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Abstract. In this paper, we introduce a new technical method for the study of the D, ,-classical orthogonal
polynomials where D, , is the (p, q)-difference operator, using basically an algebraic approach. Some new
characterizations are given. The approach has been illustrated with three examples.

1. Introduction

In recent years, Corcino [4] studied the (p, 4)-extension of the binomial coefficients and also derived
some properties. Duran et al [8] considered (p, g)-analogues of Bernoulli polynomials, Euler polynomials
and Genocchi polynomials and acquired the (p, g)-analogues of known earlier formulae. Duran and Acikgoz
[7] gave (p, 9)-analogues of the Apostol-Bernoulli, Euler and Genocchi polynomials and derived their some
properties. See also [2,6]. In [18], the authors introduceeneral (p, 7)-Sturm-Liouville difference equation
whose solutions are (p, g)-analogues of classical orthogonal polynomials.

In this paper, we establish some new characterizations concerning the D, ;-classical orthogonal polynomials
with the method of the dual sequence.

The structure of this paper is as follows: Section 2 is devoted to preliminary results and notations to
be used in the sequel. In section 3, we present four properties concerning the D, ;-classical orthogonal
polynomials. The first one is a D, -distributional equation of Pearson type fulfilled by its associated
form. The second is a second order (p, g)-difference equation satisfied by this sequence. The third is the
so-called Rodrigues formula involving the form itself which allows us to determine the coefficients of the
second-order recurrence relation fulfilled by the D), ,-classical orthogonal sequences. The fourth, we obtain
the coefficients in the three-term recurrence relation for the orthogonal polynomials solutions of the D, ;-

distributional equation. Finally, in the last section, we illustrate our results applying them to some known
families of D, 4-classical orthogonal polynomials.
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2. Preliminaries and notations

Let # be the vector space of polynomials with complex coefficients and let #’ be its dual. We denote
by (u, f) the action of u € £’ on f € . In particular, we denote by (u), := (u,x"),n > 0, the moments of u.
For instance, for any form u, any polynomial g and any a € C\{0}, we let Du = u, gu, h,u and x~'u be the
forms defined by duality

W fy==Cu f), {gu, f) = (w,gf), Chatt, f) = (w, haf)

<x‘1u,f> ={u,6of), feP,

where (1, f)(x) = f(ax) and (6o f)(x) = f&) - O

X
Let {P,}y20 be a sequence of monic polynomials with deg(P,) = n, n > 0 and let {u,},>0 be its dual
sequence, u, € £’ defined by
<uy, Py >=04m,n, m=20.

Let us recall some results [17].
Lemma 1.1. For any u € P’ and any integer m > 1, the following statements are equivalent

@ <u,Pyu1>#0, <u,P,>=0,n2>2m.

m—1
(i) I\, eC,0<v<m—1,A,_1 #0such that u :ZAM.

v=0

As a consequence, the dual sequence {uLH},,ZO of {P,[}]},,ZO where PE](X) =n+ 1)’1P;1 (), n>0is given

by

@ =+ Dy, n20. (1)
Similarly, the dual sequence {1, },50 of {5n}nzo where ﬁn(x) =a""Py(ax),n > 0,a # 0 is given by

u, =a"(hpau,), n>0.
The form u is called regular if we can associate with it a sequence {P,},>¢ such that

<u,PyPy>=1,6pm, n, mz20;r,#0,n>0. (2)
The sequence {P,},>o is then said orthogonal with respect to u. In this case, we have

Uy =7, Pyug, n20. 3)

According to Favard’s Theorem, a MOPS is characterized by the following three-term recurrence relation
(3]
Po(x) =1,  Pi(x)=x—po,

Pn+2(x) = (.’X - ﬁn+l)Pn+1(x) - yn+1pn(x) 7 n>0. (4)

Let us introduce the (p, g)-difference operator [15]

_ (hpf)(x) = (hg f)(x)
(Dpqgf)(x) = -0 , feP, O<lgl<lpl<1.

ReMARk 1. When p — 1, we again meet the Hahn's operator [10].
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From the definition, we obtain
1
D,,=——060 (h,—h,) .
L — p — g

On account of the last equation we have,
1

tD —
P p—q

(hy —hp)x",
where 'D,,; denotes the transposed of D, ;. We can define D, from #’ to ' by D, ; := ='D,,
so that
(Dpqut, f)=—(u,Dpyf), fe€P, uef .
In particular, this yields
(Dp,qu)n =—[nlW)p-1, n=0,

where W
u)-1=0 and [n]:= F-1 .
P—q

Lemma 1.2. The following formulas hold
(Dpgfif2)(x) = hy fi(Dpgfo) + hafo(Dpgf1), A, 2 EP, (5)
Dp,q o hp—lq—l = p_lq_le—llq—l in P ’ (6)
Dy, 0h, =ah,0D,, in®P,acC\{0}, )
hp—lq—l o Dp,q = Dp—qu—l in P P (8)
hyag1 0Dy =p g ' Dy g in P, ©)
Dygohy=a"'h0D,,  in P, aeC\{0}, (10)
Dp,q o hp‘lq‘l = Dp—qu—l n P’ , (11)
Dp,q o Dpfl,lfl = p_lq_le—l,q—l ] Dp,q n P , (12)
[)p,,7 (o) ququ = qup—l,q—l o Dp,q in 7), P (13)
The operator D, , is injective in P’ , (14)
Dy, (gu) = (b1 9)(Dyqu) + q‘l(qu,qq Nhyu), ge P, uec®. (15)

Proof. The relation (5) is well known [14]. It is easy to prove (6) — (7), then (8) is a consequence of them.

From the definition of Dy 4, h,-1,1 and (6), we obtain directly (9). Likewise, the relation (10) is obtained from

(7) and (11) from (8). It is easy to prove (12), then (13) is deduced. The property (14) is evident from the
definition. Finally, we have

<Dp,q(gu)rf > —<M, g(Dp,qf»
—(u, Dp,q(hq-lg)f - (hpf)Dp,q(hq‘lg» from (5)
(Dpqu, (hg19)f) + q_1<hpu, fhy1g1(Dpqg)) from(7)

(Dygit, (g 9) f) + G Chyptt, f(Dp1 g19)) from (8)
Therefore, we obtain (15). O

Now, consider a MOPS {P,,},,>0 as above in section 1 and let

P ) = e (DpaPun)(®), 120, (16)
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Denoting by {uE](p, §lnzo0 the dual sequence of {P,[}](.,p, Dlnzo-

LemmMma 1.3.
Dyt (p, @) = =[n+ Uity , 120 (17)
Proof. From the definition < uL”,PEJ >=0ym, 1, m>0,wehave
< Dyt (0, @), Prvsr >= =[m + 116,
Therefore,

—[n+1],

< DF’/q(uE](p/ ‘l))/ Pn+1 >

0, m>n+2,n>0.

< Dy (p,9)), P >
By virtue of Lemma 1.1, we have

n+1

DP#(”E](p/ 07)) = Z An,vuv , nz 0.
v=0

But,
< Dp,q(ui[}](qu))rpy >= An,y/ O < [Ll <n+ 1 7
and
Apyg = 0, 0<u<n,
/\n,n+1 = —[1’1 + 1] , n=0.

Hence, the desired result follows. [

DeriniTION 1.4. An MOPS (P} 50 is called Dy 4-classical if {P,[}](.,p, Dinso is also a MOPS. In this case, the form
ug s called Dy, -classical form.

3. The D, ;-classical orthogonal polynomials

TeoreM 2.1. For any MOPS {P,},o the following statements are equivalent
(a) The sequence {Py},>0 is Dy 4-classical.
(b) There exist two polynomials ® (monic) and W with deg(®) < 2 and deg(WV) = 1 fulfilling

1-n
w'(0) - Pz [n]®"(0)£0, n>0, (18)

and such that the associated regular form ug satisfies
Dy q(y-1 (@) + Prug = 0. (19)

For the proof we need the following result.
LemwMma 2.2. [16] Let be u a reqular form and ¢ a polynomial such that ¢u = 0. Then necessarily ¢ = 0.
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Proof. (of Theorem 2.1) (a) = (b) From the assumption, we have
U, = r;anuo ,n=>0,
and
ulllp, q) = (1P p ul i, g), 2 0.
Substitution of (20) and (21) into (17) gives
Dp,q(PL”(., v, q)u([)l](p, q)) = —-X,Pyiup, n=>0,

where

By
X,=—2-[n+1],n>0.
Tn+1

Using formula (15), equation (22) can reads as for n > 0
(g2 P, p,))Dpqul(p, )
+q‘1(Dp71,q71PE](.,p, q))hp(ugﬂ(p, q)) =X, P .
For n = 0 (respectively, for n = 1), equation (24) becomes

Dp,q”([)”(Pr q) = —Vl_lpluo ,

[1]
T
(g P, )Pt ,0) + 0yt (p, ) = = + )~ Patio -

Substitution of (25) into (26) gives
hull(p,q) = Ko
Pu() (p/ Q) Up ,

where
A1l

Kd(x) = q')/l_l(hq—lp[ll](x, v, q))P1 -q(p + q);—ZPZ(x) .

(K is constant to make ® monic)
Applying h,1 to (27), we get

ul(p, q) = hy (Kug) .

Substitution of (28) into (25) gives (19), where

W(x) = VlLKpl(x) .

Now, taking into account (25), (27) and (29), the equation (24) can be written as (for n > 0)

{7 (Dy1p1 P p, @)@ + K X Py = Wl PR, p, ) o = 0.

But, by the regulariry of 1, we have from the Lemma 2.2

g7 (D1, PR, p, )@ + K X Py = (R PYI(,p, ) =0, n 2 0.

pa

1827

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)
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Taking into account that deg(®) < 2 and deg(¥) = 1, we obtain (18) by identifying the highest degree
coefficients.

(b) = (a) Let us prove that the sequence {P,[}](., P, 9)}n=0 is orthogonal with respect to
d = hp—l (@uo) . (30)
Letm < n—1. From (16) and (15), we have

1
O Pu(Py (0 = =g pa(Pu®), Pra ()

= —[anl]<(l’lq4 Pm)Dp/qS + qil(Dp—lqul Pm)hpS/ Py .

Taking into account that {P,},>¢ is orthogonal with respect to 1y and that
D49 = =Wuy , (31)

where W is a polynomial of first degree, we get

q—1
(3,2, PH(,p,q) = —mmps, (Dy1 g1 Pon ) ()P () -

Using (30), the orthogonality of {P,},>o with respect to uy and the fact that deg(®P) < 2, we obtain

-1

(3, Pu(mPY(x, p, ) = —[anH(Mo, OO)(Dy11 P )Pt (1)) = 0.

For m = n, a second use of (15) gives

1 _
(3, Py(x)PN(x, p, 9)) = —m<(hq,1pn)pp,qs + 47Dyt g1 P )y S, Pua () (32)

Using (31) and the fact that {P,},»0 is orthogonal with respect to 1, we get
(g1 Pu)Dyg®, Pt} = =4 "1nd ¥'(0) (33)

where 7,4 is given in (3).
Owing to (30), we have

1 ”
@7 (Dyrsg Py, Prst) = 547"p "1 [n] @ (0) (34)
Substitution of (33) and (34) into (32) gives

q—n {pl—n

11 - _
(8,P,Py(.,p,q) = n+1]\ 2

[1]1®"(0) = ¥ (O}
On account of condition (18), the last equation implies that
8, P.PY(,p,g) #0, n20.

So, the sequence {PE](., P, )in=0 is orthogonal with respect to the form 8. O
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CororrARY 2.3. If {Py}us0 is Dy 4—classical, the sequence {PL’"](.,p, @}nz0 is Dy g—classical for any m > 1 and we
have

Dy (It (@il (p, 9))) + Wil (0, ) = 0, (35)
with

g Dy(x) = (g @) (x) , (36)

m—1
g" () = p" (W) (x) = p Y (Dpg © hgppr @) () , (37)

v=0

m—1

ugn](p, q) = q_im(m_l)tcm( hqt'pmqu))hp*muo 7 t = deg(q)) 7 (38)

o

y=

where C,, is defined by the condition (ug”](p, 7))o = 1.

Proof. Suppose m = 1. The form uy satisfies (19). Multiplying both sides by @ and on account of (15), we
get

Dy (@) (Tt (@110))) + (W = g7 Dyt -1 (g ®) )Pty = 0 .
Then, from (27) we obtain
Dpa((rg®@)u (0, 9)) + (¥ = 47 D1 g1 (g ®)) Ry (ull g, 1)) = 0.
Applying 1,1 to the previous equation and taking into account (7), (10) and the formula
ha(gu) = (heag)(hau), geP, ueP , acC\{0}, (39)

we get
Dy (@)l (p,0))) + p(11,W ~ Dy @)ufl'(p,9) = 0.
Therefore (35) — (38) are valid for m = 1. By induction, we can easily obtain the general case. [

ProrosiTioN 2.4. Let {P,},0 be orthogonal with respect to ug. The form ug is a Dy 4-classical if and only if there
exist two polynomials ® and ¥ with deg(®) < 2, deg(WV) = 1 and a sequence {An}us0, An # 0, n > 0 such that

D(x)(Dypg © Dyt g1 Prus1 ) () = p ¥ (x)(y © Dyt g1 Py ) ()

(40)
= /\nPn+1(x) ,n>0.
Proof. The condition is necessary. Then 1 fulfils (19). By Euclidean division, we get for n > 0
®(x)(Dpyg © Dyt -1 Prs1 ) () = p~ W (x) (B © Dyt -1 Pri ) (x)
- (41)
= /\nPn+1(x) + Z 6‘rz,vP(x) .
v=0

From the assumption, one has A, # 0 and from (41), we have for 0 <m <n

(o, (©(Dyq © Dyt g1 )Pt = p~ "B (ly © Dyt g1 )Prs1 )Pon) = O tin, P2 .

But,
(uo, (fD(DM o Dpflqulpml))Pm )

= <hp71 (CDM()), hp((Dp,q [¢] Dpfquflpn.'_l))hpp,n) .
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Then, from (7) we get

(o, (©(Dypg © Dyt 1 Prs1 ) )Prn)
= p~ (-1 (Putg), Dy g((p0D -1 41 Pusa ) ity Pry ,

what implies from (5) and (7) — (8)

(ttg, (©(Dyq © Dyt g1 Pt ) )Pr)
P~ Dy g (11 (Pu0)), ((71,0D1 1 Prsa ) )Py
+(hys (©uo), (Dpg Pt ) Dpa P} -
Therefore, from (19) we have

~p~(ltyes (Putg), (Dpg P )|(DpgPnd = Onm(ttn, PLY, 0 <m <.

Hence 0,,,, =0, 0 < m < n, since the sequence {PE](.,p, Dlnso is orthogonal with respect to hp—l (Dug). Here
each P, fulfils (40).

Conversely, let {P,,},>0 be orthogonal with respect to 19 and such that P, fulfils (40). Then, we have
(0, ®(Dpg © Dytg1 Pst) =p~ "Wy 0 Dy i P )) =0, n 20,

or,

(Dyg(Ity1@1g) + Watg, (I © Dy1 1Pyt )y =0, 120,

what implies
(D141 (D g (It Do) + Witg), By Py =0, 20 .

Hence,
Dyt g1 (Dp gy @utg) + Wig) = 0 .

Thus, ug verifies (19) and {P,},»0 is D, 4-classical sequence. []

CororrARy 2.5. [12] Let {P,},»0 be orthogonal with respect to ug. The form ug is a Dy 4-classical if and only if there
exist two polynomials o and T with deg(o) < 2, deg(t) = 1 and a sequence {0n}us0, 0n # 0, n > 0 such that

0(x)(D2,Pus1 () + T(x)(y © Dy gPrus1 )(x) = 0n(ItpgPrsa )(¥) , 120,

with
a(x) = (p) "' (pgx) , T(x) = —q(pq) "W (pax) , on = (pq) " An -

Proof. Taking into account the relation (8), the equation (40) is reduced to
CD(x)(Dp,q 0 M1 0 D,,,anH)(x) - p‘l\I’(x)(hq_l o DpqunH)(x)
= AnPn+1(x) ,n=0.

Then, from (7) the last equation becomes (for n > 0)

P g ()1 © D2, P () = p W) (g1 © DpgPrit )(x) = AP () -

What implies
(hWCD) ( P ”+1)(x) (hm\y)(x)(hp ° Dp,an+1)(x)}
= ApPpa(x), n20.

Hence, the desired result. [
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Lemma 2.6. Consider the sequence {P,},so obtained by shifting P, i.e. P,(x) = a™"Py(ax) = a™"(h,P,)(x), n >
0, a #0. If ug satisfies (19), then iiy = h,-1uy fulfils the equation

Dp,q(hp‘l (éﬁo)) + \pﬁo =0, (42)

where ®(x) = a'®(ax), W(x)=al"'W(ax), = deg(®).

Proof. From (10) and (39), we have
Dpq(hy1(@ug)) = Dpy(hy1 (D(lafio))

a7 ho(Dp (1 (D(ax)ilo) )

Further
\Puo

\p(haﬁO)
= hu(‘y(ax)ﬁo) .
Then, the equation (19) becomes
oDy g (11 (@(ax)iin) ) + W(ax)iig) = 0.

Hence, the desired result. [

The following result allows us to characterize the D), ;-classical sequences through the so-called Rodrigues
formula. See [1,9,11,13,16,19].
ProrositioN 2.7. The orthogonal sequence {Py},>o is Dy 4classical if and only if there exist a monic polynomial ®,

deg(P) < 2 and a sequence {V,}us0, Vi # 0, n > 0 such that

n—-1

Putty = VaDpo(T | B ®)tyrao) , m2 0 (43)

v=0
-1
with H =1
v=0
Proof. Necessity. Consider < D! ul"

n b p,q), Py >= (-1)" <ulN(p,q), D1 P>, n,m>0,
ForO<m<n-1,n> 1,wehaveDZqum =0. Form >n,putm=n+u, u > 0. Then

<, ), Dy Pusyy >= [ [T+ v1 < 0, @), P p,q) >= [m]i60, ,
u=1

where [0]! := 1, [n]! := H[v], n > 1. Consequently, we have
v=1

Dy p, g) = (<1)"[nltu, , n 20

But, from the assumption u, = (< ug, P2 >)"'P,up, n > 0 so that, in accordance with (38), we obtain (43)
where

<ug, P2 >

— (—1)" —l(n—l)nt
Vu=(D"q2 Cn [l

, n>0. (44)



M. Sghaier et al. / Filomat 35:6 (2021), 1823-1839 1832

Sufficiency. Making n = 1 in (43), we get
Prutg = V1D (1 (Pug)) = V1 Wty . (45)
Therefore, the form u is D, 4-classical, since it is regular. [

The Rodrigues formula can serve for describing the D, ;-classical sequences which are completely deter-
mined by the knowledge of the sequences {,},>0 and {y4+1}ns0. It doubles the shortest way for obtaining
them. Indeed, on account of (43), the recurrence relation (4) is equivalent to

n+1
Vi Di2(( [ [ g ®)y-scaio)
v=0
=Vyn (X - ﬁn+1 )DZ/;l (( H hqvarl—v@)hp—n—l uo) (46)
v=0

—

-
~Vayna D (| | gy @)pro) , 2 0.

Vv

Il
o

Prorosition 2.8. The sequences {Vylus0, {Bnlns0 and {yu41lnso respectively fulfil the equations

PV p? 1V + 107(0)[2n + 2] Hp* VL + 107 (0)[2n + 1]} W)
g Y fp VI + 30 (0)n} =0, n>=0,

Bus1 = m{p%{p”q/;lﬁo — @' (0)[n + 1Hp*" V(1 +pgh)

(48)
+10"(0)(pl2n] + g7 (20 +21)} - p"g" Vo), n20,

Viyust = Vit [Braa "V Bo — p® ()]} - p@(0)[n]}
~p Vs {0 (O)[1n + 1] = p" V1 Bop® (O)[1] - "V Bo) (49)
+q ' OO) PPV + 10" (O)2n + 2]}, n20.

For the proof we need the following lemmas.
Lemma 2.9. Foranya, b € Cand u € P’, we have

(ax + b)D;rqu = Dglq((aq”x + b)u) - a[n]D;;]1 ohyu,n=1. (50)

Proof. 1t is easy to prove this Lemma by induction on account of (15). [

LemwMma 2.10. We have for n > 0

[y

n n

Dy i [ [ (e ®)) = (T T (@) Y (Dt © B0 (51)

v=0 v=0

=

<
Il
fe=}

Proof. We proceed by induction. For n = 1, we get from (5)

(Dt 1 (1 DI @) ) ) = (@) @)Dyt (1 ®) + Dyt g1 T @) ) )
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We assume (51) for 0 < m < n. Therefore, according to (5), (7) and (51), we have

n+l

Hence, the desired result (51). [

Proof. (of Proposition 2.8) The proof will be carried out in three steps.
First step. From (50) we may write

Dﬁ;l{(‘inﬂx - ﬁn+1) H hqvpn»fl—vq))h —n-1 uo}

v=0

ﬁn+1 Dn+ th vprHl= CD 1M0

+[n + 11D}, thp D)ynttg), 12 0.

Then, (46) becomes

n+1

D} fVai2D2,(( H gz @ty

v=0

—(Vn+1 Dplq<(q”+1x - ﬁn+l )( hqvprﬁ-l—v q))hp—n—l u())

o

p=l

n
+ Vol + 11 ] | gy @)yt

v=0

[y

n—

+Vaywea ([ | B ®@)itpoo} =0, n 2 0.

v=0

1833

(52)
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Hence, the next result

n+1

Dp,q {(vn+2 Dp,q(( H I’lqvpmz—vq))hpfnfz uo)

v=0
n

- n+1(qn+1x - ﬁn+1 H hq vpr+l= q) 1MO

+Vpuln + 1]( hgppr-s )hP’"”O
V=0

,_\

n—

+Vuyna( | | g ®@)ityiuo =0, n 2 0.

v=0

Second step. We may write

n+l

Dp,q{ H (h +2- (D)]’l zuo}
= DM Pa th P CI’Mo)}

- H I+ @D 1 —n—Z((Duo))

+q- 1D y 1 Hyg thp } -1 (D) from (15)

n

= ([T g @)Dpg(ys-2(@c)

v=0

+prq{( H by pr- CD)}hp -1(DPug) from (6)

=y {(thw@)}{ Dyl o))}

v=0
= p”“’V‘l{( H hqvpn 1 q))}( 1(P1M0))
v=0
+prq{( hyp CD)}h 1(Duyp) from (43)
v=0
Then, from (53) we obtain
Dy g(Qultyr-1(@up)) th = @V + 1] (1ge @)

+(Vn)/n+1}h ng=0,n20,

1834

(53)

(54)
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with
n—-1
Q= Vo™ 1V (e Py )( ] | gty @)
v=0

+pDpg th“p""' } (55

v=0

n—1
(Vn+l n+l X = ,Bn-#l th +Hpn= (D
v=0

Further, in accordance with (10), (15) and (43), we get

D g(Qulty-1(Pug)) (11 Q) Dy g Ity (P10
07Dyt g1 Q0 Y+ (Durg)
= p" Vi (P (g Q) (pr100)
07Dyt g1 Q0 ) (I @) (I

Since hy-nu is regular and taking into account the last equation, (54) and the Lemma 2.2, we can deduce

+

+

p”(Vl‘l (hpn Py )(I/qul Qn) + q_l (qu,qfl Q, )(hpn (D)

n-1 (56)
+ [ [ @) Vil + 11 ®) + Viyaa} =0, n > 0.

Third step. From (7) — (8) and (55), we have

—_

hqq(Qn):(V,Hz{p””(Vl‘l(h e P )0 - (g @) (x))

n

+Dp71,q71(1_‘[(]’l +1- CD)(X } (57)

v=0

<
I
(=}

n-1

- n+1(q X = ﬁn+1)< ( vanQD)(x)) , n= 0.

=0

<

On account of (51), the relation (57) becomes

(U1 Q2)@) = (| ] (g @)W Vs lp™ V1 (g P1 ) ()
v=0 (58)

n
+ Y Dy gt 0 gy @)} = Viria ("% = i)}, 1120
v=0

Hence,
n

(@) @)(Q4) @) = (| [ (Bgrpra- @) @) Autx) , m 2 0,

v=0
with

n
An(¥) = Vi p™ V7 Iy Py ) @) + p 2 (Dyg © ligrp+®)(@)}
_(Vn+1(qn+lx - ﬁn+1) , h 2 0. =
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According to (5), this yields forn > 0

Dyt g1 (e @) ()2 (%)) = Ty (Qu)(X)D et g1 By @) ()
(I @)(X)Dp1 41 () ()

n

Dyt g {( | | (g @) @) M)}

v=0
n

= ( H (g @) (1)) Dyt g1 (M) ()

v=0

+<hq_1An)(x)Dp_1,q_1< H (l’lqvpnn-vq))(x)) .

v=0

Comparing and in accordance with (51) and (58), we can deduce

=
—_

(I @))Dy1,41 (@) = ( | | (g @))){ (g @) @) D1 g1 A ()

v

Il
(=}

+(hq71A,,)(x) Z (Dp—llq—l o hqvpnﬂ—vq))(x)} ,n>0.
v=1
Taking into account of ( for n > 0)

(g1 An)@) = Visop" 1V (g1 P ) ()

n

+ Y Dy g1 © B ®@) (@)} = Vi (g'x = ) ,
v=0

Dyt g1 An(x) = (Vn+z{P2”+2(VI Y4p Z (Dn‘%q‘l °Dpy0 hﬂ”p""’q))(x)} " Vi,
v=0
the relation (56) becomes

n

ViVne1 + (hq” CD)(x){Pq_lrvnﬂ{Z (Dpfl,qfl © Dp,q © hq“p”*“q))(x)

v=0
+p2n+1(vl—1} +P(Vn+1[ﬂ]} " {pn(vl—l(hpnpl)(x)

+371 Y (Dysg1 0 Ty @YUV p" 1V (1 P1 ) () )

v=1
+ Y Dy gt 0 By @)X} = Vira ("% = )} =0, 120
v=0

Lastly, writing ®(x) = 30" (0)x* + ®'(0)x + ®(0) and with

_1 - 1 ” ’

q (Dyt gt © hypra- @) (x) = p(ch (O)[2n]x + @' (O)[n]), n 20,
v=1

n q_l . ,
Z (Dt 1 © Byt ®)(x) = p(7q> O)[2n +2]x + @ O)[n +1]), 120,
v=0
Z (qu/qq [¢] Dp/q o hq\/pnﬂ'q))(x) = %@”(0)[27’1 + 2] , n > 0 ’
v=0

an easy computation leads to (47) — (49). O
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Corovrrary 2.11. [18] The sequences {Bu}n=0 and {Vn+1}n=0 Of the three-term recurrence relation (4) are explicity
given by

,Bn =01 — D1pe1, N2 0,

(60)
Vsl = @20 — D2pe1 — Prs1@1u41, 120,
where
@1 =—[n]2=L , n>0
M AZM—Z 4 - 4
_ quDl/manfl—q’(O)["*'l]
W2 = [7’1] (P‘*‘FI)/I?Zn—l , 2 0 ’ (61)
Ay =p" VL4 30°(0)n], n 20,
By =p" V1B - @' (0)[n], n>0.
Proof. From (47), we have
Vs — qnpn—lh n>0.
(Vn A2nA2n—l
Then, from the previous equation, the relations (48) and (49) become
_ 1,01 p+0A1B, —1,n—2 Vi'bo
‘Bn - qn pn AZPZAZPZ—Z —q pn A;n—Z 4 n Z 0 ’
_— AH— B'lﬁVl+ An— [n]
I i vt oy vl (V)
2n+1,,2n+1 AnAn— BnB;H 2, 2; An— An
1 ! p ! AZVl—lAZnIlAZrHlA;HZ -9 ”p nAanlA;nAZIHl (D(O) ,n20.
After some straightforward calculation, we obtain
-1,n1-1P+DAn1By _ [n+1]  [n-1]
q” p” ApAm—r Bn{ Ay Az»«fz} ’
An— Bn 1+ Bn i+ Bn i+
ann Az;l,Azfql = [1’1] AZ:LIZ - [Vl] Ai):il] _ﬁn+1wl,n+1 7
2n+1,.2n+1 Ay Au-1By B _ anl,n+2 _ anl,n+2 _ Bn+1w1,n+1
q p AZn—1A211A2n+1A2n+2 - [n] AZn—l pq[n + 1] (P+Q)A2n+1 [n] (p+q)A2n—1 4
2n,2n _ An-1An _ [m1n+2] | pglnlln-1] _ [n][n+1]
TP Zos AgAoms — (p+a)Azns1 (p+9)A2n-1 Ay
Ay _ [n+1] [n]
qnpnA2n—11142n - A2n - AZn—l :
Hence, the desired result (60). O
ReMARK 2. (i) If @7(0) = 0, then from (47) — (49), we get
n(nz—l)
Vv, = (VilZ”(T” , n> 0 ,
Bn = Z—nﬁo - pz’;fl 1 +pgHYV1®'(O)[n], n=20, (62)

2

Yt = g Valn + =V (@/0)) - FBo® (0) - D)}, 7 20.

(ii) If ®(x) = (x — ¢)(x — d), then from (47) — (49), we obtain

n(n-1)
2

q L' Vi +p " [n-1])
= n>0
(V‘rl pn(n2+1) r(p—l(v{1+p2—2n[2n_1]) 4 - ’
_ qn—lpn—zR(n,c,d) 63
ABI’I - {pana(vlfl+[2n_2]”p21171rv171+[2n]} 7 n 2 0 7 ( )
_ q"p" [n+11{p" 2V +[n—1])C(n,c,d)D(n,c,d) >0
Vil = Ry T a1 v, PV e © =Y
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where (for n > 0)

C(n,c,d) = c(q = p)[n]* + {p"(c — d) + p" (g — p)BoV; )]
+p2n—1rvl—1(ﬁ0 _ d) ,

D(n,c,d) = —d(q - p)[n]* + {p"(c — d) — p" (g — p)BoV; "1
_pZn—l(Vl—l(ﬁO _ C) ,

R(n,c,d) = (p+ ){p" 'V + pln = 1Hp" 'V Bo + (¢ + d)[n]}
~V ' Bolp™ Vit +[2n]} .

(64)

4. Examples

Example 1. O(x) =1
With the choice V1 = —(p + g) and y = 0, we get from (62) the following canonical case

Bu=0, Yun=gigmln+1l,n20,
Dp,q(hpfl uo) +(p+q)xuy=0.

We have obtained the (p, g)-Hermite polynomials [5].
On the other hand, from (43) and (62) we have

n(n-1)
2
Puug = (_1)n(p + Q) npn(n—l) Dz,q(hpfnuo) ,n20.

Example 2. O(x) = x
With the choice V; = gd~! and By = pgd ' (p—q) "1 (1—p**1q7*"1), we obtain from (62) the following canonical
case
,Bn — d—l(p _ q)—lqnp1—2n{qn(p + q) _ pn+1(paq—a + 1)} ,
Vsl = d—Z(p _ q)—2pl—4nq2n+1—a(pn+l _ qn+1)(pn+a+l _ qn+a+1) ,

DIty (x1u0)) = (g7 ex = p(p — )11 = p**1g72 g = 0.,
We have obtained the (p, q)-Laguerre polynomials [18].
On the other hand, from (43) and (62) we get

n2

P,ug = %Dzlq(x”hp—nuo) ,n>0.
dip~z

Example 3. ®(x) = x(x — ¢)
With the choice ¢ = p?, V! = —p%q(l — p*tF2gaF=2y and By = %, we obtain from (63) — (64) the

following canonical case

pn+2 qn+a+1

ﬁl’l = (p2n+a+f§_q2n+a+ﬁ)(p2n+a+ﬁ+2_q2r1+a+ﬁ+2)

X{(pﬁ + qﬁ)(p2n+a+ﬁ+1 + q2n+a+ﬁ+1) _ (P + q)(pa + qa)Pn+‘Bqn+[5} ,

n+p+1 )

n+1 _qn+1 )(pn+a+1 _qn+a+1 )(pn+ﬂ+1

2n+p+5 2n+2a+4+3 (P —q

q (p2rz+a+ﬁ+1 _q2r1+a+ﬁ+1 )(p2n+a+fs+2 _q2n+a+ﬁ+2 )2

Vn+1 =P

(pn+a+5+l 7qn+a+ﬁ+l )
X (e

. o a 2(1—pb+1g—p-1
Dypg(I1yr (x(x = pPhuo)) + 5 (1 = pBe2gqma-b2)(x - bt g = 0.
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We have obtained the (p, q)-shifted Jacobi polynomials [18].
Moreover, from (43) and (63), we have

r((p_q)—l (pu+‘[3+2q—zx—ﬂ—2_1)+p2—n [ﬂ—l])

T (p_q)—l (pa+ﬁ+2q—a—[5—2_1)+p272n [271—1])
-2, 1

nglq(x"(p” X, E)") , 120,

Pn Uy = (_1)nqn(n—1)p2n

n-1

with (2,9)0 =0, (a,9), = H(l —aq”), nx>1.

v=0
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