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Abstract. In this paper, we prove theorems on the existence of solutions in L? (R,), 1 < p < oo, for some
functional integral equations. The basic tool used in the proof is the fixed point theorem due to Darbo with
respect to so called measure of noncompactness. The obtained results generalize and extend several ones

obtained earlier in many papers and monographs. An example which shows the applicability of our results
is also included.

1. Introduction

Integral equation have a lot of applications in many branches of mathematical physics, engineering,
mechanics, biology and economics see [24] and references therein. Several different techniques were
proposed to study the existence of solutions of the functional integral equations in appropriate function
spaces. Although all of these techniques have the same goal, they differ in the function spaces and the fixed
point theorems to be applied.

Many papers in the field of functional integral equations give different sets of conditions for the existence
of solutions of such equations, see for instance [2, 7, 10, 13, 16, 18] . Apart from that, integral equations
are often investigated in research papers and monographs (cf. [6, 8, 11, 12, 15, 17]) and the references cited
therein.

Agarwal and O’Regan [4] in 2004, proved the existence of the solutions for the nonlinear integral
equation

x(t) = I}M k(t,s)f(t,x(s))ds, t € R,

in C[0, +o0), where C;[0, +o0), denotes the space of bounded and continuous functions on IR, which have
limit at infinity.
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In [23], the author gave the existence of an integrable solutions of the following functional integral
equation

x(t) = f(t, x(t)) + g(t, j(;m k(t,s)f(t,x(s))ds|, t € R,.

In [20], the authors discussed the solvability the functional integral equation of convolution type

x(t) = f(t,x(t)) + fo k(t = 5)(Qx)(s)ds

using a new construction of a measure of noncompactness in L7(R,).
Next, the authors in [3] study the existence of solutions to the following general functional integral
equation

x(t) = f(t, x(B) + g (f, fo k(t — S)(Qx)(S)dS)

using the same new construction of a measure of noncompactness in L7(IR,).
In this paper, we consider the following more general integral equation

xX(t) = ft, x(D) + f2 (t, (le)(f),fo u(t, s, (sz)(S))dS)~ 1)

This equation includes many important integral and functional equations that arise in nonlinear analysis
and its applications. We look for solutions to (1) in L (R;), 1 < p < oco. The main tool used in our
considerations is the conjunction of the techniques of measure of noncompactness with Darbo fixed point
theorem. An example is presented to show the importance and the applicability of our results.

2. Notation, Definitions and Auxiliary Facts

Definition 2.1. The function f(t,x,y) = f : Ry X R X R — R is said to have the Carathéodory property if f is
measurable in t for any (x, y) € R X R and continuous in x, y for almost all t € R,.

Now, we are going to recall some notion about the continuity of the linear integral operator on the space
L[V =LP(Ry). Let A ={(t,s): 0 <s <t}and k : A — R be the linear Fredholm operator K : L’(R;) = LP(R;)

defined by (Kx)(t) = f0+°° k(t,s)x(s)ds. It is a continuous operator, and IKx]l, < [IK]|||x]l,- The norm of the
operator is majorized by

K|l = sup (JIKxlpyg,) ; IIdlls,) < 1) and hence [IK]| < co.

Remark 2.2. Observe that if Q is a nonempty and mesurable subset of R., then we can also consider the linear
Volterra integral operator (Kx) (t) = fot k(t, s)x(s)ds associated with the Lebesque space LF(€2), 1 < p < oo. Namely, if
x € LP(Q), 1 < p < oo, then we can extend x to be the whole half axis R, by putting x(t) = 0 for t € Ry \Q. Then we
can treat the operator K in the usual way (see [21]).

Now, we will collect some definitions and basic results which will be used further on throughout the
paper.
First, we denote by L (IR;) the space of Lebesgue p— integrable functions on R, equipped with the standard

r_ +00 %

norm, x € IP(Ry), [Ixlly = [ () dt

Next, we recall some basic facts concerning measure of noncompactness. Assume that (E, ||.||) is a real
Banach space with zero element 6. Let B (x, r) denote the closed ball centered at x and with radius r. The
symbol B, stands for the ball B (6, r). If X is a subset of E, then X and ConvX denote the closure and convex
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closure of X, respectively. By the symbols AX and X + Y, we denote the standard algebraic operations on
sets. Moreover, we denote by Mg the familiy of all nonempty and bounded subsets of E and N its subfamily
consisting of all relatively compact subsets.The definition of the concept of a measure of noncompactness
presented bellow comes from [9].

Definition 2.3. [9] A mapping p : Mg — R, = [0, +00[ is said to be a measure of noncompactness in E if it satisfies
following conditions

1. The family ker u = {X € Mg : w(X) = 0} is nonempty and ker y C NE.

XY = uX) < u(Y)

- p(X) = p(ConvX) = u(X)

D HAX+ (A =-A)Y) < ApX) + (1 - A)Y, for A €[0,1]

. If (X} is a sequence of nonempty, bounded, closed subsets of E such that X,+1 C X, (n = 1,2,...) and
21_%10 U(Xy) = 0, then the set Xoo = Ny, Xy is nonempty.

U= W N

Observe that the intersection set X, belongs to ker u. Indeed, since u(Xe) < u(Xy) for any n, then we infer
W(Xe) =0, 50 Xo € ker u. For other facts concerning measures of noncompactness we refer to [9], [19].

In the following, we give a nonempty X C LP(R) bounded, ¢ > 0, and T > 0. For arbitrary function x € X,
we let

w(x, €) = sup {(fm |x(t + k) — x(H) dt)P Lhl < s}
0

w(X, €) =sup{w(x, €): x € X}

and
wo(X) = lirr(}a)(X, e).

Also, let
dr(X) = sup {( f ()P dt)p xe X}
T

d(X) = lim dr(X).

and

Then, the function i : Mpyr,) = Ry given by p(X) = wo(X) +d(X) is a measure of noncompactness on LP (IR,
, see ([20]).

Darbo’s fixed point theorem is a very important generalization of Schauder’s fixed point theorem and
includes the existence part of Banach’s theorem.

Theorem 2.4. Schauder (see [5]) Let () be a nonempty, bounded, closed, and convex subset of a Banach space E,
Then every compact continuous map T : QO — ) has at least one fixed point.

In the following, we state a fixed point theorem of Darbo type proved by Banas and Goebel [9]

Theorem 2.5. (See [15], [9]) Let Q) be a nonempty, bounded, closed, and convex subset of a Banach space E, and let
T : QO — Q be a continuous mapping such that a constant k € [0, 1) exists with the property

u(TX) < ky(X)

for any nonempty X of Q). Then T has a fixed point in the set Q.
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Now, we need to characterize the compact subsets of LF(IR.).

Theorem 2.6. [20] Let F be a bounded set in LF(RN) with 1 < p < +oco. Then, F has a compact closure in LF(RN)
if and only if}lin% HThf - f||p = 0 uniformly in f € F, where 1, f(x) = f(x + h) for all x € RN. In addition, for ¢ > 0,

there is a bounded and measurable subset Q of RN such that || f HU w0 <€ forall feF.

Corollary 2.7. Let F be a bounded set in LF(RN) with 1 < p < +oo. The closure of ¥ in LP(RY) is compact if and
only if}iirr(} (fom |f(x) - flx+ h)|p dx); = 0 uniformly in f € F. Also, for € > 0, there is a constant T > 0 such that

(fTDO |f(x)|p dx)% <cforall feF.

Lemma 2.8. [14]. Let Q be a Lebesque measurable subset of R" and 1 < p < oo. If {f,} is a sequence in LF(Q)
convergent to f € LP(Q) in norm, then there exists a subsequence {f,,} of {f,} which converges to f a.e. in Q and a
function g € LP(Q), such that

|f,,k(x)| <g(x), forallk>1,ae xeQ.
Also, we need the following result which is a classical result in Topology.

Lemma 2.9. Let E be a metric space and (x,,) a sequence in E. If there exists x € E such that any subsequence (X, )
of (x,) converges to x, then x, — xin E, asn — oo.

We shall study the existence of the solutions of eq.(1) assuming some conditions are satisfied.

3. Main Results
Theorem 3.1. Assume that the following conditions are satisfied.

1. The function f; : Ry X R — IR satisfies Carathéodory conditions, and there exist constant A; € [0,1)
and @ € L(R;) such that
[fit, %) = (s, )| < lar(t) = ar(8)] + Ar x —

for any x, y € R and almost all 5, f € R, with fi(.,0) € LP(R,).
2. The functions u : Ry X Ry X R — Rand k: R; X Ry — R, satisfy Carathéodory conditions, and there
exist g1, g» € LP(R;4) and g € L1(R+) (!1] + % = 1) such that
k(t,s) x|,
|u(t1,8,x) — u(ta, s, %) 9() |92(t1) — 72(t2)|
k(t, s) g1(t)g(s) Vt,se R, VxelR.

3. The function f, : Ry XIRXIR — R satisfies Carathéodory conditions, and there exist constants Ay, A3 > 0
and a; € L*(IR;) such that

lu (8,5, x)|

IN N IA

|t %, y) = fos,2,w)| < laa(t) — ax(s)l + Az Ix — 2] + Az |y — w]

forany x,y,z,w € R and almost all s, € R,. f2(.,0,0) € LP(R,).

4. The operators Q;, i = 1,2 act continuously from L*(IR,) into itself and constants b; € R, i = 1,2 exist
such that
Qixllry < b;llxllrir+00) for any x € LP(Ry) and T € R,.

5. There exists the nonnegative constant g,, such that the inequality wo(Q1X) < g,wo(X) holds for all
nonempty and bounded subset X of of the ball B,, where

ol +1sGool,
T 1= (A + by + Ash2 KD

7o
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6. M = max {/\1 + Azbl + /\3172 ||K|| ,AL+ /\zqyo} <1.
Then the nonlinear integral equation (1) have at least one solution in the space L*(R.).

Proof. First, we define the operator F : LP(R;) — L’(R,) by

(Fx)(t) = f1 (t, x(t)) +
£ (L@@, [ u(ts,(Qax(s)) ds).

Setting (Fux)(t) = fi (¢, (1)) and (Fx)() = £ (£, (Qu)(®), [ u(t,s, (Q2x)(s))ds).
Further considering the Carathéodory conditions, we 1nfer that Fx is measurable for any x € L’(IR;). Now,
we prove that Fx € LP(IR,) for any x € LP(R;). We have

[Ex)(®)] < |1 (t,2) = fi (£,0)] +|fi (£, 0)]
+|fa (1 @00, [ (e 5, (Q20)6)ds) - £ (£,0,0)
+|£2(£,0,0)|.

By using the Minkowski inequality, we get
(5 1P dt)% <([T1At0- A0 dt)% +([ A EOF dt)%
o ([ IQuo@r dr) + s ([ |6 e s, Qusas| at)
+([ 0,0 dt)" .

Then,

(6@ a)’ <[ 00 -5 ol ).+ (615 of )
A ([ QU di)’ s ([ ke 9) Qo] dt)
+(f (fz(t,0,0)(pdt)l.
So, By using assumptions (1), —, (6) we obtain

IFxll, < Av llxl, + || GO, + |12 0,0,
+A2by [lxl, + Asba [IKI|[1x]], -

Therefore,

IExt], < [1f O], + 10,0,
+ (A1 + Asby + Asby [IKID [l

Hence, F(x) € L(R;) and F is well defined and also from (2), we have F (Ero) - Ero, where 1 is

ol + 500,
1— (A1 + A2b1 + Asb2 |IKI)

ro =

Now, we prove that F is continuous in L/(IR,). It is enough to prove that F; is continuous, Indeed, Let (x,,)
be a sequence in L7(R,) which converges to x € LF(IR,), since Q;, i = 1,2 are continuous for a.e. t € R, and
from lemma 2.8, it follows that up a subsequence that

Xp, = X, Qixy, = Qix, fori=1,2
Jp >0, ¢@elP(R)):max {)xnk iXn, (s)|} < @(s) a.e. on R,.
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Since u satisfies the Carathéodory conditions, Q;x,, — Q;x, almost everywhere on R,. It follows from
assumption (2) that

u(t,s, Qaxy,) — u(t,x,Qox) for almost f,s € R, (3)
and

| (t,5, Qaxu)| < k(2,5) (). (4)

Then we have by using the Lebesque’s Dominated Convergence Theorem

f u(t,s, (Quxy) (5))ds — f u(t, s, (Q2x) ())ds.
0 0

Hence for almost all t € R,

f2 (tl (lei’lk) (S) ’ ‘f(; M(t, S, (Qank) (S))dS) (5)

- f2 (t/ (le) (S) ’ L M(t, S, (Q2x) (S)) ds.

We have for almost everywhere in IR, the following estimate

o, Qi 0, [t (Qu) s ©)
< Mg(t) + Aaga(b) fo g()p(s)ds + |£(t,0,0)|
Regarding the assumptions on g, g; and ) (0, 0)| we get
A1g(t) + Aaga(t) fo g(s)p(s)ds + |f(£,0,0)| € L (R,). ?)

Then from (5), (6), (7) and by using the Lebesgue’s Dominated Convergence Theorem, we get
||F2xnk - sz”U — 0.

Since any sequence {x,} converging to x in L” has a subsequence {x,, } such that ”Fank - sz”U — 0, we can
conclude that F; is a continuous operator, Further, we will show that

wo(FX) < (A1 + Aaby + Asbs [IKID) wp(X)

for any nonempty set X C B,,. To this end, we fix an arbitrary ¢ > 0. Let us choose x € X and t, € R, with
|h] < €. we have

(Fx)(H) — (Ex)(t + W)| < |fi (t, x() — fu(t + b, x())|
+|fi (¢ + k(D) = fi (¢ + h,x(t + )|

+[f (£ Qe [ utt s, (Qu)(e)ds)
~ o (+ 1, (Quo)(D), [ (e, 5, (Qu)6)ds)|
+f (£ + 1 @0, [ utt,s, (Qax)(s))ds)
= fo(t+ R Que) (), [ utt,s, (Qu)()ds)|
(41 @) e+, [ u(t,s, (Qu)(s))ds)
~ At Q) 4R, [ ut+ s, (Qu)E)ds)|.
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Therefore

I(FX)(0) = (FX)(E+ )] < lay(8) = an(t+ ) + A [x(8) = x(¢ + 1)
2 |(Qua)(E+ ) = (QuA)(B) + laa(t) = ax(t + )
a7 Lt + 1,5, (Qax)(5) =t 5, (Q0))] -

By Minkowki’s inequality, we get
(5" IE®) = (Fx)(t+ )P dt)%
(5 lax(®) = ax(t + )P dt)’l’ + A () () = x(t + )P dt)’%
([ laatt) = st + Y )’
+ n (e - @ rhra)
+ (7R s, (Qax)o) - s, Qax)oM i )

Consequentle we get

IA

+

([ 1B - F0(E + W de)’ <
(0 ) = aa(e+ WP )’ + A0 (7 () = x(t -+ P a)’
+ ( 5 laa(t) — ax(t + WP dt)’l’
+A2 (fom [(Q1x)(t) — (Q1x) (t + h)I dzi)’l;

As ( (L o) - ot + ]! 9o ds)’ dt)E 1Qaxls .

Hence, we obtain

1
(5" X)) = (Fx)(t + WP dt)” <
+A1 [Ix = Xl w)
llar — Tharllpr,) + la2 — Thazllpr,) +

A2 [1Q1x) = 7 (Qu,p +

P (R+)
A 19l 1Q2 ey (™ lo®) = gate + ) .
Therefore, we obtain

w(FX, €) < w(a, €) + Mw(X, €) + w(ay, €)
+hw(QiX, €) + Asbarg ||!]HU(]R+) w(g2, €).

1847

(8)

Since {a1}, {a2}, {92} are compacts set in LP(R,), we have w(a, €) — 0, w(az, ) — 0 and w(gz, ) — 0 as

& — 0. Then, by going to the limit in (8) as ¢ — 0 and from assumption (5), we obtain

a)o(FX) < ()\1 + /\zqm)a)o(X).

In the following, we fix an arbitrary number T > 0. Then, for an arbitrary function x € X, we have

(" IFe o ar)’
<(Flhen-neof @) +(f o a)
(571 (0 @0, £ utt 5, o)~ st 0,0 )
+(f 1400 dt)*% .

©)
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Therefore
(" IF@)®P dt)’%
<n ([ wora)” +(f°]Ac 0)1” )’ + 2o ([ QO dt)’
A (f7 1 ke, ) +(f 10,0 dt) .

Then we have

([ IF@)@r dt)% <A le"" (t)P dt)’l’ +( A 0)1|” dt)'%
+habn ([ () dt)” + Aabo KN (J; Ix(t)P dt)”
([ lpwoof ar).

1848

Since {f1(t,0)} and { f2(t, 0, 0)} are compacts in L?(R+), then, as T goes to +oco, we obtain ( me ) f(t, O)V dt)ﬁand

(fT |f2(f 0,0) dt)’% goto 0.

Hence,
d(FX) < (Al + /\21’]1 + A3b2 ||K||) d(X)
So, from (9) and (10) it follows

p(FX) < max {Ay + Aaby + Azba [[KIl, Ay + Aogr, ) u(X).

(10)

(11)

By (11), assumption (6) and Theorem 2.5, we deduce that the operator F has a fixed point x in B,, and

consequently, eq.(1) has at least one solution in LP(R;). O

4. Example

Consider the functional integral equation

cos x(t) . [x()| oty lfm sin<|x(5)|e—|x(s)|)

(i) = t+2  21(1+|x()) 10 e(t + 3)%(s + 2)2 ;

Eq. (12) is a special case of Eq. (1) with

A2 = 552, A3 y) = 53+ Ty, (Qix)6) = saamone
k(t,5) = gz (Q0)6) = e k) IQIE)] < FIxE),
(Q0)E)] < x(6)I.

In this example, hypothesis (1) holds with a1(f) = 15 and A; = 3, indeed, we have

|fi(t, ) = fi(s, )|

1 t+12 Sl+2
(m—m“ﬂ’“ﬂ‘

| cosx _ Cosy

IA

+00 dx
0 (1+x)

In addition, ; +2 € L’(R,), indeed,

1

“fl(t, O)HUJ(K) = (rﬁ) . Further we have

|f2(trx/ y) - fZ(S/Z/w)l <= Ix —z| + — |y w|

(12)

= p%l for all p > 1. Thus, we have
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ax(1) =0, A2 = 2 and A3 = 35, f2(£,0,0) = 0 € LP(RR,).

We have
u(t, s, x) = k(t,s)sinx
u(t, s, x)| < k(t,s) |x|
[u(ti, s, x) —u(tz,s,x)| < |k(t1,s) — k(t2,s)| g(s)
and
k(t, s) < (t+3)2 X Giap
91(6) = e(t+3)2
PE) =g6) = e
|k(tlr S) - k(tZI S)| < e(t1i3)2 - e’(t21+3)2 (S+12)2

Qi and Q, satisfied assumption (4) of theorem 3.1 with b, =1, by = % By using theorem 3.4 in [1], we have
K| < 1.

Further, for € > 0, ||x]| < ro, |h] < € and by the Mean theorem, we get

( fo Qi) (£ + 1) — (Qux) (¢ + WP dt)

1( [ F )
< §(f |x(t+h)—x(t+h)|”dt) +7e‘9h( ‘f’tdt) ,0<6<1
0
1 +00 Il, € +00 l’
< ;(f x(t+h) —xEt+h dt) + ae‘eh (f e ”tdt)
0 0
1 +00 %
€
—(f |x(t+h)—x(t+h)|”dt) + =M,
7\J, 7

=

where M = ( fom e"”dt) . Hence, from the last estimate, we get as ¢ goes to 0

(@) < Zan(X). 13)

Thus, according to assumption (5) we may put gy, = 1. Further we get A1 + A2b1 + A3hy |[K|| < 3+ % + 75 < 1
and A1 + Aoy, = 3 + 35 = 0,52 < 1. The inequality of assumption (6) is satisfied with the Constant M<1
Since all of the assumptlons of Theorem 3.1 are fullfilled, we deduce that the functional integral equation
(12) has at least one solution belonging to the ball B, of the space L7(R;).
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