(¢p) € kBoole(E(A), E(A")).

Define also a functor E™! : kBoole — Boole by setting

E1(A, Boole(4,2)) £ 4,
for every (A, Boole(A4, 2)) € |kBoole|, and

_ df
E7 e, /)= ¢,
for every kBoole-morphism (¢, f). It is easy to see that E o E~! = Idigoole and E~! o E = Idggote. (Indeed, it is
enough to notice that if (¢, f) is a kBoole-morphism then, by the definition of S(¢) (see 2.1), we have that
f =S(p).) Thus E and E~! are isomorphisms. []

Proposition 5.2. Let E° : Stone — ZHaus and E* : kBoole — dzBoole be the inclusion functors. Then
F(E°(|Stone|)) C |kBoole| and G(E*(]kBoole|)) C |Stone]|.

Thus the restrictions F; : Stone — kBoole and G; : kBoole — Stone of F and G, respectively, are dual
equivalences. Also, T = E~'oFyand S = Gs o E. Thus, T and S are dual equivalences. Finally, FoE* =E*oEoT
and E° o S = G o E* o E. Therefore, the dual equivalences F and G are extensions of the dual equivalences T and S,
respectively. (See Theorem 3.15, Proposition 5.1 and 2.1 for the notation.)

Proof. Let X € |Stone|. Then F(E*(X)) = F(X) = (CO(X), X). Since X is compact, we have, as it is well-
known, that X = Boole(CO(X),2). (Indeed, for every ¢ € Boole(CO(X),2), N{U € CO(X) | p(U) = 1} is a
singleton.) Thus F(E*(X)) € [kBoole|. Further, for every (A, Boole(4,2)) € |kBoole|, G(E*(A, Boole(A, 2)) =
G(A,Boole(A, 2)) = S(A) and, as it is proved by M. Stone [17], S(A) € |Stone|. Thus, Theorem 3.15 implies
that F; and G, are dual equivalences. The equalities T = E-l'oF,and S = G, o E are obvious and hence,
SoT = GsoEoE 1oF; = Gs0F; = Idstone; analogously, ToS = Idggete. Therefore, T and S are dual equivalences.
Finally,wehavethatE”oEoT:E“oEoE‘1 oF;=F'oF;=FoFE andEfoS=FE0G;0E=GoEoE. O
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F

—_—
ZHaus - = dzBoole
G

E°

kBoole

We are now going to work with the dual equivalences F and G.

Let kMaps be the full subcategory of the category mzMaps having as objects all compact mz-maps (see
Example 4.4 for this notion).

Proposition 5.3. The categories Boole and kMaps are isomorphic.

Proof. Let us define a functor K : Boole — kMaps by setting K(A) g si(A) for every A € |Boole|, and

K(p) £ (p, P(S(¢))), for every ¢ € Boole(A, A’). Then Example 4.4 shows that K is well-defined on the

objects. For proving that K(¢) is a kMaps-morphism, we have to verify the equality sfy‘/) op = P(S(p)) osi(A).
Leta € A. Then (P(S(¢)) o s;")@) = (S(e) (5, @) = ' € SA) | S@)) € 5; @} = (v’ «
SA) | ¥ (@) =1} = (sij/) o ¢)(a). Hence, K is well-defined on morphisms as well. Obviously, K is a
functor. (Note that the use of the contravariant functors S and T can be easily avoided; we used them just
for a simplification of the notation.)

Let us now define a functor K™ : kMaps — Boole by setting K‘l(si(A)) L A for every A € |Boole|, and

K'Y, 0) L ¢ for every kMaps-morphism (¢, 0). Then, obviously, K™ is a well-defined functor. It is clear
that K™ oK = ldggo1e and (Ko K‘l)(si(A)) = si(A) for every A € |Boole|. For every kMaps-morphism (@, 0), we
have (K o K)(¢, 0) = K(p) = (¢, P(S(¢)). Since si(A) ' A =s54:A— CO(S(A)) is a Boolean isomorphism,
the above calculation shows that 6|CO(S(A)) = P(S(¢))ICO(S(A)). Since every atom of P(S(A)) (i.e., every
element of S(A)) is a meet in P(S(A)) of some elements of CO(S(A)) and ¢ is a complete homomorphisms,
we see that ¢ is uniquely determined by its restriction on CO(S(A)). Therefore, ¢ = P(S(p)). Thus,
KoKl = Idkmaps- Hence, the categories Boole and kMaps are isomorphic. [

Now, using arguments similar to those used in the proof of Proposition 5.2, we obtain the following
assertion:

Proposition 5.4. Let E™ : kMaps — mzMaps be the inclusion functor. Then
F(E®(|Stone|)) C |[kMaps| and G(E™([kMaps|)) C |Stone|.

Thus the restrictions F; : Stone — kMaps and G; : kMaps — Stone of F and G, respectively, are dual
equivalences. Also, T = K1oF,and S = Gy oK. Thus, T and S are dual equivalences. Finally, FoE° = E™ o Ko T
and E* o S = G o E™ o K. Therefore, the dual equivalences F and G are extensions of the dual equivalences T and S,
respectively. (See Theorem 4.9, Propositions 5.3 and 5.2, and 2.1 for the notation.)
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F

—_—
ZHaus - mzMaps
G

Em

kﬁaps

Boole

6. The Restriction of F to the Category D Implies the Tarski Duality

In this section we are going to show that with our duality theorems 3.15 and 4.9 we extend the Tarski
Duality Theorem as well. Moreover, we will obtain as a corollary of our Theorem 3.15 a slightly different
version of the Tarski Duality Theorem which, maybe, is new. Then we will show that it implies easily the
classical version of the Tarski Duality Theorem.

It is clear that the category D of discrete spaces and continuous maps is a full subcategory of the
category ZHaus. Using the duality theorems proved in Sections 3 and 4, we will find two categories dually
equivalent to the category D. Since, obviously, the categories D and Set are isomorphic, we will obtain
in this way two categories dually equivalent to the category Set. Both of them will lead to one and the
same dual equivalence A : Caba — Set which will be slightly different from the Tarski dual equivalence
At : Caba — Set. From it we will easily obtain the Tarski Duality Theorem. Hence, both of our duality
theorems extend the Tarski Duality Theorem. Since in the proof of our Theorem 3.15 we have not used the
Tarski Duality Theorem, we will obtain in this way a new proof of the latter one.

Let us denote by TBoole the full subcategory of the category dzBoole having as objects all T-algebras
(see Example 3.10 for this notion), and let TMaps be the full subcategory of the category mzMaps having
as objects all T-maps (see Example 4.3 for this notion).

Proposition 6.1. The categories TBoole and TMaps are dually equivalent to the category D (and, thus, to the
category Set).

Proof. Using the notation from the proofs of Theorems 3.15 and 4.9, it is enough to show that F(|D|) C
[TBoole|, G(ITBoole|) C |D|, F(ID|) € [TMaps| and G(|[TMaps|) C |D|.

We have that for every X € |D|, F(X) = (CO(X), X) = (P(X), X) = (B, Xg), where B o P(X), and, obviously,
(B, Xp) € |TBoole|. Also, F(X) = ix = idp(x) € [TMaps|. Further, for every (B, X3) € |[TBoole|, G(B, X3) = Xz,
where Xz is regarded as a subspace of S(B). Then, as it was shown in Example 3.10, Xz € |D|. Finally,
for every idg € [TMaps|, G(idp) = Xig, = X3 € |D|. Now Theorems 3.15 and 4.9 show that the restrictions
F;: D — TBoole, G; : TBoole — D, F; : D — TMaps, G, : TMaps — D of the contravariant functors
F, G, F and G, respectively, are all dual equivalences. [J

Corollary 6.2. For every TBoole-morphism (o, f) between any two TBoole-objects (B, Xg) and (B, Xp'), we have
that o € Caba(B, B').

Proof. For every f € D(X,Y), we have that F4(f) = F(f) = (CO(f), /) = (P(f), f). Since P(f) is a Caba-

morphism and Fy is full, faithful and isomorphism-dense, our assertion follows. [J

We can prove this assertion directly, as well. Suppose that ¢ is not a complete homomorphism. Then
there exists a set {b; | j € J} € B such that, with b S \/je] bj, o(b) = \/j€, 0(bj). Thus, there exists y € At(B’)
such that y < (D) but y £ b’, where b’ g \/]»ej o(bj). Then y(b’) = 0 and y(o(b)) = 1. Since y is a complete
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homomorphism (see 2.4), we have that 0 = y(b') = §(V gy 0(b))) = Ve Y(0(b)) = Vi (y © 0)(b)). Hence,
Vjej( 0 0)(b))) # (J 2 0)(V je; bj)- Since § o 0 is a complete homomorphism (because o 0 = f(y) € Xp), we
obtain a contradiction. Therefore, ¢ € Caba(B, B’).

6.3. Using the above Corollary, we can define a functor

H : TBoole — Caba
setting H(B, XB) & Band H(g, f) a o. Let us also define a functor
H™!: Caba — TBoole
by H™(B) & (B, X3) and, for any o € Caba(B, B’), H"}(0) o f7), where the function
fa : XB/ — XB
is defined by
ooy df .
fy)=yoo,
for every iy € Xp. We need to show that f?(i7) belongs to Xz. Indeed, setting x g Na e Bly <o)}, we
have that x € At(B) and, using Lemma 2.3, we obtain that foreveryb € B, #(b) =1 @ x<b o AlaeB|y <
o(@)} <b e y <o) © yob)) = 1. Thus f°(y) = yoo = & € X. Hence, the functor H™! is well defined. One
sees immediately that the compositions of the functors H and H™! are equal to the corresponding identity

functors. Therefore, H and H™! are isomorphisms. Denoting by I : D — Set the obvious forgetful functor,
we obtain that I is an isomorphism and H o F; o [} = P. Now we set

A¥10G0H

Using Proposition 6.1, we obtain that PoA = (HoF 0l *)o(IoG4oH ™) = Ho(F;0G,)oH™! = HoldrpeleocH ™! =
l[dcaba and, similarly, A o P = Idge. Thus, the contravariant functors

P : Set — Caba and A: Caba — Set
are dual equivalences. Note that for every B € |Cabal,
A(B) = X5,
where Xp = {: B— 2| x € At(B)}, #(b) = 1 & x < b, and, for every o € Caba(B, B’),
Ao) = f*

(see the definition of f° here above). It is easy to see that h: At — A, where for every B € |Cabal, hp is the
bijection defined in 2.4, is a natural isomorphism. Thus, P o At = P o A = Idcapa and, similarly, Ato P = Idg.
Therefore, At : Caba — Set and P : Set — Caba are dual equivalences, obtaining in such a way a new proof
of the Tarski Duality Theorem.

Finally, defining a functor H; : TMaps — Caba by H;(idp) d B and H;(o,0) d o, and a functor
H;'! : Caba — TMaps by H™!(B) 4 idy and H;'(0) L (6,0) (note that Example 3.10 shows that H;! is
well defined), we obtain that the compositions of the functors H; and H;' are equal to the corresponding
identity functors. Therefore, Hy and H;' are isomorphisms. Obviously, we get that H; o Fy o I"! = P and

A=10G,o0 HY 1. Hence, working with the contravariant functors F; and Gy, we come to the same dual
equivalences P : Set — Caba and A : Caba — Set.
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7. Two Duality Theorems for the Category EDTych of Extremally Disconnected Spaces

Now, using our duality theorems 3.15 and 4.9, we will obtain duality theorems for the category EDTych
of extremally disconnected Tychonoff spaces and continuous maps.

Definition 7.1. A dz-algebra (resp., z-algebra) (A, X) is said to be complete dz-algebra (resp., complete z-algebra)
if A is a complete Boolean algebra. Let us denote by dzCBoole the full subcategory of the category dzBoole
having as objects all complete dz-algebras. Let zCBoole be the full subcategory of the category zBoole
having as objects of all complete z-algebras, and let EDTych be the category of extremally disconnected
Tychonoff spaces and continuous maps.

Theorem 7.2. The categories EDTych and zCBoole are dually equivalent.

Proof. Since EDTych is a subcategory of ZHaus, we can regard the restriction F, of the contravariant functor
F : ZHaus — dzBoole to EDTych. Analogously, we can regard the restriction G,4 of the contravariant
functor G : dzBoole — ZHaus to dzCBoole. Recall that F and G were defined in the proof of Theorem
3.15. We will show that F.;([EDTych|) € |dzCBoole| and G.4(/dzCBoole|) C |[EDTych|. Indeed, for every
X € [EDTych|, we have that CO(X) = RC(X) and thus F4(X) = (CO(X), X) = (RC(X), X). Hence, F(X) €
|dzCBoole|. If (A, X) € |dzCBoole|, then G.4(A, X) = X. Since, by Fact 3.2, X is a dense subspace of the
extremally disconnected space S(A), we obtain that X is an extremally disconnected space (see, e.g., [12,
Exercise 6.2.G.(c)]). Thus, G.4(A, X) € [EDTych|. Now, Theorem 3.15 implies that

F.i : EDTych — dzCBoole and G,; : dzCBoole — EDTych

are dual equivalences. Finally, we will show that the categories dzCBoole and zCBoole coincide. Indeed,
if (A,X) € |zCBoole|, then, using Lemma 2.11, we obtain that s5(A) = X N s4(A) = X N CO(S(A)) =
X NRC(S(A)) = RC(X) = CO(X). Therefore, (A,X) is a dz-algebra. Thus, the categories EDTych and
zCBoole are dually equivalent. [

Definition 7.3. An mz-map (resp., z-map) a : A — B is said to be complete mz-map (resp., complete z-map) if
A is a complete Boolean algebra. Let us denote by cmzMaps the full subcategory of the category mzMaps
having as objects all complete mz-maps, and by czMaps the full subcategory of the category zMaps having
as objects all complete z-maps.

Theorem 7.4. The categories EDTych and czMaps are dually equivalent.

Proof. Let us denote by F,; the restriction of the contravariant functor F : ZHaus — mzMaps to EDTych,
and by G,y the restriction of the contravariant functor G : mzMaps — ZHaus to cmzMaps. Recall that
F and G were defined in the proof of Theorem 4.9. We are going to show that F.;(JEDTych|) C [cmzMaps|
and G (lemzMaps|) € [EDTych|. Indeed, for every X € |[EDTych| we have that F,;(X) = ix, where
ix : CO(X) — P(X) is the inclusion map. Since CO(X) = RC(X), we obtain that F,;(X) € [cmzMaps|. Let
now (@ : A — B) € |cmzMaps|. Then G.4(a) = X,. We will show that X,, is a dense subspace of S(A).
Indeed, if a € A* then a(a) # 0 and, hence, there exists x € At(B) such that x < a(a); this, however, means
that a,(a) = 1, ie., ax € sa(a) N X,. So, X, is a dense subspace of S(A). Thus, G.i(«) € [EDTych|. Now,
Theorem 4.9 implies that

F.i : EDTych — cmzMaps and G, : cmzMaps — EDTych

are dual equivalences. Finally, we will show that the categories cmzMaps and czMaps coincide. Indeed,
let @ : A — B be a complete z-map. Then A is a complete Boolean algebra and, hence, S(A) is extremally
disconnected. As we have already seen, X, is a dense subspace of S(A), and thus X, is also extremally
disconnected. Now, using Lemma 2.11, we obtain that si“ (A) = Xy Nsa(A) = X, N CO(S(A)) = Xp N
RC(S(A)) = RC(X,) = CO(X,). Therefore, a is an mz-map. This shows that cmzMaps = czMaps. Hence,
the categories EDTych and czMaps are dually equivalent. [
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8. Two Duality Theorems for the Category of Zero-Dimensional Hausdorff Compactifications of Zero-
Dimensional Spaces

Recall first the following assertion from [4]:

Proposition 8.1. ([4]) There is a category Comp whose objects are Hausdorff compactifications ¢ : X — Y and
whose morphisms between any two Comp -objects ¢ : X — Y and ¢’ : X' — Y’ are all pairs (f, g), where
f:X— X andg:Y — Y are continuous maps such that g o c = ¢’ o f. The composition of two morphisms
(f1,91) and (f2, g2) is defined to be (f o f1,92 © g1). The identity map of a Comp-object ¢ : X — Y is defined to be

id & (idy, idy).

Definition 8.2. We will denote by ZComp the full subcategory of the category Comp whose objects are all
compactifications ¢ : X — Y for which Y is a zero-dimensional space. By BZComp we will denote the full
subcategory of the category ZComp whose objects are all Banaschewski compactifications g : X — poX
and all compactifications ¢ : X — c¢X which are ZComp-isomorphic to them.

Remark 8.3. Note that Example 3.2 from [4] shows that there exist ZComp-objects ¢ : X — Y and
¢’ : X — Y’ which are isomorphic in ZComp but not equivalent as compactifications. On the other hand,
as it is shown in [4], any two equivalent compactifications of a space X are isomorphic in Comp.

Proposition 8.4. Let ¢ : X — Y be a ZComp-object. If ¢ is isomorphic to the Banaschewski compactification
Bo : X — BoX in ZComp, then c is equivalent to fo.

Proof. The proof is analogous to that of Theorem 3.3 from [4]. The only difference is that the Banaschewski
Theorem 2.9 has to be used. [J

Proposition 8.4 and the last sentence in Example 8.3 show that in the definition of the category BZComp
we can write “equivalent” instead of “ZComp-isomorphic”.

Theorem 8.5. The categories ZComp and zBoole are dually equivalent.

Proof. We start with defining a contravariant functor

@ : ZComp — zBoole.
For every (c: X — Y) € |ZComp], set A, g cH(CO(Y)), X. g X4, (see 2.4 for the notation), and

() £ (Ac, Xo).
Then, by Example 3.9, ®(c) € |zBoole|.

Letnow ¢ : X — Y and ¢’ : X’ — Y’ be ZComp-objects and (f, g) be a ZComp-morphism between ¢
and c’. Set

df ;
q)(f/g) = (T[f/,fCC’)/
where 7i¢ 1 Av — A, is defined by 7t¢(U) a f‘l(U) for every U € Ay, and
f;cr . XC e 5(\./(:!
is defined by fi (%) g f/(x\) for every x € X. Arguing as in the proof of Theorem 3.15, we obtain that

D(f, g) € zBoole(D(c’), P(c)). Now it is easy to see that @ is a contravariant functor.
We define W : zBoole — ZComp as follows: for every (4, X) € [zBoole|, set

af
W(A, X) = ca,x),
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where, regarding X as a subspace of S(A), cax) : X <= S(A) is the embedding of X in S(A); for every
(p, f) € zBoole((4, X), (A’, X")), we put

Y, /) Z (f, S@)).

By Fact 3.2, ¢4 x) is a dense embedding and thus W(A, X) is a ZComp-object. Since for every x’ € X/,
S(p)(x’) = x" o @ = f(x'), we obtain that W(p, f) is a ZComp-morphism. Hence, W is well-defined.
Obviously, it is a contravariant functor.

Let (A, X) € |zBoole|. Then ®(W(A, X)) = (Acyr Xepr)r Acuy = X N5a(A) = s5(A) and X, = (£

X’

sX(A) — 2| x € X}. Working like in the proof of Theorem 3.15, we define a map i}** : X.,, — X
by T;A/X) ®) & x, for every x € X, and set s& X & (5%, i)c(“’x)). Then, like in Theorem 3.15, we show that

SZ‘LX) 1 (A, X) — (Do W)(A, X) is a zBoole-isomorphism and, moreover,

s IdzBoole — Qo VY, (A, X) = qulxy

is a natural isomorphism.

Let now (¢ : X — Y) € |ZComp|. Then (¥ o D)(c) = ¢4 ) and ¢y g, : X. = S(A.). Obviously, the
map p. : Ac — CO(Y), ¢ }(U) - U, is a Boolean isomorphism. Hence, the map S(p.) : S(T(Y)) — S(A.)
is a homeomorphism. By Example 3.9, the map fix 4, : X — X, is a homeomorphism. Now it is easy to
show that the map . & (EX,AC, S(pc)oty) :c— Cu%) isa ZComp-isomorphism (see 2.1 for the notation
ty). Finally, it is not difficult to prove that

% 2 ldzcomp — W o @, ¢+ x,
is a natural isomorphism. Therefore, the categories ZComp and zBoole are dually equivalent. [J

Corollary 8.6. The categories BZComp and dzBoole are dually equivalent.

Proof. We will use the notation from the proof of Theorem 8.5.

Let (8o : X — BoX) € |BZComp]|. Then, the Dwinger Theorem 2.8 implies that ®(8y) = (CO(X), X).
Thus, by Example 3.9, () € |dzBoole|.

Conversely, if (A, X) € |dzBoole|, then W(A, X) = c,x), where ¢4 x) : X <= S(A). By the definition of
a dz-algebra, we have that sﬁ (A) = CO(X). Thus the trace of CO(S(A)) on X is CO(X). Now the Dwinger
Theorem 2.8 implies that c(4 x) is equivalent to the Banaschewski compactification fy : X — B¢ X. Therefore,
W(A, X) € IBZComp]|.

The rest follows from Theorem 8.5. [

It is easy to see that the categories BZComp and ZHaus are equivalent. Thus, using Corollary 8.6, we
obtain a new proof of Theorem 3.15. Note, however, that in the proof of Theorem 8.5 we used many parts
of the proof of Theorem 3.15.

We will denote by EDComp the full subcategory of the category ZComp having as objects all compact-
ifications ¢ : X — Y, for which Y € [EDTych|.

Corollary 8.7. The categories EDComp and zCBoole are dually equivalent.

Proof. Having in mind Theorem 8.5, it is enough to show that ®(|JEDComp|) € [zCBoole|and W (zCBoole|) C
[EDComp]|. Let (c : X — Y) € [EDComp|. Then, using Lemma 2.11, we obtain (in the notation from the
proof of Theorem 8.5) that A, = ¢™(CO(Y)) = ¢ }(RC(Y)) = RC(X). Thus, ®(c) € |zCBoole|. Let now
(A, X) € |zCBoole|. Then A is a complete Boolean algebra and, hence, S(A) € [EDTych|. This shows that
W(A, X) € [EDCompl|. So, the proof is completed. [

Corollary 8.8. The categories EDComp and EDTych are equivalent.

Proof. This follows immediately from Theorem 7.2 and Corollary 8.7. [
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Note that Corollary 8.8 can be also proved with the help of the fact that if (c : X — Y) € |EDComp]|
then X is extremally disconnected and c is equivalent (as a compactification of X) to the Stone-Cech
compactification g : X — BX of X (see [13] or [12]).

Now we will show, using the Tarski duality, that the category zMaps is dually equivalent to the
category ZComp. The category zMaps is similar to the category DeVe, constructed in [4] as a category
dually equivalent to the category Comp of Hausdorff compactifications of Tychonoff spaces.

Theorem 8.9. The categories ZComp and zMaps are dually equivalent.

Proof. We will utilize the notation introduced in the proof of Theorem 8.5.
We start with defining a contravariant functor

@’ : ZComp — zMaps.
For every (c : X — Y) € |ZComp]|, we set

roy A X
CD(C)—SAE.

Then it is easy to see that @’(c) € [zMaps|.
For every (f, g) € ZComp(c,c’), we set

'(f,9) € (rs, P(foo)).

It is not difficult to obtain that @'(f,g) € zMaps(®'(A’, X’), @'(A, X)). Now it is easy to see that @’ is a
contravariant functor.
Our next aim is to define a contravariant functor

W’ : zMaps — ZComp.

Let (a : A — B) € |zMaps|. We put

W () d Cq, Where ¢, : X, — S(A)

(see 2.4 for the notation X,). Obviously, ¥’(c) € |ZComp]|.

Let now (¢, 0) € zMaps(a, a’). Then it is easy to show that S(¢)(X.) € X,. Let S, : Xoo — X, be the
restriction of S(¢). We put

W'(p,0) £ (S, S(p)).

Then it is not difficult to prove that W’'(¢, 0) € ZComp(\¥’(a’), W' () and that W’ is a contravariant functor.

Let (0« : A — B) € |zMaps|. Then ®'(W'(a)) = sfi“ and sfi“ P A, — P(Xca). We have that A., =
c;/(CO(S(A))) = X, N T(S(A)) = Si“ (A). Thus §§“ tA —>HAC(Y isa Baoolean isomorphism. Since « is a z-map,
the map h, : At(B) — X,, x = ay, is a bijection (see 2.4). Also, the map hx, 4., : Xo — Xca, ay = ay, for all
x € At(B), where a, : A, — 2, is a bijection (see 2.4). Setting k, o fZXmAM o h, and k¥ : P(At(B)) — P(X.,),
M + {k,(m) | m € M}, we obtain that k} is a bijection. Then the map &} g kP o ep is a bijection (see 2.2 for

the notation ¢g) and SCB“ :B— P(Xca), b {a, | x € At(B),x < b}. Now we put v, & (sﬁ", e

see that v, : @ — @’ (W’'(«)) is a zMaps-isomorphism. One routinely verifies that

Ca

5)- Itis easy to

Ui ldmaps — @ oW, a v,

is a natural isomorphism.

Let (c : X — Y) € |ZComp|. Then W' (9’(c)) = c,, where a d sﬁi. Thus ¢, : X, — S(A.), where

Ac = c{(CO(Y)) and X, = {az | £ € X.}. We have that for every Ue A, az(U) =1 e 2 <alll) & % €
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sfz(ll) © #(U) = 1. Thus, az = £ for every x € X. Hence, X, = X, ie., ca : X = S(A.). As we noted in
the proof of Theorem 8.5, the maps S(p.) : S(T(Y)) — S(A.) (where p. : A. — CO(Y), ¢ }(U) — U) and
le,Ac : X — X, x> %, are homeomorphisms. Now it is easy to see that the map &, a (ftX,AC, S(pc) o ty) :
c — W'(D'(c)) is a ZComp-isomorphism (see 2.1 for the notation ty). Finally, a routine verification shows
that

& |dZComp — Wod, ¢ ¢,

is a natural isomorphism.
All this proves that the categories ZComp and zMaps are dually equivalent. [

Corollary 8.10. The categories BZComp and mzMaps are dually equivalent.

Proof. Of course, this assertion follows from Corollary 8.6 and Theorem 4.8. A short direct proof, which is
similar to the proof of Corollary 8.6, can be obtained as follows (we will use the notation from the proof of
Theorem 8.9).

Let (Bo : X — BoX) € [BZComp|. Then @’ (o) = sé(o(x). Since, by Example 3.9, (CO(X), X) is a dz-algebra,
Example 4.5 shows that ®’(fy) € [mzMapsl|.

Conversely, if (@ : A — B) € |[mzMaps|, then W'(a) = c,, where ¢, : X, < S(A). Since « is a mz-
map, we have that si“(A) = CO(X,). Thus the trace of CO(S(A)) on X, is CO(X,). Now the Dwinger
Theorem 2.8 implies that ¢, is equivalent to the Banaschewski compactification fy : X — BoX. Therefore,
W (a) € IBZComp]|.

The rest follows from Theorem 8.9. O

A remark analogous to that one given after the proof of Corollary 8.6 can be also made here: using
Corollary 8.10, we can obtain a second proof of Theorem 4.9. The direct proof of it given by us in this paper
is, however, more natural because it reveals clearly the connection between our two duality theorems.

8.11. We are now going to derive the Dwinger Theorem 2.8 from our Theorems 8.5 and 8.9. In what follows,
we will use the notation from their proofs.

Let us fix a space X € |ZHaus|. Then, obviously, the map A : BA(X) — |zBoole|, A — (A, )?A), is
an injection. (Note that, by Example 3.9, A is a well-defined function.) Thus, the map Ag £ I BAX) :
BA(X) — ABA(X)) is a bijection. We have that W(A(A)) = ¢, x,), where ¢, ¢+ X4 — S(A) is the

embedding of X, in S(A). We set ca d CA %y © fix 4 and A(A) o [ca]. Then
ca:X—S(A), x— %, and A:BAX) — Ko(X).

)y ¥

For every (c : X — Y) € Ko(X), we set A’([c] /\61(<D(c)). Thus

AN(lc]) = Ac = cH(CO(Y)) € BAX) and A’ : Ko(X) — BA(X).

Note that the map A’ is well-defined. Indeed, if ¢; € [c], where ¢; : X — Y, then there exists a
homeomorphism f : Y — Y1 such that ¢; = f o c. Hence ¢;'(CO(Y1)) = ¢”!(f~1(CO(Y1))) = ¢ (CO(Y)).
Now, for every A € BA(X),
AN (A(A)) = A.

Indeed, we have that A'(A(A)) = A, = ¢, (T(S(A))) = !, (53 (A)) and, for every U € A, i, 5" () = U
(see the proof of Example 3.9).

Further, for every (c : X — Y) € Ko(X), AA'([c])) = A(Ae) = [ca], where ca, : X — S(A). At the
end of the proof of Theorem 8.9 we have shown that the map (fix 4., S(p.) © ty) : ¢ —> €4, %, is @ ZComp-
isomorphism. Using the definition of the map cs_, we obtain that the map (fz)},lAc, ids(a,)) : Ciank) — CA. is
also a ZComp-isomorphism. Thus the diagram
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idx
hX'AC h)_(,lAc
c CacXe) ca
S(Ac) S(Ac)

S(pc)oty ids(ac)
is commutative. It shows that the compactifications c and ¢4, of X are equivalent (since c4, = (S(p.) oty) oc).
Thus,

AN ([e]) = [c].

Therefore, A and A’ are bijections.

Letnow ¢; : X — Yj and ¢; : X — Y, be compactifications of X, and ¢; < ¢;. Then there exists a
continuous map g : Y, — Y7 such that c; = goc,. Thus, (idx, g) € ZComp(cy,c1). Then A, = cl‘l(CO(Yl)) =
cz_l(g_l(CO(Y1))) c CE] (CO(Y2)) = A,. Therefore,

A([a]) < A([e2)).

Letnow A, A’ € BA(X) and A be a subalgebra of A’; denoteby i : A — A’ the inclusion monomorphism.
For every x € X, set f(£4) = 4 (see 2.4 for the notation). Then f : Xy — Xa, f(&a) = 24 o i and thus
(i, f) € zBoole(A(A), A(A")). Therefore (i, f) : W(A(A")) — W(A(A)) is a ZComp-morphism. We have that
W(i, f) = (f, S(i)). Hence, the diagram

Ca’

/—\
X RaC S(AY)

’

hx ar

idx f S(@)
hX,A A
X RuC S(A)

is commutative. It shows that
A(A) < A(A).

Therefore, A and A’ are isomorphisms between the ordered sets (BA(X),C) and (Ko(X), <). Thus, the
Dwinger Theorem is proved.
For deriving the Dwinger Theorem from Theorem 8.9, we use the same maps A and A’ but find another

expressions for them. Forevery (c : X — Y) € Ky(X), we have that®’(c) = si{“ and thus A’([c]) = dom(D’(¢)).

Also, for every A € BA(X), we have, by Example 4.2, that the map iy : A < P(X) is a z-map. Set a A ia.
Then W’ () = c,, where ¢, : X, — S(A), and X, = X4. Thus ¢, = CaRa) and A(A) =c4 = V' (a) o fzx,A. Then
we prove exactly as above that A and A’ are bijections, and that A’ is monotone. Finally, let A, A’ € BA(X)

and A € A’. Denote by i : A < A’ the inclusion monomorphism and set « a ia, o a ia. Then
(i,idp(x)) € zMaps(a, a’) and thus W’ (i, id p(x)) € ZComp(cy,co). We have that W' (i, id p(x)) = (Si, S(i)), where
Si : Xa4» —> Xy is the restriction of S(i) : S(A’) — S(A). Writing in the last diagram S; instead of f, we
obtain a new commutative diagram which shows again that A(A) < A(A’). Thus, the second proof of the
Dwinger Theorem is completed.

Let us note that an interesting generalization of the Dwinger Theorem 2.8 was obtained in [3].
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9. Conclusion

In this paper we defined two categories dzBoole and mzMaps which are dually equivalent to the
category ZHaus. In our next paper [9] we will describe the subcategories of the categories dzBoole and
mzMaps which are dually equivalent to the category SZHaus of strongly zero-dimensional Hausdorff
spaces and continuous maps and the category NZHaus of normal zero-dimensional Hausdorff spaces and
continuous maps. This, in particular, will help us to understand better the famous Dowker Example [12,
Example 6.2.20].
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